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Functoriality of the Canonical Fractional
Galois Ideal

Paul Buckingham and Victor Snaith

Abstract. The fractional Galois ideal is a conjectural improvement on the higher Stickelberger ideals
defined at negative integers, and is expected to provide non-trivial annihilators for higher K-groups of
rings of integers of number fields. In this article, we extend the definition of the fractional Galois ideal
to arbitrary (possibly infinite and non-abelian) Galois extensions of number fields under the assump-
tion of Stark’s conjectures and prove naturality properties under canonical changes of extension. We
discuss applications of this to the construction of ideals in non-commutative Iwasawa algebras.

1 Introduction

Let E/F be a Galois extension of number fields with Galois group G. In seeking
annihilators in Z[G] of the K-groups K,(Ogs) (S a finite set of places of E containing
the infinite ones), Stickelberger elements have long been a source of interest. This
began with the classical Stickelberger theorem showing that for abelian extensions
E/Q), annihilators of Tors(Ko(Ogs)) can be constructed from Stickelberger elements.
Coates and Sinnott later conjectured in [12] that the analogous phenomenon would
occur for higher K-groups. However, defined in terms of values of L-functions at
negative integers, these elements do not provide all the annihilators because of the
prevalent vanishing of the L-function values.

We hope to overcome this difficulty by considering the “fractional Galois ideal”,
introduced by the second author in [32, 33] and defined in terms of leading coeffi-
cients of L-functions at negative integers under the assumption of the higher Stark
conjectures. A version more suitable for the case of Tors(Ko(Ogs)) = Cl(Ogs) was
defined in [5] by the first author. Evidence that the fractional Galois ideal annihilates
the appropriate K-groups (resp. class-groups) can be found in [33] (resp. [5]). In
the first case, étale cohomology is annihilated, but this is expected to give K-theory
by the Lichtenbaum—Quillen conjecture (see [33, Section 1] for details).

With a view to relating the fractional Galois ideal to characteristic ideals in Iwa-
sawa theory, we would like to describe how it behaves in towers of number fields.
That it exhibits naturality in certain changes of extension was observed in particular
cases in [5], and part of the aim of this paper is to explain these phenomena gen-
erally. Passage to subextensions corresponding to quotients of Galois groups will be
of particular interest in the situation of non-abelian extensions because of the rela-
tively recent emergence of non-commutative Iwasawa theory in, for example, [11,15].
Consequently, the aims of this paper are the following:
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(i)  to prove formal properties of the fractional Galois ideal with respect to changes
of extension, in the commutative setting first (§3.3]to §3.6);

(ii) to extend the definition of the fractional Galois ideal to non-abelian Galois ex-
tensions (§5)), having previously defined it only for abelian extensions;

(iii) to show that it behaves well under passage to subextensions in the non-commu-
tative setting also (Proposition[5.3);

(iv) to show that in order for the non-commutative fractional Galois ideals to anni-
hilate the appropriate étale cohomology groups, it is sufficient that the commu-
tative ones do (7).

We will also provide an explicit example (in the commutative case) in il-
lustrating how a limit of fractional Galois ideals gives the Fitting ideal for an inverse
limit Cly, of /-parts of class-groups. This should make clear the importance of tak-
ing leading coefficients of L-functions rather than just values, since it will be the part
of the fractional Galois ideal corresponding to L-functions with first-order vanishing
at 0 that provides the Fitting ideal for the plus-part of Cl.

In Section [8] we will conclude with a discussion of how the constructions in this
paper fit into non-commutative Iwasawa theory. In particular, under some assump-
tions which, compared with the many conjectures permeating this area, are relatively
weak, we will be able to give a partial answer to a question of Ardakov—Brown in [1]
on constructing ideals in Iwasawa algebras.

Since the acceptance of the paper, the authors were made aware of a potential
problem in Proposition[3.6] It has to do with the fact that the induction map on rep-
resentations is an additive homomorphism of representation rings, while the functo-
riality of L-functions refers to multiplication. While the authors have not yet com-
pletely resolved this issue, they believe that this should be possible, and that the aims
of the paper are not significantly compromised. The authors would like to thank
Andreas Nickel for bringing this to our attention.

2 Notation and the Stark Conjectures

In what follows, by a Galois representation of a number field F we shall mean a con-
tinuous, finite-dimensional, complex representation of the absolute Galois group of
F, which amounts to saying that the representation factors through the Galois group
G = Gal(E/F) of a finite Galois extension E/F. We begin with the Stark conjecture
(at s = 0) and its generalizations to s = —1, —2, —3, ..., which were introduced in
[16] and [33] independently.

Let 3(E) denote the set of embeddings of E into the complex numbers. For r =
0,—-1,-2,-3,...,set

YA(E) = [[ 2mi)~"Z = Map(S(E), (2mi)~"2),
S(E)

endowed with the Gal(C/IR)-action diagonally on X(E) and on (27i)~". G acts on
Y,(E) by permuting the embeddings in 3(E). If ¢y denotes complex conjugation, the
action of ¢y and G commute so that the fixed points of Y,(E) under ¢j, denoted by
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Y,(E)", form a G-module. It is easy to see that the rank of Y,(E)* is given by

oy (V(E)) = {rz if r is odd,

r+r, ifr > 0iseven,

where |X(E)| = r; + 2r, and 1y is the number of real embeddings of E.

2.1 Stark Regulators

We begin with a slight modification of the original Stark regulator [35]. G continues
to denote the Galois group of an extension of number fields E/F. We extend the
Dirichlet regulator homomorphism to the Laurent polynomials with coefficients in
Op to give an R[G]-module isomorphism of the form

RO K (Oplt, t 7 ) @R = Opt,t 7' 1" @R S Yo(B)" @ R = R

by the formulae, for u € OF,

Ry(u) = log(lo(u))) - o,

oc€X(E)

R%(t): Z o.

oc€X(E)

The existence of this isomorphism implies (see [29, § 12.1] and [35, p. 26]) that there
exists at least one () [ G]-module isomorphism of the form

0,7 @ QS Ye(B) @ Q.
For any choice of f, Stark forms the composition
RY - (f): Yo(B) @ C S Yo(E)' @ C,

which is an isomorphism of complex representations of G. Let V be a finite-dimen-
sional complex representation of G, and let V¥ = Hom¢(V, C) with the G-action
(gf)(v) = 0(g~'v) for # € Homc(V,C). The Stark regulator is defined to be the
exponential homomorphism V — R(V, f2), from representations to non-zero com-
plex numbers, given by

RV, ff) = det((R - (f)™")« € Autc(Homg(VV,Yo(E)* ® C)))

where (R% - (f2)~!). is composition with R}, - (f£)~".
Forr = —1,—2,—3,..., there is an isomorphism of the form [25]

K2 (Op[t, 7)) © Q = Ky _5,(0p) @ Q
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because K_,,(Og) is finite. Therefore, the Borel regulator homomorphism defines an
R[G]-module isomorphism of the form

Ri: Ko (Op[t, 7' ) @ R = Ki_2(0p) @ R = Y,(E)* ® R.

