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Abstract

In this paper, we prove that the finite simple groups PSpy(g), Q7(q) and PSU7(¢?) are (2, 3)-generated for
all g. In particular, this result completes the classification of the (2, 3)-generated finite classical simple
groups up to dimension 7.
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1. Introduction

Given a finite group, it is very natural to ask for a minimal set of generators. For
finite nonabelian simple groups it is well known that they can be generated by a pair
X, Y of suitable elements: for alternating groups this is an old result of Miller [12], for
groups of Lie type it is due to Steinberg [18] and for sporadic groups to Aschbacher
and Guralnick [2].

Since nonabelian simple groups have even order, on many occasions group theorists
require that one of these two elements, say X, is an involution. It was conjectured (for
example, see [5]) that every finite nonabelian simple group can be generated by an
involution X and an element Y of order >3. For alternating and sporadic groups the
answer was already provided in [12] and [2], respectively. Groups of Lie type attracted
the interest of many authors: among them, Malle et al. proved in [10] the validity of
the conjecture (at least for G # PSU3(9)), taking Y to be strongly real. Their result
clearly implies that every finite nonabelian simple group different from PSU3(9) is
generated by a set of three involutions. For G = PSU3(9), a direct computation shows
that this group can be generated by an involution and an element of order 7.

Considering simple groups of Lie type, one can require, for instance, that Y is
contained in few maximal subgroups, as done for instance in [6], or that the order
of Y is a prime. In particular, we say that a group is (2, p)-generated if it can be
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generated by two elements X, Y of respective orders 2 and p, where p is a prime.
Since groups generated by two involutions are dihedral, we must have p > 3. It seems
that the difficulties increase when one investigates the (2, p)-generation for some fixed
small prime p. The choice p = 3 is the most natural, since (2, 3)-generated groups are,
along with the groups of order at most 3, the homomorphic images of PSL,(Z).

A key result for this kind of problem is due to Liebeck and Shalev, who proved
in [7] that, apart from the infinite families PSp,(2™), PSp,(3™) and 2B,(2%m*1, all
finite nonabelian simple groups are (2, 3)-generated with a finite number of exceptions.
However, their result relies on probabilistic methods and does not provide any
estimates on the number or the distribution of such exceptions. The exceptional groups
of Lie type were studied by Liibeck and Malle [8] and so the problem of finding
the exact list of simple groups which are not (2, 3)-generated reduces to the classical
groups, where it is still wide open (see [11, Problem 18.98]). In view of papers such
as [17, 22, 23], we have to consider only groups of small dimension, say less than 13
for PSL,,(¢g) and less than 88 for the other classical groups.

In [9], Macbeath dealt with the groups PSL;(g). For classical groups of dimensions
3 and 5, the groups which are not (2, 3)-generated are described in [14] and for
dimension 4 in [16].

With this paper we conclude the classification of the (2, 3)-generated finite classical
simple groups up to dimension 7. The (2, 3)-generation of SL¢(¢), SL7(g) and SUg(g%)
(and their projective images) for all g was proved in [19], [20] and [13], respectively.
When ¢ is odd, the symplectic groups Sp,(g) are not (2, 3)-generated (see [26]), but
the simple groups PSp(g) are (2, 3, 7)-generated for g > 3 (see [24]) and PSp,(3) is
(2, 3)-generated, for instance, by the projective images of the following matrices:

1 0 0 100 001 111
0 -1 0 01 0 100 1 1 1

|0 0o 0001 Jo1 01 11

1t 0o o 1 oo Y loooo o0 1|
0 1 0 010 000100
0 0 -1 00 0 000010

The remaining cases, studied in this paper, are the groups Sp,(g) for g even, Q;(q) for
g odd and SU(g?) for all g (our notation for the classical groups accords with [4]).
Observe that among these classes of groups only PSU;(p™), for any prime p # 7 such
that its order n; modulo 7 is even, are (2, 3, 7)-generated; see [15, 21].

From Theorems 2.5, 3.8 and 3.12 and Propositions 3.7 and 3.11 below, we deduce
the following theorem.

Tueorem. The finite simple groups PSpg(q), Q7(q) and PSU7(q?) are (2, 3)-generated
forall q.

