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Abstract. For a character of the absolute Galois group of a complete discrete
valuation field, we define a lifting of the refined Swan conductor, using higher
dimensional class field theory.
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REFINED SWAN CONDUCTORS mod p 135

81. Introduction

Let K be a complete discrete valuation field whose residue field F' is of
characteristic p > 0. The Swan conductor

(1) Sw(x) €Zso for x € H' (K, Qp/Z,) = Homeon (Gal(K /K), Q,/Z,)
generalizing the classical perfect residue field case, the subgroups

(2) FoH'Y(K, Qp/Zy) = {x € H'(K, Qy/Zp) | Sw(x) < n}

of HY(K,Q,/Z,) for n >0, and an injective homomorphism

vsw: B, HY(K, Q,/Zy) ) Fu 1 HY (K, Q,/Zy)
(3) —m fm T @0, g, (log)

called the refined Swan conductor for n > 1, where Q})K (log) is the module
of differential forms with log poles, are defined in [20]. Let m = max(n — ey,
[n/p]) where e denotes the absolute ramification index ordg (p) of K (ex =
oo if K is of characteristic p) and [n/p| =max{x € Z |z <n/p}. In this
paper, we define an injective homomorphism

Rsw: F,H (K, Q,/Z,)/Fn H (K, Q,/Z,)

(4) —m"/m " @0, QloK (log)

which is a lifting of (3). Note that m ™ = pm,." +m;([n/ Pl We will call
the homomorphism (3) the refined Swan conductor mod mg and the
homomorphism (4) the refined Swan conductor mod p.

In the case K is of characteristic p (in this case, m =[n/p|), the
homomorphism Rsw is defined by using Artin—Schreier—Witt theory and
is already known [6, 30]. In the mixed characteristic case, we define Rsw by
using higher dimensional class field theory. See Section 3 for the definition
of Rsw.

In Section 4, we show that for a regular scheme X of finite type over Z
and for a divisor D on X with simple normal crossings, and for U = X \ D
and x € HY (U, Q,/Zy,), the refined Swan conductors mod p of x at generic
points of D defined in Section 3 glue to a global section of a certain sheaf
of differential forms on X.

We will give applications 3.6.1, 3.6.3 and 4.3.13 of our theory. Theo-
rem 3.6.1 (resp. 4.3.13) shows that the Swan conductor (1) is recovered from
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pullbacks of x to the perfect residue field cases (resp. to one-dimensional
subschemes in the situation of Section 4). Theorem 3.6.3 improves a result
of the second author in [29] concerning the change of the Swan conductor
(1) in a transcendental extension of local fields.

Shuji Saito played leading roles in the developments of higher dimensional
class field theory and its applications. We dedicate this paper to him with
admiration.

§2. Preliminaries

2.1 Differential forms and discrete valuations

2.1.1. Let K be a discrete valuation field with residue field F', valuation
ring Ok and maximal ideal mg. Assume F' is of characteristic p > 0.

Let ex = ordk (p) be the absolute ramification index of K (ex = oo if K
is of characteristic p).

2.1.2. Let Q})K (log) = Q})K/Z(log) be the module of differential forms
with log poles of Ok over Z with respect to the standard log structure of O
[21]. Tt is the Ox-module defined by the following generators and relations.

Generators. dz for x € Ok and dlog(z) for v € K*.

Relations. d(z +y) =dr+dy and d(zy)=xdy+ydx for z,y€ Ok.
dlog(zy) = dlog(x) + dlog(y) for x,y € K*. dv =z dlog(x) for x € O ~
{0}.

Let

5, (log) = lim O, (log) /m% 2, (log).

Note that Q})K (log)/m?(fl})K (log) = QIOK (log)/m}‘(QloK (log) for any n>1
[9, Chapter 0, 7.2.8, 7.2.16].

The following (2) of 2.1.3 is the log version of [27, Lemma 1.1] and the
proof given below is essentially the same as that in [27, Lemma 1.1].

LEMMA 2.1.3. Let (by)xea be a p-base of F' [12, Chapitre 0, 21.1.9] and
let by be a lifting of by to Ok for each .

