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EQUI-DISTRIBUTION OF VALUES FOR THE THIRD
AND THE FIFTH PAINLEVE TRANSCENDENTS

SHUN SHIMOMURA

Abstract. We show equi-distribution properties of values for the third and
the fifth Painlevé transcendents in a sectorial domain. For our purpose we
define a characteristic function of sectorial domain type by employing value
distribution theory in a half plane. Some special cases admit analogues of
Borel exceptional values. Similar results are obtained for modified versions of
these Painlevé transcendents, which are of infinite growth order.

81. Introduction

For a meromorphic function f(z) in C, the proximity, the counting and
the characteristic functions are given by

27 )
mirf) o= 5= [ 1og" (e do,

N f) = [ 0 f) = n(0. ) de 4 (0. oz,
70, ) o= mr, ) + N(r, )

with log™ 2 := max{logz,0} (x > 0), respectively, where n(t, f) denotes
the number of poles of f(z) in the disc |z| < ¢, each counted according to
its multiplicity (see [2], [4], [5]). Moreover, for a € CU {oco}, we write

,1 — if a € C,
o f) o= {MOYU )i

m(r, f) if a = oo,
and in like manner we use the notation N(r,a, f) denoting the counting
function. Such abbreviation is also used for the proximity and the counting
functions in a sectorial domain, which will be defined in Section 2. The
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growth order and the exponent of convergence for a-points (a € CU {o0})
are defined by

logT log N
of) = limsup 28 LTS o0 ) i limsup 1BV F)
00 log 7 r—00 log r

respectively. Suppose that 0 < o(f) < oco. Then, by the second main
theorem ([2], [4], [5], [21]), for any a € C U {oco} with possible two excep-
tions, we have o(a, f) = o(f) implying equi-distribution of values. Such an
exceptional value a satisfying o(a, f) < o(f) is called a Borel exceptional
value.

Let us consider Painlevé equations

(I) w” = 6w’ + z,
(1) w" = 2w + 2w + a,
w)? w1 )
(I11) w":(w) —?+§(aw2+’yw3)+§+6,
/\2
3
(IV) w":(;Uu? —|—§w3+4zw2+2(z2—a)w+§,
1 1 w’
n_ (= - AV
(V) v _<2w+w—1)(w) z
—1)2 § 1
+M(aw+é)+ﬂ+m
z w z w—1

(' = d/dz), where a, 3, v, § are complex parameters. All the solutions
of (I), (II) and (IV) (respectively, (II') and (V)) are meromorphic in the
whole complex plane C (respectively, the universal covering of C\ {0}). In
(IIT") and (V), replacing z by e*, we get modified versions of them:

2 522
(I11) w”:—(w) + aw? +yw® + fe* + 2
w w
1 1
n__ N2
(Vo) v _(2w+w—1)(w)

g

be? 1
+(w—1)2<aw+a) +yezw+w

w—1 ’

whose solutions are meromorphic in C.

For solutions of (I), (II) and (IV), equi-distribution properties of values
immediately follow from the finiteness of their growth order ([1], [13], [14],
[19]). Each solution wi(z) of (I) is transcendental, and satisfies p(wr) = 5/2
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([7], [14], [15], [19]), which together with the well-known Clunie lemma
implies m(r, a,w;) = O(logr) for every a € CU {oo}. Observing that

T, a,wr) + O(l))

m
lOgN(T7 a, 'lUI) - log T(T7 'lUI) - log(l B ( T(T’ 'ZUI)

= 0(1)7
we have the following:

THEOREM A. For every a € CU {oo}, each solution wi(z) of (I) sat-
isfies o(a,wr) = p(wr) = 5/2, namely, wi(z) admits no Borel exceptional
values.

For (II) (respectively, (IV)) each transcendental solution wry(z) (respec-
tively, wry(z)) satisfies 3/2 < p(wr) < 3 (respectively, 2 < p(wry) < 4) ([3],
[14], [17], [19], [20]). Equation (IV) with § = 0 admits a family of solutions
VI% = {vE(2) | c € C} with

-1

vE(2) 1= exp(F22) <c 4 /0 " exp(72) d¢>

satisfying w’ = F(w? + 2zw) as well, if and only if a = +1 ([18]). Using an
estimate for m(r,a,wr) (respectively, m(r,a,wry)) ([1], [18]), we immedi-
ately obtain the following:

THEOREM B. (i) FEach transcendental solution of (II) admits no Borel
exceptional values.

(ii) Let wry(z) be a transcendental solution of (IV). If wry & VIj\E,, then
wrv (2) admits no Borel exceptional values. If wry € V%/: then wiyv (z) admits
the Borel exceptional value 0.

