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CONJUGACY CLASSES IN PROJECTIVE
AND SPECIAL LINEAR GROUPS

G.E. WaLL

The conjugacy classes in the finite-dimensional projective full
linear, special linear and projective special linear groups over
an arbitrary commutative field are determined. The results over

a finite field are applied to certain enumerative problems.

1. Introduction

One of the first things to establish about a given group is the
distribution of its elements into conjugacy classes. In the case of the

full linear group GLn(F) , where F is a (commutative) field, this

information is supplied by the classical theory of the similarity of
matrices. The object of the present paper is to develop the corresponding

theory for the groups PGLn(F), SLn(F) and PSLn(F) .  The methods are

direct and elementary, keeping within the usual framework of similarity
theory. Special attention is paid to the case of a finite coefficient
field, where the results take a particularly simple and transparent form.
The fact that the special and projective indices (defined in (3.17) and
(3.18)) enter the relevant formulae in a symmetrical way is the source of
the dualities observed by Lehrer ([4], Theorem B) and Macdonald ([5],
Remark after (h.6)).

Macdonatd ([5]) also develops the conjugacy theory over finite fields,
although by somewhat different methods (for example, greater emphasis is

placed on a certain partition of 7n called the type). Reading his paper
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stimulated me to work out several further results, which appear here as

(4.17)-(k.22).

2. General principles

Let F be a (commutative) field. Denote by F* the multiplicative
group of its non-zero elements. We consider the full linear group

GLn(F) .  The homomorphism

det : GLn(F) > F*

R

maps GLn(F) onto F* and has kernel SLn(F) , 80 that GL/SL =~ F*
Hence, if G 1is a subgroup of GL ,

G/SG = det G ,
where

56 = G n SL .

The non-zero scalar matrices Al form a central subgroup Z = Z(n, F)

of GL isomorphic to F* . The canonical homomorphism
P : GL » PGL = GL/Z

carries each subgroup G of GL onto its projective counterpart
PG = GZ2/2 .

The subgroup G acts by conjugation on GL . The G-class of a

nonsingular matrix A 1is defined as its orbit under this action, namely,

1

(2.1) . (4), = {TAT™" : T € G} .

The G-classes of elements of ( are just the conjugacy classes of G .

Similarly, PG acts by conjugation on PGL . The PG-class of a non-

singular matrix A is defined to be

~1
(2.2) (A)pp = {A(mAT™7) : X € F*, T €6} .
In other words,

(A)PG =pt (orbit of PA under PG) ,

so that there is a canonical one-one correspondence between PG-classes and
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orbits under the action of PG on PGL .

(4) and

s PC (A)PSG . For this

Let us now compare (A)G, (4)
purpose we introduce the following groups:

1

(2.3) ¢ =C4) = [P ec: Tar™ =4},

(2.1) I'=T,(4) = {T ¢G: TAT™" = scalar multiple of 4} ,
(2.5) L =1Ly 4) ={xert: (M),= (A)G} R

(2.6) A = A(A) = Lgn(A)

We shall apply again and again the simple principle that the elements in
the orbit of a given point correspond one-~one to the left cosets of the

stabilizer of that point.
First, G acts by conjugation on the set of all SG-classes and (A)G

is the union of the SG-classes in the orbit of (A)SG . The stabilizer of
(A)SG is clearly (SG)C . 1In view of the isomorphism
G/(SG)C =~ det G/det C , we have:
(2.7) the SG-classes into which (A)G splits correspond one-one to
the elements of det G/det C .
A similar argument gives:
(2.8) the PSG-classes into which (A)PG splits correspond one-one
to the elements of det G/det T .

Next, F* acts on the set of all G-classes by the rule

(2.9) Ao (A)G = (M)G R

and (A)PG is the union of the (G-classes in the orbit of (A)G . Since

the stabilizer of (A)G is L , we have:

(2.10) the G-classes into which (A)PG splits correspond one-one to
the elements of F*/L .

Replacing G by SG in (2.10), we get:
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(2.11) the SG-classes into which (4) splits correspond one-one

PSG
to the elements of F*/A .

Some simple properties of the groups C, T', L and A corresponding
to a given non-singular matrix A may be noted. If T € I' , there exists
A € F* such that
(2.12) TAT — = M .

Taking determinants, we deduce that

(2.13) every element of L is an nth root of unity; thus L 1is a

finite cyclic group of order dividing n .
Again, the mapping
mult : T > F*

which assigns to each 7 € T the multiplier X in (2.12) is a

homomorphism with image L and kernel C( , so that
T/C=L.