(1) Assume K is of characteristic p, and let ™ be a prime element of K.
Then Q%)K(log) is the my-adic completion of the free O -module with
base dby (A€ A) and dlog(n). If K is complete and [F : FP] < co, we
have Q})K (log) = QIOK (log).
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(2) If K is of mized characteristic, we have an isomorphism of topological

Ok -modules
Qp,. (log) = (EB 0K> ® O /m%,

for some integer a > 1, where @AOK denotes the my-adic completion
of the free Ox-module @, Ok with base A.

(3) If K is of mized characteristic, O /pOK @0y Q})K(log) is a free
Ok /O -module with base dby (A € A) and dlog(r).

Proof. We may assume that K is complete (and so we assume it).

(1) follows from the fact that Ox = F[[T]] in this case.

Assume K is of characteristic 0. Then K is a finite extension of a complete
discrete valuation field Ky such that p is a prime element in Ky and the
residue field of Ky coincides with that of K. We may assume by € Ok,
for all X\. As is easily seen, there is an isomorphism between the mpg, -
adic completion QlOKO of the differential module QloK Iz (without log) and

0

@AOKO which sends the Ath base of @, Ok, to dby. Let 7 be a prime
element of K and let f(T) =3 5_, a;T" be the irreducible polynomial of 7
over K such that a. = 1. Then ag is a prime element of Ky and pla; for all
0<i<e. We have Og,[T]/(f(T)) 5 Ok ; T+ 7. From this, we see that
QloK (log) has the presentation with generators the OK—module Ok R0k,
Q})Ko and d log(m) and with the relation f'(m)7 dlog(m) + 25—, w'da; = 0.
This proves (2).
We prove (3). The last relation is written as

e—1
(Z ia;m dlog(m ) + Z mlagd(a;/ag) + 7'a; dlog(ag)) =0
=0
which is trivial mod p. 0

REMARK 2.1.4. Note that the version of (3) of 2.1.3 without log poles
is false. For example, if F' is perfect and p is a prime element of K,
Ok /pOK @0, Q})K =0 whereas Ok /pOx @0y QbK(log) ~ O /pOk with
base d log(p). Our theory will go well with log poles.

LEMMA 2.1.5. Let L/K be a separable extension of complete discrete
valuation fields. Assume that the residue field of K is perfect. Then the map
Or ®ox QIOK (log) — QIOL(log) is injective.
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Proof. Assume first K is of characteristic p. Let mx be a prime element
of K. By (1) of 2.1.3, Q})K (log) is a free Og-module of rank 1 with base
dlog(mg). As is easily seen, if f € O and df =0 in QloL (log), then f is a
pth power in Or. Hence by the assumption that L/K is separable, we have
drng #0 in Q})L (log). By 2.1.3, this proves the injectivity in question.

Assume next K is of characteristic 0. We have K C L' C L where L' is a
complete discrete valuation field such that L is a finite extension of L', the
residue field of L coincides with that of L, and a prime element of K is still a
prime element of L'. Take a p-base (by)xea of the residue field of L and let by
be a lifting of by to Oy, for each A. Then the proof of (2) of 2.1.3 shows that
Qloy (log) = O ®0, QloK(log) @ (@AOL/). Let 7 be a prime element of L
and let f(T)=Y7_,a;I" be the irreducible polynomial of 7 over L’ with
a. = 1. Then qy is a prime element of L' and ag|a; for 0 < i < e — 1. From the
fact O/ [T)/(f(T)) 505 ; T m, we have that Q%)L (log) has a presentation

with the generators the Op-module Of ®o,, Q})L/(log) and dlog(m) and
with the relation

e—1

(f'(m)7/ag) dlog(m) + > w*(a; dlog(ao) + agd(as/ag)) =0
=0

(note f'(m)mw/ag € Or, ~ {0}). This proves 2.1.5. 0

2.1.6. Let a be an integer such that 0 <a <eg. Take a ring homo-
morphism ¢ : F — Ok /m% which lifts the identity map of F' (¢ exists by a
theorem of Cohen [12, Chapitre 0, 19.6.1] and a prime element 7 of K).
Then we have an isomorphism

