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The article studies an initial boundary value problem (ibvp) for the radial solutions
of the nonlinear Schrédinger (NLS) equation in a radially symmetric region 2 € R™
with boundaries. All such regions can be classified into three types: a ball ¢ centred
at origin, a region 7 outside a ball, and an n-dimensional annulus 25. To study the
well-posedness of those ibvps, the function spaces for the boundary data must be
specified in terms of the solutions in appropriate Sobolev spaces. It is shown that
when Q = 1, the ibvp for the NLS equation is locally well-posed in

C([0,T*]; H*(£21)) if the initial data is in H%(Q1) and boundary data is in

2s5+1
H 2 (0,T) with s > 0. This is the optimal regularity for the boundary data and

cannot be improved. When Q = Qg, the ibvp is locally well-posed in
C([0,T*]; H*(£22)) if the initial data is in H%(Q2) and boundary data is in
1

s

H =z (0,T) with s > 0. In this case, the boundary data requires 1/4 more derivative
compared to the case when Q@ = Q1. When Q = Qg with n =2 (the case with n > 2
can be discussed similarly), the ibvp is locally well-posed in C([0, T*]; H*(Qo)) if the
initial data is in H®(€o) and boundary data is in HF (0,T) with s>1 (or

s > n/2). Due to the lack of Strichartz estimates for the corresponding boundary
integral operator with 0 < s < 1, the local well-posedness can only be achieved for
s> 1. It is noted that the well-posedness results on g and Q9 are the first ones for
the ibvp of NLS equations in bounded regions of higher dimension.
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2 S.M. Sun and F. Yan

1. Introduction

The article studies the well-posedness of the initial boundary value problem (ibvp)
for the general nonlinear Schrodinger (NLS) equation in R™, which is given by:

1
iy 4+ Au 4+ MuP~?u = 0, (X1,...,2n) €Q, t € (0,T), T < 3 (1.1a)
w(zy, ..., Zn, 0) = ug(x1,...,2p), (T1,...,2,) €Q, (1.1b)
u(r, ..., T, t) = g(t), (x1,...,2,) €09, t € (0,T), (1.1c)

where p > 3, Au = ailu + et 3§nu and 2 is a radially symmetric region in R™.
The radially symmetric regions can be a ball centred at the origin, the outside of
this ball, and an annulus between two spheres. In dimension 2, we have sketched
the graph of these three regions in figures 1-3. Of course, the most general radially
symmetric regions can be a combination of the regions mentioned above. Since we
can decompose the general radially symmetric regions into the above three regions
and this decomposition allows us to analyse each region independently, in this work,
we consider three regions:

Qo = {(x1,...,2n) ER" 12 + -+ 2] <1},
O ={(z1,...,20) €R™ 2]+ + 27, > 1},
Qo ={(x1,...,2,) ER": 7 <2l + -+ 423 < (27)°}.

Figures 1-3 depict the regions Qg—2s, respectively, for the case of n=2.

Equation (1.1a) can be classified as either focusing (indicated by the ‘A >0’) or
defocusing (indicated by the ‘A < 0’). When p =4, it becomes the well-known cubic
NLS equation (A = £1)

iy + Uy + [ul?u =0, (1.2)

which is a ubiquitous model in various areas of mathematical physics, including
water waves, plasmas, optics, and Bose-Einstein condensates. The cubic NLS equa-
tion has been rigorously derived for water waves of small amplitude over infinite or
finite depth and in the context of nonlinear optics [2, 15, 33]. It has also been pro-
posed as a model for rogue waves [14, 31]. In addition to its physical significance, the
cubic NLS equation exhibits a complex mathematical framework as the archetypal
illustration of a fully integrable system in one dimension. It features an unbounded
hierarchy of symmetries and laws of conservation. In the one-dimensional case, the
equation’s integrability is particularly noteworthy, as characterized by the existence
of a Lax pair of the form:

i o912 i 2 .

v, — zlk .u v, U, - 2ik :I: 5lul -22ku + zuz U, keC.
Fau ik Fhku £ S, 2ik* F 5|ul

(1.3)
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Figure 1. Region Q.

Figure 2. Region ;.
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Figure 3. Region Q.

The Lax pair formulation (1.3) allows the study of the initial value problem
(ivp) for the cubic NLS equation under the assumption of initial data with suf-
ficient smoothness and decay at infinity using the inverse scattering transform
method [36]. Well-posedness of the ivp for the NLS equation on the circle in
Sobolev spaces H* with s > 0 has been proven by Bourgain [8] using modern
harmonic analysis techniques. Earlier results include the works of Cazenave and
Weissler [13], Ginibre and Velo [22], Kenig, Ponce and Vega [29], and Tsutsumi
[34]. In addition, the sharp well-posedness result on R was recently established
in [24].
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Boundary value problems are particularly significant in real-world applications.
For example, in the work [28], the authors study the dynamics of Bose—Einstein
condensates confined in cigar-shaped traps, where the trap’s edges impose the
boundary conditions. Although ibvps for Eq. (1.1a) are more relevant to real-world
applications, they have received relatively little attention due in part to the lack of
a Fourier transform in the case of bounded or semi-bounded spatial domains, which
poses a significant obstacle to their analysis for dispersive equations like NLS and
Korteweg-de Vries (KdV) equations. Nonetheless, researchers have explored various
approaches to studying the ibvps, such as using the Riemann—Liouville fractional
integration operator [18, 25], the Laplace transform [5-7], and the Fokas unified
transform method [20, 21]. Additionally, the ibvp of NLS in two dimensions has been
studied in [27, 32]. The regularity properties for the cubic NLS equations on the half-
line are discussed in [19] and the global well-posedness in one-dimensional spaces
is addressed in [7]. However, the corresponding ibvps for Eq. (1.1a) in bounded
regions of higher dimension have not been explored and the goal of this article is
to delve into this uncharted territory and establish a foundation for understanding
the solution behaviour in more complex and realistic settings.

Here, we investigate the ibvp in €;,5 = 0,1,2, which are radially symmet-
ric regions of R™. We assume that the initial condition ug satisfies the following
condition of radial symmetry:

up(x1,...,on) = uo(r), where r= /2?4 - +22. (1.4)

We seek to find radially symmetric solutions of the ibvp. We equip the ibvp with
different boundary conditions in three different domains. In €2y, we use the boundary
condition:

W@y, .., T, t) = got), a3 4+---+22=1,tec(0,7). (1.5)
In Q;, we use the boundary condition:
u(wy, ... o, t) =gt), zi+---+22 =1, te(0,T). (1.6)
In Qs, we use the boundary condition:
w(@y, ... o, t) = g1(t), 24 ---
w(xy, ... T, t) = go(t), 34 ---

In addition to these boundary conditions, we have established compatibility
conditions for each of the problems:

The ibvp in Qo :  up(1) = g2(0), 1<s<2, (1.8a)
1 3
The ibvp in Q1 :  ug(1) = ¢(0), 3 <s<3 (1.8b)

1
The ibvp in Q2 1 ug(m) = g1(0) and wo(27) = g2(0), 5 <s< 2. (1.8¢)
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Furthermore, it is important to highlight that in this article, the lifespan T*
satisfies 0 < T* < T < %, and it depends on both the norm of initial data and
the norm of boundary data. In addition, in the theorems that follow, the solutions
are radially symmetric. With these clarifications, we can now present the primary
outcomes and conclusions of our study.

In the following, H*(2) is denoted as the classical L?-based Sobolev space in §2
with Sobolev inex s and H() is the subspace of H?(Q) which is the closure of
functions in H*(2) with compact supports in § (formal definitions of those spaces
will be given in §2).

THEOREM 1.1 Let n=2. Suppose ug € H{ (o), satisfying condition (1.4), and
s+1

ge € HOT (0,7). If 1 <s<2,p>3andp is an even integer, then the ibvp within
domain Qg, subject to the compatibility condition (1.8a), is locally well-posed in

C([0,T*]; H*(Qo)), where the lifespan T* depends on |[uol|lms(ay), 92l s+1
H Z (0,T)
and p.

s+1
Here, the use of spaces H§(Qo) and H,? (0,7) for initial and boundary

data merely makes the proof of theorem 1.1 slightly more straightforward since
the compatibility conditions for the initial and boundary data are automatically
satisfied.

THEOREM 1.2 Let n > 2, ug € H*(Q4), which satisfies the condition (1.4), and
2s+1
ge H 1 (0,7).

e If0 < s < % and 3 < p < ?:gi, then the ibvp in domain Q; is locally

well-posed in C([0,T*]; H*(£21)).

) If% < s < % and p > 3, then the ibup in domain ; with compatibility

condition (1.8b) is locally well-posed in C([0,T*]; H*(1)).

In both cases, the lifespan T* depends on ||uol| sy, 9l st1 and p.
H T (0,T)
THEOREM 1.3 Let n > 2, ug € H*(Q2), which satisfies the condition (1.4), ¢1 €
s+1 s+1
H*5 (0,T) and g5 € H2 (0, 7).

o [f0<s< % and 3 < p < 4, then the ibvp in domain 24 is locally well-posed
in C(10, T H*(2,)).

° If% <s<2,8# % andp > 3, then the ibvp in domain Qe with compatibility
condition (1.8¢) is locally well-posed in C([0,T*]; H*(Qs)).

In both cases, the lifespan T* depends on |uollmsay), g1l s41 ,
H 2 (0,T)
gl s+1 and p.
H Z (0,T)

We remark that the above theorems address a notable gap in current research,
which is significantly important in the study of non-homogeneous boundary value
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problems for the NLS equations. In particular, theorem 1.2 gives an optimal regu-
larity of the boundary data for the ibvp of NLS equations in €27, while theorems 1.1
and 1.3 provide the first account on the well-posedness issue for the ibvp of NLS
equations in bounded regions of higher dimensions. Thus, the results in the article
contribute to the limited body of knowledge on the ibvp of NLS equations and add
valuable insights to the field, shedding light on a previously under-studied aspect
of NLS equations, which we believe will be instrumental to the future research.
Moreover, we note that the global well-posedness of ibvps in one-dimensional spaces
has been addressed in [7], though it imposes some restrictions on the nonlinearity.
For the problems studied in this article, the global well-posedness can be analysed
similarly with restrictions on the nonlinearity, utilizing energy conservation and
boundary data estimates.

For s <0, [17] showed that the ivp for the cubic NLS equation is ill-posed because
the mapping from initial data to solutions fails to be uniformly continuous. For the
ibvp in the regions €2; and {23, we reduce this problem to the one-dimensional
ibvp and prove well-posedness holds for s > 0. Therefore, in terms of the uniform
continuity of the data-to-solution map, theorems 1.2 and 1.3 are sharp. However, in
the recent work [24], the ivp for the cubic NLS equation was shown to be well-posed
for s > —%, which is sharp. We have not yet achieved this sharp result for the ibvp,
but we aim to explore this in future work.

Regarding the ibvp in the region 2, the non-zero boundary conditions compli-
cate the derivation of Strichartz estimates. Thus, in theorem 1.1, we only establish
local well-posedness for s > 1. The absence of these Strichartz estimates limits the
sharpness of our result.

For the unforced case with zero boundary conditions, global well-posedness
results have been achieved. In [9, 10], the authors proved global well-posedness
for the ibvp of the NLS equation on the two-dimensional and three-dimensional
unit balls for 0 < s < %, utilizing and thoroughly discussing Strichartz estimates.

Additionally, in [4], Strichartz estimates were established for the Schréodinger
equation on Riemannian manifolds (€2, g) with zero boundary conditions. This
applies both to compact cases and when (2 is the exterior of a smooth, non-trapping
obstacle in Euclidean space. Using these estimates, the Schrédinger equation was
shown to be well-posed in H!((2) for three-dimensional space (see theorems 5.1 and
6.3 in [4]).

Here, we note that although the works [4, 9, 10] indeed derive Strichartz esti-
mates for problems with zero boundary conditions, our study focuses on the ibvps
with non-zero boundary conditions. The Strichartz estimates available in those
literatures do not directly apply to such ibvps, which involve boundary integral
operators, and as a result, there is a lack of established estimates for the cases we
consider. This distinction is crucial to the novelty and challenges for the problem
considered here.

