Can. J. Math., Vol. XXVIII, No. 1, 1976, pp. 63-72

ISOMETRY OF RIEMANNIAN MANIFOLDS
TO SPHERES, II

NEILL H. ACKERMAN AND C. C. HSIUNG

1. Introduction. Let M" be a Riemannian manifold of dimension # = 2 and
class C3, (g;;) the symmetric matrix of the positive definite metric of M", and
(g¥) the inverse matrix of (g;;), and denote by Vi Ry, Rij = R¥;j, and
R = g¥R,; the operator of covariant differentiation with respect to g;;, the
Riemann tensor, the Ricci tensor and the scalar curvature of M" respectively.
Let d be the operator of exterior differentiation, 6 the operator of codifferentia-
tion, and A = d§ + &d the Laplace-Beltrami operator. Throughout the paper

all indices take the values 1, ..., #» unless stated otherwise and can be raised
and lowered by using g¥ and g,; respectively, and repeated indices indicate
summation.

Let v be a vector field defining an infinitesimal conformal transformation of
M", and L, the Lie derivative with respect to ». Then we have

(1.1)  Lugy=Va,+ V= 2pgi

The infinitesimal transformation v is said to be homothetic or an infinitesimal
isometry according as the scalar function p is constant or zero. We also denote
by L4, the Lie derivative with respect to the vector field p* defined by

(1.2) o' =g"%;, p;= Vi

Let £ ;) and 5 ;) be two tensor fields of the same order p < 7 on a compact

orientable manifold M", where I, denotes an ordered subset {7, ..., %,} of
the set {1, ..., n} of positive integers less than or equal to #. Then the local
and global scalar products (£, n) and (%, n) of the tensor fields ¢ and 5 are
defined by

(13) <£’ 77> = ﬁgl(p)nl(p),

14) (&) = an & n)av,

where dV is the element of volume of the manifold M" at a point. We also
define

(L5)  [[&l] = pX& &)
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From (1.3) and (1.4) it follows that (¢, ) is nonnegative, and that (¢, £) = 0
implies ¢ = 0 on the whole manifold M™.

In the last decade or so many authors have studied the conditions for a
Riemannian manifold M" of dimension # > 2 to be either conformal or iso-
metric to an n-sphere. Very recently K. Amur and V. S. Hedge [2] weakened
one of the two conditions L,R = 0 and L.,R = 0 studied jointly by Hsiung
and Stern [6], and Yano and Hiramatu [11] removed the condition from some
of these results of Hsiung and Stern and some other known results. The pur-
pose of this paper is to continue the joint work of Yano and Hiramatu to
obtain the following theorems by removing both conditions L,R = 0 and
Ly4R = 0 from the joint results of Hsiung with Stern [6] and Ackler [1].

In the following Theorems 1 and 2, M™ will denote a compact Riemannian
manifold of dimension # > 2 with metric g;;, which admits an infinitesimal
nonisometric conformal transformation v satisfying (1.1) with p 5 0.

THEOREM 1. An oriented manifold M" is isometric to an n-sphere if it satisfies
one of the following three equivalent conditions:

(P + < [nRpip' = (L,R + nRp)ap], 1) 20,

(1.6) (P - ﬁp(nLapR + AL,R), 1) 20,

(P+ﬁ[Ldep]va)gOy
where

_ 2 c — 4a° _1_( 24° c—4a2) 2:|
1.7 P_pL”[aA+n—2B—n n—1+n—2 R}

[Lm Ldp] = Ldep - L(lpLuy
A and B are defined by
(1.8) A = Rhiithijk, B = R”R”,
and a, ¢ are constants such that
4 6 2
c=4d"+ (n —2) [2a > b+ (Z (—l)i“‘b,)
=1 i=1

(1.9) = 6
— 2(b1bs + babs — bsbs) + (n — 1) ; bi2] >0,

b's being arbitrary constants.