We point out that there are only eight exceptions for simple classical groups of
dimension <7. To our knowledge the only exceptions in higher dimension are Qg(2)
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and PQ{(3) (see Vsemirnov, 2012). Furthermore, our generators were constructed in a
uniform way starting from the generators provided in [14] and following the inductive
method described in [13]. The idea is to construct the (2, 3)-generators of dimension n
from those of dimension # — 1. In fact, dimensions 6 and 7 can be considered the basis
of this induction process for what concerns unitary, symplectic and odd-dimensional
orthogonal groups in any characteristic.

Throughout this paper, for any fixed power g of the prime p, F, denotes the finite
field of ¢ elements and F is its algebraic closure. Furthermore, the set {e}, e, ..., e,}
is the canonical basis of F”. For a description of the maximal subgroups of the low-
dimensional classical groups, we refer to [3]. Finally, w is an element of F of order 3
if p # 3, w = 1 otherwise.

2. The groups Sp(6, q), ¢ even

In order to prove the (2, 3)-generation of the groups Sps(g) for g even, we first
construct our pair x,y of (2,3)-generators. Take a € F;, with g even, and define
H = (x,y), where

001000 1 00110
0 001O0O0 01 00O0O0

x—l 000 00 y=0 001 00 @0
010 00 O) 001 10O '
0 00 O0OT1O 0 al 111
0 00 0 all 0 alO0OT1O0

Observe that x> = y* = I and that H < Spg(g) since they fix the following Gram matrix
(thatis, xTJx =yTJy = J = JT):

0 1 00 0 O

1 0 0 a a+1 1

= 0 0 01 0 O

10 a 1 0 1 1

0 a+1 0 1 0 1

0 1 0 1 1 0

The invariant factors of x and y are, respectively,
E+1),E+ 1D, +1) and (£ + 1), +1). (2.2)

The minimum polynomial of z = xy coincides with its characteristic polynomial
YO =C+@+ D+ +P +2 + @@+ D+ 1. (2.3)
Prorosition 2.1. The subgroup H is absolutely irreducible.

Proor. It suffices to prove the irreducibility of H viewed as a subgroup of Sp(F),
where F denotes the algebraic closure of F, (so the parameter a in (2.1) is an element
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of F*). Suppose that W # V is an H-invariant subspace of V = F®. Observe firstly that
for all v € V the vector v + yv + y?v always belongs to the subspace U = (e}, e, + aeg).
So, assume that, for some w e W, we have u = w + yw + y2w #0 (hence 0 # u €
W N U). We will show that this implies the contradiction W = V.

Let u = (x1,x,0,0,0, axz)T # 0. Replacing, if necessary, w by a suitable scalar
multiple, without loss of generality, we may assume that either (x, x,) = (1,0) or
xp = 1. If (x1, x) = (1, 0), then the matrix M, whose columns are

My = (u | xu | yxu | xyxu | (x)*u | x(vx)*u),

has determinant a # 0 and hence the H-submodule generated by u is the whole space
V, contradicting the fact that it is contained in the proper subspace W. If x, = 1, then
the matrix M,, whose columns are

My = (u| xu|yxu| xyxu | xyzxu | yzxu),

has determinant a3(x; + a + 1), which is nonzero if x; # a + 1. In this case, as before,
the H-submodule generated by u is the whole space V, producing the contradiction
V < W. So, assume further that x; = a + 1. In this case, if a has order 3 we obtain the
contradiction V = (u, xu, yxu, xy>xu, (yx)>u, (xy)*yxu) < W and for the other choices
of a # 0 we get the contradiction V = (u, xu, yxu, y>xu, xy*>xu, yxy*xu) < W.
Hence, we have proved that W N U = {0} or, in other words, that all the elements w
of W satisfy the condition
w4+ yw + yzw =0. 2.4)

It follows that every element w of W has shape w = (x;, 0, x3, X4, X5, x; + x5)T. Fix such
aw e W. Since xw € W also satisfies (2.4), we obtain x4 = 0 and x3 = x; + axs. Next,
considering xyxw € W, we get x; = 0 and (a> + a + 1)xs5 = 0. Finally applying (2.4) to
(xy)*>xw € W, we obtain (a + 1)xs5 = 0, whence x5 = 0 and so w = 0 (that is, W = {0}).