In this article, we have not been able to derive the necessary Strichartz estimates
for the boundary integral operator Wy, h defined by (5.27), which are required to
prove the local well-posedness of the ibvp in the region €y. Hence, the presence of
non-zero boundary conditions complicates the derivation of Strichartz estimates,
and local well-posedness can only be achieved for s > 1. However, we have gained
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insights from the works mentioned above and plan to explore this direction further
in future research.

Next, we provide an overview of the proof of the main results, which is comprised
of four essential steps:

e Step 1. We begin by reducing the ibvp (1.1) to the NLS equation in one
dimension when 2 = 7 or 2 = Qs. For Q = g, due to the singularity at
r =0 if changing the equation in one dimension, we still use €y in R™.

e Step 2. We derive a solution formula for the corresponding linear forced
ibvp, which will be crucial in obtaining estimates for the linear problem.

e Step 3. Using classical analysis, we obtain linear estimates for the data
and forcing in suitable function spaces, which we refer to as ‘good’ solution
spaces.

e Step 4. We prove that the iteration map defined by the solution formula,
with the forcing replaced by the nonlinearity, is a contraction in ‘good’
solution spaces. This will allow us to use the contraction mapping principle
to establish the existence of a unique solution to the nonlinear problem.

Here, we remark that, since the solutions and the domains are radially symmetric,
we may change the ibvps for 2 = Q; or 23 to 1D NLS equations on a half line or
a finite interval with one or two boundary points. These 1D problems have been
studied in [7, 21]. If we require certain linear estimates from [7, 21] in our proof,
we may either cite them or provide shorter or more elegant proof.

Paper organization: In §2, we introduce crucial preliminary results that are
foundational for our subsequent proofs. Section 3 is dedicated to establishing the
well-posedness result for regions outside a ball, with a specific focus on proving
theorem 1.2. In §4, we delve into the well-posedness result within an annulus and
provide the proof for theorem 1.3. Section 5 is dedicated to demonstrating the
well-posedness result within a ball centred at the origin, presenting the proof for
theorem 1.1. Additionally, we include an Appendix section where we provide proofs
that may have been omitted in earlier sections.

2. Preliminary

In this section, since we only consider the solutions of (1.1) with radial form, we
rewrite (1.1) as

-1
g + Upy + i ur—ﬁ—)\|u\p_2u:07 r € (r1,r2), t €(0,T), (2.1a)
u(r,0) = up(r), r € (r1,72), (2.1b)
u(ry,t) = g1(t), u(re, t) = g2(t), te(0,7T), (2.1c)
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1
where 1,79 are chosen appropriately for ;,j = 0,1,2 and r = (23 + --- + 22)2.

Here,
Au= 2wt 4 R = () + L) (22)
u=0;u o =u (T " u (r .
has been used.
The corresponding linear ibvp is
. n—1
U + Upp + ur = f(r,t), r € (ry,r), t€(0,7T), (2.3a)
u(r,0) = uo(r), r e (ry,re), (2.3b)
u(ry,t) = g1(t), u(ra, t) = gao(t), te (0,7). (2.3c)

n—1
If vy # 0, we can use a change of dependent variable u(r,t) =r~ 2 -ov(r,t) to

derive the equations for v, that is

n—1 2 _ 4
W + Vpp = TTf(’f‘, t) —+ nfmri2 - v, r e (7‘1, 7’2), t e (O,T), (24&)
n—1
v(r,0) =r" 2 ug(r) = vo(r), r € (r1,72), (2.4b)
n—1 n—1
v(r,t) =1 2 gi1(t), v(re,t) =152 ga(t), t e (0,7). (2.4c)

From the theory of the ivp (1.1) in R”, it is known that if the initial data ug
of radial form is in W*?(Q;),5 = 0,1,2, then up(r) is in W:;f_l (r1,r9) for ry # 0,
which implies that vo(r) € W2(ry,72). Here, the weighted Sobolev space WP
over the open region  is given by (see [35]),

1/p
||u||W£z,p(Q) :( Z /Q|D°“u|pwdx) . (2.5)
la|<m

Hence, we only need to discuss the solutions of (2.4) in L?-based Sobolev spaces if
T1 75 0.

If r1 = 0, then the above change of dependent variables introduces a singularity
at =0 and cannot be used, which implies that the weighted Sobolev spaces are
necessary. For the case that ro = 0o, the problem (2.1) is the NLS equation posed
in R™ with radial symmetric initial data. If we consider the following ivp of linear
Schrodinger equation

iUy + AU = F, (z1,...,2,) ER", t € (0,T), (2.6a)
U(xl,...,l'n,O):Uo(l'l,...,l'n), (xla"'axn) G]an (26b)

then using Fourier transform, we have
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U= Sn[Uo,F] =

(2710” /R . I (6, 60)dE - - de (2.72)

i ¢ e 120 D
_(27r)”/ /R eI Pt Pr(e, e )dE, - dg,dt, (2.7)
0 n

where & - @ = &x1 + -+ Epxy, and €2 = €2 + - 4 €2, Also, we have following
claim.
Claim. If Uy and F are radially symmetric, that is, for » > 0 we have

Uo(x1,...,xn) = Up(r), F(x1,...,70,t) = F(r,t), a3+ +a2=1r%
then the solution of the above ivp (2.6) is also radially symmetric.
Proof. The above claim follows from the next result.

LEMMA 2.1, If f is radially symmetric, then f is also radially symmetric.
Conversely, if f is radially symmetric, then f is radially symmetric.

Now, since the term (2.7a) is the inverse Fourier transform of

a2, o~
e Tt U (&1, ... &), by lemma 2.1, the term (2.7a) is radially symmetric.
Similarly, since term (2.7b) is the integral of the inverse Fourier transform

e_“f'z(t_tl)ﬁ(fl,...,{n,t’), lemma 2.1 implies that this term is also radially
symmetric. This completes the claim. O

Proof of lemma 2.1. Here, we only prove that the Fourier transform of a radially
symmetric function is radially symmetric. The Fourier transform of function f(z)
in R™ is defined as:

fley = [ fa)e e, (23)

where § -z = §121 + - - - + §u @, denotes the dot product of the vectors § and z. To
show that f(&) is also radially symmetric, we need to show that f(¢) is invariant
under rotations, i.e., if we rotate the vector £ in R™ by an angle 6, the Fourier
transform f(£) remains the same.

Let R be a rotation matrix in R™, i.e., R is an n X n orthogonal matrix with

determinant 1. Then, we have:

. .
L f(r)e vdy

FRO = [ e ®@0rar = [ pryeiet ey
R R n

~

=19,

where we have used the fact that R~! = R” for an orthogonal matrix R.
Thus, we have shown that the Fourier transform of a radially symmetric function

in R™ is also radially symmetric, i.e., f(ﬁ) = f(|&]). This completes the proof of
lemma 2.1. O
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Therefore, by above discussion, we can use the well-posedness theory of the
NLS equations in R™ to establish the well-posedness of (2.1) with r; = 0 and
ro = oo under the assumption that ug(r) € W;,f_l (R) with s > 0. We note that
the boundary condition for (2.1) at 7 =0 must be v,.(0) = 0 and the solution space
is Wj;f_l(R) with s > 0. Hence, in the following, we will only consider the cases
with 0 <71 <719 =00,0< 7] <71y <00,and 0 =11 < ry < 0.

Here, we recall the linear estimate for the solution S, [Uy; F.

PROPOSITION 2.2. [Strichartz estimates for linear Schrodinger equation]
Fors >0, if (q,7v) and (q1,71) are admissible, which are given below in definition
2.3. Then the solution U = S,,[Uy; F| of ivp (2.6) satisfies

1501003 Fll| a0 poawsvgany) < 0ol sy + | £ 29)

L9 07w (rny)
The proof of proposition 2.2 can be found in [11] (see theorem 2.3.3).
Throughout this work, we shall use the familiar time localizer v (t), which is

defined as follows:

P e Cy®(—1,1), 0<¢<land () =1for [t|< (2.10)

| =

Moreover, we introduce the notion of admissible pair

DEFINITION 2.3. We say that a pair (q,7) is admissible (in n dimension), if

2 n n
AN 2.11
g v 2 (21
and
2n . .
2<y< 5 2<y<oifn=1, 2<vy<oxifn=2). (2.12)
n—

Additionally, the Sobolev space H*(R"™) consists of all temperate distributions F'
with the norm

~ 1/2
1Fllseny = ([ -+ lehIF©Rag) " (213)

where F(¢) is the Fourier transform defined by

F(¢) i/ e T E(z)d.
RN
For an open set 2 C R™, the space H*(2) is defined by

H*(Q)={f:f=F|, where F € H*(R") and || f|| s iFe}}i{Rn) | F|| prs mny <00}
(2.14)

Here, we remind the reader that the space H§(£2) is the subspace which is the
closure of the class of functions in H*(R™) whose support lies in 2.
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Finally, we define the Sobolev space on a torus, which will be used to study the
problem on annulus. For s > 0, the Sobolev space H*(T) is defined by

1/2
H%mi{feﬁmmwuuﬁ(2}1+nwwmmﬁ <oof.  (215)

ne”Z

Also, recall the Fourier transform

Fln) = / e f(x)dz, n e, (2.16)
and the inverse Fourier transform
f@) = =3 Fmpeine (217)
Xr) = 27T P n)e . .

Equations (2.16) and (2.17) present identities that hold in the sense of distributions.
Specifically, for functions f such that f € L', the Fourier transform f is in ¢!,
ensuring the validity of the identities as stated.

3. NLS equations on a half-line (i.e., outside of a ball)

In this section, we study (2.1) on a half-line with r € (1, 00) (i.e., outside of a ball)
and a boundary condition u(1,t) = ¢(t), where r; = 1 is chosen for the sake of
convenience. We first discuss the corresponding linear problem and then obtain the
well-posedness of the nonlinear problem.

3.1. Solutions of linear problems with estimates in Sobolev Spaces

—1 —1
It £ (r,t) = ran(T, t)—}—%r‘zm and vy (r) = rnTuo(r), then (2.4) becomes

W + Vpp = fl(ra t)a r>1,te (OﬂT)? (313)
v(r,0) = vg(r), r>1, (3.1b)
v(1,t) = g(t), te (0,7). (3.1c)

Also, by using the compatibility (1.8b), the above ibvp is equipped with the
following compatibility condition

9(0) = vo(1), % <s< ; (3.2)

Next, we solve the ibvp (3.1) and begin with decomposing the above ibvp into
simpler problems. In fact, using superposition principle, the linear ibvp (3.1) can
be expressed as the homogeneous ibvp
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vy + vpp =0, r>1,t€(0,7), (3.3a)
v(r,0) = vo(r) € H*(1, 00), r>1, (3.3b)
o(L,1) = g(t) € HT(0,T), te(0,7), (3.3¢)

and the forced linear ibvp with zero initial and boundary data

i 4 v = f1(1,8), r>1,te(0,7), (3.4a)
v(r,0) =0, r>1, (3.4b)
v(1,t) =0, te (0,7). (3.4c)

Also, we can do further decomposition. In fact, the homogeneous ibvp (3.3) can
be expressed as the homogeneous ivp and the pure ibvp. The homogeneous ivp is
given by:

iV, + Vir = 0, te(0,7), (3.52)
V(r,0) =Vo(r) € H*(R), (3.5b)

where Vg is the extension of vy from (1,00) to R such that

Vollzrs ®) < 2|voll s (1,00)- (3.6)

The pure ibvp is given by:
vy + vpr =0, r>1,te(0,7), (3.7a)
v(r,0) =0, r>1, (3.7b)

25+1
v(1,8) = g(t) — V(1,1) € H1(0,T), t e (0,T). (3.7¢)
For the inhomogeneous ibvp (3.4), it can be decomposed as a forced ivp and a
pure ibvp:

iWy + Wy, = F(r,t), r>1,te0,7T), (3.8a)
Wi(r,0) =0, (3.8b)

where F is the extension of f; from (1,00) to R such that

£l (3.9)

<2
L <20Al

qa s,y q s,y !
LY 0. 1ws (R LY (0.15w57 (1,00))
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The pure ibvp is given by:

vy + v =0, r>1,te(0,T), (3.10a)
v(r,0) =0, r>1, (3.10b)
v(1,t) = -W(1,1) te (0,T). (3.10c)

Linear estimate for homogeneous ivp (3.5). The solution to this problem
is obtained by Fourier transform

™

V1) = S[Vos 0](r, £) = 2i / (i€ =iEt T () e, (3.11)
R

where ‘70 is the Fourier transform of Vg, that is

Voi/e*iﬁrvo(r)dr
R

We have the following estimates for S[Vp; 0], whose proof can be found in [12, 25].

