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OPERATORS ON THE FOURIER ALGEBRA WITH 
WEAKLY COMPACT EXTENSIONS 

CHARLES F. DUNKL AND DONALD E. RAMIREZ 

Introduction. We let G denote an infinite compact group, and G its dual. 
We use the notation of our book [3, Chapters 7 and 8]. Recall that -4(G) 
denotes the Fourier algebra of G (an algebra of continuous functions on G), 
and J2f°°(G) denotes its dual space under the pairing ( / , # ) , ( / G A (G), 
0 Ç if°°(G)). Further, note if°°(G) is identified with the G*-algebra of 
bounded operators on L2(G) commuting with left translation. The module 
action of A (G) on &œ(Ô) is defined by the following: for / Ç A (G),</> Ç if°°(G), 
/ • * € i f œ « 5 ) by 

g 6 4 (G) . Also | | / . 0|U ^ l l / ILIWI». (See [1] for the general setting.) 
We have previously [4] studied the spaces AP(G), respectively W(G), con­

sisting of those <t> G i f œ (G) for which the m a p / H > / . 0 from 4 (G) tOo^°°(G) 
is a compact, respectively weakly compact, operator. 

In this paper, we renorm A (G) by continuously embedding A (G) into the 
spaces C(G), LP(G)(1 ^ p < oo), and we characterize the space of those 
<t> G if°°(Ô) for which the map / • - » / • </> from 4 (G) to i?°°(G) extends to a 
weakly compact operator on C(G), Lv(G)(l ^ p < oo). 

For G abelian, G is a group and A (G) is isomorphic to ll(G) by the Fourier 
transform ^ . The module action of A{G) on /œ(G) is given by / • <f> = 
^ Cf) **, (2(*) = * ( - * ) , * Ç G, g a function on G), ( / Ç A(G),4>e T(G)) . 
I t follows that for G abelian, the spaces AP(G), respectively W(G) are the 
classical spaces of almost periodic, respectively weakly almost periodic, func­
tions on G. A rewording of a result of Kluvânek [5] yields for G abelian that 
the functions <t> £ T(G), for which the m a p / - > / • 0 = &~ ( / ) * 0 from 4 (G) 
to /°°(G) extends to a weakly compact operator on C(G), are precisely the 
Fourier-Stieltjes transforms of measures on G. His result states that 0 is a 
Fourier-Stieltjes transform on H (H locally compact abelian) if and only if 
the set of functions Y7i=ici4>yi(ci 6 G, yt Ç H, <j>y denoting translation of # 
by y) where sup {|X^=ic;(^> yi)\'-h £. H) ^ 1, is relatively weakly compact in 
the space of continuous, bounded functions on H. One of our results is the 
extension of this theorem to the compact nonabelian case (Theorem 1). 

The key idea in extending locally compact abelian theorems, which involve 
translation in the dual group G, to compact nonabelian groups is to replace 
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the translation argument by a convolution argument involving L1 (G), and then 
for the compact nonabelian case use the module action of A(G) on J^œ(G) 
instead of the convolution product. 

Let M(G) denote the measure algebra on G. For ju Ç M (G), the Fourier-
Stieltjes transform of /x> M or / " ^, is a matrix-valued function in J£œ(G) 
defined for a G G by 

«•->#« = I Ta(x
 l)dn(x), (Ta G a). 

For A Gif œ (G) a n d / 6 A(G), 

To see this consider: 

</>£> = X) naTr{faK) 

= ^ na ^27,3=1 fatj I Taji(x~l)dn(x) 

= I S rcaTr(r«(x_1)/a)dju(x) 

= f#M. 
Thus for / G 4̂ (G) and ju G J^°°(G) the map /i—>/ • /x has the explicit form 

1. Embedding A (G) into C(G). 

THEOREM 1. Let <f> G i^°(G) . 77** mapf^f • 0/rom 4 (G) toS^^iÔ) extends 
to a weakly compact operator on C{G) if and only if 4> G M (G)". 

Proof. Let <t> G J£?œ(ê) be such that 0 extends (uniquely, since A (G) is 
uniformly dense in C(G)) to a weakly compact operator on C(G). In particular, 
^ defines a bounded operator on C(G) so there exists M < oo such that 
| | / - «IL ^ M\\f\\œ. The linear f u n c t i o n a l / ^ (/ , 0} on 4(G) is bounded in 
C(G)-norm since 

K/,0)I = i(i,/-*>i^iiiiui/-*iu^Mii/m. 
Thus it extends by the Hahn-Banach theorem to all of C(G), and by the Riesz 
representation theorem there exists M G -M(G), ||/x|| ^ ilf, such that 

</,*> = ("/<*/• = </,£>, ( / 6 . 4 ( G ) ) . 

Hence 0 = fi. 
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Conversely, let n G M (G). We may assume M ^ 0. Choose £ with 1 < p < oo . 
Themap/i—>/d/i »—> ( / d/x)" fromZ/(ju) —>ikf(G) —»<if00(G) is weakly compact 
since Lp(/x) is reflexive [2, p. 483]. Thus the map 

f *-+f *-+f du *-> OdtiY = f • A 

from C(G) -* Lp(/x) -> M(G) -*J^ œ (G) is also weakly compact. 

2. Embedding -4(G) into LP(G) (1 < p < oo). 

THEOREM 2. Le/ <t> t Jfœ (G) and 1 < p < co. The map f •->/ • 0 /row yl (G) 

to ££**{(*) extends to a weakly compact (equivalently, bounded [2, p. 483]) operator 
onlP{G) if and only if <l> t ^ LQ(G) (1/p + l/q = 1). 