(5) FIT)/(T%) 5 Ok /mc 5 > aiT" Z L(a;)7

i

of rings with log structures given by 71" and m, respectively, which sends T’
to 7 in the log structures. (See [21] for log structures.) Since Og /mf, ®o,
Q%)K (log) coincides with the module of differential forms with log poles [21]
of the ring Ok /m¢, with the log structure given by =, it is isomorphic to
the module of differential forms with log poles of the ring F[T|/(T%) with
the log structure given by 7. In the case K is of mixed characteristic and
a = ey, this gives another proof of (3) of 2.1.3.
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In the rest of Section 2.1, we consider the case [F: FP] =p" < oo and
consider a residue map whose target is the one-dimensional F'-vector space
Qr = ALOL

F=A\Fep-

PROPOSITION 2.1.7. Assume K is complete and of characteristic p,
and that [F: FP]=p" <oo. Consider a prime element m of K, a ring
homomorphism ¢ : F' — Ox which lifts the identity map of F', and the residue
map

Res: Q3! — Q% Z miu(w;) Adlog(m) wo  (w; € Q).
i>3>—00

Let C: Qf — QY be the Cartier operator [16, Chapter 0, Section 2]. Then
for integers a,b such that a >1 and p® > a, the restriction of C?o Res to
m};aQTOt(l (log) is independent of the choices of m and ¢.

Proof. Note that the Cartier operator C': (), — Q. is characterized by
the properties C(zP dlogyy A---Adlogy,) =xdlogys A---Adlogy, for
xe€F and y; € F* and C(dw) =0 for we Q;,_l. Using also the Cartier
operator C': Q?l — Q?l, we have

Reso C'=C oRes: QW — QF.

We have Cb(m}{_aQTOt(l (log)) C QTO“; (log). On Qg;{l(log), the residue map is
the unique map which sends w A dlog(t) for any w € Qf, ~and any t € K*
to ordg (t)w where @ is the image of w in QF. [

2.1.8. Assume [F': FP] =p" < co. Let a be an integer such that 1 <a <
eK.

Fix a ring homomorphism ¢: F' — Ok /m% which lifts the identity map
of F. Fix a prime element 7 of K. Then by the isomorphism (5), we have
an isomorphism

a—1

(6) P Q% = Ok /mf @0, Q5 (log)
=0

which sends (w;)o<i<a—1 tO Z?;ol mi(w;) A dlog(m).

PROPOSITION 2.1.9. Assume [F : FP] = p" < co. Let a, b be integers such
that 1 <a<eg cmdpb>a.
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(1) The map

Ry :my " /mg ®0o, Q' (log) = O ;
a—1
> r @ u(wi) Adlog(m) - CP(wp)
=0

(w; € ), which is defined by fizing ¢ and © as in 2.1.8 using the
isomorphism (6), is independent of the choices of v and 7.

(2) Let tp: F — Ok /m% be the ring homomorphism which sends x € F to
(%)pb where T is a lifting of x to Ox /m%,. Then for integers i, j such that
120,j20andi+ j=r+1 and for integers m, n such thata =n — m,
the pairing

(my"/m™ @0, . (log)) x (™ /mit @o, o, (log)) — U

sending (z,y) to Ry(xz Ay) is a perfect duality of finite-dimensional
F-vector spaces, where F' acts on the two O /m§.-modules on the left
hand side via p.

Proof. We prove (1). If K is of characteristic p, this follows from 2.1.7.
Using the isomorphism (5), the mixed characteristic case is reduced to the
positive characteristic case.

We prove (2). The pairing (Og/m% ®oy QJbK(log)) X (Og /m% ®0,
Q’bK (log)) = Or /m% @0, Qgt{l (log); (z,y)—»x Ay is a perfect duality
of finitely generated free Ok /m%-modules. Hence we are reduced to the
case 1 =0 and j =7+ 1. Then by induction on a, we are reduced to the
statement that F' x Q5 — Q% : (z,y) — C®(xy) is a perfect duality of finite-
dimensional vector spaces over I’ which acts on these three spaces as follows.
An element c of F acts on F' (resp. on the first Q7 resp. on the second QF,)

as ¢’ (resp. cpb, resp. ). 0

2.2 Truncated exponential maps for Milnor K-groups

Kurihara [28] defined exponential maps of (completed) Milnor K-groups
of complete discrete valuation fields in mixed characteristic.