PROPOSITION 3.1. Homogeneous ivp estimates The solution V = S[Vp;0] of the
homogeneous linear Schrodinger ivp (3.5) given by formula (3.11) satisfies the space
estimate:

sup ||S[Vo, O](t)HHé(]R) = H‘/o”Hé(]R), s €R. (312)
te[0,T]

Also, S[Vy; 0] satisfies the time estimate

sup ||S[Vy; 0](r s < |Vollgsmw), s€R. 3.13
up [SOGO0 2o 5 Vol (3.13)

In addition, if % +% = % and v > 2, then S[Vp;0](r,t) satisfies the following
Strichartz estimate

15TVos 01l La gws. vy S IVolls @y, 520 (3.14)
Linear estimate for forced ivp (3.8). The solution to this problem is given
by
W = S[0; F)( / / igr—i? (=) B (¢ ¢')dedt! (3.15a)
t =
=—1 S A);0](r t —t)dt, (3.15Dh)

t =

where F" is the Fourier transform of F and S[F(-,#);0] denotes the solution of
homogeneous ivp (3.5) with initial datum F(r,¢’). We have the following estimates
for S[0; F)(r,t), whose proof also can be found in [12, 25]
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PROPOSITION 3.2. Forced ivp estimates The solution W = S[0; F| of the forced
ip (3.8) given by formula (3.15) satisfies the space estimate:

sup ||S[0; F](t)|gsry < T sup [[F(t)||gs@), s€<R. (3.16)
te[0,T] te[0,T]

Also, S[0; F| satisfies the time estimate

1 1 1
sup ||.S[0; F(r <(1+T)3|F , —=<s< =,
SISO FION gy S ODHPLg oy —5 <0<
(3.17
1 3
. < - e
Sup ||S[O’F](T)|| 2%“;1 ~ HFHLl (O,T;HS(R))7 2 <s< 2 (318

reR H, (0,7)

In addition, if % +% = 1, and v > 2, then S[0; F](r,t) satisfies the following
Strichartz estimate

||S[0§F]”L;](o,T;WSW(R)) S ||F||Lg/(0,T;WSﬁ’(R))’ > 0. (3.19)
Next, we study the following ibvp
vy + vpp =0, r>1,te€(0,7), (3.20a)
v(r,0) =0, r>1, (3.20b)
2s+1
v(l,t) =q1(t) e H 1 (0,7), te (0,7T). (3.20c)

Also, we extend the boundary data g;(¢) from (0,7") to R by the following result
whose proof can be found in [21, 30].

LEMMA 3.3. For a general function h*(t) € H{™(0,2) with m > 0, let the extension

h*(t), te€(0,2),

0, elsewhere.

R (t) =

If0 <m < %, then the extension h* € H™(R) and for some c,, > 0 we have
12 ||y < CmllB* |l 0,2)- (3.21)
If% <m< %, then for estimate (3.21) to hold we must have the condition
h*(0) = h*(2) = 0. (3.22)
In fact, for —% <s< % or 0 < % < %, we define

g1(t), t€(0,7),

h(t) =
© 0, t&(0,T).
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Then, using lemma 3.3, it is obtained that h(¢) is compactly supported in (0,2)
and

HhH%ﬂ(R) S H91||2%+r1(0,;p)~

For 1 < s < 2 or 3 < 281 <1, we first extend g1 from (0,2) to R such that
lg=1] 2541 (py < 2||g1l 2541 () 1): Next, we define

g2(t)7 te (072)a

= 0, t&(0,2)

~

Again, by lemma 3.3, h(t) is compactly supported in (0,2) and Hh||25+1(R) <
1

g1l 25+1 0.7)" Therefore, the ibvp (3.20) becomes

i 4+ v =0, r>1,te (0,T), (3.23a)
v(r,0) =0, r>1, (3.23Db)

2s+1
o(1,t) = h(t) e H-1(0,2), te(0,2), (3.23¢)

where h(t) is compactly supported in (0,2). Using Laplace transform (see [7])
or the Fokas method (see [21]), we derive the solution for the reduced pure ibvp
(3.23)

1 /0 ~ 1 [~ . ~
v = Sp[0,h;0] = 27/ elﬁte“/_ﬁ(r_l)h(lﬂ)dﬂ + 27/ ezﬁte—\/—ﬁ(r—l)h(iﬁ)dﬁ
vy —c0 iy 0

=L + Iy, (3.24)

where the integrals I1 and I, are defined by

0 . ) ] ) -
I (r,t) = 2i / ePteV=Br=Dpi3)ds = 1 / e‘lﬁQtelﬁ(T‘1)ﬁh(—i62)dﬂ,
v —c0 T 0
(3.25)
r>1, (3.25)

1 o[>, ~ 1>, ~
Iy(rt) =5~ /0 emte‘\/jﬁ(r_l)h(iﬁ)dﬂ:; /0 ¢Pte=BO=VgR(i%)dB, 1> 1.
(3.26)

Since h(t) is compactly supported in (0,2), we have

h(—if?) = /O T () dt = /R ¢BPh(t)dt = h(—B%) and  h(iB2) = h(B?).
(3.27)
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PROPOSITION 3.4. The solution v = Sp[0, h; 0] of the ibvp (3.20) given by formula
(3.24) satisfies the space estimate:

sup 85[0, h; 0J(t) [ s (1,00) S N1l 2641 s >0. (3.28)
t€[0,7] H 4 (R)

Also, if% + % = % then Sp[0, h; 0](r,t) satisfies the following Strichartz estimate
||Sb[07h;O]HLg(O,T;WS»’Y(l,oo)) S ||hHH%(R), 520. (3:29)

Proof of proposition 3.4. For the proof of estimate (3.28), we refer to [7, 21]. Here,
we only provide the proof of Strichartz estimate (3.29), which was also discussed
in [7]. In this exposition, we offer an alternative proof.

Proof of Strichartz estimate (3.29). The proof for I is similar to that of
estimate (3.14) and here we omit it. Next, we prove estimate (3.29) for I. Making
the change of variables 7 = 32, we get

Ig(r,t):/ et VT (1) dT—/ Ki(r,7) - (1+|TD% h(r)dr, r>1,
0
(3.30)
where the kernel Ky(r,7) is defined as follows
Ky(r,m) = e VIO (14 7)1, > 1 (3.31)

Also, we see that estimate (3.29) follows from the following result
2 1 1
Sfllj2, —+—-—==and 2 <~y <o0.
£l 242 =35

H /00 Ky (r, T)f(T)dT‘
’ (3.32)

The proof of estimate (3.32) is provided in Appendix. Now, using (3.32), we show
the estimate (3.29). To do this, we will consider the following two cases.
Case 1: s € N. Taking partial derivative 93, we have

L{(0,T;L7(1,00))

8f[2(r,t):/ e”te_‘ﬁ(r_l)(—ﬁ)sﬁ( dTN/ Ki(r,7) - |T|2(1+|T|)% h(7)dr.
0
(3.33)

Next, apply (3.32) with f(r) = |7|3 (1 + ‘TD% h(7) to obtain

|z < ([ P+l bepar)”

[
LI(0,1;W5:7 (1,00)) LI(0,T;L7(1,00)) ™

Sl 2541,
H 4

which is the desired estimate (3.29).
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Case 2: s > 0 and s € N. We prove this by interpolation. In fact, any s > 0 can
be written as s = (1 — 0)[s| + 6(|s] + 1). Furthermore, in Case 1, we proved that

HIQ and

HL?(QT;WLSJW(LOQ)) S ||h||H2LSJ+1 HIQHL?(O,T;WLSHL'Y(LOO))

SRl 2qsjy+1
H 4

2|s]+1
which implies that [I; is a continuous linear operator from H~ 2 to
2(s]+1)+1
LI0,T; W17 (1,00)) as well as from H~ 4 to L{(0,T; WLsl+17(1, 00)).
Thus, according to Theorem 5.1 of [30] (see also [3]), we see that 5 is a con-
2s
tinuous linear operator from H T to L{(0,T;W#7(1,00)). This completes the
proof of Case 2 and estimate (3.29). O

Now, we can derive the linear estimate for the solution of ibvp (3.1). In fact, this
solution is given by

v(r,t) = Alvo, g; f1] = S[Vo; 0] + S[0; F] + Su[0, g — S[Vo; F](1,t);0], »>1,
(3.34)

te (0,7), (3.34)

where V| is an extension of v satisfying inequality (3.6) and F is an extension of
f1 satisfying inequality (3.9). Combining propositions 3.1-3.4 and using inequalities
(3.6) and (3.9), we obtain the following linear estimate.

THEOREM 3.5 The following estimates hold.

1 2541

(1) Suppose that 0 < s < 5. If vg € H*(1,00), g € H 1 (0,T) and f €
Lf/ (0, T; WSW/(I, 00)), where (q,7) is admissible with n= 1, then Alvy, g; f1]
defines a solution to the linear tbvp (3.1), which satisfies

S (A0, g: 110 s 1,00y + A0, 93 Ailll g o, maw0 0,000
(3.35)

S llvollrs,o0) + 119l 2501+ Al
H 4 (0,T)

)

q s,y :
L4 (0,1;ws (1,00))

2541
(2) Suppose that % < s < % If vo € H°(1,00), g € H T (0,T) and f1 €
L'(0,T; H*(1,00)) then Alvy, g; f1] defines a solution to the linear ibup (3.1)

with compatibility condition (3.2), which satisfies

sup |[Afvo, g; f1](8)]] s Slvollas,00) + 9]l 2541
te[O,T]H [ 0 1]( )HH (1,00) ” 0||H (1,00) H ||H7t(0 o

)

+ il (0735 1,00)° (3.36)
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3.2. Proof of well-posedness for ibvp in domain €, i.e., theorem 1.2

Existence of solutions for nonlinear problems on half line. Since the ibvp
in Q; is reduced to the ibvp (2.1) for r € (1, 00) with u(1,t) = g(¢). Now, it suffices
to prove the existence of solutions of ibvp (3.1) with forcing f; giving by

n’—4n+3 _,
—_—T .

(n=1)(p-2)
1 o

—1
fi(r,t) = f)\rnTMp*?u + v=—A\r v

n?>—4n+3 _,
AL NS

; (3.37)

The case. 0 < s < % In the solution formula (3.34), replacing fi by the

nonlinearity above, we obtain the iteration map

_(n=1)(p=2)

24 3
v=Alvo,g; fi] = Afvo, g; =A™ 2 |[ufPPu+ noAnES o o).

4

Next, we will show that the iteration map (3.38) is a contraction in the following
solution space

(3.38)

Z = C([0,T7]; H*(1,00)) N L{ (0, T*; W*7(1, 00)), (3.39)
where (g,7) is an admissible pair (with n=1), which are defined as

4p
(p—2)(1—2s)

We notice that ¢ and v satisfy v > 2 and ¢ > Q(ﬁ + 1). The linear estimate
(3.35) implies

p

T (3.40)

q= and v =

SUP*] HA[UO’g;fl](t)HHS(l,oo) + || Alvo, g5 f1]||L§(o,T*;Wsn(1,oo)) S llvoll s (1,00)

tel0,T
(n—1)(p—2)
7 |y|P2
Hloll aspr -+ Wl o200 e (.
-2
+ |7 v\ILg/(O,T*;WM,(lm)). (3.41)
Now, we need to bound the nonlinear terms in the above inequality.
(n—1)(p—2)
Estimate for. |r~ 2 [v[P~20|| We  extend

q / .
L9 (0, 7%wsY (1,00)

(n=1)(p=2)
re 2" from (1,00) to R such that the extension k(r) € C°°(R) and

it is described as follows

(n=1)(p—2)
k)=~ 2, |r|>1,

k(r) <2, Ir| < 1.