The purpose of this paper is to show equi-distribution properties of
values for the third and the fifth Painlevé transcendents. General solutions
of (II') and (V) are not necessarily single-valued in C \ {0}, and should
be considered in a sector around z = oco. To examine these solutions, we
define a characteristic function of sectorial domain type (see Section 2.2.1)
by employing value distribution theory in a half plane developed by [6],
[21], which is surveyed in [22]. All the solutions of (IIIj) and (V) are
meromorphic in C, but they are not necessarily of finite order. For them
we consider the iterative growth order. Our results are given under growth
condition (2.1) or (2.7) on solutions. For certain families of solutions, this
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condition is checked by using their asymptotic expressions along a line (see
Examples 2.1, 2.2 and 2.3).

In addition to the standard notation of value distribution theory, we
write @(r) < ¥(r) or ¥(r) > (r) if o(r) = O@(r)) as r — oo; and
o(r) < (r) if ¢(r) < ¥(r) and ¥(r) < ¢(r) are simultaneously valid.

§2. Main results

If v = 0 = 0 (respectively, if 5 =0 =0 or if @« = v = 0), then (V)
(respectively, (III')) is solvable by quadrature ([11], [12]). In what follows,
we impose the conditions

(7,0) # (0,0) on (V) and (Vo);
(8,8) # (0,0) and (v, y) # (0,0) on (IIT') and (III5).

2.1. Equations (Vy) and (III{)
We call a solution w(z) of (Vo) or (III)) admissible, if

(2.1) ﬁ—m as r — o0.

It is known that, under the condition
(2.2) a=0, —485+ (v+(=20)"?)2 =0,

equation (Vg) admits a family of solutions Vo := {x%(v,8;¢c,2) | ¢ € C},
where

XL(7, 8¢, 2) := exp(raz F (—26)"/%e?)
X (c — Kt /OZ exp(—koT £ (—26)Y2e7) d7'>,
kg =14y (—28)71/2
([12, §2]). Furthermore, under the condition
(2.3) B=0, 4ad+ (—y=E (=282 =0,

equation (Vg) admits a family of solutions Wy := {1/x%(—,d;¢,2) | ¢ €
C}. Tt is easy to see that xJ. and 1/xY are admissible.
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THEOREM 2.1. Let w(z) be an admissible solution of (Vo). If w &
Vo UW, then, for every a € C U {oo}, we have op(a,w) = gp(w) < oo,
where

loglog N (r,a,w) loglog T'(r, w)

oo(a, w) := lim sup ,  oo(w) :=limsup
P—00 log r r—00 log r

If w € Vy (respectively, w € Wy), then op(a,w) = op(w) < oo holds for
every a € C (respectively, a € CU {oo} \ {0}), and w(z) admits no poles
(respectively, no zeros).

THEOREM 2.2. Let w(z) be an admissible solution of (IIL})). Then
oo(a,w) = go(w) < 0o holds for every a € CU {oo}.

Remark 2.1. If g9 = go(w) > 0, then the relation og(a,w) = go(w)
implies

ZQXP(_|ZV(CL)|QO_€) =oo and Zexp(—|z,,(a)|90+5) < 00
v=1

v=1

for any € > 0, where z,(a) (v € N) denote the a-points of w(z).

Remark 2.2. For w € Vy (respectively, w € W), the value oo (respec-
tively, 0) may be regarded as a Borel exceptional value in a sense of iterative
growth order.

EXAMPLE 2.1. Suppose that 5 =0,6 > 0, a, v € R. Then (V() admits
a two parameter family of solutions expressible in the form

vo(Ro,O0,2) = Ro(1+0(1))e”? cosQ(\/é/Q e* — C(Ro)z + O + 0(1)),
C(Ro) = (v/4)v/2/0 —+\/d/2Ry, Ry >0, ©peR
as z — oo along the positive real axis ([12]). This implies N(r,1/¢g) > €",

and hence g is admissible. By this estimate and Lemma 3.2, we have

log T'(r,p0) =< 1. If v # 0, then ¢o & Vo U Wy, and oo(a, o) = oo(po) = 1
for every a € CU {o0}.
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2.2. Equations (V) and (IIT)

2.2.1. Notation

To state our results for (V) and (III'), we define the notation of value
distribution in a sectorial domain. Suppose that f(z) is meromorphic in a
domain containing the half plane Im z > 0. Write for r > 1

m—arcsin(r~1) )
mu(r, f) == i/ longLf(re“Zj sin qﬁ)‘ i

2
27 resin(r—1) 7 sin® ¢

Nur )= [P an

TH(T7 f) = mH(T’, f) + NH(T7 f)7

where ny(t, f) denotes the number of poles of f(z) in the set
(2.4) Qo(t) := {Z:T€i¢|0<¢<ﬂ', l<7<tsing}
([6], [21], [22]).

