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Let
n
P(x) = ¢ I (x-x.)
=

be a polynomial of degree n with real and non-negative zeros
X _<_x2 < oo <% The zeros Xj will be said to have extent 1 if

1

max X, = Xn = 1
1<j<n !

be the zeros of the derived polynomial

PURERY gn_1
moreover their extent can be at most equal to the extent of the zeros

X'].’XZ’ .e.y%x . The two can indeed be equal. For if the extent of
n

the zeros x. is 1 and 1 is a multiple zero of p'(x) then
J

Let ¢ <£,< ... <6,

p'(x). The zeros §1, £ are real and non-negative, and

3 4 1. However it is not quite clear how small § g can be if
n- n-

x 1. The extent § 1 of the zeros of p'(x) is less than 1 only
n-

n

if 1 is not a multiple zero of p(x). So let us suppose that p(x) has

a simple zero at x = 1. Consequently x 1 is the largest zero of
n-

p(x)/(x-1) or equivalently the largest zero of p(x) in 0< x< 1 and
it follows by Rolle's theorem that p'(x) has a zero in the interval

(x 1,1). Thus the extent £ 1 of the zeros of p'(x) is greater
n- n-

than x 1 and it remains to see how small it can be.

Since § 1 satisfies x 1<f:-, 1<xn:1 and

n- n- n-

p'€__,) n

- -1
0= (€ : 1) = E G )

Pt j=1 J
we see easily that if X 4 > 0 by decreasing x 4 e might
decrease ¢ 1 Thus the minimum extent is attained if

n-
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THEOREM 1. Let p(x) be a polynomial of degree n with real
non-negative zeros. If the extent of the zeros of p(x) is 1 then the
extent of the zeros of p'(x) is at least (n-1)/n. The resultis sharp.

The problem which we have just considered is closely connected
with a question raised by A. Meir and A. Sharma [1] (see also [2], [3])
which is as follows.

Let 0< % <...<x <1 be the zeros of a polynomial p(x) of
X2 =X =
degree mn, let x -x, be the span of p(x). How small can the span
n
of p'(x) be if X, =0 and x =1? From the above calculations it is

n
(n-1)

clear that there is a zero of p'(x) in | , 1] and another one in

[0, =]. Thus the span of the zeros of p'(x) cannot be smaller than
n

n-

—2. This bound can be easily improved. The example
n

1 n-2
plx) = X<x-z)n

-2
shows that the span of the zeros of p'(x) can be as small aan——
n

1
which is approximately 1_; if n is large. It has been conjectured

-2
by Meir and Sharma that the polynomial x(x—i)n (x-1) is indeed

2
extremal, i.e. if the span of the zeros of p(x) is 41 then the span of
the zeros of p'(x) cannot be smaller than /1 - '12-1 .

From ourearlier argument it is clear that the extremal
polynomial for this problem cannot have a multiple zero at any of the
points 0 or 1. So let p(x) = x(x-1) q(x) where ¢q(0) # 0, q(1) -F 0.
Now let gn—i be the largest zero of p'(x) and §1 the smallest.

We suppose that n, and n, denote respectively the number of zeros

1 _ 1
of q(x) in (*2—, 1) and in (O, E] Since n, + n, = n-2 one of the two
numbers n, n, is < (n-2)/2. We may suppose that n, < (n-2)/2.
For otherwise we can consider p{1-x) instead of p(x).

Note that £ cannot be smaller than the larger of the two
n-

roots of the equation

2 ! 1,

| - X

%
3]
®
1
[
[

https://doi.org/10.4153/CMB-1968-027-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1968-027-4

€

3n - n1 -2+ \/(n+n1+2)2 - 8n

n-1 z 4n

On the other hand §1 is at most equal to the smaller of the two roots

of the equation

2
2n - n1 —%nz - 4nm1 +n1

4n

2 +\/4n2 - 4nn1 +ni - 8n 4“/(n+n1 + 2)2 - 8n

i.e.
<
£, <
Hence
(1) n-
- >

The quantity on right hand side of (1) increases as n,

4n

0 to (0-2) and then starts decreasing. Thus
1 2 2
g > {1-=+1-=

E‘n—i 6’1 2 {1 n ! n}

We have therefore proved the following

THEOREM 2.

increases from

If the span of a polynomial p(x) of degree n is

1 then the span of p'(x) cannot be smaller than

1 2,/,.2
2{1-n+ 1—n}.

The lower bound given by Theorem 2 can be further improved.

I am thankful to Prof. Q.I. Rahman for his encouragement and

help.
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