Choose a Q [G]-module isomorphism of the form

o

fir Koy (Op[t,t7 ') @Q = V() @Q

and form the analogous Stark regulator, (V — R(V, ff)), from representations to
non-zero complex numbers given by

R(V, f7) = det((Rg - (ff)™"). € Autc(Homg(VY, Y,(E) ® ©))).

2.2 Stark’s Conjectures

Let R(G) denote the complex representation ring of the finite group G; thatis, R(G) =
Ky (C[G]). Since V determines a Galois representation of F, we have a non-zero com-
plex number L} (r, V') given by the leading coefficient of the Taylor series at s = r of
the Artin L-function associated with V' ([22], [35, p. 23]).

We may modify R(V, ff) to give another exponential homomorphism

Ry € Hom(R(G), C*)

defined by
_ RV, ff)
S L V)

fRfEr(V)

Let Q denote the algebraic closure of the rationals in the complex numbers and let
Qq denote the absolute Galois group of the rationals. ) acts on G as follows: for
veQy,xeG and g € G, we have (yx)(g) = 7(x(g)). This action extends by
linearity to a continuous action on R(G). The Stark conjecture asserts that for each
r=0,-1,-2,-3,...,

Ry € Homg, (R(G), @) € Hom(R(G), C*).

In other words, R fEr(V) is an algebraic number for each V, and, for all z € Qq, we
have z(R (V) = Ry (2(V)). Since any two choices of f differ by multiplication by
a Q) [G]-automorphism, the truth of the conjecture is independent of the choice of f;
[35, pp. 28-30].

When s = 0 the conjecture that we have just formulated apparently differs from
the classical Stark conjecture of [35], therefore, we shall pause to show that the two
conjectures are equivalent. For the classical Stark conjecture, one replaces Yo (E)" by
Xo(E)", where X, (E) is the kernel of the augmentation homomorphism Y,(E) — 7,
which adds together all the coordinates. The Dirichlet regulator gives an R[G]-mo-
dule isomorphism

R: 0 @RS X(B) @ R
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and choosing a Q [G]-module isomorphism

00005 X(E) Q,
we may form
Ry - (f)™': Xo(E)' @ C = Xo(E)" @ C.
Taking its Stark determinant, we obtain R(V, f2) and finally
RV, f7)
Ly(0,V)’

Rp(v) =
Proposition 2.1 Under the assumptions of §2.2

Rjy € Homg, (R(G),@") C Hom(R(G),C*)

if and only if
Rjo € Homg, (R(G),@") € Hom(R(G),C7),

independently of the choice of f2 or f2.

Proof Given any )[G]-isomorphism fE , we may fill in the following commutative
diagram by (OZ({G] -isomorphisms f{ and f. Conversely, given any Q[G]-isomorph-
isms f2 and f, we may fill in the diagram with a Q[G]-isomorphism f2.

Of ® Q) — Oglt,t7 '@, — Q

ifé‘ lfﬁ-’ lfé’

Xo(BE)' ®7,Q —— Yo(B)' ®, Q@ —— Q

Similarly, there is a commutative diagram in which the Vertlcal arrows are re-
versed, () is replaced by R and fg, fz and f, by R}, R% and RE, respectively. Fur-
thermore R}, is multiplication by a rational number. The result now follows from the
multiplicativity of the determinant in short exact sequences. ]

We shall be particularly interested in the case when G i 1s abelian, in which case the
following observation is important. Let G= Hom(G, [l ) denote the set of charac-
ters on G and let Q () denote the field generated by the character values of a repre-
sentation . We may identify Homg, (R(G), Q)with the ring Mapg, | (G Q).

Proposition 2.2 Let G be a finite abelian group. Then there exists an isomorphism of
rings

At Mapg, (G, Q@) = Homg, (R(G),@) = Q[G]
given by

Xlh) = 35 hey,

X€EG
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where

ey =|GI7'Y x(@)g~ ' € QIG].
gEG

In particular, there is an isomorphism of unit groups
Aa: Homg, (R(G), @) = Q[G]*.
Proof There is a well-known isomorphism of rings [21, p. 648]

¥: QG — [ Q= Map(G, Q)

xX€G

given by w(zgeG Ae8)(X) = dec AgX(g). If Qq acts on G in the canonical man-
ner, as described above, then 1 is Galois equivariant and induces an isomorphism of
Qq-fixed points of the form

Q[G] = (@[G))™ =2 Map,, (G, Q) = Homg, (R(G), Q).

It is straightforward to verify that this isomorphism is the inverse of Ag. ]

3 The Canonical Fractional Galois Ideal 7., in the Abelian Case

r
E/F
3.1 Definition of 32/1«*
In this section we recall the canonical fractional Galois ideal introduced in [33] (see
also [5,30,32]). In [33] this was denoted merely by Jf, but in this paper we will need
to keep track of the base field.

As in §2.2) let E/F be a Galois extension of number fields. Throughout this section
we shall assume that the Stark conjecture of §2.21is true for all E/F and that G =
Gal(E/F) is abelian. Therefore, by Proposition 22} for each r = 0,—1, -2, -3,...,
we have an element

Ry; € Homa, (R(G), @) = Q[G]*
that depends upon the choice of a Q[G]-isomorphism ff in §2.21
Let @ € Endqg(Y,(E)" ® Q) and extend this by the identity on the (—1)-eigen-
space of complex conjugation Y,(E)~ ® Q) to give
adle EndQ[G](Y,(E) ® Q).
Since Y,(E) ® Q) is free over Q) [G], we may form the determinant

detgg(a @ 1) € Q[G].

In terms of the isomorphism of Proposition detqg)(a @ 1) corresponds to the
function that sends x € G to the determinant of the endomorphism of e, Y,(E) ® Q
induced by a & 1.

https://doi.org/10.4153/CJM-2010-054-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-054-1

Functoriality of the Canonical Fractional Galois Ideal 1017

Following [33, § 4.2] (see also [30, 32]), define I to be the (finitely generated)
7[1/2][G]-submodule of Q[ G] generated by all the elements detq ) (a®1) satisfying
the integrality condition

o fi (Ko (Oplt,t7']) CY,(E).

Define g7, /F 1O be the finitely generated Z[1/2][G]-submodule of Q[G] given by
Ty = - 7RG

where 7 is the automorphism of the group-ring induced by sending each ¢ € G to its
inverse.

Proposition 3.1 ([33, Prop.4.5]) Let E/F be a Galois extension of number fields with
abelian Galois group G. Then, assuming that the Stark conjecture of §2.21holds for E/F
forr =0,—1,—2,—3,..., the finitely generated 7.[1/2][G]-submodule HE/F of Q[G]
just defined is independent of the choice of ff.