Remark 2.3. Suppose in addition that f(z) = O(|z|*) (L > 0) as |z| —
oo in the half plane Imz > 0. Then by definition Ty (r, f) = O(logr) as
r — 00.

Let w(z) be a solution of (V) or (IIT") on the universal covering of C\{0}.
Given 0y € R and \ > 0, we set

WP () == w(e® (e (i + ())) = w(el® A 4 ()
representing w(z) in
(2.5)  Q00,A) == {z =BG L ON [ Im¢ >0, [¢] > 1},

where the branch of (e~™/2(i+¢))* is taken so that arg((e~™/2(i+xi))*) = 0
for x > 0. Note that, for any € > 0, there exists a number p. > 1 satisfying
{z||argz — bo| < Am/2 —¢, |2| > p-} C (b, )
c {z||argz — bo| < Am/2, |2| > 1},

which implies that ©(6p, \) is essentially equivalent to a sectorial domain.
Clearly w(z) is meromorphic in a domain containing 2(6p, A). Note that the
arc ¢ = r'/Ae®sing, [¢| > 1 (0 < ¢ < ) is mapped to a curve expressed
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as z = ello=2A7/2)ipeire (sin® ¢ 4 O(r~1/1)) in Q(Ap, A) for a sufficiently large
number r. Taking these facts into account, we define, for » > 1, the prox-
imity, the counting and the characteristic functions in (6, \) by

mio(r,w) = mH(rl/A,wf\O)
1 m—arcsin(r—1/2) ) d¢
= — log™ [wf (r'/*e' sin ¢)| ————
2m arcsin(r—1/X) & ‘ A ( (b)‘ 71/ sin? ¢
1 m—arcsin(r—1/*) do

log™ ‘w(e(eo_)‘“/z)i(i + r1/ et gin <;5))‘)|

o /A2 40
2m arcsin(r—1/X) r1/Asin 10}

rl/A 0o r .00
0 . 1Ux 8 ny(t, wy’) 1 ["n(t,w)
N (r,w) := Ny (r'/ ,w;)z/l — =5 | S

T (r,w) = m (r,w) + N (r,w),

where nio (t,w) denotes the number of poles of w(z) in the set

(26) 9(907)\7t) — {Z — 6(90—)\#/2)1'(1' + C))\ ‘ C e Qo(tl/)\)}

Remark 2.4. Our characteristic function T’ fo (r, f) of sectorial domain
type is somewhat different from that of [22]. Our sector has the vertex
%% £ (), and no restriction is imposed on the opening angle Ar /2.

2.2.2. Statement of results
We call a solution w(z) of (V) or (II) admissible in Q(0y, \), if

log r

007%0 as r — oo.
T)\ (r,w)

(2.7)

Under condition (2.2) (respectively, (2.3)), equation (V) admits a family
of solutions V := {x+(7,0;¢,2) | ¢ € C} (respectively, W = {1/x+(—7,0;
¢, z) | c € C}) with

X+ (7, 8¢, 2) 1= 2" exp(F(~20)'/?2)
X <c — Kt / 771 exp(4(—26)1%7) d7'>,
1

ke =1+ ~(—26)"12.
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THEOREM 2.3. Suppose that a solution w(z) of (V) is admissible in
Q(0g, A) for some Oy € R and X > 0. If w & VUW, then, for every
a € CU{oo}, we have af\o(a,fw) = gio(w) < 00, where

log N0 T, a,w log T 7, W
af\o (a,w) := limsup e AW i\og(;r ) ) Qio (w) := lim sup d 13g(7“ —) .
r—00 r—00

If w € V (respectively, w € W), then af\o(a,w) = gio(w) < 0o holds for

every a € C (respectively, a € CU {oo} \ {0}), and w(z) admits no poles
(respectively, no zeros) in (6, ).

THEOREM 2.4. Suppose that a solution w(z) of (IIU') is admissible in
Q(0p, \) for some Oy € R and A > 0. Then Jio(a,w) Qio(w) < oo holds
for every a € CU {oo}.

Remark 2.5. If n(j\o (t,w) > t/20 for some gy > 0, then Qio =
gio (w) > 0. Then the relation aio (a,w) = gio (w) implies, for any € > 0,

C 0
Z |zy(a)|_gko+5 =o0o and Z |zy(a)|_9AO_5 < 0.

Q(60,2) Q(60,1)

Here z,(a) (v € N) denote the a-points in (6p, A), and the summation
limy o0 > gy 1,y TANGeS Over the interior of (6o, A).