This implies that TI'/(ST)C = L/A . Since also T/{ST)C = det T'/det C , we

have
(2.14) det T/det C = L/A .
- — > aet @
{ F* (A)PG/PSG
] }
G/G (56—~~~ det T
L Jult (4)
(finite, cyclic) T G/SG
(4)

PSG/SG

Figure 1
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Figure 1 is a lattice diagram in which meets and joins are indicated.
The broken arrows to left and right show the effect of the homomorphisms

mult and det . The label (4) (for example) indicates that the

PG/G

splitting of (4) into G-classes is governed by the quotient group

PG
F*/I, in accordance with (2.10).

3. The full linear group
We now specialize to the case (G = GLn(F) . We shall determine

explicitly the groups L =1L,.(4) , A= AGL(A) , det C =det ¢, (4) and

GL GL
det T = det FGL(A) , where A € GLn(F) . The term GL-class will mean a
GLn(F)—class for some (usually unspecified) #n . In other words, a

GL-class is Jjust a similarity class of non-singular matrices over F . The

GL-class of A is denoted by (A)GL . We define SI-, PGL- and
PSL-classes in the obvious way and use the corresponding notation (4)

(4) (4)

SL °

PGL’ pPSL

The similarity class of an »n X n matrix 4 over F 1is determined
by the elementary divisors of A . However, while this specification is
adequate for some of our purposes, the following variant is more convenient
for others. Each elementary divisor of A 1is a power of a monic
irreducible polynomial over F . For a given positive integer » , let
those elementary divisors of A which are rth powers of monic
irreducible polynomials be
)r

. {x

r
1 , ne(x) s eee

each elementary divisor being written down with correct multiplicity.

Write
folx) = nl(x)ne(x)

Then the elementary divisors of A , and hence also its similarity class,

are uniquely determined by the sequence

(3.1) a(4) = (fl(x), fé(x), .

Macdonald [5] uses essentially the same specification of the similarity
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classes.

Note that
(3.2) n(4) = deg fl+2deg fy+ ...,
(3.3) det 4 = §(£)6(r)% ...

where n(4) =n and &(f) denotes the product of the roots of f . 1In

particular, A4 is non-singular if, and only if, no f}(x) is divisible by
x .

From now on, we assume that A is non-singular. The groups
det C, I and det I' are determined in succession in Theorems 1, 2 and 3.
Since L 1is a finite cyclic group, its subgroup A is then determined by
the general isomorphism (2.14). Finally, in Theorem 4, these results are

further specialized to the case where F 1is a finite field.
The following result will be required in the proof of Theorem 1.
LEMMA. Let X € GLn(R) ,» Wwhere R 1is a commutative local ring with

nilpotent maximal ideal. Then there exist products of n x n unipotent
matrices P, Q@ over R such that PXQ is diagonal.

Proof. Let J be the maximal ideal, and R = R/J the residue class
field, of R . Let Mh(R) > Mh(ﬁ) , Y+~ 7Y , denote the homomorphism

induced by the canonical homomorphism R -+ R. An 7 xn matrix is called
elementary if all its diagonal elements are 1 and all except one of its

off-diagonal elements are O . Since X € GLn(E) and R 1is a field,
there exist products of elementary matrices Pl, Ql over A such that
?i?@l =D , where D is diagonal. Thus, PlXQl =D + Y , where

Y € Mh(J) . Since D is non-singular, every diagonal element of D lies
in R - J and so is a unit; hence D € GLn(R) and PlXQl = D(I+2) ,

where 2 =D"YY . But Z € Mh(J) and J 1is nilpotent, so that 2Z is

nilpotent and thus I + Z unipotent. Therefore PXQ = D , where P

i}
e

and € = QJ_(I+Z)_l are both products of unipotent matrices. This

completes the proof.
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Notation. (a) If K 1is a subgroup of F* and d a positive

integer, then
(3.4) 7

(3.5) Hy=1{n:hen, 1 =1}

d

{W* : nen},

(b) If m is an irreducible polynomial in F[xz] and K the field
obtained by adjoining a root of 7 to F , then A(m) denotes the image

of K* under the norm homomorphism N K* » F*

K/F '’

THEOREM 1. Let A € GLn(F) , Where F 1ig a field. Then
(3.6) det Cpr(4) =TT NG

where the product is taken over the elementary divisors ™ of 4.

The proof will be carried out in terms of linear transformations
rather than matrices. Let T be a non-singular linear transformation on a
finite-dimensional vector space V over F . We turn V into an Flx]-
module in the usual way by defining f(x)v = f(T)v . Let E denote the
ring of module endomorphisms of V and E* the group of units of E .