Also, we extend v from (1, 00) x (0,7*) to R x (0,7*) such that the extension V
satisfies

HV”L?(O,T*;WSN(R)) B 2||v||Lg(O,T*;W5"Y(1,oo))’ (3.42)

https://doi.org/10.1017/prm.2024.120 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.120

Radial solutions of NLS equations in R™ 19

Now, we have

_(n=1)(p=2)
Ir 2 Pl oy S NEQIVIE™ 2Vll

Lq ©o,1%ws (1, ©,7%:ws7 (R)

Furthermore, using the chain rule (see lemma 5 in [25]) and using ||k||pec < 2, we

obtain
IFOIVE2VOll ot ) SOV P20 1DV (1)1
<[kl o= [[VIP=2@)] o 1DV (&) v
SHVIEZ2 @ A 1DV ()2,
where ﬁ = % — % =1- % Moreover, applying Sobolev—-Gagliardo—Nirenberg

inequality (we refer to theorem 1.3.4 in [12] and corollary 1.5 in [23]) with o

1 —
®-21" "~
% — s, it is obtained that H|V|p_2(t)HL7” < HDSV(t)Hif. Finally, combining above

inequalities with Holder’s inequality and using inequality (3.42) give

_(n=1)(p=2) P
I 2 P || IVIITq (3.43)

0 WS (1, )) Lq(O T*; W7 (R))

STl (3.43)

Lq(O T WS (1,00))’

for some o > 0. Working similarly to inequality (3.43) (see also [25, 27]), we have

(n—1)(p—2)
2 P=2y — |p,|P2
ks (lo1 [P~ w1 — Jug| UQ)HL"/(O,T*;WSW’(LOO))
<T*U(HU ||Lq(0 T*; WY (1,00)) + ||v2||LQ(0 T* . WS (1, OO)))”vl - ,UQHLg(O,T*;WSu’Y(Loo)) .
(3.44)
Estimate for |r— v|| Since r=2 € C*°(1,00) and it is
(0 5w (1,00))
bounded by 1, we derive
_2 %0
HT ||Lgl(O,T*;W37’Y/(l,oo)) 5 T HU”Lg(O,T*;Ws"Y(l,OO))’ (345)
—2 %0
||T‘ (Ul - UQ)”Lgl(O,T*;WSv'Y/(l,oo)) 5 T Hvl - U2||Lg(O,T*;Wsa’Y(1,oo))' (346)

Combining linear estimate (3.41) with inequalities (3.44) and (3.45), we can show
that the iteration map (3.38) is contraction in solution space Z for small T*. Since
the argument is standard, we omit it here. This completes the proof for the case
0<s< %

The case % < s < % In this case, we choose ¢ = oo and y=2. Since the
argument is similar to the case 0 < s < %, the proof is omitted here.

Uniqueness and Lipschitz continuity of data-to-solution map. The argu-
ment for uniqueness and Lipschitz continuity of data-to-solution map is similar to

that in [25] and hence is omitted here. We complete the proof of theorem 1.2.
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4. ibvp on annulus

In this section, we study the ibvp on annulus, that is, Eq. (2.1) with 0 < r; <719 <
+00. The boundary conditions are

n—1 n—1

v(r,t) =gi(t) = * qi(t), v(ra,t) = ga(t) =1y 2 galt).

For the sake of convenience, we choose 1 = 7 and ry = 27.

4.1. Linear problem on the annulus

We first consider the linear Schrédinger equation on the interval, i.e.,

i + v = f1(1, 1), T<r<2m te(0,71), (4.1a)
v(r,0) = vo(r), m<r<2m, (4.1b)
v(m,t) = g1(¢), v(2m,t) = ga(t), te(0,T), (4.1c)

—1

where f1(r,t) = ran(r, t)+ %r‘z -v. Also, by letting w(r,t) = v(r+m,t)
and fo(r,t) = fi(r + m,t), we change the problem (4.1) to the interval (0, 7). In
fact, the ibvp for w is

iwy + wer = fa(r,t), O0<r<m, te(0,7), (4.2a)
w(r,0) = wo(r) € H*(0,7), 0<r<m, (4.2b)
s+1 1

w(0,8) = Gu(t) € HF(0,T),  w(mt) =ga(t) € HE (0,T), te(0,T).
(4.2¢)
Also, from the compatibility condition (1.8c), we have the following compatibility

conditions
~ ~ 1

91(0) = wo(0) and g2(0) = wo(mw), 5 <s< 2. (4.3)

Using this, for 1 < s < 2, we can assume that wg(0) = wo(7) = §1(0) = g2(0) = 0.

Next, we solve the ibvp (4.2) by decomposing it into simpler problems. In
fact, using superposition principle, the linear ibvp (4.2) can be expressed as the
homogeneous ibvp

twy + Wy =0, 0<r<m, te(0,7), (4.4a)
w(r, 0) = wo(r), O<r<m, (4.4b)
w(0,t) = g1(¢), w(m,t) = ga(t), te (0,7T), (4.4c)

and the forced linear ibvp with zero initial and boundary data
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iwy + wey = fa(r, 1), O<r<m te(0,T), (4.5a)
w(r,0) =0, 0<r<m, (4.5b)
w(0,t) =0, w(m,t) =0, te(0,T). (4.5¢)

In addition, we decompose the ibvp (4.4) as an ibvp with homogeneous boundary
data

g + vpp =0, 0<r<m te(0,7), (4.6a)
v(r,0) = wo(r), O<r<m, (4.6b)
v(0,t) =0, v(m,t) =0, te(0,7), (4.6¢)

and an ibvp with zero initial data:

wy + Wy = 0, 0<r<m te(0,T), (4.7a)
w(r,0) =0, O<r<m, (4.7b)
w(0,t) = hi(t), w(m t) = ha(t), te(0,7), (4.7¢)

where h1 = §1 (t) and h2 = gg(t).
Solving the ibvp (4.6). We will solve this problem by reflection. In fact, in order
to solve this problem, it suffices to solve the following periodic problem

Vi + Vo =0, —r<r<m te(0,7), (4.8a)
V(r,0) = Vo(r), —T<r<m, (4.8b)
V(-mt)=V(m,t), Vi(—mt)=V.(m,1), t e (0,7), (4.8¢)

where Vy(r) is the odd extension of wy(r), i.e.,

wo(7), 0<r<m,
Vo(r) = 90, r=0, (4.9)
—wo(—r), —m<r<0.

By using the standard separation of variables, the solution to the periodic ivp (4.8)
is

V = Woltywo = 3 Bysin(nr)e= ™, (4.10)
n=1
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where

B, = 7/ wo(r)sin(nr)dr, n € Z. (4.11)
T Jo

The solution formula Wy(t)wy can also be written in the complex form

1 e’} Bn, if n Z 17
~ . .2 ) _
Wo(t)wo = % H_Z_OO Bemmem "t with B, =140, ifn=0,
B —-B_, ifn<-1.
(4.12)
Furthermore, for wg, we define H*(0, 7)-norm by its Fourier coefficients as follows

o0

lwollZrs o) = D (1 +1)*03, (4.13)

n=1

where the Fourier coefficient b,, = B,, is defined as follows

2 U
b, = —/ wo(r) sin(nr)dr = B,, n>1. (4.14)
0

T
Finally, we state the following result for the solution Wy (t)wq given by (4.10).

PROPOSITION 4.1. Let wyg € H*(0,7), where 0 < s < 2 and s # %,% Then, the
solution defined by (4.10) satisfies the following estimates

sup HWO(t)wOHHS(OﬂT) S CT’SH'LUOHHS(OJT). (415)
te[0,T]

In addition, for s € N, we have

190 Wo(t)woll L4 (0,m)xry < Crllwol s 0.m)- (4.16)

Proof of proposition 4.1. By the solution formula (4.10), we see that the Fourier
series for V(z,t) is Bne’i”Zt, where B, is given by (4.11). Thus, by the definition
(4.13), the space estimate (4.15) is obtained. Next, we prove estimate (4.16). As
the proof for s =1,2,3,... resembles that of s =0, we focus solely on establishing
estimate (4.16) for the case of s =0. It follows from the next result. O

LEMMA 4.2. Let (z,t) € T x R and let (n,\) € Z x R be the dual variables. Then
there is a constant ¢ > 0 such that

3 ~
Il Laerxry < ell(X+ A+ n2|)gf||L2(Z><R)7 (4.17)
for any test function f on T x R.

The above result was proved in [8]. Now, we use it to complete the proof of
estimate (4.16). Noticing that the solution formula (4.10) defines an odd function
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of 7 over (—m, ), we keep the same notation and we shall prove that | V|| p4(pyp) S
llwol| s (0,x)- To do this, letting f = 1V, we have

3~
£l Larxzy S NA+A+0DEFllL2zm)-

Furthermore, using complex formula (4.12) and taking Fourier transform, it is
deduced that f(n,\) ~ ¥ (X + n?)B,,, which implies that

3 ~
10+ A DR Ay £ 3 [ (1 A+ 2B+ ) Par- B

neZ

Z ‘wOHLQ(O )"

Combining the above estimates yield the estimate (4.16) for s =0. This completes
the proof of proposition 4.1.

Solving the ibvp (4.5). For this problem, we extend f5 oddly and use the fact
that the solution to this ibvp is given by

w(r,t) —Z/ Wo(t — 1) fa(-, =—i Zsm nr / —in?(t=t) fi(n,t")dt,

(4.18)
where Wy is given by (4.10) and fa(n,t') is defined as
ant /fg’l"t sin(nr)dr, n€Z.
We define the odd extension of f2(r,t) with respect to r
fa(r,t), 0<r<m,
Fy(r,t) =90, r=0, (4.19)
—fa(=r,t), —mw<r<o.
Then, we have ﬁg(n ty = [T F(rt)emdr = - f?ﬂ fa(=r,t)e™rdr +

fo fa(r,t)emrdr = z7rf2 (n,t'). Using the fact that F5 is an odd function, we get
F2 (n,t') = —F2 (—n,t'). Thus, working similarly as in the formula (4.12), we have

w(r,t) / Wo(t — 1) fa(e, 7)dT ~ Ze””/ —in® (1= t)F2 (n,t)dt’.  (4.20)

nez

Also, it is derived that

| 2|

||f2||L4/3((0,7r)><(0,T)) =~ | LA/3(Tx (0,1))"
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Furthermore, for ¢t ¢ (0,7) we set F» = 0 (keeping the same notation) and we
obtain

||‘f2||L4/3((0,7T)><(O,T)) = ||F2HL4/3(']I‘><R)' (421)

For the solution formula (4.18), we have the following result.

PROPOSITION 4.3. Let fo € LY(0,T; H*(0,7)), where 0 < s < 2 and s # %,%
Then, considering the solution defined by (4.18), the following estimates hold

prA%%G—Wh&ﬂﬂf

te[0,T]

HS(0,7) < CTvs||f2||L1(0,T;H5(0,7r))' (422)

In addition, for s € N, if 95 fo € LY3((0,7) x (0,T)), the following estimate holds:

]W@AW%a—whuww

L4((0,7)xR) = CT”afo||L4/3((07,T)><(07T))~ (4.23)

Proof of proposition 4.3. Using the space estimate (4.15) for the homogeneous IVP

(4.8), ie.,
elo.m IWo()wollzs0.m) < Crsllwoll s 0,7,
we have
. t
H/O Wo(t — ') fo (-, t)dt’ o) S/y:o HWO(tft')f2(-,t') Hs(o,w)dt/

t T
S/‘ﬂhwmm&ﬂwﬁ/)”ﬁwmmmﬂwa
t t=

which is the desired space estimate (4.22). O

Proof of estimate (4.23) with s = 0. For this estimate, similar to the proof
of estimate (4.16), we will use the formula (4.20). Also, we notice that it defines an
odd function of r over (—m, 7). Hence, we prove the following estimate,

o [ Wt~ s trar

LA(TxR) < Crllf2ll /3 o.m 0,1 (4.25)

To do this, using space-time Fourier transform, we express F's5 in the phase space
(n, A). More precisely, substituting in (4.20)
o / 1 ixt' &
Fy(n,t")y=— [ € Fa(n, \)dA,
T JRr
we obtain

t
P(tywlrt) =) Y e / emin? (=) / e By (n, \)dAdt.
0 A

nez €R
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Performing the t integration first, it is

1()\+n2)t
/ z(>\+n )t di =
0 A+ n2

Then, the solution 4 (t)w(r,t) becomes

2 ez()\+n )t 1~

Y(E)w(r,t) ~ ()Y /A . et " Eh(n, A)dA. (4.27)

2
ne”Z Atn

Finally, adding and subtracting ¥(\ + n?) inside the integral (localizing near the
singularity A = —n?) gives the following decomposition of v (t)w(r,t)

P(Byw(rt) = — (1) Y A . gL Z VA1) b Fy(n, \)dA (4.28)

= A+ n?
e —in2e 1 — V(A +1°) o
+¢ n / einr g—in tiF 77,,)\ d\ 4.29
()nze:Z AER A+n? ) 2
WA i)t 1y
Z/ znr 7171 2¢ ( tn )(6 5 )FQ(n7)\)d)\ (430)
= e A+n

Estimate for (4.28). Let

f(r.) Z/ g LZVOAET) B van,

2
neL At
Since 3 € C§°(R), we have
||(4-28)||L4(1er) ~ lv()f(, ')||L4('Jl‘><]R) < W||L§O||f||L4(1er)-

Also, computing the Fourier transform of f with respect to r gives

fr(n,t) z/e”‘tMFg(n,)\)d)\.
R

A+ n?
Therefore,
~ 1—y(A+n?) »
f(nv)\): )\+n2 *FQ('H/,)\)

Now, we need the following result, which is provided in [8].
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PROPOSITION 4.4. If the multiplier M = M (n, \) satisfies

|M(n,/\)|,§(1+|/\+n2\)_%, forall neZ and XeER, (4.31)

then M acts boundedly from L*/*(Z x R) to L*(Z x R), that is

iemr/M(n, /\)f(n, et dx

S ||fHL4/3(']F><R)' (432)
LA(TxR)

Proposition 4.4 is due to lemma 4.2 and duality (see corollary 4.5). Now, from
this, we finish the proof of estimate (4.25) for (4.28). In fact, by the definition of

¥(t), the integrand is non-zero only for [\ + n?| > 1. Therefore, 1 + |A 4+ n?| <
2|\ + n?| + |+ n?| = 3|\ + n?| and so

Hf||L4(']I‘><]R) S HF2||L4/3(T><]R)’
which, together with the inequality (4.21), gives us the desired estimate (4.25) for
term (4.28).