onlyif by = ... = by, b5 = bg =0,a = —(n — 2)b;.
For L,R = 0, Theorem 1 (referred to the first inequality of (1.6) for P = 0
and (nRp;p° — (L,R + nRp)Ap, 1) = 0) with “‘isometric’’ replaced by ‘‘con-

An elementary calculation shows that ¢ = 0 where equality holds if and
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formal’ is due to Yano [10] for eithera # 0,¢c — 4a%2 = Qora = 0,¢c — 4a® # 0,
and due to Hsiung and Stern [6] for general a and b’s. Theorem 1 (referred to
the first inequality of (1.6) for P = 0 and (nRpp* — (L,R + nRp)Ap, 1) = 0)
is due to Yano and Hiramatu [11] fora # 0,¢ — 4a® = Qora = 0,¢c — 4a® # 0.

For constant R, Theorem 1 (referred to the second inequality of (1.6) for
P = 0) is due to Lichnerowicz [8] for a = 0, ¢ # 0, B = constant, due to
Hsiung [3] for a # 0, ¢ — 4a® = 0, A = constant, due to Yano [9] for either
a=0,c#0,0ora # 0,c — 4a? = 0, due to Hsiung [5] for b, = ... = bsg = 0,
due to Yano and Sawaki [13] for by = ... =bs =b/(n — 2), bs = bg = 0,
and due to Hsiung [5] for general a and b’s. For L,R = 0, L;,R = 0, Theorem 1
(referred to the second inequality of (1.6) for P = 0) is due to Ackler and
Hsiung [1].

THEOREM 2. A manifold M" is isomelric to an n-sphere if 1t salisfies
(1.10) L,(4°B® =0,
2 | (n— l)b) _ 2%(a + bR
(1-11) C( A + B = na+b—1(n — 1)a-—l ’

b apb—1 _ gapd (ﬁl_‘} (n = ._2)1))
(—Z(n—l)AB RL,R — A°B 1 + B

(1.12) . R%
X (R“Vivip + n_(n_——_ﬁ) ) p) =0,

where A, B are given by (1.8), and a, b are nonnegative integers and not both zero.

For constant R and A°B?, Theorem 2 is due to Lichnerowicz [7] for ¢ = 0,
b =1, and due to Hsiung [3] for general a and b. For constant 4B” and
L,R =0, LR = 0, Theorem 2 is due to Hsiung and Stern [6]; in this case
condition (1.12) is satisfied automatically since

; R’
(1.13) (R“V1Vjp + W_p—ls ’ p) = Oy

which is due to Hsiung and Stern [6], and due to Lichnerowicz [8] for constant R.
In the proofs of the above theorems we need the following theorems.

THEOREM A (Yano and Nagano [12]). If a complete Einstein space M" of
dimension n > 2 admits an infinitesimal nonisometric conformal transformation,
then M™ is isometric to an n-sphere.

TuEOREM B (Tashiro [8]). If a complete Riemannian manifold M" of dimen-
sion n > 2 admits a complete vector field v satisfying (1.1) with p ¥~ const. and

(114) V1Vjp = _gijAP/ny

then M™ is isometric to an n-sphere.
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2. Notation and formulas. In this section we shall list some well known
formulas which will be needed in the proofs to follow.

Let v be a vector field defining an infinitesimal conformal transformation on
a Riemannian manifold M™ of dimension » = 2 so that (1.1) holds. Then we
have

(2.1) p= Voi/n,
(2-2) Lthijk = _fkhvipj + fjhvipk - g,-]-Vkp" + g,kV;p",

where p" = V7", and ¢" = 1 forh = k and¢ = O for £ # k. From (1.1) and
(2.2) it follows immediately that

(2.3)  LoRpi = 20Rnize — gV ips + €0V e — €45V wox + V005,
(24) LRy = g8p — (n — 2) Vip,

(2.5) L,R=2(n—1)Ap — 2Rp.