3.2 Naturality Examples

Given an extension E/F of number fields satisfying the Stark conjecture at s = 0
and a finite set of places S of F containing the infinite places, let J(E/F, S) denote the
fractional Galois ideal as defined in [5], which is a slight modification of the one just
defined so that we can take into account finite places. Let us consider the following
situation: £ is an odd prime, E,, = Q.((n) for a primitive £**'th root of unity (p
(n > 0),and S = {0, £}. The descriptions below of J(E,/Q, S) and J(E;; /Q), S) are
provided in [5, § 4]:

(3.1 J(E./Q,S) = je, annyG, (O 5/€3) & Z[GulOg, a5
(3.2) J(E;/Q,S) = %aHHZ[G;](OEZ,S/SD

where G, = Gal(E,/Q), G = Gal(E}/Q), &} is the Z[G}]-submodule of O} ¢
generated by —1 and (1 — (un )(1 — (,,.)), and g, jq s is the Stickelberger element at
s=0. Also, e, = %(1 + ¢) is the plus-idempotent for complex conjugation ¢ € G,,.
It is immediate from these descriptions that the natural maps Q[G,] — Q[G}],
Q[G,] — Q[G,—-1], and Q[G;] — Q[G;_,] give rise to a commutative diagram

(3.3) d(E./Q,S) ——— I(E;/Q,S)

| |

I(En—1/Q,S) — I(E,,/Q,9).

(Og*,l.s /&4, embeds into Of. /€, and Stickelberger elements are well known

(e.g., [18]) to map to each other in this way.)
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Now suppose that £ = 3 mod 4, so that E, contains the imaginary quadratic field
F = Q(+v/—¥). Again, letting Sg consist of the infinite place of F and the unique place
above ¢, J(E, /F, Sr) has a simple description. Indeed, if H, = Gal(E,/F), then

1
(3.4) J(E,/E Sp) = ™ anng,1(0f /&),

where &, is generated over Z[H,] by (s and (1 — (pun yHubn . Here, tn = |u(E,)| and

971 = Z CEn/(Ol,S(07U_1)U S (Ol[Hn]a

o€H,

a sort of “half Stickelberger element” obtained by keeping only those terms corre-
sponding to elements in the index two subgroup H, of G,,. (Note that ,,0,, € Z[H,,].)
Comparing (3.2) and (3.4), we get the following without too much difficulty.

Proposition 3.2 The isomorphism ®,: Q[H,] — Q.G ] identifies J(E,/F, Sg) with
28,(6,)d(E; /Q, S).

We now explain the above phenomena by proving some general relationships be-
tween the J%, I under natural changes of extension.

3.3 Behaviour Under Quotient Maps Gal(L/F) — Gal(K/F)

Suppose that F C K C L is a tower of number fields with L/F abelian. The inclusion
of K into L induces a homomorphism
SKy—2,(O[t,t7']) — K12, (Or[t,t7']).
Whenr =0 o X
K t,t
w = Oklt, 7117 /u(K)
orsion

maps injectively to the Galois invariants of Oy [t~ '] /(L) sending ¢ to itself. For
strictly negative r,
Ky (Ok[t, t71]) ~ Ki—2,(0Ok)
Torsion ~ Torsion

—1
embeds into the Gal(L/K)-invariants of % There is a homomorphism

Y,(K) — Y,(L) that sends n, - o to n, - (Z(U,m:o c’), which is an isomorphism
onto the Gal(L/K)-invariants Y, (L)SAE/K)  For r = 0,—1,—2,—3,... there is a
commutative diagram of regulators in §2.1

%
Ko (Oklt,t7'1) @2 R —— Y.(K)* @z R

L

Ki_5(Oc[t,t7 ') @z R —— Y, ()" ®2 R
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We may choose fi; and f] as in §2.I]to make the corresponding diagram of Q -vector
spaces commute

T

(3.5) Koo (O [1,71]) @20 —— Y,(K)* 2 Q

L

K2 (Or[t,t7') @7, Q0 —— Y (D))" @, Q

Let V be a one-dimensional complex representation of Gal(K/F) and let W =

Inf gZ}EIL{//?) (V') denote the inflation of V. Then

Homg,i/m(W", Y,(L)* @ C) = Homgu/m(W", (Y, (L)) @ €)
= Homgux/p(V",Y,(K)" ® C)
and these isomorphisms transport (R} - (f{)~!), into (R - (f#) 1)« by virtue of the
above commutative diagrams. Furthermore, since the Artin L-function is invariant
under inflation, Lj(r, V) = Lj(r, W). On the other hand, the inflation homomor-
phism
InfngLK//?): R(Gal(K/F)) — R(Gal(L/F))

induces the canonical quotient map
mx: Q[Gal(L/F)]* — Q[Gal(K/F)]*

via the isomorphism of Proposition Z.2] Hence 77/ (Rfr) = Ryr.
Let a € Endgcair/r) (Y-(L)* ® Q) satisfy the integrality condition of §3.1]

a- fi(Ki—o(Or[t,t7'])) C Y,(L).
Extend this by the identity on the (—1)-eigenspace of complex conjugation Y, (L)~ ®

Q to give
a® 1 € Endggar/m(Y(L) @ Q).

The endomorphism « commutes with the action by Gal(L/K) so there is & €
Endgcaik/r) (Y-(K)" @ Q) making the following diagram commute

Y(K) @70 ——> Y,(K)* 7 Q

| |

@
V(L) ®,Q — Y (L)' @z Q.
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Therefore, ¢ satisfies the integrality condition of §3.1]
& - fi(Kir(Ok[t,17'])) C Y,(K).

We may choose a 7[1/2][Gal(K/F)] basis for Y,(K) ® Z[1/2] consisting of em-
beddings 0;: K — Cfor1 < i < m. Let o/ be an embedding of L that ex-
tends o; for 1 < i < m. Then a Z[1/2][Gal(L/F)] basis for Y,(L) ® Z[1/2]
is given by {o],0,,...,0,}. The embedding of Y,(K) into Y,(L) is given by
oj > Zg €Gal(L/K) g(o/) which implies that the m x m matrix for & with respect to the
7[1/2][Gal(K/F)] basis of o;’s is the image of the m x m matrix for o with respect
to the Z[1/2][Gal(L/F)] basis of o/’s under the canonical surjection

Q[Gal(L/F)] — Q[Gal(K/F)].

This discussion has established the following result.

Proposition 3.3 Suppose that F C K C L is a tower of number fields with L/F
abelian. Then, in the notation of §3.1) the canonical surjection

w1k Q[Gal(L/F)] — Q[Gal(K/F)]

satisfies wp k(37 /p) € Jy/p-

Proposition B3l explains the existence of the maps in (3.3]).