Estimate for (4.29). To estimate [(4.29)4(ryg), we first find the Fourier
transform of the function

f(r,t) = (4.29) Z/ reto L VORI By o,

Y
neZ Atn
It is clearly seen that f”(n, t) ~ w(t)ei"ZtCn, where

1— (A +n?) A
Y R ARV )
Cn /R o Fa(n )

Then, computing the Fourier transform of fr with respect to t gives

Applying estimate (4.17), it is obtained that

3 ~
1(4:29) 1 L4 gy S+ A+ 12D ECa A+ 12) | 1240y

(Z/ 1+|)\+n2|)3/4|0n1/3(>\+n2)|2d)\>
nez A

§<Z|Cn|2> (Z‘/lAjT;”)anAdAD

nez
(4.33)

[
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Furthermore, for the dM\-integral in the above estimate, applying the
Cauchy—Schwarz inequality gives
DA )[5/4
/ ‘ +n? ’ O\
)\ +n?

/ 1w +n?) o dA
R
1— (A )13/4 ~
/‘ +n?) ] | By (n, A)[2dA

N+ n2
)\+n2
5/(1 F A+ n2) A B PN, (4.34)
R

Now, we need the following dual estimate of lemma 4.2 (see [8]).

COROLLARY 4.5. For any test function f, we have

_3
(14 [A+n?)) 8fllL2zxr) < C||f||L4/3(T><]R)' (4.35)

Finally, combining estimates (4.33) and (4.34) with corollary 4.5 and using
estimate (4.21), it is deduced that

Z/ (1+ X+ n?) %4 Fy(n, \)| dA)

nez

(4. 29)||L4('Jl‘><R (

=1+ |/\+n2|)_§F2||L2(Z><R)
§||F2||L4/3(T><R) =~ |‘f2HL4/3(TX(O,T))'

This completes the estimate for (4.29).
Estimate for (4.30). From Taylor’s series at A + n? = 0, we can expand

ciOn ) _ i tE (A ‘|‘ n?

k=1
Thus, (4.30) ~ >~ 201 £, where
k=1

Fr(r,t) = tF4(t) Z/ inr o =in®t (O £ n2)(A + n2)* 1 Fy(n, A)dA.

neZ

The Fourier transform of the function f; yields

Fr(n,t) = Cr(m)t(t)e ™",

where

Cr(n) :/Rz/)()\—i-nQ)()\+n2)k_1ﬁ2(n,)\)d)\.
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Therefore,
Feln, ) = Cr(n)tkp(A + n?).

Let us now estimate (4.30) using the expression of fk(n, A).

& ik+1 > 1
[[(4-30) | L4 (pury S Z ?fk S Z 7 1 fell a(rxr) - (4.36)
k=1 LYTxR) k=1

Applying estimate (4.17), we obtain

. _
Ikl Lacrxr) SIA+ A+ 02]) 5 Cr )tk (A + )| 2 (zxw)

Nl=

2034 o n/k\ n2)|2
<,§Z/AER(”'” D4 Ch(m) (A +n2)| dA)
2 5 2 PN RPN 2\ *
s<2|ck<n>|> —(Z\/wﬂn)mn) F2<n,A>dA]) .
nez nez “R
(4.37)

Furthermore, for the dMA-integral in the above estimate, the Cauchy—Schwartz
inequality gives

~ 2
‘/¢(A+n2)(A+n2)k*1Fz(n,A)dA‘
R
g/|1p()\+n2)()\—|—n2)k_1|2(1+\)\+n2|)3/4d)\~/(1+|)\—|—n2|)_3/4|132(n,)\)|2d/\
R R

5/(1+ A+ 12[) /4| By (n, A)[2d (4.38)
R

Finally, combining estimates (4.36), (4.37), and (4.38) with corollary 4.5 and using
estimate (4.21), it is obtained that

"

Z/u + /\+n2|)3/4|132(n,)\)2d/\>
R

nezZ

<1
“(4-30)||L4(T><R) N Z k! (
k

=1
_3 x5
SIA+ A +22) "8 Bl 125w

§||F2||L4/3('1T><]R) = ||f2||L4/3('1T><(0,T))‘

We complete the proof of estimate (4.23) with s=0.
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Proof of estimate (4.23) with s € N*. Consider the periodic function Fy(r,t).
Employing integration by parts, we can express the Fourier transform of the spatial
derivative 05 F» as

~

Eﬁ‘;(n,t’) ~ n®Fy(n,t).

Utilizing this result and the complex formula (4.20), we derive

o / Wo(t — ) fo(-,m)dr = Y e / =~ By (n, ) dt

nez
9 s
~ Z emr/ —in (tft’)aﬁF;(n’t/)dt/.
nez

Consequently, by applying estimate (4.23) with s =0 for 92 F», we obtain the desired
estimate (4.23) with s € NT. The proof of proposition 4.3 is completed. [J
Solving the ibvp (4.7). For this problem, the solution is given by the following
formula, which is provided in [7]

u(r,t) = 2m§:1nsin(nr) /Ot e~ =R (1) — (—1) R (t')]dt! (4.39)
= /Ot Wo(t —t)q(-, t")dt’, (4.39)

where
q(z,) = 2mi [ni nsin(na)h (t) — i(—l)"nsin(nx)hg(t) . (4.40)

Next, we define the following boundary operator

[e%e] t
Wyh = 24 Z nsin(nr) / e_i"Q(t_t’)h(t/)dt/, (4.41)

n=1 0

which has the form
Wyh =Y ne'™ / e O pdt', reT,teR. (4.42)
nez

The following result can be proved.

PROPOSITION 4.6. Let h € Hééz(O,T). Then, the solution defined by (4.41)
satisfies the following estimates

sup Hz/JthH
te[0,T)

L2(T) < || ||H1/2 (0,T)’ (443)
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o

S Al (4.44)

HL4(TxR) HY/2(0,1)"

s+1
In addition, for 0 < s < 2, if h € Hy? (0,T) (for s an even integer h €
s+1
Hy? (0,7)), then we have

S Al

mww Hmww
sup_[[wopw, o AL I

i . (4.45)
t€[0,7] H(TD/2(0,1)

Proof of proposition 4.6. The proof of this proposition is similar to the proof of
proposition 4.3 and was also given in [7] (see propositions 4.7 and 4.8). Here, we
only provide the proof for estimates (4.43) and (4.44), and we give a different
proof by modifying and simplifying the proof in [7]. We start with writing h(t') =
= o e T (A\)d\, which, together with formula (4.42), implies

’l/} 7“1 (t— t z)\tlA /
Y- Wyh = o Z ne™ R(N\)dAdLt'. (4.46)
Performing the ¢ integration first gives

+ . 2
/ ei(A+"2)t/dt' _ _iez(A+n )t _ 1.
0 A + n2

Then, the above solution 1 (¢)w(r,t) becomes

ih(t) e —in2p €T P
t h(r,t) = — mremmt _— —  — — .nh(N)dA=1 I
7/’( )Wb (7“7 ) o neZ/A@Re € A+ n2 n ( ) + )

(4.47)

where I is the integral over (0,00) and I~ is the integral over (—oo,0). More
precisely, we have

9 61()\+n t_1

+ - znr —in“t . N
Z / e RV (4.48)

nEZ

R S TP 4.49
B L )
neL
To estimate I+, we split it as It = I}t — I, where

L RV

I = Z/ e -nh(A\)d\ and
-nh(N)dA.

Z/ A+n2 nh(\)d

nezZ
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Estimate for I;". Let

inr 'L' 1 N
=) e / A pyn -nh(\)dA.

neL

First, we prove L? estimate (4.43) for I;. Since 1 is compactly supported in (0, 1),
we have

SUP 115 ||L2(1r = Sup Hf||L2(’JI‘
te[0,T telo,

Taking the Fourier transform with respect to r yields

~ oo 1 ~
I ~ A
f(n,t) ~ /0 e t/\ e -nh(N)dA, (4.50)

which, by Plancherel theorem, implies that

M 3| [ o < | [t winf]
(4.51)

Now, applying Cauchy—Schwarz inequality in dA, for € >0 and small, it is derived
that

2e

] I ol < [5G s vbotar [

)
?)
0o 2( )26 R 9
S/o 7( B (1 + N |h(N)]7dA.

A

Thus, combining above estimates, we get

1112 NZ/ 1“ 8(1+>\)\h( A)|2dA

< /OOO [ZM (1+ N[ [2dA.

nez (>\ + n2)2

Furthermore, using A +n? > max{\,n?}, for all A > 0 and for 2 — 2 > % ore < %

we obtain
2(1 4+ 2)? (14 X% n? — 1
. < — < — <1
Z A n2)2 Z 22 2 2)2 fz 3 NZ I+ ~
nez (A +n?)? nez (AFn?)272e (A4 n?) A O ) LR L

Therefore, the desired L? estimate (4.43) for I}~ is reached.
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L* estimate (4.44) for I,". Fubini’s theorem implies

RN _ nsin(nr)
27r/ Z)\+n2 h(A)dA = / Z A+ n?

- mh()\)d)\
nsm m“ ] Mt/\
/ Z = h(A\)dA.

Since A > 0, we see that A\ +n? is away from 0 and A +n? > max{\,n?}. Thus, by
Cauchy—Schwarz inequality, we have

I (r,t

I} (r, 1) Z/ |A+n2 +A)dA/ (1+ A)[R(N)[2dA.

nez 0

Then, for any 0 < € < %,

/oo n2 oo TL2 e 1
————d\ < / d)\ <

2|2 ~ 2|12—¢e|p2 € ~ 2|1—¢
2 [, Prerarn PR ), RrwEaE ey S 2

o 1
'/O WdAS 1.

Hence, the above estimate yields

L ()] S @@kl grje, —7<r<m teR,

which gives

||11+||L4(1er) S Hh||H1/2~

Estimate for I, . The L? estimate(4.43) for I} is similar to the L? estimate for
It and hence we omit it here. For the L* estimate (4.44), taking Fourier transform
with respect to r, we have

IF (n,1) ~ p(t)enic,,

00 n o~
' = ——h(N)d\
c /0 A+ n? (%)

Then, the Fourier transform of fr with respect to t gives

where

Fn,A) = Cuth(A + n?).
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Applying (4.17) yields

3 P
I3 1 L4 cowmy SIA+ A+ 028 Cotd(X +0?) || 12 50m
(TxR) (ZxR)

<Z/ 1+|A+n2|)3/4|0n¢(A+n2)|2dA>
nez A

? 0o R 2 %
5<Z|on|2> =<Z\ /0 Afﬂwum\) o (452)
nez

ne”z

D=

which reduces to the estimate (4.51). We complete the estimates for I .