Proposition 2.2.4 is a truncated version of it but works also in the positive
characteristic case and outside the area of the convergence of the usual
exponential map.

https://doi.org/10.1017/nmj.2019.13 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2019.13

REFINED SWAN CONDUCTORS mod p 141

2.2.1. Let p be a prime number. Let

p—1 Ti
E(T)=) — €Z[T).
i=0
The following 2.2.2 is well known. (In (2) of 2.2.2, note that for an
integer i > 1 which is coprime to p, the map 1+ TZ,)[[T]] — 1 + TZ[[T]];
z+— ' is bijective and hence the converse map z+ z'/* is defined on
L+ TZy[[T]].)

LEMMA 2.2.2.

(1) E(Tl + Tg) = E(Tl)E(Tz) mod (Tl, T2)pZ(p) [Tl, TQ]

(2) B(T)=T[I'-(1—TH /P mod TPZy[[T]]. Here p is the Mibius
function.

(3) (T/E(T))(dE(T)/dT) =T mod TPZy,[[T]].

Proof. (1) (resp. (2)) follows from the property exp(T1 + T2) = exp(T1) -
exp(T3) in Q[[T1, T3]] (resp. exp(}_;5¢ (T /p")) = Hi}l,(i,p):l(l — Ty~ H/i
in Q[[T]]) of the usual exponential (resp. of Artin-Hasse exponential)
and the injectivity of Z(p) [Tl, TQ]/(Tl, Tg)p — Q[[Tl, TQH/(Tl, T2)p (resp. of
2 [T/ (T?) = QT]/ (7).

(3) is straightforward. 0

2.2.3. For a field K, let KM(K) be the rth Milnor K-group of K.
For a discrete valuation field K and for i > 1, we denote by UK (K) the
subgroup of KM (K) generated by elements of the form {u1, ..., u,} where
u; € K* (1<i<r) and u; € Ker(Ox — (O /mb)).

PROPOSITION 2.2.4. Let K be a discrete valuation field whose residue
field is of characteristic p>0 and let r 20, t > 1.

(1) We have a well-defined homomorphism
E:mb /mb @0, Q% (log) — U'KM, (K)/UPKM, (K)
x®@dlog(yi1) A---ANdlog(yr) = {E(z), y1,...,Yr}

(x € mi, y; € K*). Here Q5, (log) = /\”OKQ})K (log).
(2) This map E is surjective.
(3) This map E kills the image of

(1) diml/mit @0, Q! (log) - mic /it @0, U, (log).
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Proof. We prove (1). The Og-module QloK (log) has the following
presentation by generators and relations.

Generators. dlog(z) for x € O ~ {0}.

Relations. d log(zy) = d log(x) + dlog(y) for x,y € Ox~{0}. z¢ d log(zo)
=> " xidlog(x;) if n>1, z; € O {0} and zo = > | ;.

Let h be a generator of the ideal mi of Og. By the above pre-
sentation of Q}JK(log), in the case r=1, it is sufficient to prove that
{E(hxo), 20} = Y i1 {E(hx;), 7;} mod UMK} (K) if x; € Ok ~ {0} and
zg=Y.7  x;. (Here we denote the group law of K3!(K) additively.)
Since {E(hz;), x;} = {E(hx;), hz;} — {E(hz;), h} and since {E(hxo), h} =
Yo {E(hxz;), h} by (1) of 2.2.2, it is sufficient to prove that

(8) {E(hx), ha} e UP"KM(K) for x € O ~ {0}.
From (2) of 2.2.2 we have, modulo UP* K} (K),

p—1
{E(hx), ha} = {Hu — (ha)") O/, hx}

i=1

—Z i1 — (ha)!, (hz)'} = 0.

The case r>2 is reduced to the case r=1 and to {E(hz),y,y}=
0 mod UptKM(K) for 2 €Ok and ye K*. Since {y,y}={-1,y} in
KM(K), it is sufficient to prove that {F(hx), —1} € UP'KJ(K). But this
follows from the case r =1 because dlog(—1) =0 in Q})K (log).

(2) is clear.