Then the assertion of the theorem is that
r
(3.7) det E* = I I A(m)

where the product is taken over the elementary divisors e of T.

We begin with the simplest case of all, where I has a single
irreducible elementary divisor T with multiplicity 1 . Let K be the
field obtained by adjoining a root a of W to F . Then K is a
finite-dimensional vector space over F and for each 8 € K the mapping
é : K>K, uvr>Bu , is F-linear. We may take V =K and T =& , and
it is easy to see that F consists of the B . The well-known formula

det B = NK/F(B) now gives det E* = A(m) , as required.

We now proceed to the next simplest case, where 7 has a single

r
elementary divisor W with multiplicity 1 . Since V¥ is a cyclic
module, the elements of E are the polynomials f(T) . Let T be the

linear transformation induced by T on the quotient module V = V/m(z)V
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and let E be the ring of module endomorphisms of V. Then T has the
single elementary divisor m with multiplicity 1 , E consists of the

polynomials f(T) and, by what we have already proved, det E* = A(T) .

We observe now that

Vo mz)Vo ... o w(z)'V = {0}

is a composition series for the module V in which all quotient modules

() Yty (=1, ..., p)

are isomorphic. (Indeed, multiplication by n(x)t_l gives an isomorphism

of V/m(x)V onto ﬂ(x)m_lV/ﬂ(x)tV .] It follows that

get fIT) = (aet A(D) ,
whence

det E* = (det E4)" = a(m)¥ ,

as required.

We turn now to the general case. Write M(nr) for the indecomposable

Fl[x]-module F[x]/ﬂ(x)rF[x] . Let the elementary divisors of T be

r r
ﬂll, e ﬂkk with respective multiplicities ml, ey mk . Then we may
assume that
(3.8) V=V, ®...0V [m=Zm7:) ,
where
r
_ _ _ 1
Vl = = Kn = M[nl ) s
1
r
2
4 =...=7 = M[n J ,
ml+l ml+m2 2

and so on. In view of what we have proved already, (3.7) can be rewritten

as

m
(3.9) det E* = | [ det B* ,
i=1 z
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where Ei is the ring of module endomorphisms of Vi

In the present paragraph we take advantage of the direct decomposition

(3.8) to identify E with the ring of all m x m matrices S = ( ) s

where sij € HomF[x](Vi’ Vﬁ] for all <, J . Such a matrix S can be

S, ..
J

where S is an m, Xm

written as a k X k block matrix (qu) ’ AU A

matrix for all A, uy . Notice that

g\
S €M |R|T ,
AA my [ )

where

r r
Al A
R["A ] = End M[ﬂx ]
. r
is isomorphic to the (local) ring F[x]/ﬂk(x) F[x] . We introduce the

block diagonal matrix

St = diag(Sll, skk)

Then (see Jacobson [2], Chapter 4, Theorem 8)
S' =5 (mod rad E)

Suppose now that § is invertible. Then S' = S(I+N) , where N € rad E
and so I + N 1is unipotent. 1In particular, S’ is invertible and so each

of its diagonal blocks SAX is invertible. Applying the lemma to each of

these diagonal blocks, we deduce that there exist products of (block
diagonal) unipotent matrices Pl, Ql such that PlS'Q1 =D , where D is

diagonal. Then
(3.10) PsQ =D ,

wvhere P =P and @ = (I+N)Q, are also products of unipotent matrices.

1 1

Let us now regard the elements of E once more as linear trans-
formations on V . Then (3.10) implies that every element of E* has the

same determinant as some element of E* which maps every Vi onto itself.

Since the determinants of the latter elements of E* obviously form the
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group | det E; , our result (3.9) follows. This completes the proof of
the theorem.

Consider the set M of all monic polynomials f(x) € F[x] which are
not divisible by &« . Then F* acts on M by the rule

(3.11) (Ao fx) =" ) (m = deg f)

It is easily verified that if f, g, ... are the elementary divisors of 4
then Aof, Aog, ... are those of M . Hence, in the notation (3.1),
(3.12) a(M) = (Aef., Xof,, ...)

THEOREM 2. ILet A € GLn(F) , where F s a field, and let (3.1) be
the corresponding sequence of polynomials. Then

(3.13) LGI(A) = (F*)5 »

where & is the greatest positive integer such that f (x) € Fﬂxaj for
all r .