ZQ(GO,A) =
Remark 2.6. For w € V (respectively, w € W), the value oo (respec-
tively, 0) may be regarded as an analogue of Borel exceptional value.

ExXAMPLE 2.2. Under the condition 8 =0, § > 0, o, v € R, equation
(V) admits a two parameter family of solutions expressible in the form

Yo(Ro,©0,2) = Ro(1 +0(1))z~ " cos? (v/3/2 2 — C(Ro) log z + O + o(1))

as z — oo along the positive real axis (cf. Example 2.1, [10, Theorem I}).
Suppose that A > 1. Then we have nQ(r,1/19) > r implying T9(r, 1) >
NO(r,1/19) +O(1) > =1/ (cf. Lemma 4.2), and hence 1y is admissible in
(0, A). Using Proposition 5.4, for some A < oo, we have Tg(r, o) <
If v # 0, then ¢9 € VUW, and 0 < 1 — 1/X < 09%(a, ) = 65(¢0) < o
holds for every a € CU {oo}. This implies equi-distribution of all values for
Yo in Q(0,\) if A > 1.
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ExaMpPLE 2.3. Under the condition 8 =6 =0, v < 0, a € R, equation
(V) admits a two parameter family of solutions expressible in the form

Vi (Ro, Og, z) = Ro(1+ o(1))z~1/2

X COS2(\/—2’}/ 2% 4+ \/=4/32 Rylog z + Oy + o(1))

as z — oo along the positive real axis ([10, Theorem II]). This expression
implies n§(r, 1/¢45) > r1/2. Note that Py € VUW. If A > 2, then vy is
admissible in (0, \), and satisfies 0 < 1/2—1/X < 09 (a,¥3) = 0%(¥§) < o
for every a € CU {oo} implying equi-distribution of all values for ¢ in
Q(0, ) with A > 2.

§3. Proofs of Theorems 2.1 and 2.2

Let f(z) be a meromorphic function in C. Then
(3.1) m(r, f'/f) < log T (2r, f) + logr
as r — 0o ([2, Lemma 2.3], [4, Satz 9.3]). This fact implies that the error

term Sy(r, @) in [12, Theorem 2.1] may be replaced by O(log T'(2r, ¢)+log r).
Hence we immediately obtain the following:

LEMMA 3.1. Let w(z) be a solution of (Vo) such that w & Vo U Wy.
Then, for every a € CU {o0}, we have

(3.2) m(r,a,w) < (1/2)T(r,w) + O(log T'(2r,w) + logr)

as v — oo. If w € Vy (respectively, w € W), then (3.2) holds for every
a € C (respectively, a € CU {oo} \ {0}).

Furthermore, we note the following ([16, Theorem 1.1}):

LEMMA 3.2. Let w(z) be a solution of (Vo) or (III)). Then T(r,w) =
O(e"), where A = Ay g5 is a positive number independent of w(z).

Suppose that w &€ Vy U W), is admissible, and that a € C U {oc}.
Then using these lemmas and (2.1), we have m(r,a,w)/T(r,w) < 1/2 +
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O(r/T(r,w)) =1/2+ o(1), and hence

log log N 1
og oglog(:, a,w) oer log log (T'(r, w) — m(r, a,w) + O(1))

1 m(r,a, w) + O(1)
= Togr log <log T(r,w) + 1og(1 T w) )
-1 (1 T(r,w) + 0(1))

=~ fogr og | log T'(r,w

_ loglog T'(r, w) 1

B log r + O(logr)

as r — 00, which implies o¢(a,w) = go(w). In this way we obtain Theo-
rem 2.1.

Theorem 2.2 is proved by using the following lemma, which is obtained
from (3.1) and [11, Theorem 2.1].

LEMMA 3.3. Let w(z) be a solution of (II)). Then, for every a €
C U {o0}, we have m(r,a,w) < logT(2r,w) + logr.

84. Value distribution in a half plane

We review several facts on value distribution theory in a half plane ([6],
[21], [22]). In what follows suppose that f(z) is meromorphic in a domain
containing the half plane Im z > 0. A Poisson-Jensen type formula for the
half plane ([6, p. 331], [22, Theorem 2.1.2]) is given by

LEMMA 4.1. We have for r > 1

m—arcsin(r~1) )
Nl 1/) ~ Nutr. ) = 5 log | £(rei® sin ¢)] —2— + C,

27 resin(r—1) rsin’ ¢
with
WI<i/mbWWMHMﬂWW®
sl < 5 ) Ullog & '

From this lemma the first main theorem follows ([6, (12)], [22, Theo-
rem 2.1.4]):

LEMMA 4.2. For every a € C, Ty(r,1/(f —a)) = Tu(r, f) + O(1).
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For each 0 € [0, 27], applying Lemma 4.1 to f(z) — €, we have
NH(T7 67;67 f) - NH(T’, f)
1 m—arcsin(r—1) ) ) do
o 1 i} 0 — h(0
27 arcsin(r—1) Og|f(r€ o d)) ‘ | rsin? o) ( )7

with
()] < — /0 "(|log 1£(£%) — || + Jarg(£(£%) — ¢)]) do.