3.4 Behaviour Under Inclusion Maps Gal(L/K) — Gal(L/F)
As in §33] suppose that F C K C L is a tower of number fields with L/F

abelian. The inclusion of Gal(L/K) into Gal(L/F) induces an inclusion of group-
rings Q[Gal(L/K)] into Q[Gal(L/F)]. In terms of the isomorphism of Proposition
as is easily seen by the formula, this homomorphism is induced by the restriction

of representations

Gal(L/F) |

Resci1/k)*

: R(Gal(L/F)) — R(Gal(L/K)).
If V is a complex representation of Gal(L/F), then

Gal(L F
R( Gal L§K> (V) fL

Gal(L/F)
Lt (1, Resgur i (V)

Ry (Resgar oy (V) =

R(Resgy(r)io (V) 1)

B Gal(L/K
L (1, Ind Gyt (Resgay(f, (V)
GalL F)
 RResg (V). f)
Li(r,V ® In dgg}g; (1))
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Ifw; € égl(L/F) for 1 <i < [K : F] is the set of one-dimensional representations
that restrict to the trivial representation on Gal(L/K), then Indg:i%% (1) =6, Wi
By Frobenius reciprocity,

Gal(L/F)

HomGal(L/K)(ReSGal(L/K) (V)v7 Yr(L)Jr & (C)) =

Homga/p (D (V@ W)Y, Y, (L) ® ),

1

so that CalL/E
R(Resca11o,(V), f1) =TT RV @ Wy, ff)

and
Ry (Resgur o (V) =TT Ry (V @ W),

Let H C G be finite groups with G abelian. It will suffice to consider the case in
which G/H is cyclic of order n generated by gH. Let W ® Q) be a free Q[G]-module
with basis v, ..., v,. Then W ® Q) is a free Q) [H]-module with basis {g?v; | 0 < a <
n—1,1<i<r}.Set8§={0,...,n—1} x {1,...,r}; then foru = (a,i) € 8, we
sete, = g'v;. If & € Endgu)(W ® Q), we may write

alew) =D Ayweu

so that A is an nr X nr matrix with entries in Q [H].

Now consider the induced Q) [G]-module Indfl(W ®Q). Itis a free Q [G]-module
on the basis {1 @y e, | u € 8}. Hence the nr x nr matrix, with entries in Q[G], for
1 ®y & with respect to this basis is the image of A under the canonical inclusion of
on.c: Q[H] — QIG]. In particular

¢u,c(detqa) (&) = detq)(Q[G] ®qa) &)

and, by induction on [G : H], this relation is true for an arbitrary inclusion H C G
of finite abelian groups.
This discussion yields the following result.

Proposition 3.4 Suppose that F C K C L is a tower of number fields with L/F
abelian. Then, in the notation of Susbsection[3.1] the canonical inclusion

ér: Q[Gal(L/K)] — Q[Gal(L/F)]
maps HE/K onto the 7[1/2][Gal(L/K)]-submodule
Z[1/2][Gal(L/K)(detocar/r) (Q[Gal(L/F)] @qcair/x)) (o @ 1))7'(j2f[)_1>-
Here, in terms of Proposition[2.2) ﬁfi € Q[Gal(L/F)]* is given by
Ry (V) = R (V @ Indgy ) (1),

and o € EndqGair/x)) (Y- (L)" ® Q) runs through endomorphisms satisfying the inte-
grality condition of X3.1]
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3.5 Behaviour Under Fixed-Point Maps
As in §3.3] suppose that F C K C L is a tower of number fields with L/F abelian.

Let eyx = [L : K]’l(zyeGal(L/K) y) denote the idempotent associated with the
subgroup Gal(L/K). There is a homomorphism of unital rings of the form
Ak/p: Q[Gal(K/F)] — Q[Gal(L/F)]
given, for z € Gal(L/F), by the formula
Ak/p(zGal(L/K)) = (1 — e k) + z - ey € Q[Gal(L/F)].
From Proposition[2.2] it is easy to see that, in terms of group characters
Map(Gal(K/F), @) — Map(Gal(L/F), Q),

this sends a function h on Gal(K /F) to the function h’ given by

. al
Wi — 410 if Inf e 2 Ov) = X
1 otherwise.

Sending a complex representation V of Gal(L/F) to its Gal(L/K)-fixed points
VGL/K) gives a homomorphism

Fix: R(Gal(L/F)) — R(Gal(K/F)).

In terlms )of one-dimensional respresentations (i.e., characters) the above condition
Gal(L/F . . .
InfGZl(K//F)(Xl) = y is equivalent to Fix(y) = .

Let V be a one-dimensional complex representation of Gal(L/F) fixed by
Gal(L/K). Then we have isomorphisms of the form

Homggr/p) (VR Y, (L) @ €) = Homggim (VY (Y (L)FHO)* @ €)
= Homgux/p(V", Y (K)* @ C)

and, by invariance of L-functions under inflation, L}(r, V') = L(r, VG¥/X), There-
fore, by the discussion of §3.3]

Ry (V) = Ry (VK
On the other hand, if VG4(@/K) = 0, then fRf]g(VGal(L/K)) = 1 since both L}(r,0) and
the determinant of the identity map of the trivial vector space are equal to one. This

establishes the formula

Ak/p(Rp) = (1 —epx) + Ryr - ep i
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Now consider an endomorphism
o € Endgca/r) (Y(K)" @ Q)
satisfying the integrality condition of §3.11
o (Ki—ar (O [1,1711)) © Yr(K)* 22 (Y, (L)) 510,

Let vy, vy, ...,vgbeaZ[1/2][Gal(L/F)]-basis of Y,(L)[1/2] so that

> )

yEGal(L/K)

1§i§d}

is a Z[1/2][Gal(K/F)]-basis of the subspace (Y,(L)")%/X[1/2] = Y,(K)[1/2].
To construct the generators of Jf Jp> S in §3.I] we must calculate the determinant
of a@1lonY,(K)*@QdY,(K)” ® Q = Y,(K) ® Q with respect to the basis
{(ZyeGal(L/K) y)v;} and divide by 7(Ry ).

Let & € Endqgar/e)(Y-(L) ® Q) be given by o on Y, (L)%L/P @ () and the
identity on (1 — e k)Y, (L) ® Q.. Hence & satisfies the integrality condition

b ff (Ko (O£, 1)) D €y, () S,
because, as in §3.3 f{ may be assumed to extend to f;. Therefore

det(&) .
eL/KT(T%) € eL/KgL/F C Q[Gal(L/F)].

On the other hand, it is clear that Ag/p(det(a @ 1)) = det(c&).
This discussion has established the following result.