Proof. By (2.13), L 1is finite. Let & be a primitive dth root
of unity in F . By (3.12), € € [ if, and only if,

(a) o f} = f} for all r .
We prove the theorem by showing that (a) is equivalent to

(b) f(x) € FE%] for all .

m m-1
Now, f}(x) has the form x + a,x +...+a , vhere a_ #0 .
The equation € o fr = f} means that at = etat for all ¢t and thus that
a, = 0 except when dlt . However, since am # 0 , this is equivalent to

fplzx) € Fﬂfﬁ . Thus, (a) and (b) are equivalent and the theorem is
proved.
THEOREM 3. Let 4 € G (F) , where F s a field. Then det T (4)

n(n-1)/1

is generated by det C. (A) and (-1) , where 1 = ILGL(A)I .
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Proof. We have

)

(;l)n(n—l)/l - e X

where € 1is a primitive Ith root of unity in F . The theorem will be

established by proving the existence of a matrix T over F such that

1 )

(3.14) TAT ~ =€¢A, det T =¢

Consider an elementary divisor hl of A . Let hl, ey hs be the
distinct members of its orbit under the action of L = LGL(A) given by
(3.11). Since € € L , A is similar to €4 and so all hi have the

same multiplicity as elementary divisors of A . Since the hi are

relatively prime in pairs, the direct sum of the companion matrices of the

hi is similar to the companion matrix of their product #h = hl . hs

Clearly, h(x) has the form g(xz) , where g(x) € Fl[x] . These
considerations show that we may assume that A 1s the block diagonal

matrix diagﬂ4 . At] , Where each Ar is the companion matrix of a

l’
polynomial grﬁxz) with gr(x) € Plx] .

Suppose that, for each r , we have found a matrix Tr such that

>

r)
T AT = e, detT=€r2
rror r r

where Ar € GLn (F) . Then the block diagonal matrix

r
T = diag(Tl, . Tt) satisfies TAT ' = ¢4 and
SN
det T = ]| e[n‘ =e?
since n = Z:nr and each 7 is divisible by 1 . Thus, it is sufficient

to establish the existence of a matrix T satisfying (3.14) when 4

itself is the companion matrix of a polynomial f(x) = g(xz] , where
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glx) € Flz]

Let K be the commutative ring obtained by adjoining a root o of
flz) to F . Then X is an #n-dimensional vector space over F with
basis 1, O, ..., o1 . The mapping O : K *K , u+> ou , is an

F-linear transformation and its matrix with respect to the above basis is

A . It is therefore sufficient to prove that 0 is similar to €& by a
()

linear transformation T of determinant € . Now, since

flx) € Eﬂkz] , there is an automorphism of X which carries a to €0

and fixes the elements of F . We take T +to be this automorphism. Since

T(GL) = ¢fa* , the determinant of T is

€l+2+...+(n—1) - E(Z)

as required. This completes the proof.

COROLLARY. The quotient group det T, (4)/det Cpr(A) has order 1

GL
or 2 . It has order 2 <if, and only if, -1 ¢ det CGL(A) and n/l is

odd.

Proof. Theorem 3 shows at once that if -1 € det C then
det ¢ = det I' . Suppose therefore that -1 ¢ det ¢ . By (2.13), #n/l is

an integer. If n/l is even, then (_l)n(n-l)/l =1 and so, by Theorem 3,

det C = det I' . Suppose therefore that #n/l is odd. Then

(_l)n(n-l)/l = (- )n—l

1 Since -I € ¢ but -1 ¢ det C , it follows that

n is even and thus that (-1)""'= -1 . Since -1 § det C , Theorem 3 now

shows that det ¢ has index 2 in det I' . This completes the proof.

We have just shown that the quotient group det I'/det ¢ has order 1
or 2 . The following example shows that both values are possible. Recall
that det I'/det C = L/A .

EXAMPLE. Take

0 1
A4 = € SLQ(F)
-1 0

It is easy to see that L[ = {1, -1} . Now, the general solution of

https://doi.org/10.1017/50004972700006675 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700006675

Conjugacy classes in linear groups 351

TA = AT is

where clearly det T = -(a2+b2J . If F=R, det T=1 has no
solution a, b in F and thus A = {1} . On the other hand, if F =C ,

det T =1 has a solution in F and so A =1 .

To conclude this section, we consider the case of a finite coefficient
field.

THEOREM 4. Let A ¢ GLn@FqJ and let (3.1) be the corresponding

sequence of polynomials. Then

(3.15) det CGL(A) = det FGL(A) = (IF;)CZ(A) s
(3.16) Lop(4) = Ayp(4) = UFSJG(A) s
where

(3.17) d(A) 1is the greatest divisor d of q - 1 such that

f}(x) = 1 whenever r 1is not a multiple of d , and

(3.18) 68(4) <s the greatest divisor 8§ of q - 1 such that
Falz) € Fl%] for alt ».