Estimate for /~. Adding and subtracting (X + n?) inside the integral
(localizing near the singularity A = —n?) gives the following decomposition of
I,

Z/ ginr girt 1 )@\/’i}‘nt" ) -nh(\)dA (4.53)
nEZ

znr —in t ;\bij\;;n ) . ’njl\()\)d)\ (454)

27r

ZTLT‘ —zn ()\ + n )( >\+n )t 1) T
Z = -nh(X)dA. (4.55)
nez / Atn

Estimates for (4.53). First, we prove (4.43) for this term. Let

=D e / e (LR IR VY

2
neE”Z Atn

Since ¢ is compactly supported in (0,1), we have sup [|(4.53)],2¢p) <

te[0,T]
sup || fll 2 - Taking the Fourier transform of f with respect to r gives
t€(0,1]
fr(n,t) ~ 7006 W'”() ) (4.56)

which implies that

£ 122, NZ\/ “tl*Aﬁ;" ). E(A)dAf (4.57)
nezZ
_ n2) -
<1%[/_ ’%-nh(x\)’d/\r. (4.57)
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Also, making the change of variables A = —u? and using n2ﬁu2 = %[— + 7]
it is deduced that

122 € S [ Ih-sl1—

neZ

1
n+u

- v(n® — )]

Now we need the following estimate, whose proof is provided in [7],

=[ [

neZ

2 oo ~
vl = 2| £ [+ )P P
0
In fact, applying the above estimate twice with F\(y1) = |ph(—pu2)| implies

[ee]
T{Res / (1+ o) h(422) P < / (L+ A2 N2 R0) AN S B2, .

L* estimate (4.44) for (4.53). To show this estimate, we will split the d\-

integral at A = —"5-. More precisely, we have

w( ) 4, w(t)

(4.53) = f2,

where

h=Y / T o LA an,

2
neZ Atn
znr z>\t 1/}()‘+n ) 7
-nh(A)dA.
N

For “’gs) f1, since v is compactly supported in (0,1), we have || “gf:) fillparxr)

[f1ll 4 (rxm)- Also, we have |n|? < |A|. Thus, applying estimate (4.17) gives

<Z/1+|A+n2|% ()M-nﬁ(/\)zd)\

2
||f1HL4(ier) A+ n2
nez

n 2
Sl 1+|)\+n2|)5/4 - IRO)PdN
/ > T MR

< / RN < 1B, 0.

For % f2, again since () is compactly supported in (0, 1), it suffices to show
that

Ifollzgs . < Al (4.58)
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By Cauchy—Schwarz inequality,

n2 YA +n ° 2
1l < Z/ pem et Ny IR

For the first integral in the above estimate, choosing 0 < ¢ < =, we have

)\+n
2 d\ /
Z/ff |A+n2|2 1+|A| NZ 1+\A+n2|)

neEZ

dA

(1 IAI)(1 + |A +n?)

< .
Z/n 1—|—7’L2 2—e ( +|/\|)1+5

nez

Combining the above estimates yields the desired estimate (4.58).
Estimates for (4.54). We let

Tyt a2
nEZ Atn
Taking Fourier transform with respect to r, it is obtained that

F(n,t) = d(t)e~ 1Oy,

where

O 1 —ypA+n?) ~

— 00

Hence, by Plancherel’s theorem, we have

1
2
(454 L2y = [ fllp2(r) = (Z C,ﬂ)

neZ

_ 22y o\?
(%‘/ 1 Aﬁnt °) h(A)d)\‘) :

n2 1
< . d\ <
<2 (1+n2)2=e /R(HAI)“s ~

1.

35

which is reduced to the estimate (4.57). Concerning L* estimate of (4.54),

computing the Fourier transform of fr with respect to ¢ gives

f(n, A) = CMZ()\ +n?).
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~

3 .
Estimate (4.17) gives |13 | pare) S 110+ A+ 12D Cubh + n2)l] 2 gz This
implies

Z/ (14 [+ n2)P4(Chd () + n2) |d)\> (Zw |2>
N

nez neZ

||I ||L4(T><R) <

Again, we arrive at estimate (4.57). This completes L* estimate of (4.54).
Estimates for (4.55). Using Taylor’s series at A + n? = 0, we obtain

ei(/\+n2)t Z (it)k /\+n )k .
k=1
Thus, (4.55) ~ > “— fk, where
k=1
filr Z/ e e 4+ 1) (A4 n?)E () dA.
nez

For the L? estimate of (4.55), we have

=1
1(4.55) | 2 <||Z fk||L2 SO lfellzaey
k=1

Taking the Fourier transform of the function fj, it is deduced that

L) = Culm)tEp(t)e ™,

where
0
:/ YA+ n2) (A +n®)FTnh(N)dA.

Since v is compactly supported in (0,1), by the Plancherel theorem and
Cauchy—Schwarz inequality, it is obtained that

175 (2) L2T)~Z|Ck —‘/ b(A+n?)(A+n?)rt h()\)d)\

nez
0
5/ ¢(A+n2)(A+n2)2(k_1)dA~/ WX+ n?)n?[R(N)|2dA.

Since ¢ € C§°(0,1), the first integral is bounded. Also, for the second integral,
IA +n?| < 1, which implies that n? < (1 + |A|). Hence,

0
1fe @2 S [ @D S 171212
(T) e H
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For the L* estimate of (4.55), we have

& ik:-‘rl © 1
||(4-55)||L4(TXR) S Z 7]% S Z E”fk”ﬁ(TxR)'
k=1 LA(TxR) k=1

To bound the L* norm of f;, taking the full Fourier transform, we obtain

-~

Fio(n, A) = Cr(m)tEd (A +n?).

Applying estimate (4.17) gives

3 _
el L4 emwry SN+ X +02)8Cr(n)tid (A + n?) ]| 2z xr)

1
2

= <Z/}\ R(l + )\+n2|)3/4|Ck(n)t/k-1\p()\+n2)|2d)\>
nez S

)
< (Z |ck<n>|2> ,

nez

which is the estimate needed. This completes the proof of proposition 4.6. O

Now, we can derive linear estimate for the solution to the linear ibvp (4.2). In
fact, for 0 < r < w and 0 < t < T, this solution is given by

w(r,t) = Kwo, g1, go; f2] = Wo(t)wo — i/o Wo(t —7)fa(c, T)dr (4.59)
+ /t Wo(t —t)q(-, t")dt’, (4.59)
0

where Wy is defined by (4.12) and ¢ is given by (4.40) with h1(¢) = q1(¢), ha(t) =
g2(t). Combining propositions 4.1, 4.3, and 4.6, the following linear estimate holds
for solution formula Kwq, g1, go; fa]-

s+1
THEOREM 4.7 (1) Let s € N. If wg € H*(0,7), g1,g2 € Hy? (0,T) (for even s,
s+1
91,02 € Hyg? (0,T)), and 85 f> € L4/3((O,7r) X (O,T)), then K[wo, g1, go; f2] defines
a solution to the ibup (4.2), which satisfies

teS[lépT] | K [wo, g1, G2 fz](t)HHS(O,,T) + (|05 K [wo, g1, g2 fz]Hsz((O,ﬂ)X(O,T»

< 5007 g1l s goll s s .
S lwollazso.m + llgnll sia om lg=ll 2 om | rf2|\L4/3((07ﬂ)X(07T))
(4.60)

) )
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s+1
(2) Suppose 3 < s < 2 and s # 2. If wy € H*(0,7), G1,G> € H%(O,T) and
f2 € L*0,T; H*(0,7)) then Klwo,g1,o; fo] defines a solution to the ibup (4.2)
with compatibility condition (4.3), satisfying

o (800, 31,35 510 s, Slollirsaon + 01 s 1 e

te[o,T 2 (0,7) (0,1)

+ Hf2 HL1 (O,T;HS(O,W)) '

4.2. Proof of well-posedness for ibvp in domain ()5, i.e., theorem 1.3
Since the ibvp in Q5 is reduced to the ibvp (2.1) for r € (7, 27) with u(m,t) = ¢1(¢)
and u(2m, t) = go(t), it suffices to prove the well-posedness of ibvp (4.2) with forcing
f2 giving by

(n=1)(p=2) 24 3
) = filr+m0) = =M+ 2 el e+ R ) 2w,
(4.61)
. . _(n=1)(p=2) 5
Furthermore, since both multipliers —(r + ) 2 and (r+m)~* are smooth

and bounded for 0 < r < 7, similar to the proof of theorem 1.2, we can bound them
by using the L*°-norm. Therefore, the well-posedness proof is similar to the proof
of theorem 4.10 and proposition 4.11 in [7]. Hence, the details are omitted here.

5. ibvp in a ball centred at origin

In this section, we study the ibvp of (2.1) for € (0, 1). For the sake of convenience
and simplicity, we only discuss the case with n=2. The cases for n > 3 can be
studied similarly.

5.1. Linear problem
The forced linear ibvp within the region €y can be described by the following

equations
iur + Au = f(x1,22,1), (x1,x2,t) € Qo, t € (0,T), (5.1a)
u(xl, x9, 0) = ’U,O(l‘l,l‘g), (1‘1, 1‘2) S Qo, (51b)
u(xy, x2,t) = g(t), 22+ a2=1,t€(0,7). (5.1c)

We also decompose the ibvp (5.1) into the following two separate problems.
Problem 1. ibvp with homogeneous boundary condition

iug + Au = f(x1,29,t), (z1,x2,t) € Qo, t € (0,7T), (5.2a)

u($1,$2,0> = U0($1,$2>7 (,Tl,CCQ) c Qo, (52b)
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u(zy,x2,t) =0, 2+ xi=1,te(0,T). (5.2c)

Problem 2. ibvp with non-homogeneous boundary condition

iug + Au =0, (x1,xa,t) € Qo, t € (0,T), (5.3a)
u(21,2,0) =0, (z1,22) € Qo, (5.3b)
w(wy, 2, t) = g(t), w422 =1,te(0,7T). (5.3¢)

In the subsequent sections, we will investigate these two problems separately.

Estimate for Problem 1. In order to analyse this problem, we will employ
the semigroup method. Following the methodology outlined in [11] (refer to section
2.1), we introduce the operator A acting on functions in L?(£2p), defined as follows:

D(A) = {u € H}(Qo), Au € L*(Qo)},

(5.4)
A(u) = Au  for u € D(A).

It is worth noting that D(A) = H?(Qq) N HE (o). Additionally, we observe that A
is a self-adjoint operator and A < 0, as indicated by the following

< Au,v >=< Au,v >= — < Vu, Vo >=< u, Av >=< u, A"v >= A = A",
and

< Au,u>= — < Vu,Vu ><0=— A <0.

Moreover, let (J(t)):ecr represent the group of isometries generated by 44 within
any of the following spaces: D(A), HE(Qo), L*(Q0), H 1(Qo), or (D(A))*. By
utilizing the property that iA4 is skew-adjoint, i.e., (iA)* = —iA, we deduce the
following relation

Jt)" =J(-t). (5.5)

Furthermore, the solution for the forced linear ibvp (5.2) is defined by

u(z,t) = Syluo; f] = T (#)uo(x) +i/0 J(t—8)f(x,8)ds, xe€Qy, tel0,T].

