A GENERATING FUNCTION FOR JACOBI POLYNOMIALS
R.K. Saxena
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1. Introduction. The following notations will be employed
throughout this note.

_ I(a+m)
(a)m T IMa) ’
( a _ I(a+1)
b) T I'(b+1) I(a-b +1)

The object of the present note is to obtain a new generating
function for the Jacobi polynomials defined by [4, page 268]

(a, b) _ /atn . o oi-x
(1.1) P n (x) = ( n )ZFi (-n, nta+b+1;a+1; = ),
where li-xl < 2.
The generating function developed in §2 is
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(1.2)

X F, (y+n, 6 +n; a+p+2n+2, vii;y, z) y"

1
= F4 [v, 6; at+1, v+1; Ey(i-x)’ z ],
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where [y[“2+[z[”2<1, [1-x]<2 and F, is Appell's

hypergeometric function of two variables defined by

() (B)

m+n m+n m n

X Vv,
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F4(a, B y,y'sx,vy)= Z
m=0 n

° (\/)rn (y' )nm‘. n!

]Xl1/2 !1/2

where + |y < 1. Some of its interesting particular
cases will be given in § 3.

Proof. To prove (1.2) we start with Watson's formula
[5,page 140]

©
(2n+a) T (n+o) . L2
- ZFi (n+e, -njut+1;x ) J2n+a (z)
n=o
(2.1)
Dlatt) (1)o7 k5 (xg)
<M 2 M

On multiplying both sides of (2.1) by zp-1 J (yz) J)\(uz) ,
v

and integrating with respect to z between the limits "0 and oo,
with the help of the integral ( [1], page 38 and [5], §13.46)

f: xp_1 J)\(ax) JH(bX) J'v(cx)dx

-1 A-p- 1
2P L M pk TheeP r(i)\+%p+iv+—p)

(2.2) = : 1 12 12 1
r(x+1)r(p+1)r(1-zx-Eg+—2-v-§p)
x Fo(ATMIVIR O ATUFVIP o, Ly p+1-ii ﬁ)
4 2 3’ 2 ? b !CZ’ CZ b

where R (X +p +v+p)>0, R.(p)<%; a,b,c>0;c>a+b, itis
found that
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If we now replace >V 2a+2p 2)\ by v,
1 1 1 1 2 2 LZ_
~v+Ta+Sp+IN b
S visatse 2)\ vy 6§, x byx, u byy and uz by z, we
see that
= Y 6,
- _F +n, -n; ;
= @tm) 21(r:Lrn n; p+1; x)
n=o n
(2.3)

X ]E"4 (y+n, 6§ +n; 2n+a+1, v+1; vy, z) Yn

= F4 (v,6;p+1, v+i; xy, 2),

1/2 + [2[1/2

where |[y] <1 and [x]|<1.

(1.2) now immediately follows from (2.3) on using (1.1).

The change of the order of integration and summation in
the above process is justified due to the absolute convergence of
the series and the integral under consideration [1, page 500].

2. Particular cases. (i) If we write 2y for vy,
vta-y+1 for § and x(l-y) for z in (1.2) and make use of
the following property of Appell's function F4 [3, page 238]
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F [o, ytyr-a-15y, y'5x(1-y), y(1-x)]

(3.1)
= LR P . +v! - g~ VLD
ZFi(a,y+y a-1;y; x) ZFi(Q'Y y'-ae-4;v' 5 v)
we obtain
o (-1)7 (y) (a-y+v+i)
- - Y n @-y TV n (Q’ ﬁ)(x)
(¢+1) (a+p+n+1)
n=o n n
X F_[y+n, vta-y+n+1; 2n+a+Pf +2,v+1; 2y, x(i-y)](Zy)n
(3.1Y)
= + + +
2 " (v, vta-y+1; v+1; x)
X ta-y+1; at
2 " (v, vta-y+1; at+1; v),

where Il—x,<2 and |y|<1.

(ii) In a similar way it can be easily seen from (1.2)
and (3.1) that

0 (-1)n (y) (a+B-y+v+2)
n n (a;lﬁ) (x)

n=o (oz+1)rl (a'+(3+n+1)n

X 2F1 (n+y, n+ta+p-y+v+2; 2n+a+B+2; v)
(3.2)
X 2F1 (n+y, n+a+ﬁ~y+v+2;v+1;z)‘{n

F4 [y, a+B+v-y+2;a+1, v+ % y(1-x)(1-2), z(1-y) ],

where ly‘<1, lz,<1 and fl-x[<2.

1
(iii) Lastly if we set o= p = v- > then by virtue of the

formula
1
(3.3) ¢ (=) = @vn  pl-3 2)(x) ,
(v+-2') n
n
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we find that

o (-1)" (y)_(6)

= = n n Cv (x)
n=o V)Zn o

3.4
( ) X F4 (y+n, 6§ +n; 2n+2v+1, v+1i;y, 2z) yn

1 1
= F4[y,6,v+2, v+1; Zy(i-x), z],

where [y[i/z + lz,i/z <1, [1-x][ <2 and C;(x) is the
Gegenbauer polynomial.
The author is thankful to the referee for some useful
suggestions.
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