
A NOTE ON D I R I C H L E T CONVOLUTIONS 

S. L . Segal"* 

( r e c e i v e d M a r c h 9, 1966) 

In [3] R u b e l p r o v e d tha t if h(n) is an a r i t h m e t i c funct ion 
oo 

s u c h tha t l i m h(n) = L , L f in i te , then 2 1/n Z f i(d)h(n/d)= L, 
rr>oo n= l d [n 

w h e r e u(n) i s the Mobius funct ion . T h i s r e s u l t w a s ex tended to 
funct ions o t h e r than u(n) in [4]; h o w e v e r , (as f i r s t po in ted out to 
the au thor by B e n j a m i n Volk) , the o r d e r condi t ion i m p o s e d t h e r e 
i s u n n e c e s s a r y ; in fact , u t i l i z ing the r e s u l t of [3] , the fol lowing 
s l igh t ly m o r e g e n e r a l t h e o r e m has an a l m o s t t r i v i a l p roof . 

T H E O R E M 1. Suppose f(n) i s an a r i t h m e t i c func t ion 
00 

such tha t Z 1/n 2 f(d) c o n v e r g e s a b s o l u t e l y to A ; and 
n= 1 d I n 

h(n) any a r i t h m e t i c funct ion such tha t l i m h(n) = L , L f in i te , 
n-*co 

then 

00 

(1) Z - 2 f(d)h ( f ) = AL . 
n= l n d | n d 

P r o o f . L e t T(s) and «̂1 (s) be the o r d i n a r y D i r i c h l e t 
s e r i e s which a r e g e n e r a t i n g funct ions for f(n) and h(n) r e ­
s p e c t i v e l y and le t £,(s) be the R i e m a n n z e t a - f u n c t i o n ( s = c r + i t ) . 
Then the h y p o t h e s i s of the t h e o r e m i s tha t 3-( s)?>( s) c o n v e r g e s 
a b s o l u t e l y a t s = 1 to A . By R u b e l ! s r e s u l t [3] , ^ / ( s ) / t,(s) 
c o n v e r g e s a t s = 1 to L . Hence by the D i r i c h l e t - s e r i e s 
ana logue of M e r t e n s 1 t h e o r e m for p o w e r - s e r i e s , J (S)L ^ (s) 

Th i s note w a s w r i t t e n whi le the a u t h o r w a s a F u l b r i g h t R e s e a r c h 
F e l l o w at the U n i v e r s i t y of V ienna . 
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c o n v e r g e s a t s = 1 to A L , wh ich i s the t h e o r e m . 

The c a s e A = 1 ef fec t ive ly c o r r e s p o n d s to e l i m i n a t i n g 
the o r d e r condi t ion in [4] . 

The q u e s t i o n a r i s e s w h e t h e r th i s t h e o r e m i s a c o m p l e t e 
00 

"~ S 

c h a r a c t e r i z a t i o n of s u c h func t ions ; p r e c i s e l y if J ' ( s ) = S f(n)n 
co n = l 

and ji (s) = 2 h(n)n , and J ( s )> / ( s ) c o n v e r g e s a t s = 1 
n=l 

w h e n e v e r l i m h(n) = L , L f in i t e ; , then does t,(s)7(s) c o n v e r g e 
n-*-co 

a b s o l u t e l y at s = 1? It m i g h t be expec ted tha t the a n s w e r is no, 
even if we r e q u i r e tha t £,[s)7'[s) c o n v e r g e to a n o n - z e r o v a l u e 
at s = 1 ( c l e a r l y tD(s)s{s) c o n v e r g e s at s = 1 , by the c a s e 
h(n) = 1 for a l l p o s i t i v e i n t e g e r s n ) . Th i s i s in fac t t r u e on the 
a s s u m p t i o n of s o m e s o r t of " q u a s i - R i e m a n n n h y p o t h e s i s tha t 
t h e r e e x i s t s a fixed € > 0 such tha t £(s) f 0 for 1 - € <L <r <L 1 . 
Whether a proof for the e x a m p l e of T h e o r e m 2, or for a d i f f e ren t 
e x a m p l e , can be g iven which does not depend on an unp roved 
h y p o t h e s i s , i s not known to u s . 

GO 

T H E O R E M 2. L e t g(n) be defined by 2 g (n)n" S = 
n = l 

- £ f ( s ) / £ ( s ) = # ( s ) w h e r e £,(s) is the R i e m a n n z e t a - f u n c t i o n . 
Suppose t h e r e e x i s t s a fixed € > 0 such tha t £,(s) f 0 , for 
1 - € < <r £ 1 . 