— 27

Integrating from 6 = 0 to 27, and observing that

1 2 )
—/ log|a — €| dd = log* |a| (a € ),
2T 0

we have
1 2m )
o NH(rvewvf)dO_NH(rvf)
2w 0
1 m—arcsin(r—1) N ” do
- log™ | f(re'?sin ¢)| —
2m arcsin(r—1) ‘ ‘ rsin? ¢

1 27 0 1 27
5= [ Nulne. o= Tutr. )= 5= [ nioya.

This implies the identity of Cartan type:

LEMMA 4.3. We have

1 2

Talr ) =5 | Nu(r,e”, f)do + C3,,

where C} . = O(1) as r — oc.

The logarithmic derivative of f(z) is estimated as follows ([6, p. 332],
[22, Theorem 2.1.7]):

LEMMA 4.4. For each k € N, my(r, f® /f) < log* Tu(r, f) + logr
as r — oo outside a possible exceptional set of finite linear measure. In
particular, if Tu(r, f) = O(r*) for some py < oo, then my(r, f*)/f) =
O(logr) as r — oo.
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The following two lemmas are regarded as half plane versions of results
due to Clunie and Mohon’ko-Mohon’ko, respectively, for the whole complex
plane ([1, Lemmas B.11 and B.12], [5, Lemma 2.4.2 and Proposition 9.2.3]).

LEMMA 4.5. Suppose that f(2)7 = Q(z, f(2)) (¢ € N), where Q(z, u)
is a polynomial in w and its derivatives whose coefficients a,(z) (u € M)
are meromorphic in a domain containing the half plane Imz > 0. Suppose
that the total degree with respect to u and its derivatives does not exceed q.
Then

(4.1) mu(r, f) < Z mu(r,ay) + logt Tu(r, f) +logr
neM

as r — 00 outside a possible exceptional set of finite linear measure. More-
over if Ty(r, f) = O(r") (po < 00), then the right hand member of (4.1)
may be replaced by 3,y mu(r, a,) +logr as r — oc.

Proof.  We write Q(z,u) = > cp au(2)ul(u) () where
each p = (po, pi1, - ., ) € (NU {0} satisfies Zé:o pi < q. Put

Iy(r) = {¢ € [arcsin(r ™), 7 — arcsin(r )] | |f (re'? sin ¢)| > 1}.

Then we have, uniformly for ¢ € Iy(r),

log*| f(re?sin )| = log™ [/ 79Q(z, f)]
Y FO 1 ! £
§10g+</§4\au\‘7 ‘7 ><</§410g+|au|+j§::llog+‘7‘.

Substituting this into

| d
ma(rf) = 5 [ log" |F(re®sing)| —

o(r) rsin? ¢
and using Lemma 4.4, we obtain (4.1). U

LEMMA 4.6. Let F'(z,u) be a polynomial in u and its derivatives whose
coefficients b, (z) (v € N) are meromorphic in a domain containing the half
plane Im z > 0. Suppose that F(z, f(z)) =0, and let a be a complex number
such that F(z,a) #0. Then

(4.2) mu(r,a, f) < Z Tu(r,b,) +log™ Ty(r, f) + logr
vEN
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as r — oo outside a possible exceptional set of finite linear measure. More-
over if Ty(r, f) = O(r") (po < 00), then the right hand member of (4.2)
may be replaced by Y, n Tu(r,b,) +logr as r — oo.

Proof. Since g := f — a satisfies F'(z,g + a) = 0, we may write

—F(Z,CL) :F(Zag+a)_F(Z7a): b( ) (gl)“”'(g(l))”
1<]e|<do
(L. = (Lost1,---u), t] = Zé‘:o Lj)Nfor some dy € N, where b, (1 € N') are
polynomials in b, such that log™ |b,| < ZueN log™ |b,|. Set

I3 (r) = {¢ € [arcsin(r 1), 7 — arcsin(r ‘ lg(re’® sin ¢)| < 1}.