(5.6)
With these foundations in place, we can now proceed to establish the following
results.
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PROPOSITION 5.1. If ug € L*(Qo) and f € L}(0,T;L2(Q)), then we have
Syluo; f1 € C([0,T); L2(Q0)) and it satisfies the following estimate

; -t . .
30 (18l 116Dl ) % Iollog) + 17Oy (o raziag) 57

In addition, if ug € H3(Qo) and f € L;(0,T; H3 (), then we have S;lug; f] €
C([0,T); H3(Q0)) and it satisfies the following estimate

< . . < .
teb&l)%] 155 [uo; ¢ D 2 (0g) S luoll z2(qy) + 1/( ﬁHL% (0.7:12(0))” (5.8)

Finally, for 1 < s < 2, if ug € H§(Q) and f € L}(0,T; H§(Q0)), then we have
Srluo; f]1 € C([0, T]; H§(0)) and it satisfies the following estimate

S 5 i s < s -,t . 5.9
00 185100 716 Ollrsog) S lollmscog) + 1Ol o gy O

Proof 5.1. Proof of proposition 5.1. The proof of estimate (5.9) can be deduced
through interpolation and the estimates (5.7) and (5.8). Additionally, the proof
of estimate (5.8) closely parallels the proof of estimate (5.7). Therefore, in this
exposition, we shall exclusively present the proof for estimate (5.7). Using the
relation (5.5), we obtain

< T (Ounla), T (B)uo(x) > 120y = < (), T (1) T (t)uo(x) > 12 ()
= <up(2), T ()T (B)uo(@) > 200,

= < up(x),uo(x) >120) -

This gives us that

sup |17 ()0 ()l 2(ag) = ol 20 (5.10)
te[0,T]

Using the identity (5.10), we derive

sup H/ths f(x,s)ds

t€[0,T7]

< sup / 1T (= )FCo )12 0 ds
tEOT

< . 2 ds < S| 5 .
< /0 £ aaands < 17COy (0 mc00)
(5.11)

Combining estimates (5.10) with (5.11), we establish the inequality (5.7). This
concludes the proof of proposition 5.1 O

Estimate for Problem 2. We initiate our analysis by finding the solution to
the ibvp (5.3). Utilizing the expression Au = u”(r) + 1u/(r), we reformulate this
ibvp as follows
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1

WUy + Upp + —up =0, 0<r<l1,te(0,7), (5.12a)
r

u(r,0) =0, 0<r<l, (5.12b)

u(1,t) = h(¢), teR. (5.12¢)

Here, h(t) extends the boundary data g¢(¢) from the interval (0,7") to the entire
real line R. By making use of lemma 3.3, we assume that & is compactly supported
in the interval (0,2). Additionally, at =0, the equation in (5.12) implies the
following boundary condition

u,(0,t) = 0. (5.13)

We will solve the reduced pure ibvp (5.12) and commence with solving the
following ibvp

1
z’Ut+UM+;UT =0, 0<r<1, te(0,7), (5.14a)
U(r,0) = Uy(r), 0<r<l, (5.14b)
U.(0,t) =U(1,t) =0, te (0,7). (5.14c)

By employing the standard method of separation of variables, we can find the
general solution for (5.14) as

U(r,t) = Shar(OUo(r) = 3 Budo(Aar)e it (5.15)
n=0

where Jy(z) represents the Bessel function of order 0, and A,,n = 0,1,2,..., are
the positive zeros of the Bessel function Jg, meaning Jo(\,) = 0. The coefficients
Brn,n =0,1,..., are determined by the initial condition Uy(r) and can be calculated
as follows

Z ﬂnJO(AnT) = UO(T)a
n=0
which gives us that

2

r = 03 /0 rUo(r) Jo(Ant)dr. (5.16)

REMARK 5.2. The Fourier—Bessel series for a function f(z) on the interval (0,1)
with respect to the Bessel function Jy can be expressed as:

f(z) = ZanJo(/\na:),
n=0
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where the coefficients a,, are given by

2 /1
an = —— | xf(z)Jo(Az)de, (5.17)
Tt (M) Jo
and A,,n =0,1,2,..., are the positive zeros of the Bessel function Jg, i.e., Jo(\,) =
0.
REMARK 5.3. The Bessel functions Jo(Apz),n = 0,1,2,..., are orthogonal over

the interval (0,1) with respect to the weight function z, meaning:

/O rJo(Amz)Jo(Anz)d = %5mn[J1()\n)]27 (5.18)

where §,,, is the Kronecker delta, defined as:

)1 ifm=n,

5mn - .
0 otherwise.

This allows us to express the coefficient a,, in terms of inner products of f(z) with
the Bessel function Jo(A,z).

Solving forced ibvp. Now, let us address the following forced problem

1
iV + Vo + Vo = F(r,1), 0O<r<l1,te(0,T), (5.19a)
V(r,0) =0, 0<r<l, (5.19b)

V,(0,t) = V(1,t) =0, te(0,7). (5.19¢)

Utilizing Duhamel’s principle, the solution to the forced ibvp (5.19) is given by

V(rt) —z/ Span(t —t"VF(r, t")dt’ = —zZJO (Anr / e~ B (¢)at,
(5.20)
where
9 1
B,(t') = / rE(r,t")Jo(Anr)dr. (5.21)
Jt(An) Jo ’
Solving ibvp (5.12). Defining v(r,t) = u(r,t) — h(t), we obtain the ibvp for v
as follows
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1
Wy + Vpp + U= Fp(r,t), 0<r<1,te(0,7), (5.22a)
v(r,0) =0, 0<r<l, (5.22b)
v (0,8) = v(1,t) =0, te(0,7), (5.22¢)

where F}, = —ih/(t). Employing the solution formula (5.20) with F = F}, we
have

S t
v==> Jo(Aur)bs / B (#)e~ MRt gy (5.23)
n=0 0

where b,, represents the Fourier—Bessel coefficient of 1, and can be computed as

2 2 J1(An) 2

1
bn . )\n dr = . = .

Further, by performing integration by parts and utilizing the initial condition
h(0) = 0, we obtain

(5.24)

t
/ h(t')e= M=t gy, (5.25)
0

v=—h(t) =i S Jo(nr) 2&"
n=0 n

J1(An)

Therefore, the solution to the ibvp (5.12), denoted as u = v + h, is expressed as

> )\ ¢ 2 /
w=Wiauh = =20y  Jo(Ant) —= / h(t")e~ A=) gy’ 5.26
; ( )Jl(An) ; (t) (5.26)

In addition, if we switch back to the variables (z1, z2), then we have

oo A, t ‘
(@, 22,1) = Woanh = ~2i 3 Jy (/\m [a? + xg) 00 / h(#)e~ ARt gy,
n=0 n

0
(5.27)

Next, we will prove the following result.

PROPOSITION 5.4. Let h € Hé({2(0,T), Then, the solution defined by (5.26)
satisfies the following estimate

Y2 Whauh| < |n 2
sup [[r!/2 - Wiuh[ , < (] (5.28)

t€[0,T] Hl/Q(O’T).

s+1
Furthermore, if h € HéSH)/Q(O,T) for 0 < s <2 (fors=0,2, h € Hy (0,T)),

then the solution defined by (5.27) satisfies the following estimates

swp |[Wianh|| S inl

(5.29)
te[0,T) Hs(Qq)

H(S+1)/2(O,T) .
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To show the above result, we need Parseval’s identity for Fourier—Bessel
series, which is stated as follows.

LEMMA 5.5. Let x'/2f(x) € L?(0,1). If the Fourier-Bessel series of f(x) is given

by
x) = chJo(/\nr),
n=0
where ¢, = J_Q(Q)\ ) fol xf(z)Jo(Apz)dx , then we have
1 n

/ 2l (@) P = & Z|cn| ) (5.30)

Proof 5.1. Proof of lemma 5.5. By straightforward computation, we get

alf@Pds = [ of@F@ds = fj 2Jo(un) Jo(Am) it
J J S5 aen |

Now, applying the orthogonal identity (5.18), i.e

/ oot Ty ()i = %6mn[J1()\n)]2, (5.31)

we obtain the desired identity (5.30). This completes the proof of lemma 5.5. O

Proof 5.1. Proof of proposition 5.4. We will begin by providing the proof of estimate
(5.28), which is similar to the proof of estimate (4.43). We start by expressing h(t')
as follows

1 ixt'y
o /R MR,

Using this expression and formula (5.26), we can write

h(t) =

V- Wyauh = —WJ Z Jo(Anr)

n=0 n)

t
12 L~
/ e=An(t=t)) / MR\ AN . (5.32)
0 R
Now, let us perform the integration with respect to ¢ using the computation

+ . 2
/ RICESY I _iiez(HAn)t —1
0 )\ + AEL
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With this, the expression for 1 (¢)Wypanh becomes

o AR -
() Whanh = / et 1 Anh(N)dA
n=0 n) AER )\ + )\37,
(5.33)
~ I T, (5.33)

where I is the integral over (0,00) and I~ is the integral over (—oo,0). More
precisely, we have

. o 1 oo _Z_)\Qfei()\—i-)\%)t 1 .
I'™ =4(t) E JO(/\nT)m/O et —————— - A h(AN)dA, (5.34)
n=0

A+ A2
o0 1 0, PR _ R

O

Estimate of weighted L?-norm for I*. Let

GO 1

> 1 S
/2. Jo(An 7/ _Z’\"ti-)\nh A)dA.
2 WO TS 1 T *)

First, we prove L? estimate (5.28) for I;". Since 1 is compactly supported in (0, 1),

we have sup |[[r!/? - If||L2(0 1y < sup [fllp2(,1)- Using Parseval’s identity for
t€[0,T] ’ t€[0,1] ’

Fourier-Bessel series (identity (5.30)), we get

° GOHAR)E _ R 9
11201y SZ(/O e ATlinAQ-Anh(A)dA] (5.36)
ne”L n
[e%s} 1 N 9
< s : :
_;Z[/O ‘MLA% Ah(A)]dA] (5.36)

Now, applying Cauchy—Schwarz inequality in d\, for £ >0 (small), we obtain

ST % N2(1+ A% =2 > 1
A ‘dk} </ AN SR dA-/ i
[/0 ’)\+>\2 n = 0 (A-I—)\% 2 ( + )| ( )| o (1+)\)1+25

)
)
PN+ N> 2
S [ et R

Thus, combining above estimates, it is deduced that

A2 (1+N)* ~
LY / S (1 VRPN

2 o~
s/o > M}(l—#)\ﬂh(/\)ﬁdk
nez n
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Furthermore, using A+ A2 > max{\, A2} and A, ~ (n — })m ~ n, for all A > 0 and
2—25>%0r5<%,weget

Z/\%(1+A)2€<Z A2 (14N Z
o AR T g (AN AR)TE A+/\2 2 ™~

— 1
< _—
M+ n2 ~ z::
Therefore, the desired estimate (5.28) for I is obtained.
Estimate of weighted L?-norm for I~. Adding and subtracting (A + A\2)
inside the integral (localizing near the singularity A\ = —\2) gives the following
decomposition of I~

0 1 O a2 2 L—9p(A+A2) -~
- At (AFAR)E _ I VAT A
t) §0 Jo(Ant) 700) / [e (e 1)] Y Anh(N)dA

(5.37)

S L0 2, (@O0 A+ A2 -
t)zO:JO(/\nr)m / ¢ et AN (5.38)

Estimate of weighted L?-norm for (5.37). Let us start with the first part
of I~, as given by (5.37). We define a function f(r,t) as follows

0 2
_1/2 1 —ix2t i)t 1 Y(A+AR) o
flrt)y=r § Jo(AnT) J 0w /_m e (e 1)]7A+/\% Anh(N)dA.

Since 1 is compactly supported in (0,1), we have sup |r'/2 . (53D 12¢0,1) <
te[0,T) ’

sup | fllz2(,1)- Using Parseval’s identity (5.30), we deduce that

t€[0,1] ’

A+ A2) - 2
||fHL2 o) NZ ’/ 71,\2 ,\+>\2)t )]w Anh(N)dA

2
nez )\+>\"
YA+ A2) ~ ‘ }2
< R S S YA
<> [/_m] O] (5.39)
nez
Making the change of variables A = —p? and using the identity /\2>\7—n;12

1 1 1
2 ()\n—# + )\n+#)’ we get

1 1 2
112200y S X [ b=l + 5l = 902 = lan

nez
Now we need the following estimate (similar to the proof of Lemma A-1 in [7])

S|

nez

2 o0 ~
(1= 60— )| S / (1 + )| F () g
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Applying this estimate twice with F\(;L) = \uﬁ(—u2)|, we obtain
ey S [ mleht) P S [ (1 AR P < B2

This completes the proof of desired estimate (5.28) for (5.37).

Estimate of weighted L?-norm for (5.38). Now, we move on to the second
part of I~, as given by (5.38). We will first consider a decomposition of the term.
Using Taylor’s series at A + A2 = 0, we have

G OHAD)E _ i (A + >\2) .

k=1

Thus, we can write (5.38) ~ Z Zk— %, Where

e} 0 =
Su(r,t) =5y (t) Xoj Jo(Anr)ﬁ /_ _ e AR+ A2) (A + A2)F TN R(A)dA,

We can now estimate the weighted L?-norm for this term, starting with the following

||’I"1/2 (5 38)||L2(0 1) < Hrl/2 Z k[kaL2 0, 1 ~ Z k' HT1/2 fk||L2(0 1)
k=1

2
The Fourier-Bessel series coefficients for f; are given by t¥9(t)e~"*ntC},(n), where

Cr(n) = 2) A+ A2)FINR(A)dA

Since 1) is compactly supported in (0, 1), we can use Parseval’s identity (5.30) and
Cauchy—Schwarz inequality to obtain

L2
J1Ow)

0 —~ 2
72 Ol S 3 G0 =| [ v oo

nez

0 0 =N
5/ w(A+Ai)(A+Ai)2<’“*1>d»/ D+ A2)AZ[R(N)]PdA.