For any scalar field f on M", we have

(2.6) Af = — ViV

On the manifold M” consider the following tensors:

1
(27) T” = R” - ; Rgijy

1
(2.8)  Thim = Ruige — ;(n—:—ﬁR(ghkgw — gnigir),

(2-9) Whijk = aThijk + blghkTij - bzgn,-Tm + b3gijThk

— baguTn; + b5ghiTjk — beguTno

where @ and b's are constants satisfying (1.9). From (2.7) and (2.8) it follows
immediately that

(210) g”T” = 0, ghkT},ijk = ]‘i]’v

which, together with (2.9), imply that

(2.11) g*¢"Wiyin =0, g¢*Whin =0, g"g"Whin = 0.
Moreover by (1.3), (1.5) and (2.9) we have

4a® 1 ( 2a° i 4a2) R

_ 2 c—- _ =
@12) (Wil =dd+" —5B-\T7+5 5

where 4, B, and ¢ are defined by (1.8) and (1.9).

3. Lemmas. Throughout this section M™ will always denote a compact
oriented Riemannian manifold of dimension n > 2.
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Lemma 3.1 (Yano [5, (2.11), (2.12); or 11, Lemma 4]). If p is a scalar field
on M", then

i n—1 1 1
(3.1) (Rupip’ - (8p), 1) + 2(V1’Pj + ;gw’AP, Vip; + ;g”Ap) =0,
or equivalently

o 1 1
(3.2) (Rifpipj - p'Vilp, 1) + 2<V1P;' + ;guAp, Vio; + ;;gi:iAP) =0.

n
For a proof of Lemma 3.1 one may also see [1, p. 58].

LeEMMA 3.2 (Yano [10]). If M™ of dimension n > 2 admits an infinitesimal
nonhomothetic conformal transformation v satisfying (1.1) with p % const. and
etther one of the following two conditions:

(3.3) (Ru-p’pj - n—i—l (8p)*, 1) 20,

(3.4) (Rup‘p" - "—;—1 p'Vibp, 1) 2 0,

then M™ 1s isometric to an n-sphere.
Proof. This follows from Lemma 3.1 and Theorem B.
Substitution of (2.5) in (3.3), (3.4) and use of

(3.5) L4uR = p'V R

and Lemma 3.2 yield

LeEmMmA 3.3. If M" of dimension n > 2 admits an infinitesimal nonhomothetic
conformal transformation v satisfying (1.1) with p 5% const. and either one of the
following two conditions:

(3.6) (pripj - Wl_—_l—) (L,R + 2Rp)?, 1) 20,

i 1 i1 1
(3.7) (Rup p’ — ~ Roiw’ =~ pLapR — 2_niniLvRy 1) =0,
then M™ 1s 1sometric to an n-sphere.

Condition (3.7) is due to Yano and Hiramatu [11]. In particular, when
L,R = 0and L,R = 0, conditions (3.3) and (3.4) are reduced to

1
(3.8) (R“-pipi - mR2p2, 1) 20,

(3-9) (Tifr PiP]’) = 0,

so that in this special case Lemma 3.3 is due to Ackler and Hsiung [1].
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LeMMa 3.4. If M" admats an infinitesimal nonisometric conformal transforma-
tion v satisfying (1.1) with p % 0, then for any scalar field f on M"

(3.10) (L.f, 1) = —n(fp, 1).
Proof. From the definition of L, and (2.1) we have
(3.11) V.(fv") = L,f + nfp.
Integration of (3.11) over M™ and use of the well-known Green'’s formula
(3.12) (V%,1) =0,
where ¢; is any vector field on M?*, give (3.10) immediately.
LEMMA 3.5. For any scalar fields f and h on M™,
(3.13) (Lash, 1) = (Lanf, 1) = (VfV'h, 1) = (fAh, 1) = (hAf, 1).
Proof. (3.13) follows from
(Vi(fV'ih), 1) = (VifV'ih, 1) — (fak, 1) =0,
(VihV), 1) = (VaVH, 1) — (BAf, 1) = 0.