Proposition 3.5 Suppose that F C K C L is a tower of number fields with L/F
abelian and let
A/t Q[Gal(K/F)] — Q[Gal(L/F)]

denote the unital ring homomorphism of §3.51 Then,

)‘K/F(3;</F) C (1 — ex)Q[Gal(L/F)] + 6L/1<32/F-

3.6 Behaviour Under Corestriction Maps

As in §33] suppose that F C K C L is a tower of number fields with L/F abelian.
There is an additive homomorphism of the form

g/ Q[Gal(L/F)] — Q[Gal(L/K)]

called the transfer or corestriction map. In terms of Proposition[2.2] it is induced by
the induction of representations

Indgiﬁf??f R(Gal(L/K)) — R(Gal(L/F)).
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That is, the image g /r(h) of h € Homg,, (R(Gal(L/F)), Q) is given by

/e (V) = h(Indga /0 (V).

For each V' € R(Gal(L/K)), there is an isomorphism

Gal(L/F)

Gal(L/K) V)V’ Yr(L)+ & (C) = HomGal(L/K)(Vva Yr(L)Jr & (C)

Homguz/r) ((Ind

Also, LE(r, Indg’jﬁ%w)) = Li(r,V), so that ig/p(Rgr) = Ry

Now consider an endomorphism
o € Endgga/r (Y-(L)" @ Q)
satisfying the integrality condition of §3.11
af (K2 (Ort,t7']) S Y, (1)

Then it is straightforward to see from Proposition 2.2] that detqGaiz/r) (@ @ 1), the
determinant of & @ 1 as a map of ) [Gal(L/F)]-modules, is mapped via tk/F tO
detqGal(/x)) (@ © 1), the determinant of a @ 1 as Q[Gal(L/K)]-modules.

This discussion has established the following result.

Proposition 3.6 Suppose that F C K C L is a tower of number fields with L/F
abelian, and let
g/ Q[Gal(L/F)] — Q[Gal(L/K)]

denote the additive homomorphism of §3.6 Then

3.7 Lifting of Extensions

We can now explain the second example in §3.2] i.e., Proposition Let us work
more generally to begin with. E and F can be any number fields, and we suppose we

have a diagram
E
N
L F
K

satisfying the following: E/K is Galois (though not necessarily abelian), LF = E,
LNF = K, the extension L/K is abelian (and hence so is E/F), and L/K and E/F
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satisfy the Stark conjecture. We let G = Gal(E/K), and the Galois groups of the other
Galois extensions are marked in the diagram. We observe that C need not be abelian
here.

Owing to the natural isomorphism G/C — H, each character 1) € H extends to
a unique one-dimensional representation t: G — C* which is trivial on C. Denote
by ch(G) the set of irreducible characters of G. Then having chosen a Q [G]-module
isomorphism f as in §Z.1 we can define an element Q/ € C[H]* by

o= [ (X ®odre).

x€ch(GN{1} yeH

where for a character x of G, d, is the mult1p11c1ty of the trivial character of H in
Res$;(v). We have opted to denote by IR « the group-ring element Ry, defined in
§3.1] to emphasize which extension is belng considered.

The following lemma shows that the group-ring element fR r for the extension
E/F is related, via ©/, to the corresponding element for the extensnon L/K.

Lemma 3.7 Y has rational coefﬁczents, and the image of R  under the isomor-
phism @: Q[H] — Q[G'] is R{/KQ(Qf) where f' is the Q[G’ ] module isomorphism
making diagram [B.5)) commute.

The proof of the lemma is little more than a combination of §§[3.3]and 3.6

In the situation of Proposition[3.2l(with L = E* and K = () now), we find that the
element 26 occurring there is just 7(€/) ™! (for any choice of f in this case). Indeed,
let p € G be the unique non-trivial character extending the trivial character of H.
Then the only x € ch(G)~\ {1} with d, # 0is p,and d, = 1, so

Qf = Z R}é/Q(P{/;)%

Yer

= R, (pw)ey,

veG

even

However, for 1) even, p1) is odd so that Rf (p)) = Lg/a,s(0, p)~L. Using the easily
verified fact that (1 — ¢)f = 5/q,s» where ¢ € G is complex conjugation, we see that
Lgj0,s(0, ptp) = 29| 1 (70), from which the assertion follows.

Applying Lemma[3.7| now justifies the appearance of 2®,(6,,) in Proposition

4 The Passage to Non-Abelian Groups
4.1 Explicit Brauer Induction

In this section, we shall use the Explicit Brauer Induction constructions of [31
pp- 138-147] to pass from finite abelian Galois groups to the non-abelian case.
Let G be a finite group and consider the additive homomorphism

> IndjInfilu: @ REH) - R(G).
HCG HEG
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Let N <1 G be a normal subgroup and let 7: G — G/N denote the quotient ho-
momorphism.
Define a homomorphism

agn: @ RU®)— @ RH™)

JCG/N HCG

to be the homomorphism that sends the J-component R( J°) to the H = 7~ 1(])-
component R(7~(J)®) via the map

Inf7, 7 (RO™)) — R~ (™).

Lemma 4.1 In the notation of this subsection, the following diagram commutes.

@]QG/N R(]ab) - R(G/N)

i QaGN l Infg/N

@ch R(H®) —— R(G)

Proof Since the kernel of 77!(J) — J and that of 7: G — G/N coincide, both
being equal to N, we have

G G/N G -1
Inf ¢y Ind]/ = Ind;- ;) Inf7 n,
Therefore, given a character ¢: b — @X in the J-coordinate, we have

G —1 G —1 —1 ab
Ind- () Inf7_, ) (@) = Ind§ )y InfT_ (0 Inf T, 7 (9)

- Indg—l(]) Inf7}'7 o Inf?ab (¢)

= Infg/N Ind?/N Infﬁﬂb (¢),

as required. ]

4.2 The Homomorphisms A% and BY

The homomorphism oy is invariant under group conjugation and therefore in-
duces an additive homomorphism of the form

Bg: (HECBG R(H™)) ., — R(G),

where X denotes the coinvariants of the conjugation G-action. This homomor-
phism is a split surjection whose right inverse is given by the Explicit Brauer Induc-
tion homomorphism

Ag: R(G) — (@ RH)

G
HCG
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constructed in [31, §4.5.16]. We shall be interested in the dual homomorphisms
(31, §4.5.20]

B:: Homg, (R(G),@) — ( @ Homg, (R(H),@))“
HCG

and

AL (@ Homg, (REH™), @) ° — Homg, (R(G), @),
HCG

where X¢ denotes the subgroup of G-invariants.
Asin [31, Def. 4.5.4], denote by (0{ G} the rational vector space whose basis con-
sists of the conjugacy classes of G. There is an isomorphism [31, Prop. 4.5.14]

¥: Q{G} = Homg, (R(G), Q)

given by the formula 1/)(27 myy)(p) = Zw m., Trace(p(7)).
When G is abelian, we have Q{G} = Q[G], and, under the identification

Homa, (R(G), @) = Map,, (G, Q@)

of Proposition[2.2] we have 1)(g) = (x — x(g)), which is a ring isomorphism inverse
to A\g.