Proof. 1In view of (2.14), it is sufficient to prove that

(a) det C = (F*)d(A) R

(¢) det C=detT,
where F =IF
q

r r

Proof of (a). Let the elementary divisors of 4 be nll, ﬂ22, e

where T "2, ... are irreducible. Then

£

d(4) = (g-1, 4) ,
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where d is the greatest common divisor of rl, r .. . Moreover, since

2’
F is finite, A(ﬂi) = F* for all 7 . Therefore, by Theorem 1,

r,
det C =T [ (F*) ¥ = (F*)d = (F*)d(A) .

1
Proof of (b). We have

8(4) = (g-1, 8) ,

where & 1is the greatest positive integer such that f}(x) € Fﬂidj for
all r . By Theorem 2,
= (F*) . = (F*
L (F )6 (F )G(A) .
Proof of (c). By the Corollary to Theorem 3, it is sufficient to

prove that if -1 § det ¢ then 7n/8(4) is even. Now, if -1 ¢ det C ,
then d{(4) 1is even by (a). Thus, it will be sufficient to prove that

(3.19) d(4)8(4)|n .

In the formula (3.2) for n = n(4) , 6(4)]|deg f, for all r , and
deg f} =0 unless r|d(4) . Thus, all terms r deg f} are divisible by
d(4)8(4) and (3.19) follows. This proves the theorem.

COROLLARY. 1f 4 € GL(n, qu) , then

((A)GL splits into d(A) SL-classes,

(A)PGL splits into d(A) PSI-classes,
(3.20). 4 >

(A)PGL splits into (q-1)/8(4) GL-classes,

(A)PSL splits into (q-1)/8(4) SI-classes.

Proof. This follows at once from the theorem and (2.7), (2.8),
(2.10), (2.11).

4. Enumeration, duality
In this section, F will be the finite field IFq . Let

4 ¢ GEn = GLn(F) . With (3.20) in mind, we call d(4) the special index,
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or s-index, of A and &(4A) the projective index, or p-index, of A .
By (3.17)-(3.19), both are divisors of ¢ - 1 and their product is a
divisor of n . Since all matrices in the one PGL-class have the same §-
and p-indices, we may speak of the 8- and p-indices of a PGL~-class or

of any subset such as a GL-~class.

We begin with a detailed discussion of the results to be proved.

Write

(h.1) ote) = ﬂl (=47 / (1-a7))

Feit and Fein [!1] showed that

e o]
(k.2) ct) =1+ ¥ et
n
n=1
where cn is the number of conjugacy classes in GLn . Our first result

is that, if d and § are divisors of g - 1 ,

thJ

3

(4.3) ‘ 1+ Y v (d, 8)¢" = ¢f
n=1 n

where Yn(d’ 8) is the number of conjugacy classes in GIn with s-index

divisible by d -and p-index divisible by & . In other words, if d and

§ are divisors of g - 1 ,

¢y rds if ds|n ,

(4.4) Y,(d, §) =

0 otherwise.
This result enables us to determine the number, cn(d, §) , of
conjugacy classes in GLn with 's-index d and p-index & . Assuming

still that d and § are divisors of ¢ - 1 , we have

(b.5) v, (d, 8) = Yy e(D,n),
n oA n
dlplg-1
§|alq-1

whence, by the Mobius inversion formula,
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[eo]

(1.6) 1+ % eld, 8= T wo/duass)c()
n=1 " D,A
d|Dlg-1
§|alg-1

More explicitly, if d8 1is not a divisor of n , then

(k.7) cn(d, §) =0,
and if d§ is a divisor of =n ,

(4.8) e (d, 8) = ) u(D/d)u(s/8)e
D,A

(n,q-1)

(n,q-1)

DA|n

n/DA °
d|D
§la

In particular, we see that

(4.9) o (d, 8) = ¢ (8, d)

This simple result is the source of the later results on duality.

The above formulae can be generalised. Let D, F be divisors of

q - 1 . We introduce the following subgroups of GLn

(4.10) P =P = {4 : det 4 ¢ (é*)D} ,

(h.11) Zp = Zg(n) = {M : X € (F¥)

SEgh

If, in addition, DE|n(g-1) , then Zg E_PD and we may form the quotient

group

(4.12) pg = Pg(n) = pD/zE i

Each subgroup (G of GLn» acts on Pg by conjugation. Slightly extending

the notation of Section 2, we call the orbits G-classes. Then the duality

theorem of Lehrer cited in the introduction asserts that ¢f DE|q-1 then

the numbers of GLn-cZasses in Eg(n) and Pg(n) are the same.