If p € Ig(r), then

log™ |1/g(re'® sin ¢)| < log™ |F(2,a) 1\+Zlog+|b \+Zlog ‘g_‘
veN j=1

Substituting this into

1 o d
malr1/9) = 5- [ Tog" 1/g(re sin) 0
0 I8

rsin? ¢

and using my(r,1/F(z,a)) < >, cn Tu(r,b,) +logr, we obtain (4.2). []

85. Proofs of Theorems 2.3 and 2.4

Theorems 2.3 and 2.4 immediately follow from the propositions:

PropPOSITION 5.1.  Let 6y and A be numbers satisfying 0y € R and \ >
0. Let w(z) (# const.) be a solution of (V). Then, for every a € CU {0},
we have mio (r,a,w) = O(logr) e:vcept in the cases below:

(1) ifa=0, w &V, then m (r w) < (1/2)T90(7“ w) + O(log r);

(2)if 6=0, wgW, then m O(r,1/w) < (1/2)Tfo(r,w) + O(log r);

(3) ifa+B=0,v=0,0#0, then mP(r,—1,w) < (1/2)T{ (r,w) +
O(logr);

(4) if w € V (respectively, w € W), then mi‘) (ryw) = Tf‘) (r,w) (respec-
tively, mio (r,1/w) = Tfo(r,w) +0(1)).

PROPOSITION 5.2. Let 8y and A be numbers as in Proposition 5.1. Let
w(z) (# const.) be a solution of (III'). Then, for every a € CU {oc}, we
have mio (r,a,w) = O(logr).
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5.1. Proof of Proposition 5.1

Note that w(z) (# const.) is meromorphic in a domain containing
(0o, A), and that wi‘)(() = w(el®0=2/2)i(; 4+ ¢)}) is meromorphic in a do-

main Hy containing the half plane Im ¢ > 0. Substitution of z = e(fo=A7/2)i
(i+¢)* and w =1 — 1/v into (V) yields the following:
LEMMA 5.3. In Hy, u = wf\o(C) andv=1/(1— wf\o (€)) satisfy
(5.1)
2u(u — Due 222 (u — 1)3
2 ¢ 2
2u(u — 1uee — (Bu — 1) (ue)” + TC T Gio? (au” + ()
2~ \2 (6o—A7/2)i 2602 2(0p—A1/2)i
1) = et 1) = 0
(i+¢) (i+¢)

(¢ =4d/d¢), and

2v(v — 1)ve

(5.2) 2(v—1)(2(ve)? = vvge) = (2v = 3)(v¢)? — i+

2)\2 ) ) 27)\26(90—)\7#2)7; ) )
-1 _— -1
+ (2,+C)2(oz(v )+ o) + (10 vi(v—1)
25)\262(90—)\7r/2)i
Y PO PR v?(v —1)%(20 — 1) = 0,
respectively.

Note that w(s) = w(e®) is a solution of (Vy), and that

{e* | log(1/2) < Res <log(2t), [Ims — 6| < Aw/2}
o {z ‘ 1< |z| <2t, |arg z — O] < Aw/2} D Q(6p, A, t).

From Lemma 3.2 it follows that

dt

1 a1, w) "n(logt+ 1+ Ar,1,w)
0 _ A\ b s Ly
(53) N)\O("f’,l,?l)) = X/; Wdt <A tl—i—l/)\

< /logmﬂw n(p,1,)
1

) dp < N(logr 4+ 1+ Am, 1,w) +1
e

+ A7
L T(logr+ 14 Amw)+ 1<K .
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We remark that the constant A in (5.3) can be chosen so that it is indepen-
dent of a, 3, 7y, 0, because (5.3) is considered in the sector ([8], [9]).
Since (y,0) # (0,0), using Remark 2.3, Lemma 4.5 and (5.2), we have

mio(r, 1lw) = mH(rl/)‘, 1,w§°)

< logr + logt Ty (r/?,

w?) < log 7 +log™ T (r, w)

as r — oo outside an exceptional set Ey whose linear measure |Ep| is finite.
Observing Lemma 4.2 and (5.3), we have

(5.4) Tf‘) (ryw) = Ngo (r,1,w) + mi‘) (r,1,w) + O(1) < r +1log™ Tf‘) (r,w)

as r — oo outside Fy. Suppose that T fo (r,w) is unbounded. Then Lemma
4.3 implies Tf‘) (r,w) — oo as r — 00, and hence by (5.4) we have Tf‘) (r,w) <
Kor™ for v & Ey, where Kj is some positive number independent of r. For
each r > 1 we may choose 7, & Ey such that r < r, < r 4+ 2|Ey|. By
Lemma 4.3 again,

T (r,w) < T (re,w) + Ky < Kor + K1 < Ko(r + 2| Ep)* + Ky <t

for r > 1, where K is some positive number independent of r. Thus we
obtain

PROPOSITION 5.4. Under the same supposition as in Proposition 5.1,
we have Tfo (r,w) = O(r") as r — .