O

Now, we want to analyse when H is contained in a maximal subgroup of Spe(g).
For a description of these subgroups, see [3, Tables 8.28 and 8.29].

Lemma 2.2. The subgroup H is not monomial.

Proor. Let 8 = {vy,...} be a basis on which H acts monomially. Considering
transitivity and canonical forms (2.2), the permutation induced by x is the product
of three 2-cycles. Furthermore, we may assume that

V2 =YV, V3=)YVa, V4 = XVI, Vs =)YV4, Ve = YVs.
We have the following cases.

(i) xvo = Avs and xv3 = uve; in this case y (1) = 1® + 1, in contradiction with (2.3).

(i) xvy = Ave and xv3 = pvs; in this case yu () = & + (APp+ p@? + D/t +
((Au? + 2% + )/ A)t> + 1 and comparison with (2.3) gives a contradiction.

(iii) xv2 = Avs and xvs = pve; in this case y (1) = 1 + (A + )/ + (1/ )t +
(A)f> + (A + )t + 1 and, once again, we obtain a contradiction with (2.3). O
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LemmMa 2.3. The subgroup H is not contained in an orthogonal group SO (q).

Proor. Suppose that H < SO¢(¢) and let Q be a quadratic form fixed by H. This
means that for all v € ]Fg, O(xv) = Q(v) and Q(yv) = Q(v). Recall further that Q(v; + v;)
+0(1) + 0(v2) = vy,

From Q(es) = Q(xes) = Q(es + aee), Q(ee) = Q(yes) = O(es) and Q(er) = Q(xey) =
Q(es), we get respectively Q(eg) = 1/a, Q(es + e¢) =1 and Q(e; + e3) = 0. Now,
Q(eq) = Q(yes) = Q((er + e3) + (eq + es)), which implies that Q(es) = Q(e; + e3) +
Oes +es5)+ 1 =0(es) + O(es) + 1 + 1, whence 0 = Q(es) = Q(eg) = 1/a, which is
a contradiction. O

Lemma 2.4, The subgroup H is not contained in a subgroup M isomorphic to G,(q).

Proor. We first observe that the discriminant of the characteristic polynomial of z = xy
is 1 and so the eigenvalues of z are pairwise distinct. Suppose that H is contained
in a subgroup M = Gy(q). We may embed H in ® = G,(F) and by the previous
observation z is a semisimple element of ®, that is, it belongs to a maximal torus
of ®. By [1], z is conjugate to s = diag(a, 8, aB, @', 87!, (aB)™"), where @, 8 € F*. Let
xs() =15+ Z;Zl fit/ + 1 be the characteristic polynomial of s. It is easy to see that
f5 = f#. Comparison with (2.3) gives 1 = (a + 1)%, that is, a = 0. o

Tueorem 2.5. Take x,y as in (2.1), with a € F}, q even, such that Fplal =F,. Then
H = {x,y) = Spg(q). In particular, the groups Sp¢(q) are (2, 3)-generated for all q.

Proor. We already observed that H < Sps(g). Let M be a maximal subgroup of Spy(q)
which contains H. By Proposition 2.1, H is absolutely irreducible and so M ¢ C; U Cj3.
Moreover, M cannot belong to C, by Lemma 2.2. Since a + 1 is a coefficient of
the characteristic polynomial of z, the assumption F,[a] = F, implies that the matrix
z cannot be conjugate to elements of Sps(go) for any g9 < g. Thus, M ¢ Cs. By
Lemmas 2.3 and 2.4, M cannot be in Cg U S. We conclude that H = Sps(g). O

3. The 7-dimensional classical groups

In order to prove that the groups SU7(g?) and Q7(g) are (2, 3)-generated, we provide
a pair of uniform generators. Consider the following matrices:

01 00 0 0 a 1 0 -1 0 -1 0 a+b-1
1 00 0 0 0 a 00 -1 0 0 O 0
00 01 O0O0 O 01 -1 0 0 O 0
x={0 01 0 00 Of, y={0 0O 0 0 -1 O 0 , (3.1
00 0 O0O0T1 -1 00 O 1 -1 0 0
000010 -1 00 0 O O O -1
00 0 0 0 0 -1 00 0 0 0 1 -1
where either
b=aeF, and H <SL;(q) (3.2)
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or
b=a’eF, and H <SLy(g%). (3.3)
The invariant factors of x and y are respectively
C+D,E -0, =D, =1); E+t+D),E+1+1),0 1), (3.4)

and the characteristic polynomial of z = xy is
Y@=t -+ -a)f' +(b- D+~ - 1.