In practice it is convenient to deal, not with the G-classes in Pg

themselves, but rather with their inverse images under the canonical
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homomorphism PD -> PD . These are the sets

E
(4.13) (g (4 7)
where
= -1 *

(4.1h) . (A)E;G = {XTAT : h€(F )E’ T € G} .
Since (A)E;G S-(A)PGL , we may speak of the s- and p-indices of
(A)E-G and hence of the corresponding G-class. Our second result is that

b

(4.15) if D, E, d, 8, A are divisors of q - 1 such that
DE|n(q-1) , then the number of PA-cZasses in Pg(n) with
s-index d and p-index § 1is

(d,D)(8,E)
—E (d, A)cn(d, 8) .

Some special cases are of interest. When D = A , we get the number
of conjugacy classes in Pg(n) with s-index d and p-index § .

Specialising even further, we get the numbers of such conjugacy classes in

PGLn, SLn and PSLn . The total numbers of conjugacy classes in the
latter groups are discussed in detail by Macdonald in [5].
Again, taking A =1 in (4.15) and using (4.9), we deduce that
(4.26) <f d, 8§, D, E are divisors of q - 1 such that DE|n(q-1) ,
then the number of GLn-cZasses in Pg(n) with s-index d

and p-index S 1is equal to the number of GLn-cZasses in
Pg(n) with s-index 6 and p-index d .

This clearly implies Lehrer's theorem.
Another consequence of (4.15) is the following:
(4.17) Let D, E, A be divisors of q - 1 and suppose that
DE|n(q-1) . Then the total number of PA-cZasses in Pg(n)

i8
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(op)~t dZG o(d,)e, (d2)d§¢( 8)eyas >
§|2,d| [D,0]
ds|n

where dl =d/(d, D, 8) , d, is the largest divisor of d

2
relatively prime to dl and dld2d3 =d .

Here, @¢(m) = ¢l(m) and ¢2(m) are the Eulerian functions defined by

o tm = TT (-(?)
p

where summation is over the distinct prime divisors p of m . We shall

pass over the proof of (L.17) except to mention that it depends on summing

% u(m/d)(d, ml)(d, m2) in closed form.
d|m

Taking & =1 in (4.17), we get the following formula for the number

ofis GLn-classes in Pg(n)

-1
(DE) dzg o(d)o(8)e, s

d|p.s|E
ds|n

nf ac

It follows that, for given n and q , the number of GLn-cZasses in

PD(n) ‘depends only on DE and (D, E) . This is a slight generalisation
E p Y

{.
of Lehrer's theorem.

Similar results can be proved by similar methods for the groups of

F-rationdl points of the connected algebraic groups isogenous to SLn(f) ,

where F 1is the algebraic closure of F . These have the same order as

SLn and include both SLn and PGLn as special cases. In the

formulation (but not the notation) of Macdonald [5], they appear as the

quotient groups

(4.18) 9, = 4,n) =R /S, (e|n) ,
(3

where Ré, 3; are the following subgroups of GLn x F* .
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R, = {(X, A) : get X = 21,

s, = {(az, %) :a € i} .

The action of GLn on Qe is defined via the embedding GLn - GLn x F*
X+— (X, 1) . If G is a subgroup of GL, , the orbits under the action
of G on Qe are again called G-classes. The duality theorem of

Macdonald referred to in the introduction asserts that 2f ef = n then the

numbers of GLn-cZasses in Qe(n) and Qf(n) are the same. Indeed the

explicit formula used to prove this result yields the slightly stronger
result that 7f ef =n then the numbers of GLn-cZasses in Qe(n) and

Q(e,f,q-l)(n) are the same.

The p- and s-indices of the (-class of an element (x, A)Se of
Qe are defined as the p- and s-indices of X . The following result is
the analogue of (L4.15).
(4.19) Let d, §, A be divisors of q -1 and e, f positive
integers such that ef =n . Then the number of PA-cZasses

in Qe(n) with s-index d and p-index & 1is

(oel(&al) (4, p)e,(d, 6)

Special cases are again of interest. When A = (e, p-1) , the PA-classes
in Qe(n) become the conjugacy classes of Qe(n) . Again, taking A =1
we get the following analogue of (L4.16).
(4b.20) Let d, 8|q-1 and ef =n . Then the number of GLn~cZasses
in Qe(n) with s-index d and p-index & 1is equal to the
numnber of GLn-cZasses in Qf(n) with s-index & and
p-index d .

Macdonald's duality theorem is an immediate consequence. Finally, we have

the following analogue of (L.17).