LEMMA 3.6. If M™ admits an infinitesimal conformal transformation v satisfying
(1.1), then

(3.14) (p?AR, 1) = (2pL4,R, 1).

Proof. (3.14) follows from (3.13) and (3.5) by putting f = Rand 2 = p?in
(3.13).

LemMmA 3.7. If M" admits an infinitesimal conformal transformation v satis-
fying (1.1), then

(3.15) (L,L&R, 1) = — g (’AR, 1),
(3.16) (Lo,L.R, 1) = ((L,R)Ap, 1),
(3.17) (ILy Lo,JR, 1) = — ’2’ (0*AR, 1) — ((L,R)Ap, 1).
Proof. By Lemmas 3.4 and 3.6 we have
(LoLa,R, 1) = — n(pLg,R, 1) = — g (’AR, 1),

which proves (3.15). By putting f = p and 2 = L,R in (3.13) we readily
obtain (3.16), and (3.17) follows from (3.15) and (3.16).
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LemMma 3.8. For any scalar field p on M™,

(318) 3 G'AR, 1) — (Rodp, 1) + (o', 1) = 0,

(310) L (LLyR, 1)+ (Roto, 1) — (Row', 1) = 0.

Proof. Integration of
(3.20) Vi(Rpp?) = pp'V iR + Rpp' — RpAp

over M"™ and use of (3.12), (3.14) and (3.5) give (3.18). (3.19) follows from
(3.15) and (3.18).

LEMMA 3.9. If M™ admits an infinttesimal conformal transformation v satis-
fying (1.1), then

(3.21) & = —H = ([L,, Ly,)R, 1),
where
(3'22) ‘M = (anipi - (LvR + an)Ap, 1): ‘@ = (nLdpR + ALvRy P)‘

Proof. This proof is due to H. Hiramatu. From (3.19) we have &/ =
(L,LspR — (L,R)Ap, 1) which together with (3.16) gives immediately &/ =
([Loy Lap]R, 1).

On the other hand, by putting f = L4,R in Lemma 3.4 and f = p, h = L,R
in Lemma 3.5 we obtain 4 = — ([L,, Ls,)R, 1).

4. Proof of the theorems.

Proof of Theorem 1. By means of (2.9), (2.8), (2.7), (1.1), (2.3), (2.4) and
(2.5) we can easily obtain

L Whin = 20pRpi5 — la + (n — 2)b1lgnVip; + la + (n — 2)b2]gs;Vipx
— a4+ (n — 2)bslg:;Vaox + [a + (m — 2)bslguVie
— (n — Q)bﬁghivjpk + (n — 2)b6gjkvhpi

(4.1) = (2006R + (1= Das] + (1= DIZoR+ (1= 2)0])

[ —gugm b1 + b3) + gugns(b2 + b4)]
+ 2 gugal20R + (n — 2)86] (= bs + be) + 20 (18R

— bogniRux + bsgeiRue — bagugn; + bsgniRy — beg uRn1)-

Multiplying both sides of (4.1) by W"i%* and making use of (2.7), ..., (2.11),
(1.9) and R;** = 0 we have, by an elementary but lengthy calculation,

(4.2)  WMEL Wiip = 2p||W|| — cTHV ip;.
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Substitution of (4.2) in the well known formula
(4.3)  L||W|| = 2W" L, W5 — 8p||W]|
thus gives
(4.4) oL ||WI| = —4p[|W|| — 2cpTHV sp;.
Integrating (4.4) over M" we obtain
(4.5)  —=2c(pT" ip;, 1) = (L,||W]], p) + 4(||W}], 0?).
The equivalence of the three conditions given by (1.6) is obvious from
Lemma 3.9. For proving Theorem 1 we assume that the second inequality of

(1.6) holds. Applying covariant differentiation and using (2.6), (3.6), (4.5)
we obtain

i 1 1 1
V’(Rnpp] — - Ropi — p'ViR — on PViLvR)

1

(4.6) = Ryp'p’ — - Roip® =~ pLapR — 2—nP£V1L0R + pT "V p,

+ o [(n = 4)LepR + 20AR + AL,R].
On the other hand, integrating (4.6) over M", applying Green’s formula (3.12)
and substituting (4.5), (3.14) in the resulting equation we have

1

L, 1,1
(szp p’ — ~Rpwp” — —pLapR — %p'VJwR, 1)
4.7

1 2 1
= 3¢ Wl p) += (W11, 5") = 5 (1La,R + BL.R, p).