Lemma 3.1. If H is absolutely irreducible, then the characteristic polynomial y,(t) of z
coincides with its minimum polynomial. Furthermore, under hypothesis (3.2) we have
H < SO7(q) and under hypothesis (3.3) we have H < SU7(g?).

Proor. Observe that dim C(x) =25, dim C(y) = 19 and dim C(z) = 7. From the
Frobenius formula, it follows that z has a unique invariant factor, whence our first
claim. In particular, the triple (x, y, z) is rigid (see [16]) and by [16, Theorem 3.1] we
obtain H < SO7(g) when (3.2) holds and H < SU;(g?) when (3.3) holds. O

Prorosition 3.2. Take x,y as in (3.1). Then the subgroup H = {x,y) is absolutely
irreducible if and only if the following conditions hold:

(i) @ —ab+b*+2a+2b+4=[];(b+wa-2w")#0;
(i) (a+b)®-8(a+b—2)*—8ab +0.

Proor. We consider the irreducibility of H viewed as a subgroup of SL7(F) (so the
parameters a, b in (3.1) are elements of F).

First, assume that b = —w/a + 2w? for some j= 1,2 and consider the element
w=(a+w,-w,1,-1,0/,w”,-1)T £ 0. We have yw = w/w and xw = —w. Thus,
W = (w) is a 1-dimensional H-invariant subspace of V = F.

Next, assume that (a + b)* — 8(a + b —2)*> — 8ab = 0. If p = 2, then a = b. Taking
w=(1,1,1,1,1,1,0)T, the subspace (w, yw, xyw, yxyw, (xy)zw,y(xy)2w> is H-invariant.
Assume that p # 2. If a = b = 2, then consider w = (1,1,2,2, 1, 1,0)T; the subspace
(w, yw, xyw, yxyw) is H-invariant. If (a, b) # (2,2), taking w = (x, X1, X2, X2, X3, x3,0)T,
where x| = —%((a +b)? —6a—10b + 16), x, =2b — 4 and x3 = a + b — 4, we obtain
that w # 0 and the subspace (w, yw) is H-invariant.

Now, assume that Conditions (i) and (ii) both hold and let W # V be an H-invariant
subspace of V. Straightforward calculation shows that, for all v € V, the element
v+ yv +y?v = (I +y+ y*)v always belongs to the subspace {e;). On the other hand,
note that

Xey = ey, Yyey=e3, Xe3=e4, Yye4=e€s, Xes=eg Yeg=e7. (3.5)

It follows that if for some w € W we have u = w + yw + y>w # 0, then the H-submodule
generated by u is the whole space V, in contradiction with the assumption W # V.
Hence, every element w of W satisfies the following condition:

w+yw +y*w =0. (3.6)
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We will show that this condition implies W = {0}.

Case (a). Suppose that w + xw =0 for all w e W. Then all vectors in W have
shape (x1, —a(xs + x¢) — X1, X3, —X3, X5, X, X5 + x6)T. We fix a nonzero w € W. From
yw + xyw = 0 and y*w + xy*w = 0, we see that expression (i) must be 0, which is a
contradiction.

Case (b). There exists w € W such that w + xw # 0. Then w + xw = w has shape
(x1, X1, X3, X3, X5, x5, 0)T.  Equation (3.6) gives 2x3 = 2x; + cxs5, with c=a + b —
2. Suppose that p =2. If ¢ =0 (that is, a = b), expression (ii) is 0, which is a
contradiction. If ¢ # 0, then x5 = 0 and application of (3.6) to xyw and to (xy)*w, which
are in W, leads to W = {0}. Thus, p # 2 and x3 = x; + (¢/2)x5. After this substitution,
(3.6) applied to xyw gives

(c = 2)x1 = (=4(a + b)* +3a + 5b - 8)xs. (3.7)

Assume that ¢ = 2 (that is, b =4 —a). Then (a —2)x5 =0. If a =2 (and so b = 2),
then expression (ii) is 0, which is a contradiction. If a # 2, we get x5 = 0. In this case,
applying (3.6) to (xy)*>w € W, we obtain W = {0}. Assume that ¢ # 2. Using (3.7) to
eliminate x; and applying (3.6) to (xy)>w, we see that expression (ii) must be 0, which
is a contradiction. O

Lemma 3.3. Assume that H is absolutely irreducible. If (xy)* is a diagonal matrix, then
k>13.