(4.21) Let Alg-1 and ef =n . Then the total number of

https://doi.org/10.1017/50004972700006675 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700006675

358 G.E. Wall

PA-cZasses in Qe(n) 18

(q-1)7 o 8(2))0,(d)(8)e, 1z »
’ q-

§|f,d|le,A]
ds|n

where dl =d/(d, e, A) , d2 is the largest divisor of d

relatively prime to dl and dld2d3 =d .

EXAMPLE. Suppose that e|n|q-1 and write ef=n, mm=q - 1.

Each of the groups @ (n) and P?q—l)/e

a cyclic group of order f . Ketter and Lehrer [3] carried out computer

(n) is an extension of SLn/Zf by

calculations to determine the numbers of GLn—classes in these groups for

certain e, n and ¢q . Now, (4.21) and (4.17) show that these numbers

are, respectively,

M = Z ¢(d)¢(6)c’ s
e dle,dlf n/dé
N, = ) o(d)o(8)e! .o,
¢ dle,s|(me/d)f n/d$
where c; = cr/(q-l) . Macdonald [5] proved the formula for M, and
tabulated c; for r <12 . Splitting d, § into their prime-powers, one
see that
M =M
e (e,f)
and so, in particular, Mé = Mf . Further
N =z M
e e

and, as Keftter and Lehrer observed,

v, =M, if (m, e) =1 .

For n =4 , we have
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_ _ _ 3 2
Ml = Nl = ML =q +q +29+ 3,
M2 = M1 +q,

N,-M,=0 or 2 accordingas (m, 2) =1 or 2,

Ny, - M, 0,g+2 or qg+4 according as (m, 4) =1, 2 or &

Our results agree with those of Ketter and lLehrer except in one case: the

values when #n =6 , g = 13 , should be

Ml = Mé = M3 = M6 = Nl = N3 = 402 432 ,
N2 = N6 = 402 616 .

The proofs of the results for the groups Qe(n) will be omitted. It

remains to prove the key results (4.3) and (L4.15). In each case, some

preparation is necessary.

Let P be a set of monic polynomials over F such that 1 € P . The

generating function for P 1is defined to be the power series

o
gp(t) = Yy g (¢,
n
n=0
where gn(P) denotes the number of elements of P of degree n . (Notice

that gO(P) =1 since 1 € P .) 1In the same way, if @ 1is a set of

similarity classes of square matrices over F , the generating fumction for

@ 1is the power series

8

_ n
GQ(t) =1 + i} Gn(Q)t s

A

where Gn(Q) denotes the number of similarity classes of #n X n matrices

in @ . The following enumerative principle is due to Feit and Fein [1].
LEMMA, Given sets Pl’ P2, ... of monic polynomials over F such

that 1 € P, for all r , let @ be the set formed by those similarity

classes of matrices over F whose associated sequences of polynomials

(fi(x), fz(x) ...) (in the sense of (3.1)) satisfy Fplz) € P, for all
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r . Then
(4.22) Go(#) =TT gp (¢)
r=1 r

Proof. It follows from (3.2) and the definition of @ that

G (Q) = > g (®)g () ...,
n TN mo Ty 2

Lrn_=n
r

which is equivalent to (4.22).

Proof of (4.3). If M is the set of all monic polynomials in Fﬂxd]

which are not divisible by x , then

8 2
gy(t) =1+ (g-1)t~ + (g-1l)qt S, ...
§
= (1-2%)/(1-42°)
Let us now choose Pl’ P2, ... in the lemma as follows:
M ifr d|r ,
P =

{1} otherwise.

Then, by (3.17) and (3.18), the resulting set ¢ is the set Sg of

all GL-classes with s-index divisible by d and p-index divisible by

8§ . The Lemma gives

r das

¢ 4(8) =TT g,[[t) = c(z™) ,

20T,

dlr

which is just another way of writing (4.3). This completes the proof.
Further preparation is needed for the proof of (U4.15). We introduce

certain unions of GL-classes within whieh the distribution of GL~classes

according to determinant can be simply described.

Consider the sequence of polynomials (3.1) associated with a given

A € GLn . Write each component polynomial down explicitly in the form,
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n n_-i . n_-j .
(4.23) flz) == i) " arix* + (1) T aerJ ..,

where n_>1 > g5 > ... and all coefficients a_., a_., ... are non-zero.
r rt rj
The index set

Qr(A) = {nr, i, 4, -..1

is finite and non-empty with greatest and least members "y and O , and

Qr(A) = {0} for almost all r . The sequence
(b.24) 2(4) = (,(4), 2,(4), ...)

will be called the support of A . Since all matrices in the one
PGL-class have the same support, we may speak of the support of a

PGL-class or of any subset such as a GL-class.