5 3% in General

Let G denote the Galois group of a finite Galois extension E/F of number fields.
Hence each subgroup of G has the form H = Gal(E/E"), whose abelianization
is H® = Gal(EMH /EM) where [H, H] is the commutator subgroup of H. For
each integer r = 0,—1,—2,—3,..., we have the canonical fractional Galois ideal
I /i C Q[H?] as defined in 3.1

Definition 5.1 In the notation of Section[3} define a subgroup g5, /g of Q{G} by

H]r:"/F = (Bz)_l( @ gg[H.H]/EH)-

HCG

Lemma 5.2 In SectionBland Definition[5.1} when G = Gal(E/F) is abelian then J;
coincides with the canonical fractional Galois ideal of §3.11

Proof The H-component of B has the form

/ELH H)

Q[Gal(E/F)] 4 Q[Gal(E/E®)] 1™ Q[Gal(EHH /EH)),
which maps Jy . to Jpm /i by Proposition B3land Proposition[3.6]so that

Igr © BT ( DB Tgmanpn) -
HCG

On the other hand, the G-component of B, is the identity map from Q[G] to itself.
Therefore if z € Q[G] \HE/F, then Bj(z) ¢ @HQG 32[,,7,,]/5,,, as required. [ |
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Proposition 5.3 Suppose that F C K C L is a tower of finite extensions of num-
ber fields with L/F and K /F Galois. Then, forr = 0,—1,—2,—3,..., the canonical
homomorphism

ks Q{Gal(L/F)} — Q{Gal(K/F)}

satisfies WL/K(%/F) - 3%/1?'

Proof This follows immediately from Proposition[3.3} Lemmas[.Tland[5.2] and Det-
inition[5.1] [ |

Definition 5.4 Let F be a number field and L/F a (possibly infinite) Galois exten-
sion with Galois group G = Gal(L/F). Forr = 0, —1,—2,—3,..., define J3/p to be
the abelian group

3E/F = IEE 3L”/F7

where H runs through the open normal subgroups of G.

6 Ji and the Annihilation of HZ(Spec(Oy ), Z,(1 — 1))
6.1 A Conjecture

Let ¢ be an odd prime. We continue to assume the Stark conjecture as stated in §2.21
forr = 0,—1,—2,—-3,.... Replacing Q) by Qy in §3.1] and Definition [5.I] we may
associate a finitely generated Z,-submodule of Oy {Gal(E/F)}, again denoted by J; /5,
to any finite extension E/F of number fields.

In this section we are going to explain a conjectural procedure to pass from g% I
to the construction of elements in the annihilator ideal of the étale cohomology of
the ring of S-integers of E,

anny, c(e/p)) ( Ha(Spec(Og sr), Zi(1 — 1)) ,

where S denotes a finite set of primes of F including all archimedean primes and all
finite primes that ramify in E/F, and S(E) denotes all the primes of E over those in S.
This conjectural procedure was first described in [33, Thm. 8.1].

We shall restrict ourselves to the case when r = —1, —2, —3, . ... In several ways,
this is a simplification of the case when r = 0. In this case, H} (Spec(Ogs)),
7,(1 — r)) is independent of S(E), while it is related to the group of S(E)-units when
r = 0. Also, when r < —1, H2(Spec(Og (), Z¢(1 — 1)) is a subgroup of the cor-
responding cohomology group when S(E) is enlarged to S’(E), but when r = 0, the
class-group of O g/(g) is a quotient of that of Og ). Furthermore (see [5], [35]),
there are subtleties concerning whether or not to use the S-modified L-function in
Section2lwhen r = 0, while for r < —1 this is immaterial.

When r = 0, the annihilator procedure is similar to the other cases, but the addi-
tional complications have prompted us to omit this case.

Write G = Gal(E/F), and for each subgroup H = Gal(E/E") C G, let S(E¥)
denote the set of primes of E* above those of S. Then H*® = Gal(E!* /EH), where
[H, H] denotes the commutator subgroup of H. The following conjecture originated
in [30,32,33].
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Conjecture 6.1 In the notation of §6.1) whenr = —1,—2,—3, ..., we have
(i) Integrality:

HE[H.H]/EH - anny, ) (TorsHY (Spec(Opimn 5), Ze(1 — 1)) C Z4 (H™],

(ii) Annihilation:

ng[H,H,/EH . annz([Hab](TorsHélt(Spec(OE[H,m’5),7/4(1 —1)))
C annZ/,[HabJ(Hgt(Spec(OE[H.m’s),Zg(l —1))).

(We have adopted the shorthand: Opimm g = Opam gpirmy.)

6.2 Evidence

Conjecture [6.1(i) is analogous to the Stickelberger integrality, which is described in
[33, §2.2]. Stickelberger integrality was proven in certain totally real cases in [8,9, 14,
20] for r = 0. In general, when r = 0, it is part of the Brumer conjecture [4]. The
novelty of Conjecture[6.I{(ii), when it was introduced in [32,33], was the annihilator
prediction when the L-function vanishes at s = r. For the part of the fractional ideal
corresponding to characters whose L-functions are non-zero at s = r, generated by
the higher Stickelberger element at s = r, (ii) is the conjecture of [12].

Let us consider the cyclotomic example J7 /Q (r < 0) when L = Q(() for some
root of unity ¢, and suppose £ is an odd prime dividing the order of ¢. In this case,
a7 a splits into plus and minus parts for complex conjugation, i.e.,

32/(01 = ‘3132/01 @ 6132/@7
where ¢, = %(1 +(=1)c), e = %(1 — (=1)"¢),and ¢ € G = Gal(L/Q) is complex
conjugation. By the proof of [33, Thm. 6.1], ¢” ] , is generated by the Stickelberger
element 67 s(r) defined in terms of L-function values at s = r. However, by [14],

anny, () (Tors(H} (Spec Ops, Z(1 — 1))))01/0,5(r) € Zi[G).

Further, the proof of [33, Thm. 7.6] shows that eQHE/Q C 7y[G]. In fact, [33,
Thm. 6.1] also shows that Conjecture [6.I(ii) holds in this case (with E = Q and
H = G), the intersection “()Z;[G]” found in the statement of that theorem being
unnecessary.