Using Lemmas 4.5, 4.6, 5.3 and Proposition 5.4, by the same argument

as in the proofs of [12, Propositions 4.1 and 4.3], we conclude the following:

PROPOSITION 5.5. (i) If a # 0, then mio (r,w) =0(logr) as r — oo.

(ii) For every a € C, we have mio(r,a,w) = O(logr) as r — oo except
in the cases below:

(a)a=-1,#0,a+=0,v=0,0 #0;
(b) aanB:()? (QJV)#(OJO);
(c)a=-1,0,a=0=~v=0, #0.

To prove Proposition 5.1, we treat the following exceptional cases:

(A)a=0o0or =0, B)a+p=0,v=0,6#0.
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5.1.1. Case (A)
Suppose that o = 0. Then (V) is written in the form

(zw')? 28(w —1)  26z%w
w(w — 1) * w w—1

= (w—1) [Uo - wm_zl T 2/Z:<w(t;/— 1 (tfégw—(tiy)dt}

(Up # o0, 20 € Q00,\)) (cf. [12, (4.1), (4.2)]). Hence, w$(¢) (¢ € Hy)

satisfies

(5.5)

() = (i + C)Q((wio)C)Q Qﬁ(wio -1) + 2562(90—)\7r/2)i(’i + C)Q)\wio
= )\Qwio (wf\o — 1) wio wio ]

(5.6)

A
— 0027/ (00 _ 1) [Ug B 21}(;04:?
A

¢ 29 (Bo—Am/2)i(,; .00
+2/ ( 7 + = (i )y (T)>)\(i+T))\_ldT:|
G

0wl (7) - 1 (W (r) = 1)2
(U # o0, Im (p > 0). We note the following ([12, Lemma 3.3]):

LEMMA 5.6. If wio(gl) =1, then, around ( = (1,

= (—28) 12X 4 OAHC =)+ if 6 #0,
R b (7/2)N2elo=Am/2i( 4 P 2(¢ = )2+ if §=0.

Suppose that o = 0, § # 0. We put U(¢) := 271 ®(¢) = e~ (Oo=A/2)i(; 4
¢)7 AP(C). Let ¢ satisfy wio((l) = 1. By Lemma 5.6 and (5.6) which is
meromorphic at {1, we have ¥(¢;) = af = —2(y + (~26)"/2). Suppose that
(5.7) V() # aj -

Then

(5.8) NP(r,1,w) = Na(r/* 1,w)
< Nu(r'/? ag, @) + Nu(rt/?, af, ©) < 2Ty (rV/*, ©) + O(1).
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Note that (5.6) is holomorphic at every zero of wi‘) (¢) as well. Every pole
of ¥(¢) must be a pole of wf\o (¢), whose multiplicity is not less than that of
U((¢). Hence

(5.9) Tu(r'/*, ¥) = Ny, @) + my(rt/*, )
< Nua(r wl) + mu (2, ) = NP (r,w) + mua(r/?, ).
By (5.5), Lemma 4.4, Propositions 5.4 and 5.5, we have
(5.10) mu(rt/*, ®) < my(r/?, 1,w§°) + mH(rl/’\,B/wio) + O(logr)
= m?\o(r, 1Lw) + mi‘) (r, B/w) + O(logr) = O(log ).

Note that Nf‘) (r,l,w) = Tf‘) (r,w) + O(logr). Combining (5.8), (5.9) and
(5.10), we obtain

(5.11) m (r,w) < (1/2)T (r,w) + O(log r)

under condition (5.7).
Suppose that o = 6§ =0, v # 0. Then

(i + O((wl))? | 28w - 1)

)\21020 (wio -1) wf\o

byl - DU g (RO,
G

A wio -1 o in(T) -1

®(¢) =

— (Bo=m/2)i

For every 1-point ( = (; of wio (¢), which is double (cf. Lemma 5.6), we
have V(1) = —2v. If U(() = —2v, then

¢ : A—1
Us + 2/ M)y,
o wy(r)—1

implying wio (¢) = oo, which is a contradiction. Hence

(5.12) W(C) # —2v.

Then

NP (r,1,w) = Ng(r/*,1,w) < 2Ng(rt/*, =2+, ¥) < 2Ty (7Y, @)+ 0(1).

