
A NOTE ON POLAR TOPOLOGIES 

J . M . R o b e r t s o n and H. C. Wiser 

Let (E, E1) be a dual pa i r and G be a co l lec t ion of cr(E, E ' ) 
bounded s e t s in E with the following p r o p e r t i e s : 

i) G conta ins al l s ing le tons . 

ii) If A, B a r e in G t h e r e is a C in G with A UB C C . 

iii) If A is in G then \ A-e G for any s c a l e r \ . 

Then s e t s of the f o r m r\ A . , A. e G, A. the polar of A. , f o r m a 
• , 1 1 1 l 

i = l 
b a s e of ne ighbourhoods in E' for the po la r topology T of G c o n v e r g e n c e . 

Such po l a r topologies a r e a lways s e p a r a t e d . Different co l l ec t ions G can 
g e n e r a t e the s a m e po la r topology but t h e r e is a lways a m a x i m a l co l lec t ion 
G c o r r e s p o n d i n g to a given po la r topology. Such co l lec t ions a r e cal led 
s a tu ra t ed co l l ec t ions ; given a co l lec t ion G the c o r r e s p o n d i n g sa tu ra t ed 
co l lec t ion is obtained by s u c c e s s i v e l y fo rming a l l finite unions , taking 
weak ly - c lo sed c i r c l ed convex ex tens ions , and f inal ly taking al l s u b s e t s . 
The s a t u r a t e d co l lec t ion c o r r e s p o n d i n g to finite s e t s in E g e n e r a t e s 
tf-(E!, E ) . 

The following l e m m a is useful when working with po la r t opo log ie s . 
E x a m p l e s of i ts u s e follow and topics a r e suggested which migh t u se the 
l e m m a . 

LEMMA. F o r sa tu ra t ed c o v e r s , G C B if and only if T C T . 
See [3, page 117], 

PROPOSITION 1. Jf o-(Ef, E) C T p r o p e r l y then t h e r e is a po la r 
_ Q 

topology T with o-(E', E ) C T n C T p with a l l inc lus ions p r o p e r . 

P roof . Since T^ i o~(Ef, E), t h e r e is an A e G which is not 
G 

genera ted by sa tu ra t i ng the co l lec t ion of finite s e t s in E. A s s u m e A 
is c losed convex and c i r c l ed and let A be a m a x i m a l l i nea r ly 

independent subse t of A . Suppose A = {x , . . . , x } , then any 

x G A has the f o r m a, x , + . . . + a x . Also t h e r e a r e weakly 
l i n n 

cont inuous l inea r f o r m s x! such that x!(x.) =6 . . , 1 < i, j < n. Since 
i i J ij 

|<A, x ! > I is bounded t h e r e is a \ such that if x = a ' X + . . . + a x e A 1 i ' l i n n 
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t h e n I a. J < \ f o r a l l j . T h e n A i s a s u b s e t of t h e c l o s e d c o n v e x 

c i r c l e d h u l l of { \ n x , , . . . , \ n x } s i n c e x = a, x. + . . . + a x = 
1 r r 1 1 n n 

a a n &• 
— ( \ n x . ) + . . . + — ( \ n x ) and .S I —- I < 1. Th is c o n t r a d i c t s the 
n\ 1 n \ n i=l n \ ' — 

way A was chosen . So A, m u s t be inf in i te . 
1 

As in P r o p o s i t i o n 2 . 2 of [1], choose a sequence {y.} f r o m A 

and let {x.} , {x! } be b io r thogona l s e q u e n c e s with the span of 

( x . , . . . , x ) equal to the span of f y , , . . . , y ) for e v e r y n and 
*- 1 nJ 1 nJ 

| x ! ) a s equence f r o m E 1 . Since x = a, y, + . . . + a y , for L r ^ n i l n n 

°° - 1 
sufficiently s m a l l y , y x e A . Le t B = H (x« ) (0). Then 

n n n n=0 2n+l 
x G B, x a B for each n . Also B is a c losed s u b s p a c e of E . 

en 2n+l 
Set B = BflA and suppose B is the s a t u r a t e d co l l ec t ion g e n e r a t e d by 

the co l lec t ion of s ing le tons toge ther with s c a l a r m u l t i p l e s of B . 

