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1. Introduction. The following notations will be employed 
throughout this note. 

_ r (a+m) 
( a , m " T(a) ' 

/ a \ = r ( a + l ) 
I b / r ( b + l ) r ( a - b + l ) 

The object of the present note is to obtain a new generating 
function for the Jacobi polynomials defined by [4, page 268] 

(1.1) P ( a ' b ) ( x ) = f a + n ) , F (-n, n+a+b+l ;a+l ; ^ 
n 1 n / Z 1 Z 

where j l - x | < 2. 

The generating function developed in § 2 is 

(-Dn(Y) (6) . . 
2 S ^— P ( o i P ) fx) 

(tt+1) (<*+(3+n+l) n K } 

n = o n n 
(1.2) 

X F (Y +n, 5 +n; ar+(3+2n+2, v + l ; y , z) y11 

= F 4 [y, 6; or+1, v+1; - y ( l - x ) , z ], 
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1/2 1/2 
w h e r e [y [ + | z [ < 1 , | l - x | < 2 and F is A p p e l l ' s 

h y p e r g e o m e t r i c funct ion of two v a r i a b l e s defined by 

oo oo (or) , (P) , 
^ / . \ ^ ^ m + n m+n m n 
F ( a , P; v, v ' ; x , y) = 2 S — 7-77 - x y , 

4 (v) (v ) m i n i 
m=o n=o ! m n 

1/2 1/2 
w h e r e | x | + | y | < 1. Some of i t s i n t e r e s t i n g p a r t i c u l a r 
c a s e s wi l l be g iven in § 3 . 

P roo f . To p r o v e (1 .2 ) we s t a r t wi th W a t s o n ' s f o r m u l a 
[5 , p a g e 140] 

" ( 2 n + q ) r ( n + a ) 2 
2 --* F (n+a, - n ; i ± + l ; x ) J (z) 

ni 2 1 2n +<? 
n=o (2 .1 ) 

> v 2 
= —"= L ( ~ z ) J ( x z ) . 

x 

p - 1 
On mul t i p ly ing both s i d e s of (2 .1 ) by z J (yz) J (uz) , 

v X 
and i n t e g r a t i n g wi th r e s p e c t to z b e t w e e n the l i m i t s 0 and 00, 
wi th the help of the i n t e g r a l ( [ l ] , p a g e 38 and [5], § 13 .46 ) 

/
CO P - 1 

x J ( ax ) J (bx) J ( ex ) d x 
o X JJL v 

0 P - 1 X , LL - X - J J L - P , 1 x . 1 , 1 , 1 , 
2 r a b ^ c h r ( - X + r | i + r v + - p ) 

(2 .2 ) = £ ± S ^ 
r ( x + i ) r ( u + i ) r ( i - ^ x - ~HL + | V - | P ) 

2 2 
, X + u - y+p X -f-ta-fv+P , , . 1 . b _ v 

x F 4 ( 2 2 ; X + 1 , ^ + 1 ; — , — ), 
c c 

5 
w h e r e R ( X + y. +v+p) > 0, R (p ) < T ; a, b , c > 0; c > a + b , i t i s 

found tha t 
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, 1 , 1 1 1 v 
I 2 2 f f " 2 P ~ 2 V ) 1 1 1 1 

2
 V S i 

(a + n) 
n=o n 

X F (n + a, - n ; JJ. + 1 ; x ) u 

, 2 
X F , [ ^-r + n, Z—T + n; 2 n + a r + l , v + l , u , , J 

2 2 
- TT r Qf + P + v - X or+p + y + \ x y -, 

u u 
1 1 1 1 

If we now r e p l a c e ~ v + " r a + " p - " X by y, 

1 1 1 1 2 -2 y 
~ v + ^ f t+T-p + 7 K by 5 , x by x , u by y and ~ by z, we 

u 
s ee tha t 

« "J (5) n 
2 (a + n) 2 F 1 U + n ' - ^ H ; X ) 

n=o n 

(2 .3 ) 

X F ( y + n, 5 + n; 2n + ar + l , v + 1; y , z ) y11 

= F ( v , 5 ; |i + 1 , v + 1 ; xy , z ) , 

i r l / 2 i l 1 / ^ f , 

w h e r e | y | + | z | < 1 and | x j < l . 

( 1 .2 ) now i m m e d i a t e l y fol lows f r o m (2 .3 ) on us ing ( 1 . 1 ) . 

The change of the o r d e r of i n t e g r a t i o n and s u m m a t i o n in 
the above p r o c e s s i s jus t i f ied due to the a b s o l u t e c o n v e r g e n c e of 
the s e r i e s and the i n t e g r a l u n d e r c o n s i d e r a t i o n [ l , page 500] , 

2 . P a r t i c u l a r c a s e s . (i) If we w r i t e 2y for y, 
v + a - y + 1 for 6 and x ( l -y ) for z in (1 .2 ) and m a k e u s e of 
the following p r o p e r t y of A p p e l l r s funct ion F [3 , p a g e 238] 
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F [ a , y + y ' - a - l ; y , y1 ; x ( l - y ) , y ( l - x ) ] 
(3 .1 ) 

= F la, y + v ! - or- 1; y ; x ) F ( a , y + y ' - a - l ; y ' ; y ) 
2 1 2 1 

we ob ta in 

"> ( - D n ( y ) U - Y + v + l ) , R . 

(or+1) ( a + p + n + 1 ) n W 

n=o n n 

X F [ y + n , v + a- y + n + l ; 2n+c* + p + 2 , v + 1; 2y, x ( l - y ) ] ( 2 y ) n 

(3.1<) 
F (y , v+or-y +1 ; v + l ; "x ) 

2 1 

X F (y , v + a - Y + 1 ; <*+i; y) , 

w h e r e | l - x | < 2 and | y j < 1 . 

(ii) In a s i m i l a r way i t can be e a s i l y s e e n f r o m ( 1 . 2 ) 
and (3 .1 ) tha t 

oo (-1) (y) ( c * + p - y + v + 2 ) 
z S SL p (or, P) f v 

( a + 1 ) ( a + p + n + 1 ) n w 

n=o n r n 

X F (n-f-y, n + a + p - y + v + 2 ; 2n+ar+& + 2 ; y ) 
2 1 

(3 .2 ) 
X F ( n + y , n + o r + p - y H-v+2; v + 1 ; z ) y11 

à> l 

'= F [ v , o r + P + v - Y + 2 ; c r + l , v + l ; | y ( l - x ) ( l - z ) , z ( l - y ) ] , 

w h e r e |y | < 1 , | z | < l and | l - x | < 2 . 

1 
(iii) L a s t l y if we s e t or = p = v - T t hen by v i r t u e of the 

f o r m u l a 

(3 .3 ) C V ( x ) = &>* P ( v - 2 ' v - 2 , ( x ) , 
n (v+h 

2 n 
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we find that 

«> ( - D n (Y) (6) 
2 rT\ C W 

(2vL n 
n=o 2n 

X F {v -f n, 6 +n; 2n + 2v+l , v+1; y, z) y 

= F 4 [ V , 5 ; v + ~ , v + l ; | y ( l - x ) , z ] , 

where [y [ ^ + [z p 2 < 1, ( l - x | < 2 and c£(x) is the 

Gegenbauer polynomial. 

The author is thankful to the re fe ree for some useful 
suggest ions. 
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