Turning now to the case r = 0, with the field E, as in §3.2} we have a similar sce-
nario for J(E,/Q, S), where S = {0, £}. Indeed, we see from (3.J)) that J(E,/Q, S)
again splits into plus and minus parts, with the minus part being generated by the
Stickelberger element 6, /s defined at s = 0. Stickelberger’s theorem then implies
that

anny, 6, ((E))e_3(E,/Q, S) C 7,1G,],

and e;J(E,/Q),S) is already in Z;[G,]. The roles of the plus and minus parts of
J(E,/Q, S) will become clear in §6.2.T1below.
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6.2.1 An Iwasawa-Theoretic Example

Equation can be used to provide an example of the relationship of J(E,/Q, S) to
Iwasawa theory, with an inverse limit of the J(E, /Q), S) over n giving rise, in a suitable
way, to Fitting ideals of both the plus and minus parts of an inverse limit of class-
groups (Proposition[6.2)). Given n > 0, let Q™ /Q) be the degree ¢" subextension of
the (unique) Z;-extension 0 of ). We then have the field diagram

Q™

in which Q™ N Ey = Q and Q" E, = E,, so that the Galois group G, = Gal(E,/Q)
is the internal direct product of A, and T',,. S will denote the set of places {0, £}
of Q).

By virtue of the natural isomorphism A, — A, characters of A, correspond to
characters of A. If § € A we let 9,, denote the corresponding character in A Now,
since G, is the direct product of I, and A,, we can view the group-ring C[G,] as
C[T,]1[A,]. Indeed, the isomorphism C[G,] — C[I',][A,] is given by extending
linearly over C the map sending an element in G, to the corresponding product of
elements in I', and A,. In doing this, we can define a projection m,(§): C[G,] —
C[TI",] by extending d, linearly over C[I,].

Finally, fix an isomorphism v: C; — C and let w: A — C* be the composition
of the Teichmiiller character A — € with v: C; — C*. Then, given § € A, 5
will denote wd 1. Observe that since w is odd, § is even if and only if §* is odd.

Proposition 6.2 Let Clo, = lim., CI(E,) ®z Zy, and let § € A. (6 may be even or
odd.) Then

lim7,,(6*)(3(E./Q, 5)) ifo #1,

Fi .Cly) =
itz rocp (€5 Cloc) limZ,m, (6)((1 — (1 + 0o )I(E,/Q,S) if6 =1,

where o, = (1 + ¢, E,/Q).

Proof This stems from (3.1]), which we reproduce for convenience:

E /(Ol S) *€+ annz[cn](op S/(QJ+) o) Z[ ]95"/@2’5.
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Let us deal with even characters § € A first. For simplicity, we will assume that
0 # 1, though in fact the case § = 1 is similar. Equation (3.I)) tells us that for
each n > 0, Zym,(0*)(J(E,/Q,S)) = Z[T',]m,(0%)(0E, /0,5). However, Iwasawa’s
construction of £-adic L-functions (see [19] and [39, Chpt. 7]) shows that this lies in
74[I',] and that the inverse limit of these ideals is generated by the algebraic /-adic
L-function corresponding to the even character . Mazur and Wiles’ proof (see [23])
of the Main Conjecture of Iwasawa theory, and later Wiles’ generalization of this (see
[40]), show that this in turn is equal to the Fitting ideal appearing in the statement of
the proposition.

Now we turn to odd characters § € A. Referring to (3.I)) again, we find that

2ymn(67)(A(En/Q, ) = (™) (Fittz, (6,1 (O 5/E5) @7 L))

This uses that (05 (/&) ®z Z; is cocyclic as a Z¢[G,]-module so that, since G, is
cyclic, the Fitting and annihilator ideals of (O pe o/EF) ®2 2, agree. [13, Thm. 1] says
in particular that this Fitting ideal is equal to ‘that of CI(E}) ®y Zy. Combining the
above and passing to limits completes the proof. ]

We observe the importance here of taking leading coefficients of L-functions at
s = 0 rather than just values. For § even (i.e., 6* odd), 7,(6*)(J(E,/Q, S)) concerns
L-functions which are non-zero at 0, and we get the usual Stickelberger elements
which are related to minus parts of class-groups via ¢-adic L-functions. However,
when ¢ is odd (i.e., 6* is even), 7,(6*)(J(E,/Q, S)) is concerned with L-functions
having simple zeroes at 0, which are related to plus parts of class-groups via cyclo-
tomic units.

7 Jg/r and Annihilation

Let £ be an odd prime. Given « € J%,,. and H C G = Gal(E/F), choose any

E/F
B € anny, g (TorsHélt(Spec(OE[H_Hhs),Zg(l — r))) .

Then the H-component B (a)y lies in Q) [H2>|NeH | the fixed points under the con-
jugation action by NgH, the normalizer of H in G. Assuming Conjecture [6.1(1),
Bi(a)y - B € Z[H®|NeH, Choose zy 5 € Z¢[H] such that

m(zH,0,8) = BG(a)u - 5.

Consider the composition

Try) i m)

HZ(Spec(Opsr)), Ze(1 — 1)) "= Ha(Spec(Opum g), Ze(1 — 1))

B () :
C H (Spec(Opnan 5), Zi(1 — 1)) > H(Spec(Ogs(r)), Ze(1 — 1))

in which j is induced by the inclusion of fields and Trg/gum denotes the transfer
homomorphism.
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Assuming Conjecture [6.](ii), this composition is zero. However, by Frobenius

reciprocity for the cohomology transfer, for all a € HZ (Spec(Og s()), Zo(1 — 1))

0= j(ﬂ-(ZH7Q7%’j)TrE/E[H.H] (a)) = ] . TrE/E{H.HJ (ZHy(y"{; . a)

= ( Z h) ZHa,p " 4.

hEGal(E/EH.H))

Definition 7.1 In the situation of §6.1]and Section[7 let I(E/F,r) C Z;[G] denote
the left ideal generated by the elements (ZhEGal(E JElHH)) h)zy o5 as a, H, and 3 vary
through all the possibilities above.

Theorem 7.2 If Conjecture is true for all abelian intermediate extensions
EWH JEH of E/F, then the left action of the left ideal I(E/F, r) annihilates

HZ (Spec(Op 5(5)), Zo(1 — 1)).
Remark If G is abelian in Definition[Z.Iland Theorem[7.2] then
I(E/Er) = HE/F . annZ([G](TorsHélt(Spec(OE’s(E)),Zg(l —1))).
That is, I(E/F, r) equals the left hand side of Conjecture[6.1(ii).

Proposition 7.3 In Definition[Z1] I(E/F, r) is a two-sided ideal in 7,[G].

Proof In the notation of Section[7 it suffices to show that
w( Z h) zH‘mgw*1
heGal(E/EH-HI)
lies in I(E/F, r). Consider

W( Z h) wl= Z h

heGal(E,EH:H]) hEGal(E/Elwiw™Lviiw=1])

and wzp o sw ™. Since zy 4 5 lies in 7Z;[H] and maps to B (a)f3 in 7,[H®™], we see

that wzy o gw™! lies in Z/[wHw™'] and maps to wB%(a)yw'wBw™! in Z,[H®].