Proof. Let 0 G J2f°°(G) be such that /i—» / • 0 extends (uniquely since 
^4(G) is || • Up-dense in LV(G)) to a weakly compact (bounded) operator on 
LP(G). Since LP(G) * = L«(G)y it follows as above that 4> £ #~ L*(G). 

Conversely, let h G L«(G). The map / • - » / • £ from 4(G) to ^ œ ( G ) is 
LV(G)-bounded since 

| | / -£ |L = sup {|(g,/.i>|:g G -4(G), ||g|U < 1} 

sup J fgh dm G 
G 

:g £A(G),\\g\\A<l\ 

<sup{\\fc\\p\\h\\q:g G-4(G), ||g|U < 1} 

< 11/11,11*11.. 
3. Embedding -4(G) into L\G). 

THEOREM 3. Let G be an infinite compact group, and let 4> G J^œ(G) with 
<f> 9^ 0. The map f i—»/ • <f> from A (G) to <jSf°°(G) cannot be extended to a weakly 
compact operator on Ll(G). 

Proof. By way of contradiction, suppose <j> ^ 0 is such t h a t / •—>/•<£ extends 
to a weakly compact operator on Ll(G). Analogously to Theorem 2, we see 
thattf> G J r L o o ( G ) . L e t 0 = h,h £ Lœ(G). Since \\h\\œ 9* 0, there exists a point 
x G G with the property that given a neighborhood V of x, there exists a posi­
tive measurable subset E of F with |fe(#)| = ll*IL/2 for all x G E. Let { Fx} be 
a neighborhood basis for the point x. Define g\ — (1/ (m G(E)h))xs where 
EC. l̂ x is as above, and XA denotes the characteristic function of the set A. 
Note that |\g\\11 :g 2/|\h\\œ. Thus by the weak compactness of the map/1—»/ • 0, 
the set {gx • #} has a cluster point T G <^°°(G). Let {IFa} be a weak neighbor­
hood basis of T inif°°(G) ; For each (7Xf W«) G { Vx} X {JFa}, there exists 
g\,a G {gx} such that gx,a - h £ Wa and support gx,« C Vx. Thus 

gX.a * « > T 

weakly, and hence also weak-*. 
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Now {|\ja • A}(\,a) converges weak-* to 5x-i: for k £ A (G), 

kg\tahdmQ—J-^k(x) = kix'1). 
G 

Thus T = S^L 
Recall that ^fo(G) denotes the subspace of oâf°°(G) consisting of those 0 for 

which the set {a Ç G:||0a | |œ ^ e} is finite for e > 0. However, 8x-i is unitary, 
so bx-i $ ^o(G) . Nowg\>a • h £ L1(G)" C ^o(G), which being strongly closed 
is also weakly closed. But then ô^-i cannot be a weak cluster point of {g\,a' ^hx,a), 
the required contradiction. 

4. Abelian results for weakly compact extensions. Here G is a locally 
compact abelian (LCA) group. Theorem 1 has an LCA setting. 

THEOREM 4. Let <f> £ U°(G). The map / « -» / * <j> from A (G) to U°(G) extends 
to a weakly compact operator on C0(G) if and only if 0 £ M (G)*. 

Proof. The proof is similar to Theorem 1. 

5. Abelian results for compact extensions. In this section G is an LCA 
group. 

THEOREM 5. Let 0 e Lœ((?). The mapf^f * 0 from A (G) to U°(G) extends 
to a compact operator on Co(G) if and only if 0 6 Md(G) *. 

Proof. Let /x be a discrete measure on G, and let JUW be finitely supported 
measures with 

l k -M| | -0 . 
Note that/1—»/ * jftw = (fdnn)" is a finite rank operator from C0(G) to L°°(G). 
Thus/i—> (fdn)~ from C0(G) to Lœ(G) being a limit of compact operators is 
compact: note that 

I K W - ( W I L E l l / IUk-M| | (/€ Co(G)). 
Conversely, suppose 0 G U°{G) is such that/i—»/ * 0 extends to a compact 

(in particular, weakly compact) operator on Co(G). Thus 0 G M(G)~ by 
Section 4. Also we note that/»—>/ * 0 is a compact operator on A (G) since 
| | / [ | œ ^ | | / | | A , ( / Ç A (G)). Thus 0 is an almost periodic function on G [4]; 
and thus £ <E M"d(G)^. 

6. Compact extensions for compact groups. Here G is again an infinite 
compact group. 

THEOREM 6. Let G be an infinite compact nonabelian group of bounded repre­
sentation type. The map /•—>/• <t> from A(G) to j£œ(G) extends to a compact 
operator on C(G) if and only if 0 G Md(G) ". 
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Proof. For <f> G Md(G)*, the proof is similar to the first part of Theorem 5. 
Conversely, l e t / »-»/ • 0 from A (G) tOo5?°°(G) extend to a compact operator 

on C{G). By Theorem 1, <f> £ AT (G)". Write <£ = jtx. We must show that /x is 
a discrete measure. 

For compact groups of bounded representation type, there exists an open 
abelian subgroup H of finite index in G [6]. Since discrete measures do induce 
compact operators on C(G), we may suppose /z is purely continuous. 

By translation, if necessary, we may assume \n\H ^ 0. Observe that there is 
a natural imbedding of A (H) -» A (G), (by extending/ Ç A (H) to be 0 off H). 
Thus we have a continuous map oèf°°(G) —* r(H). Hence the map C(H) —-> 
Lœ(G)->lœ(H) defined by 

(where J S ? denotes the Fourier-Stieltjes transform on iJ) is a compact operator 
which is a contradiction by Theorem 5. 
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