Proor. For k < 3, our claim follows from (3.5). Let D(k) = (xy)*. For k = 4,5,6 we
have D(k);, = £1 and for k =7 we have D(k);; = 1. If k =8, we obtain D(8)3; =
a—2, but for a =2 we get D(8)7, =—1. For k=9, D(9);, = —2a + 3 and hence
p # 2. In this case, a = % yields D(9);5 = —1. For k = 10,11, 12 we have D(10)34 =
D(11)32 = D(12)3; = (2 — a)(a + 2b — 5). Assume first that a = 2. For k = 10, 12, we
obtain D(10)s53 = D(12)¢4 = 2 — b, whence b = 2. However, by Proposition 3.2(ii),
H is reducible. For k =11 we have D(11);; =2(b —2). If b =2, as before, H is
reducible and if p =2 we get D(11),; = 1. Assume now that a = 5 — 2b. In this case,
D(10)35 = 1 — b; however, b =1 leads to D(10)4; =7 and D(10)s7 = 5. Moreover,
D(11)34 = D(12)35 = (b —2)(9b — 13). We can exclude b = 2 (which implies a = 1),
since this produces the contradiction D(11); 4 = D(12);4 = 1. So, take 9 = 13 (p # 3).
We then obtain the contradiction D(11)3s5 = D(12)s7 = é. O

Now, we want to prove that H, when absolutely irreducible, is not contained in a
maximal subgroup of Q;(g) or of SU;(¢?). We refer to [3, Tables 8.37-8.40].

LevmMma 3.4. Assume that H is absolutely irreducible. Then H is not monomial.

Proor. Let {vi,...,v7} be a basis on which H acts monomially and transitively. We
may then assume that yv; = vy, yvy = v3, Yv3 = v, Y = vs, yvs = Vg and yvg = v4.
However, this is in contradiction with the invariant factors (3.4) of y. O
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Lemma 3.5. Assume that H is absolutely irreducible. Then H is not conjugate to any
subgroup of type Z X PSU3(3), where Z consists of scalar matrices.

Proor. It suffices to notice that elements of PSU3(3) have order 1,2,3,4,6,7,8 or 12
and apply Lemma 3.3. O

Lemma 3.6. Assume hypothesis (3.2) and that H is absolutely irreducible. Then H is
not contained in a subgroup M isomorphic to Spg(2).

Proor. Firstly, notice that the commutator between two elements of Spy(2) of orders
respectively 2 and 3 has order 7. So, if H < M, then [x, y] must have order 7. Set
D =[x,y]’. Since we are assuming that b = a, we obtain D7 = (a — 2)%(1 - a).
However, for a = 1,2 the subgroup is reducible by Proposition 3.2(ii). O

We can now prove the (2, 3)-generation of SU7(¢?).
Prorosition 3.7. The group SU7(4) is (2, 3)-generated.

Proor. Take the following two matrices of SL;(4):

010 0 O 0 O 1 000O0O0O
1 00 0 0 O O 00O01O0O0O0
001 0 O 0 O 01 00O0O0O
x=|0 0 0 1 1 0 w|[, y=/0 01 0 0 0 O
000 1 0 o w 00 0O0O0O0°1
000 0 w 1 o 00 O0O0OT1TUO0®O
000 o W w 0 00 O0O0O0OT1O0

Then x*> = y* = 1. Moreover, x'x” = y'y” = I (o is the automorphism of SL7(g*)
defined by (a; ;) — (azj)) and so H = (x,y) < SU7(4). Assume that H is contained in
some maximal subgroup M of G. Since g = (xy*xy)*(xy*)* has order 43, then g can
be contained only in a maximal subgroup of class C3: M = ((2” + 1)/3) : 7. However,
M| =7-43 and so x ¢ M. Hence, H = SU7(4). |

Tueorem 3.8. Take x,y as in (3.1) with a € F2\F, and suppose that:

() a*—ai™' +a*+2a% +2a+4 #0;

(i) (a+a?)?’ —8(a+a? —2)> —8a?™! # 0 when p is odd;

(iii) Fp = F,la’].