Using the fact that ¢ € C§°(0,1), we can show that the first integral is bounded.
For the second integral, note that |A + A\2| < 1, which implies that A2 < (1 + |)|).
Therefore, we have

0
72 )y S [ @ DROIPAA S 12, o

This completes the desired estimate (5.28) for (5.38).
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Proof of estimate (5.29). Using estimate (5.28), we prove this estimate for
s=0. Then, we will extend the proof to s=2. We note that Wy, h defined by
(5.27) satisfies the ibvp (5.12), which can be expressed as

iUt + Ugyzg + Upgzg = 0, 2+ a2 <1, te(0,7),
u(x1,x2,0) =0, 2?2l < 1,
u(zy, z2,t) = h(t), i+ i =1, te€(0,T).

If we let uy = v, then v(z1,22,0) = 0 and v satisfies the same ibvp with h
replaced by h;, and we have

i i PP o (LN

< Cr|h .
tE[O,T] L2(0,1) tE[O,T] TH t||H1/2(O7T)

2(20)
Hence, for a fixed value of ¢, the function u = Wy, h satisfies

. 2 2
Uz z; + Uzgag = 7Z(Wballh)t7 r] a3 <1,

w(zy, o, t) = h(t), r+ a3 =1,

which is an elliptic problem on €g. Since (Wballh) . € L?(Qp) and h(t) is a constant
for a fixed t, the theory of elliptic equations implies that u € H?(Q) and

Weanhll 5200 < C (H(Wballh)t‘

<
LQ(QO) + |h(t)|> = C (HhtHHl/z(QT) + ||hHH1(O,T))

< Cllhllgs/20,1)

where C' is a constant dependent only on the domain €2y. This completes the proof
of estimate (5.29) for s =2. The result for 0 < s < 2 follows from interpolation.
Therefore, we complete the proof of proposition 5.4.

Now, we are able to state the linear estimate for the solution of ibvp (5.1). To
do this, we first express the solution for this ibvp

u = Bluo, g; ] = Ssluo; f1+ Weau(9), (21,22) € Qo, t€(0,T). (5.41)
Furthermore, using propositions 5.1 and 5.4, we obtain the linear estimate in the

following solution spaces.

s+1
THEOREM 5.6 Suppose that 0 < s < 2. If ug € H§(Q), g € Hy? (0,T) (for

s+1
s =0,2, g € Hy? (0,T)) and f € L*(0,T; H5(Q)), then Bluo, gs; f] defines a
solution to the linear ibup (5.1) with compatibility condition (3.2), which satisfies

tes[lé%] HB[U‘O»g; f](t)HHS(QO) S HUOHHS(QO) + Hg||HS'51 0.7) + HfHLI (O’T;HS(QO))'

(5.42)
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5.2. Nonlinear problem

We will now investigate the well-posedness of the nonlinear problem (1.1) for
(r1,72) €  with the boundary condition u(xy,xs,t) = g(t) at z? + 23 = 1.
In the solution formula (5.41), by replacing the forcing term f with —\|u[P~2u, we
obtain the following iteration map

u = Blug, g; f] = Bluo, g; =N u["~*u]. (5.43)

REMARK. In (5.43), it is worth noting that for s >1, we need the condition that
f==AuP~?u e L*(0,T; H§(Q0)). Thus, we can express (5.43) differently. Let

_ -2 _ -2
w(t) = ~AuP2ul 5, = ~Algl" g,
and v(t) = —i fo s)ds. Then, (5.43) can be transformed into the form

U= U(t) + B[Uo,g - _)\|u|p72u - ’UJ],

where —A|u[P~?u —w = 0 at 23 + 27 = 1, which is the desired boundary condition.
Here, v(t) is one order smoother than g if s>1, which does not introduce any
difficulties in deriving the relevant estimates. For the sake of simplicity, we will
only consider (5.43) in the following.

Next, we will demonstrate that the iteration map defined by (5.43) is a contrac-
tion in the solution space C([0,T*]; H*(£))), for 1 < s < 2. To do this, we can use
the linear estimate (5.42) to obtain

B < s
S[élg*]u (0. 9: J10) | 15 gy = Nollzr=csg) + N9 o (0.1)
+ ‘)\|H|u‘p_2uHL1 (O,T*;HS(QO))-

To estimate the nonlinear term |u|P~2u, we extend u from Qg x (0,7*) to R? x
(0,T*), such that the extension U satisfies

11l < 2|

L1 (0,7%;H5 (R2)) = L1 (0,7%:H5(Q0))

Hence, by applying Sobolev—Gagliardo—Nirenberg inequality (see [1]) and Sobolev
embedding theorem in R?, for s > 2 =1 (if Qg is in R", then s > %), we obtain

1 2u0)] e ) S NPT ey S N2, S ek,

Working similarly, for s > 1, we get

1l ~2u(®) = [0 ()| 20, S (@5 qy) + 10OIE g0 1 = ) Oll e (00)-

https://doi.org/10.1017/prm.2024.120 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.120

50 S.M. Sun and F. Yan

Finally, using Holder’s inequality in ¢ integral, we arrive at

-2 * -1
H|U‘p “HLl(o,T*;HS(Qo)) ST tes[élg*] ”u(t)”%s(ﬂoﬁ

H |u\p_2u(t) - |U‘p_2fv(t)HL1(07T*;H5(QO))

ST s (g + 00ty )0 = o) Ollscoy)

Using the above estimates, we find that the iteration map (5.43) is a contraction in
C([0,T*]; H?(p)) for s > 1, as long as T* > 0 is sufficiently small. Thus, we obtain
a unique solution u € C([0,T*]; H*(€p)). Given the radial symmetry of the initial
and boundary conditions, and due to the uniqueness and rotational invariance of
this problem, the solution is also radially symmetric. Consequently, u is a function
of r = \/x? + 22 in terms of spatial variables.
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Appendix A

Proof of estimate (3.32). We define the operator J : L? — L{(R; L?(1,00)) as
follows

Fl(rt) = /O K1) Frydr. (A1)

To establish estimate (3.32), it suffices to demonstrate that J is bounded. To do
this, we will show that the adjoint operator of J is bounded. Utilizing duality, we

have
/ Ki(r,7)f(1)dr
L (R;L7 (1,00))

"l ) =1 // L / Ki(r,7) dT} ~(r,t) drdt.

L4 (R;LY)
YeCe([0, T] D(1,00)

~

Now, utilizing (3.31), we obtain the t-Fourier transform of [~ Ky(r,7)f(7)dr
which is

—VEr-1)(q 17 0
/ K, (r, ) f(r)dr] = ; L+ )~ 1f(7), T>O,
) T <U.

Combined with the Plancherel theorem, we obtain
// [/ Kt(T,T)f(T>dT:| ~(r,t) drdt:/ /
R Jr=1 0 r=1J71=0
V0@ o) )] D) drd
— [ T [ Jevrena e drar

=0 r=1
~ f(t) / / eite=VT(r=1)(1 + ‘T|)_% -(r, T)d’l‘dT} dt
teRr r=0Jr=1

_ /t LI [ / : TRl ] at

Thus, the adjoint operator of J is given by

oo

TR = / J[)(r, t)dr. (A2)

=1

Furthermore, using the Holder inequality, to establish that J is bounded, it suffices
to show

| /T_lJ[er,-)drHL?(R)<c||w|Lq/<o,T;m/>, ¥ € C(0, TED[R). | (A3)
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L2(R) /ER / Tl

/ / / Ki(r,7)f(7)drdr

teR [Jr=1

:/) / 5”(/ ‘”“T”u+hwf$mTM0dT
teR 0 r=1

Applying Plancherel theorem to dt, we have

We have

2
dt

2
dt.

2

2 [e’e)
/ VTV 1 7)) (r, T)dr| dr

L%(R)/T—O =1
0o 0o
7=0 ri=1

(/ e VT(r2=1(1 4 |7|)~ % (rg,T)dr2> dr.
7‘2:1

Using Fubini’s theorem, we can simplify the expression to

0 2 oo oo
|| = Br7)
r=1 Ltz(]R) r1=1J7=0

(/ e~VT(ritra=2)(1 4 ITI)_%iz(T%T)dW) drdry.

ro=1

[ aiar

=1

Furthermore, applying Plancherel’s theorem to dr, we have

2
JW](T, )dr
= L (R)
/ v )</ | e )4 (TQ,T)drsz)
r1=1JteR 7=0Jro=1
dtdry.

Moreover, applying Holder’s inequality to dr; and dt, we get

[~ i ar

<Ivll e [B; L7 (1,00)]

2

L7 (R)

/ eiTte—VT(r1+r2— 2)(1—}—‘7")7% (TQ,T)d’f’QdT
7=0 Jro=1

LY[R; L7, (1,00)]

S S ) 9 1~
/ / e Tte VT (ritra - )(1 + 7)) T 2 (re, T)drodr
7=0Jro=1

:‘|¢||LZ' [R;L;Zi(l,oo)] T .
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Now, to prove the inequality (A.3), it is enough to show that

/ / ¢t eVTIIT2 =2 (1 (7)) 34 (g, 7)dradr
7=0 Jro=1

LYR;LY (1,00)]

S |I¢H (A.6)

]R L7 (1,00)]

To proceed, we will use the convolution property: F=1(f - g) = F~1(g) * F1(g).
This allows us to rewrite the integral as

7=0 Jro= 1

9
2/ [/ (/ z‘r(t tl)e VT(ri+ro— 2)(1+|T|)%d7) '1/1(7"2,t1)d7’2 dt;.
t1€R ro=1 =0

Additionally, following a similar approach to the proof in reference [7], we obtain

H / (/ T eV (1 |T)_%dT> ¢(7‘2’t1)dr2‘
ro=1 7=0

1.1
g‘t_tﬂV §||1/J(at1)H ~' ) 2<vy < o0 (A7>
L’r2(1700)

L’Ty1 (1,00)

Finally, we combine the above estimate with the following result to obtain the
desired estimate (A.6).

LEMMA A.1l. Hardy-Littlewood—Polya [26] section 10.17, theorem 382 If F,G >0
then

/ / PO tady < CIFIp o 16l oy O >0 (A8)

wz’thP>1,Q>1,%+é>1,>\:2,%fi,

Q
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q 1/q
dt>

q—1 1/q

dt

It can be observed that

([
([

o 1.1
- [t =t |72 t)] rdt

t1=—00

e’} [’} 1/q
= (/ / It — t1|_/\||¢(',t1)||L7/G(t)dt1dt>
t=—o0 Jt1=—00
1/q
s@wmﬁwqﬁﬁ ,
1

> 1_1
[ it =t T )

1=—00

o0 1_1
[ t— 3R )] odty

1=—0

0 1.1 a-1
where we have taken A = 1 — 1, G(t) = | [7__ [t—t| 2\¢(.’t1)|m/dt1‘ :
and set P = QQ = ¢'. It is easy to verify that the admissible condition % + % = %
implies that A =2 — % — é In fact, we have

1 1 1 2 2 2 1 1

2 ¢ q q P Q
Additionally, we have

(g—1)q’ i
> 1.1
= — W_j .
L O A A T I PR B

Combining the above identity with % =1- %, or ¢ = ﬁ, we get

q 1/q
dt> _ 4w

1G],y = (LR

Thus, we find

1/q 1/q
< _ a/a — 1/q /4
A5 <”‘””ng ||G|\Lq ® ) <||w||m Lq/A ) ”w”m'Lg;A :

Therefore, we have Al=1/4' = Al/a < Hz/)||1/q/ o AS I o, , which
Y Lgl Lj [R;LY (1,00)]

combined with inequality (A.7) gives the desired estimate (A.6). This completes
the proof of estimate (3.32). O

o 1.1
[t =t |72t dt

t1=—00
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