Consider now the set T(f) of all matrices A having a given support

(k.25) Q= (Ql, Qy, --u) s

where each Qr is a finite set such that O € Qr and where almost all
(vbut not all) Qr are {0} . By (3.2), all matrices in T(§) have the

same dimension, namely,

(1.26) (@) = ¥ e (),
r

where nr(Q) denotes the greatest member of Qr . By (3.17) and (3.18) we

have
(k.27) d(a) = (d(aa)), q-1) , 6&(4) = (§(0(4)), ¢g-1) ,

where d(f) denotes the greatest common divisor of the indices r for
which Qr # {0} and 6&(R) the greatest common divisor of the elements of
ugq .

7
r

LEMMA.  The GL-classes of matrices which make up T(Q) can be

parametrized by the elements of an abelian group H(Q) in such a way that
the mapping which assigns to each element of H(Q) the determinant of the

matrices in the corresponding GL-class is a group homomorphism mapping
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H(Q) onto (F*)d(g)

Proof. The GL-classes (4) A € T(Q) , are already parametrized

GL °
by the corresponding rows of polynomials (3.1). Replacing each fr(x) by
the corresponding row of coefficients (ari’ arj’ ...) (see (4.23)), we

get a row of
w@ =3 (Io,l-1)
r

non-zero elements of F , that is, an element of the direct product of
N(Q) copies of the group F* . This direct product is the parameter group

H(Q) . Let »r., ..., r_ be the indices r for which deg f (x) >0 .
1 8 r

Then, by (3.3),
det 4 = §(f

At the same time, by (4.23), the element of H() corresponding to (A)GL

has the form

It follows that the mapping described in the lemma is indeed a homomorphism
H(Q) > F* and that the image of H(R) is
s r.
TTE9 =
=1
This proves the lemma.
We are now in a position to prove (L4.15). Let D, E, A, d, § be
divisors of q - 1 with DE|n(q-1) . The set (A)E-G in (4.13) with
?

G = PA becomes

(4); , = {ATAT‘l DA€ (FY),, det T € (F*)A} X

Let Tg(n) denote the set of all matrices in GLn with s-index d and

p-index & . Then the numerical restriction DEIn(q—l) guarantees that
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Ig(n) n PD(n) is a disjoint union of sets of the form (A)E A » and (4.15)

is equivalent to the assertion that the number of such sets is

(d,D)(8,E)
oF (d, A)en(d, 8) .

We shall prove this last result by showing that:

(a) if A4 €1%Un) then (4),, is a union of dE/(d, D)(S, B)

E,A

>

Sl-classes;
(b) Ig(ﬁ) n PD(n) is a union of d(d, D)cn(d, §)/D SL-classes.

Proof of (a). The direct product F* X F* acts on the set of all
SL-classes by the rule

(A, u) o (4) (XTAT-l) [ » Where det T =y .

sL = s

The orbit of (A)SL consists of those SL-classes which make up (A)PGL .

Since 4 € Tg(n) , it follows from (3.20) that the number of such

SL-classes is (g-1)d/8 . Since (F"')(rs x (F*)d is contained in the
stabilizer of (A)SL and has index (g-1)d/8 in F* x F* | it must indeed
be the stabilizer.

On the other hand, the SL-classes making up (4) form the orbit

E,A

of (4) under the action of (F*)E x (F*)A . Therefore the number of

SL

SL-classes into which (4) splits is

E,A

[(F*)p = (F¥)p n (F*)(SII(F")A : (79)? n (F*)dl = (E/(8, B)) (d/(d, n))

de/(d, A)(68, E)

Proof of (b). By (L.26) and (k4.27), Tg(n) is the disjoint union of
those sets T(Q) in the lemma which satisfy
n(Q) =n, (dQ), q-1)=d, (6(Q), g-1) =6 .

By that lemma, the proportion of GL-classes in such a 7T(f}) having
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determinant in (F*)D is
I(F*)d(g) : (F*)d(n) n (F*)Dl-l _ I(F*)d : (F*)d n (F*)Dl-l
= (d, D)/D .
Therefore the number of GL-classes in Tg(n) n PD(n) is

(d, D)cn(d, 8)/D . On the other hand, by (3.20), each GL-class in Tg(n)

splits into d SL-classes. It follows that Tg(n) n PD(n) splits into
d(d, D)cn(d, §)/D SIL-classes, as we had to prove. The proof of (4.15) is

now complete.
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