Then H = (x,y) = SU;(¢g%). Moreover, if > # 22, then there exists a € FZZ satisfying
Conditions (i)—(iii). In particular, the groups SU7(¢?) and PSU7(q%) are (2,3)-
generated for all q.

Proor. By Conditions (i) and (ii), H is absolutely irreducible. From Lemma 3.1, it
follows that H < SU7(g%). Let M be a maximal subgroup of SU;(g4%) which contains
H. Since H is absolutely irreducible, M ¢ C; U C3. Moreover, M cannot belong to C,
by Lemma 3.4. Since z% is not scalar by Lemma 3.3, we may apply [14, Lemma 2.3]
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to deduce that M ¢ Cs. We have Fp[a’l] = F,[a’] = Fp, by (iii). Since a?—11is a
coefficient of the characteristic polynomial of z, the matrix z cannot be conjugate to
any element of SL;(g9)Z, with gy < ¢* and Z the centre of SU;(¢?). Thus, M ¢ Cs.
Finally, M cannot be in class S by Lemma 3.5 (recall that we are taking a # a?). We
conclude that H = SU7(¢?).

As to the existence of some a satisfying all the assumptions when ¢ > 2, any element
of IF;Z of order ¢> — 1 satisfies (iii) by [14, Lemma 2.3]. The elements in IF:Z which
do not satisfy either (i) or (ii) are at most 3q + 2g = 5q. If g > 16, there are at least
5¢q + 1 elements in F;z having order ¢*> — 1 (use [14, Lemma 2.1] for ¢ > 127 and direct
computations otherwise), whence the existence of a. For 3 < g < 13, we may take a
with minimum polynomial m,(t) over IF,, as in the following table.

q my(1) ‘ q mg(t) ‘ q Mmy(t)
313 2+t-2149 FA+8-1511 ~2+t-3

7 £P+t+3] 8 O+r+1
Then a satisfies (i)—(iii) and hence H = SU7(¢?) for all ¢ > 2. O
We now prove the (2, 3)-generation of {;(g) for g odd.

Lemma 3.9. Assume hypothesis (3.2) with g odd. Then H is contained in Q;(q) if and
only if a — 1 is a square in .

Proor. In Proposition 3.1, we already proved that H < SO7(g). Furthermore, since
y =y~2, we have H < Q(g) if and only if x € Q(g) if and only if the spinor norm of
x is a square in F (for example, see [25, Theorem 11.51]). Set V, = Im(x — Id). It
is easy to see that {e| — ey, e3 — e4, €5 — €6, —a(e) + €3) + e5 + eg + 2e7} is a basis of
V.. The Wall form of x (see [25, page 153]) with respect to this basis is given by the
following matrix:

-4 0 2a 4 —4a
0 —2a 0 4 —-2a
2a 0 -4 2¢2 -2a |’

4—4a 4-2a 2d*-2a 4a-4-2d°

whose determinant is 16(a — 2)*(a — 1)(a + 2)>. By [25, page 163], x € Q(g) if and
only if @ — 1 is a square in . O

Lemma 3.10. Assume hypothesis (3.2) and q odd. If a # 1,2, then H is not contained
in a subgroup isomorphic to G,(q).

Proor. Since we are assuming that b = a, the characteristic polynomial of z = xy is
x-O=t"-F —(@-Di* +(a- D+~ -1 (3.8)
and the characteristic polynomial of w = [x, y] is

Y@=t +0+7P — (@ —da+3)* + (@ -4a+3) - —1-1.
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The discriminants of y.(f) and y,,(f) are, respectively, (a — 1)(a — 5)*(27a> — 4a —
148)? and (a — 2)%(a + 2)*(a — 6)>(27a> — 108a + 76)>. Suppose that H is contained in
a subgroup M = G,(¢q). Then we may embed H in & = G,(F).