Since f ini te s e t s only g e n e r a t e finite d i m e n s i o n a l s e t s under the 
p r o c e s s of s a t u r a t i o n , cr (E* , E ) C T f l p r o p e r l y s ince B e (B is infinite 

d i m e n s i o n a l . To show T^ C T p r o p e r l y le t C be the c losed convex 
H G 

c i r c l ed hul l of a f ini te s e t . Then the c losed convex c i r c l e d hul l F of 

B U C is the c l o s u r e of the se t of e l e m e n t s of the f o r m 2 a. b . + 
1 i i 

i = l 
m n m 
2 (3. c. , b G B . c. e C, and S I a. I + S I (3. I < 1. E a c h of t h e s e 

. / i l i 1 i . . ' i ' . ' i ' — 
i = l i = l i = l 

e l e m e n t s is contained in B , + C which is c losed and bounded s ince C 
1 

is c o m p a c t . It fol lows that F C B , + C C X i ®X^ w h e r e X, is 
^ 1 1 2 1 

the span of B and X is a f ini te d i m e n s i o n a l s u b s p a c e containing C. 

So A ^ B and T C T p r o p e r l y . 

COROLLARY 1. The only c a s e in which the dua l p a i r g e n e r a t e s 
a f inite n u m b e r of po la r topologies on E ! is when a l l po l a r topologies 
a r e equal to a-(E', E ) . 

COROLLARY 2 . If t h e r e is m o r e than one topology for the dua l 
p a i r (E ! , E) t h e r e a r e infini tely m a n y . In fact t h e r e is a d e c r e a s i n g 
sequence of topologies for the dual p a i r in th i s c a s e . 
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COROLLARY 3 . A n o n - t r i v i a l l a t t i ce of po la r topologies for the 
dual pa i r (E1 , E) is without a t o m s . 

The po la r topologies under inc lus ion f o r m a comple te l a t t i c e . 
If {G } is a se t of s a tu ra t ed co l lec t ions of weakly bounded s e t s , V G 

is the s a tu ra t ed co l lec t ion genera ted by \J G and A G = 0 ^ 
a. a a 

In [2, p . 64] it is shown that if E is a l inear topologica l space 
with cont inuous dual E 1 = E # then cr (E1 , E) = p(E f , E), that i s , a l l 
po l a r topologies a r e the s a m e . The l e m m a leads to the following 
p a r t i a l c o n v e r s e . R e c a l l that bounded mapp ings a r e cont inuous in 
bo rno log ica l s p a c e s . 

PROPOSITION 2. Jf E is a borno log ica l l inear topologica l space 
with topology % and continuous dual E1 and if al l po la r topologies a r e 
the s a m e (o-(E ! , E) = (3(Ef, E)) then E1 = E* . 

P roof . We know (3 is genera ted by the s a tu ra t ed co l lec t ion (B 
of a l l o~ (E, E ' ) bounded s e t s in E while cr is genera ted by the 
co l lec t ion G which is the s a tu ra t ed family c o r r e s p o n d i n g to finite s e t s 
in E. Since cr = (3 by the l e m m a G = H, that i s , the only cr (E, E1) 
bounded s e t s a r e obtained by the sa tu ra t ing ope ra t ions on finite s e t s . 
Thus a l l £ bounded se t s a r e f inite d imens iona l s ince E has the s a m e 
bounded s e t s in the £ and cr (E, E1) t opo log ies . It follows that any 
x ' e E* is bounded and thus cont inuous s ince E is a bo rno log ica l 
s p a c e . Thus E1 = E* . 

The ques t ion of whether or not P r o p o s i t i o n 2 holds for non-
bo rno log i ca l s p a c e s migh t be answered with the use of the l e m m a . Also 
the l e m m a a p p e a r s to be the p r o p e r tool for inves t iga t ing l a t t i ce 
p r o p e r t i e s in the la t t ice of po la r topo log ies . 
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