However, wB(a)pw ™! = BE(a) yi—1 and wBw ™! lies in

anny, [(,myw—1yb] (TorsHélt (Spec(O g1 w11 ,s) (1 —1))),

completing the proof. ]

Proposition 7.4 Suppose that F C K C E is a tower of number fields with E/F and
K /F Galois. Then forr = —1,—2,—3, ..., the canonical homomorphism

satisfies
mgx(I(E/E 1)) C I(K/E1).

Proof This follows easily from Lemma[.Tland Propositions[5.3]and [7.3] [ |
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8 Relation to Iwasawa theory

As discussed in the Introduction, the motivation for examining the behaviour of the
fractional Galois ideal under changes of extension is to facilitate investigating a possi-
ble role in Iwasawa theory. Via the relationship of the fractional ideal with Stark-type
elements (e.g., cyclotomic units in the case r = 0 and Beilinson elements in the case
r < 0, discussed in [5] and [32] resp.), one might hope that an approach involving
Euler systems would be fruitful here. A general connection of the fractional Galois
ideal to Stark elements of arbitrary rank was demonstrated in [6], and the link of
Stark elements with class-groups using the theory of Euler systems was discussed in
[24,28], so that a strategy as above seems promising.

We conclude the paper with some speculation concerning what the non-commu-
tative Iwasawa theory of Fukaya—Kato [15], Kato (unpublished), and Ritter—Weiss
[26] suggests about HE/F of Definition[5.4land I(E/F, r) of Definition[Z.1]

It is worth pointing out, before we begin the recapitulation proper, that [15,26]
often restrict to the situation where the extension fields are totally real, which tends
to involve only one of the eigenspaces of complex conjugation acting on J}, and
I(E/F, r). We have tried to give some examples (for example, §6.2.1)) which illustrate
the expected role and properties of the other eigenspace.

Further, in this area there is an immense litany of conjectures (see [7,15]) of which
Stark’s conjecture is approximately the weakest. All the constructions we have made
are contingent only on the truth of Stark’s conjecture, which is crucial for us but also
seems fundamental; it is assumed, for example, in [27].

Let ¢ be an odd prime (denoted p there), F a totally real number field, and F, a
totally real Lie extension of F containing Q) ({y~)". Here, Q({y=)* is the union of the
totally real fields Q.(()* = Q¢ + Cgl) overall n > 1. Let G = Gal(F/F), and
assume that only finitely many primes of F ramify in F,. Fix a finite set X of primes
of F containing the ones which ramify in F,/F. Define A(G) to be the Iwasawa
algebra of G, given by A(G) = 7[[G]] = lim.y Z;[G/U], where the limit runs over
all open normal subgroups of G.

Let C denote the cochain complex of A(G)-modules given by

RHom(RI & (O¢ [1/%],Qr/Zy), Qu/Zy),
so that H°(C) = 7, with trivial G-action and H'(C) = Gal(M/F,,), the Galois
group of the maximal pro-£ abelian extension of F, unramified outside . The other
H(C)’s are zero and Gal(M/F,,) is a finitely generated torsion (left) A(G)-module.
Let F7¢ C F,, denote the cyclotomic Z,-extension and set H = Gal(Fo, /F7°) C G
so that G/H =2 7. Asin [11], let
S={f € A(G) | A(G)/A(G)f is finitely generated as a A(H)-module}.

Then S is an Ore set, which means that its elements may be inverted to form the lo-
calized ring A(G)s, and there is an exact localization sequence of algebraic K-groups

Ki(A(G)) = Ki(A(G)s) % Ko(A(G), A(G)s) — Ky(A(G)) — Ko(A(G)s).
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By [17], Iwasawa’s conjecture concerning the vanishing of the yp-invariant implies
that the cohomology of the perfect complex C vanishes when S-localized. This gives
rise to a class [C] € Ko(A(G), A(G)s). In the case of finite Galois extensions the class
[C] accounts for the Stickelberger phenomena (c.f. [33]), but, on the other hand, so
do values of Artin L-functions. The main conjecture of non-commutative Iwasawa
theory, described below following Kato (unpublished), makes this relation clear in
terms of A(G)s-modules.

There is an ¢-adic determinantal valuation that assigns to f € K;(A(G)s) and a
continuous Artin representation p a value f(p) € Q,U{oo}. The main conjecture of
non-commutative Iwasawa theory asserts that there exists £ € K;(A(G)s) such that
(i) 0(&) = —[C] and (ii) £(pk") = Lyx(1 — 1, p) for any even r > 2, where & is the
{-adic cyclotomic character and Ly (s, p) is the Artin L-function of p with the Euler
factors at ¥ removed.

The main conjecture of Iwasawa theory was formulated in [27] and studied in
the series of papers [26] when the Lie group G has rank zero or one. The case of
G = GL,(Z,) is of particular interest in the study of elliptic curves E/Q without
complex multiplication [11] and was proven for the ¢-adic Heisenberg group by Kato
(unpublished). For a comprehensive survey, see [15].

Motivated by the main conjecture of Iwasawa theory, and more generally by the
role of A(G) in the arithmetic geometry of elliptic curves and their Selmer groups,
there has been considerable ring-theoretic activity concerning A(G) and Q2(G) =
A(G)/LA(G) (see [1-3,36-38]). The rings A(G) and 2(G) are examples of “just-
infinite rings” which both satisfy the Auslander—Gorenstein condition and are thus
amenable to Lie theoretic analysis.

In the survey article [1], a number of questions are posed. In particular, the con-
structions of Section 7 are directly related to [1, Question G]: “Is there a mechanism
for constructing ideals of Iwasawa algebras which involves neither central elements
nor closed normal subgroups?”

Proposition 8.1 If F.,/F is any (-adic Lie extension of a number field F with Galois
group G, then, under the assumption of Section[Z] for the finite intermediate subexten-
sions E/F forr = —1, =2, =3, ldots, we may define a two-sided ideal

I(Fuc [, 1) = lim I(E/E,7)

in A(G), where the limit is taken over finite Galois subextensions E/F of F, /F.

In view of the annihilation discussion in Section [7] Proposition [B.1] suggests the
following.

Question 8.2 What is the intersection of the canonical Ore set S of [11] with
I(Fs /F> r)?

In many ways the most interesting case is when G = GL,(Z,) ({ > 7), arising
from the tower of /-primary torsion points on an elliptic curve over ) without com-
plex multiplication [10, 11]. In this case, one has particularly strong information
concerning two-sided primes ideals of A(G), see [3]. An alternative approach to the
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construction of fractional Galois ideals in Q¢ [Gal(K /Q)] is possible based on assum-
ing that a type of Stark conjecture holds for the Hasse—Weil L-function of the elliptic
curve [34]. It would be interesting to know whether this leads to the same two-sided
ideal as in Proposition [8.11
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