~ ~ 00 

If l i m h(n) = L , L f in i t e , then 2 1/n S g(d)h(n/d) = L ; 
n-^co n=l d |n 

oo 
2 1/n 2 g(d) = 1 , but c o n v e r g e n c e i s no t a b s o l u t e . 

n=l d | n 

P roo f . The l a s t c l a u s e is obv ious ; ^ ( s ) ^ ^ ) = 
2 - s 

-Ç,1 ( s ) / Ç> (s) = - 2 \i(n) l o g n n , cr :> 1 , and by a c l a s s i c a l 
n=l 

CO 

e _ , _ u (n ) log n . , 
r e s u l t of Landau , 2 i °— = - 1 , and the c o n v e r g e n c e is 

A n 

n=l 
c l e a r l y not a b s o l u t e . 

To p r o v e the t h e o r e m , it only r e m a i n s to show tha t 
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(2) 2 ^ = 0 
n=l n 

sup Z i | Z *&> J (3) sup Z - Z - t T < « 
A n y m 

r n=l m < r / n 

since one then simply applies the Silverman-Toepli tz conditions 

1 g(ni) 
to the ma t r ix (C ) = ~ 2 *° , and in fact it suffices 

r, n n ^ , m 
m < r / n 

to prove 

(4) 2 - S ^ = O ( ~ ) for some A > 1 
m<t m log (t + 1) 

(cf. [3], [4]). 

Equation (4) however follows by standard complex-analytic 
methods (e .g . any of [ l ] , [2], [7]), on using the £,-function hypo­
thesis stated above. One mere ly applies e .g . [7] Lemma 3.12 
together with the observation that 

(5) | g ( n ) | = . 0 ( S |u (d) | logd | n (n /d ) | ) = 0 ( Z log d) = 0 (n 5 ) 
d | n d | n 

for every Ô > 0 to obtain, 

l b + , i T x s L'ls) 
2 g(n) = - - ^ - / i - ^ ds 

«Sx b _ . T t (s) 

(6) 

b 1 + 5 , 
+ o ( — ^ — ) + o ( 5 ^ ^ ^ ) 

1 T(b- 1) ' K T ' ' 

for every fixed b > 1 and every 5 > 0 where x is half an 
odd in teger . 

Noting that „ , - . 
lim ^ = 0; 
s-M ; (s) 
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moving the line of integration to the left to cr = 1 - € ' , 0 < e ' < e 
€ ! fixed, where € is as above; taking 5 fixed, 0 < 5 < e and 
b fixed 1 < b < 1 + 6 ; applying Cauchy's Theorem; and making 
the standard es t imates (on the assumption of our £, - function 

5 + e' 
hypothesis); we get from (6), on taking T = x , that 

2 g(n) = 0 ( x 1 " € l o g A x ) 
n< x 

where A is a positive constant. A par t ia l summation and the 
continuity theorem for Dirichlet se r i e s , now gives 

<y(n) - e ' A 
2 A L S L = 0 ( X log X ) 

n 
n< x 

which is considerably more than the modest requi rement (4). 

The difficulty in proving (4) without any unproved hypo­
thesis lies in the use of [7], Lemma 3.12, or an equivalent 
est imate, and the fact that jg(n)| is frequently as large as 
f(n) = S I , and hence the es t imate (5) cannot be substantially 

d |n 
°r(n) 

improved. Of course, the non-zero t e rms of 2 a> have 
n 

variable sign and presumably cancel each other to a cer ta in ex­
tent. If it were possible to determine the nature of this cancel­
lation more prec ise ly one could perhaps prove at least the 
est imate (4) without using any unproved hypothesis. 

If we reformulate the above resu l t s in t e r m s of the 
Silverman-Toepli tz conditions for regular i ty of a summation 
method, we have the resu l t that: 

00 

2 - I 2 f(d) I 
A n A I 

n=l d |n 

converges implies that 

^ 1 I ^ £(m) | sup 2 — 2 x < co , 
n , m 

r rK r m< r / n 
but the converse (at least on the t,-function hypothesis assumed 
above) is fa lse . 
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It is perhaps worth noting here that Rubel 's r e su l t [3] also 
provides a Tauberian condition under which convergence can be 
deduced from Ingham-Wintner summabili ty defined by: 

lim — 2 2 d a , . 
x - i d 

x-*-co n<_ x d j n 

(Tauberian conditions for the deduction of Ingham-Wintner sum­
mability from Abel or Cesaro summabili ty have been discussed 
in [5]. The Ingham-Wintner method lies between (C, - 5 ) and 

(C, 5) but is not comparable with convergence. ) In fact, appli­
cation of the Môbius inversion formula, combined with [3] gives 
the proposition: 

1 
(*) If — 2 2 d a = L + o ( l / x ) as x - ^ c o , 

x - » d 
n < x d |n 

then 2 a converges to L . 
n 

A s imilar connection exists between Theorem 1 and a sub­
class of the (2), h(n))-summability methods recent ly introduced 
[6]. 
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