By the same argument as above, we derive (5.11) under condition (5.12).
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Finally, under the condition oo = 0, ¢ # 0, suppose the contrary to (5.7),

namely
(5.13) V() = af = —2(y + (—26)Y?).
Then
+/ A . A
ag (i + ¢ . 2v(i+¢
(5.14) L2 (90 © U — 7(00 )
wy’ —1 wy’ —1
¢ 25 (Bo—Am/2)i(; 2,00
v [ (gt BTG PR 4t
o ,w)\o (1) -1 (w)\o (r)=1)
and

(i + OX(w)o)? | 2Bl —1)

5.15
(5.15) 2w (w0 — 1) w)’
95200 —X1/2)i (; 2X,,,00 ]
e - (Z + C) Wy _ a(:)l:e(eo—)\ﬂ/2)l(2' + C))\
wy’ —1

From (5.14), we have

(5.16) T2(—20)2 20" = —462w + aF (w — 1)

with z = e(®o=2"/2)i(j 1 ()A) which is compatible with (5.15) if and only if
(2.2) and a = 0 hold. Conversely, under condition (2.2) with a = 0, if w(z)

satisfies (5.16), then wf\o (¢) satisfies (5.13). Solving (5.16) under (2.2), we
obtain the family of solutions V. Thus we have

PROPOSITION 5.7. If a = 0, and if w ¢ V, then mio(r,w) < (1/2)
Tfo (r,w) + O(logr).

Observing that W (z) = 1/w(z) satisfies (V) with (=3, —a, —v,0), we
have

PROPOSITION 5.8. If 3 =0, and if w € W, then mio (r,1/w) < (1/2)
Tf‘) (r,w) + O(logr).
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5.1.2. Case (B)
Under the condition a + =0, v =0, § # 0, we have for ( € Hy

(i + 02 ((wf)e)?

517) ®(¢) =
2a((w)? —1) = §eX 0027/ 4 )M (w + 1)
w)’ 2w — 1)
0o 1 |
(5.18) — wg\ [UO — 4o + §€2(€0—)\7r/2)z(i + <)2)\
wy’ +1 2
oy ¢ )\62(90—A7r/2)i(2' + ’7')2)‘_1’LU§O (7_) .

¢ (Wl (r) = 1)?
(cf. [12, (4.14), (4.15)]). By Lemma 5.6, if w%(¢;) = 1, then the func-

tion W(¢) := e~ @o=Am/2i(; 4 ()=AP(() satisfies U((1) = by = +(—26)Y/2.
Suppose that
(5.19) W(C) # b .
Then
N (r,1,w) = Nu(r'/*, 1,w)
< Ng(rY2 b_, @) + Nua(r'/?, by, 0) < 2T3(rV, 0) + O(1).
From (5.17) it follows that
mu(r?, W) < my(r'/?, afwf\o) + mH(rl/)‘,B/wio)
+ mu (r'/?, 1,w§0) + O(logr) = O(log ).
Note that w§0(§2) = —1 implies (wf\o)g(@) # 0, since a + 3 =y = 0. By

(5.18), every pole of Uis a (—1)-point of wio, and is simple. Then we have
Ny (/2 ¥) < Ny (rl/?, —1,w§°), and hence

(5.20) m% (r, —1,w) < (1/2)T2 (r,w) + O(logr)

under condition (5.19). In case ¥(¢) = by, from (5.17) and (5.18), we obtain
a cubic relation with respect to wi‘) +1 expressed as f((i+¢)*, wi‘) +1) =0,
f(X,Y) € CIX,Y], degy f = 3 (cf. [12, §4.3]). At any rate this case also
implies (5.20). In this way we have

PROPOSITION 5.9. Ifa+ 3 =0,y =0, # 0, then mio(r, —1,w) <
(1/2)T% (r,w) + O(log 7).
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5.1.3. Completion of the proof
Since each exceptional case in Proposition 5.5 is included in Proposi-
tions 5.7, 5.8 and 5.9, we obtain Proposition 5.1.

5.2. Proof of Proposition 5.2
For a solution w(z) of (IIT'), the function wf\o(C) (¢ € Hy) satisfies
(u)?  ug A2
(5:21) Hee u i+¢  (i+Q)
BA2e(Bo=Am/2)i §3202(B0—Nw/2)i

RS M RS L

5 (au2 + ’yu?’)

From this equation, we obtain mio (r,w) < logr + log™ Tfo (r,w) outside a
possible exceptional set of finite linear measure. Using

Tfo (ryw) = mio (ryw) + Ngo (r,w) < ™ +log* Tfo (r,w)

instead of (5.4), we similarly derive Tfo (r,w) = O(r*) and mio (ryw) =
O(logr) as r — oo. Since u = a (# 0) is not a solution of (5.21), by Lem-
ma 4.6 we have mio(r, a,w) = O(logr) as r — oo for every a € C\ {0}.
Using the equation with respect to W(z) = z/w(z), we obtain mio (r,1/w) =
O(logr) (cf. [11, §4]). This completes the proof of Proposition 5.2.
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