Assume first that a # 5 and 27a*> — 4a — 148 # 0. Then the eigenvalues of z are
pairwise distinct and so z is a semisimple element of ®, that is, it belongs to a maximal
torus of ®. By [1], z is conjugate to s = diag(l, @, B, aB, ', 7!, (aBf)™"), where
a,BeF . Let y ) =1 + Z?zl fjt/ — 1 be the characteristic polynomial of s. It is
easy to see that f3 = f; + fZ + f>. Comparison with (3.8) gives (a — 1) =0+ 0% + 1,
contrary to the hypothesis a # 2.

Consider now the case @ = 5 (and so p # 3). For this value of a, the discriminant of
xw(t)is =3%732112 and so, if p # 7,211, w is a semisimple element of . Proceeding
as for z, we get the contradiction 8 = —1 + (=1)> + (=1). If p = 7,211, we consider
the element wz. We get x,,.(¢) = 7 + 315 — 168> — 821* + 8213 + 16¢> — 3¢ — 1, whose
discriminant is nonzero. Hence, wz is a semisimple element of ®, but we obtain the
contradiction 82 = =3 + (=3)? + 16.

Next, suppose that a is a root of 27a”> — 4a — 148. We show that for these values of
a, the discriminant of y,,(¢) is nonzero, except when p = 53 and a = —6. First, notice
that for a = —2 we get the contradiction p = 2, while a = 6 implies p = 5. Thus, a = 1.
So, assume that a is a root of 27a — 108a + 76. This gives the conditions p = 5,53
and a = % However, for p = 5 we get the contradiction a = 1.

Assume that p = 53 and a = 47. In this case, y,2(f) = £ + 141% + 25 + 61* —
613 — 251> — 14t — 1 has nonzero discriminant. Hence, wz? is a semisimple element
of ®, but this gives the contradiction —6 = —14 + (—14)?> — 25. In the other cases,
w is a semisimple element of & and this produces the contradiction (a> — 4a + 3) =
—1 4 (=1)> = 1, that is, a = 2. O

ProrosiTion 3.11. The groups Q7(3) and Q7(5) are (2, 3)-generated.

Proor. It suffices to take the following matrices of SL;(p) for p = 3, 5:

00010O0 O 1 000 0 0 O
000 O0T1TO0 7/2 0100 0 0 7
000 00 1 -1/2 0011 -10 0
x={1 0 0000 O], y={f0 000 -1 0 O
010 000 7/2 0001 -1 0 O
001 00 0 -1/2 0000 0 0 -1
000 0O0O0 -1 0000 0 1 -1
To prove that H = (x, y) = Q7(p), we proceed as in Proposition 3.7. O

Tueorem 3.12. Let x,y as in (3.1) with b = a € F,; and q odd. Suppose that:

() a¢{0,1,£2}
(i) a—-1isasquareinF;;
(iii) F, = Fplal.
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Then H = {x,y) = Q7(q). Moreover, if q =1, then there exists a € F; satisfying
Conditions (i)—(iii) and the groups Q;(q) are (2, 3)-generated.

Proor. By Condition (i) and Proposition 3.2, the subgroup H is absolutely irreducible.
From Lemma 3.1, it follows that H < SO7(g) and, by Condition (ii) and Lemma 3.9,
H < Q;(g). Let M be a maximal subgroup of Q;(q) which contains H. Since H is
absolutely irreducible, M ¢ C,. Moreover, M cannot belong to C, by Lemma 3.4.
Also, by (iii) we have F,[a] = F, and since a — 1 is a coefficient of the characteristic
polynomial of xy (see (3.8)), the matrix xy cannot be conjugate to any element of
SO7(qo), with gg < g. Thus, M ¢ Cs. Finally, M cannot be in class S. Indeed, H
cannot be contained in a subgroup isomorphic to Sp¢(2), by Lemma 3.6, or isomorphic
to G,(g), by Condition (i) and Lemma 3.10. We conclude that H = Q;(g).

The existence of some a satisfying all the assumptions (when g > 5) is quite clear
(take a = @? + 1 for some suitable @ € IF:; of order g — 1). O

Remark 3.13. Taking b = 0 in (3.1) and proceeding as in the proof of the previous
theorems, for all g > 2 it is always possible to find a value of a € F, such that the
corresponding group H is SL7(g). In other words, the elements x, y of (3.1) are uniform
(2, 3)-generators for all classical groups of dimension 7.
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