Since (||W]|, p?) is nonnegative, from (4.7), (2.12), (1.7) and the second in-
equality of (1.6) we obtain (3.7). Hence by Lemma 3.3, M" is isometric to
an n-sphere.

A proof of Theorem 1 based on the first condition of (1.6) can be obtained
by following the proof of Theorem I in [6]. In fact, substituting (3.20) for
00'V R and (4.4) for pT"V ,p; in [6, (4.6)] and using (3.12), (2.5) and the first
condition of (1.6) we can easily reach (3.8).

Proof of Theorem 2. Without loss of generality we may assume our manifold
M" to be oriented, as otherwise we need only to take an orientable two-fold
covering space of M™. On M" consider the covariant tensor field 7" of order
2(2a + b):

Thliljlklu~haiajakuulvl~--ubvb
a b
=11 Ruciesrr [1 R
(4-83 =i rirjrkr pols | Us Vs

Ra+b a b
- m 1;11 (ghrkrgirjr - ghrjrgirkr) Ql 8usvs-
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From (4.8) it is easily seen that the length of T is

| . 2aR2(a+b)
(4.9) [2Q2a + D) (T, T) = A"B" — P =1
which, together with (1.10), implies
= _.__—ia____ 2(a+b)
(410) 20 + D) LT, T) = wzmve—pye LR,

Thus by the extension of formula (4.3) to the tensor 7" we immediately obtain
(4.11) LT, T)=2(L,T,T) —4(2a + b)p(T, T),
from which and (4.10) it follows that

211—1L R2(a+b) )

(4‘12) ((Lva T)! P) = (2(2(1 + b)p<Tv T> - na+b(n _ 1)2[2(2a + b)]' ' P

On the other hand from (2.3) and (2.4) we have

L”T"x fiiky. B adgka % 0. Y

a b
= 2ap I_Il thirfrkr I_Il Rusvs
T= §=

a
- 21 [Ruyirgier - -« Rug_vir—tsr—akr—1 €nen: Vi VP
=
- ghr]'rvirvkrp + girjrvkrvhrp - girkrvirvkrp)

b
(413) : th+1 ir+1dr +1kr+1 = = + Rhaiaiaka] LII Rusvs

b

a
+ I_II thir]'rkr Z {Ruu)l LRI Rus-xvs—1
=

s=1

: [g’ltsf)sAp - (” - 2)V‘llsvvsp]Rus+111s 410t Rubvh}

2(2a + b)R*’ + L,R“T? 4
- ( nagb(n _f ].)a . H (girirghrkr

=1

b
- girkrghr]'r) I:Il Lusns-
By means of (4.8), (4.9), (4.13) and (1.8) an elementary calculation yields
(2(2a + D)1 (LT, T)

4: - 2 ij

a+1p2a+20—1
2R

— (a + D) P Ap + bA°B"'RAp,

(4.14) 2ap[2(2a + D)L, T) — A"B”[
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from which and (1.11) it follows readily that

(LT, T), p) = 2a({T, T), p")
apd

Substituting (4.12) in (4.15) and using (1.11), (2.5), (1.12) we can easily
show that
(4.16) (I, T),p*) =0.
This means that (7', T) = 0 which implies
(4.17)  Thy iy, hatasakany o, ..uyo, = 0
Multiplying (4.17) by

a
hik1 H hrkr irke H ’llu'h
4 S g g
=

and using (4.8) we obtain Ry ; = Rg;;/n which implies that M" is an
Einstein space. Hence by Theorem A, M" is isometric to an n-sphere.
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