We prove (3). For z€ O~ {0} and yi,...,y,—1 € K*, E sends
d(h® x dlog(yi1) A---ANdlog(yr—1)) to {E(hz),hx,yi,...,yr—1}. Hence
(3) follows from (8). il

2.3 Cohomology of the highest degree

2.8.1. Let X be a Noetherian scheme of dimension d < co. Let F be a
sheaf of abelian groups on X for Zariski topology. In 2.3.4 (resp. 2.3.5), for an
abelian group A, we give an elementary understanding of a homomorphism
HY(X,F)— A (resp. H}(X, F) — A for a closed point = of X), where H? is
the cohomology for Zariski topology and H¢ is the cohomology with support
in z.

2.3.2. Let P(X) be the set of all (d+ 1)-tuples p= (zo,...,xq) of
points of X such that {x;} C {11} forall 0 <i<d— 1.
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For an integer s such that 0 < s < d, let Q4(X) be the set of all d-tuples
q=(20, ..., Ts—1,Ts+1,---,xq) of points of X such that the set Py(X):=
{(«}); € P(X) | 2} = x; if i # s} is not empty.

2.8.8. For any p = (v;); € P(X), we have a homomorphism ¢, : F; ) —
HY(X, F) with n(p) = 4 defined as the composition Fopy = HY (X, F) =
Hy (X,F)—---—HL (X, F)— HYX,F). (See [13, Chapter IV] for
these cohomology groups with support {z;}.)

Hence for an abelian group A, a homomorphism h: H4(X, F) — A

induces a homomorphism hy = h o ¢y : ;) — A for each p € P(X).

n

LEMMA 2.3.4. Let the notation be as above. Then for an abelian group
A, the map

Hom(HY (X, F), A)— [ Hom(F,q4), A); h (hp)pepix)
pEP(X)

defined above is an injection and the image consists of all elements

(hp)pep(x) satisfying the following conditions (i) and (ii).

(i) Let 0<s<d—1, q=(2;); € Qs(X), and let a € F,,. Then hy(a) =0
for almost all p € Py(X) and ZpEP ) hp(a) =0.

(ii) Let q= ()i € Qa(X) and let a€ ]:xd 1 Then 3 ucp (x) hp(a) =0
(Note that Py(X) is a finite set in this situation.)

A version of 2.3.4 for Nisnevich topology (not Zariski topology) is stated
and proved in [23, Section 1.6].

LEMMA 2.3.5. Let the notation be as above. Let x be a closed point

of X. Let Pp(X)={p=(2)i |zo =2} and Qs,(X) ={q=(2:); € Qs(X) |
xo =z} for 1 <s<d. Then for an abelian group A, the map

Hom(H(X, F),A) » [ Hom(F,p), A)5 b (hy)pep,x)
pEPL(X)

(hp =hoiyy where iy : Fypy — HYX, F) is defined as in 2.3.3) is an
injection and the image consists of all elements (hp)pepz(X) satisfying the
following conditions (i) and (ii).

(i) Letl1<s<d—1,q=(2;); € Qsa(X), (mdleta€]:xd. Then hy(a) =0
for almost all p € Py(X) and ZpeP ) hpla) =
(ii) Let q=(z;); € Qd,x( ), and let a € .Fwd .- Then ZpeP ) hp(a) =
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2.8.6. Lemmas 2.3.4 and 2.3.5 are proved together by induction on
d = dim(X) as follows, by using the localization theory of cohomology with
supports explained in [13, Chapter IV].

Let X; be the set of all # € X such that dim({z}) =4. Let X* be the set
of all z € X such that dim(Spec(Ox ,)) = i. By using the spectral sequence

EY = @@ HIY(X,F)= H™(X,F)
zeX_;

and using H:(X, F) = H.(Spec(Ox ), F), where we denote the pullback of
F to Spec(Ox ) also by F, we obtain the following (1)—(5) by induction on
dim(X).

(1) Ifi>d, H(X,F)=0and H.(X, F) =0 for any z € X.

(2) We have an exact sequence @, x, HE (X, F) = @, x, HI(X, F) =
HY(X,F)—0.

(3) If z€ X and i>2, HLX,F)=H"'(Spec(Ox.)~ {z}, F) and
Spec(Ox z) \ {z} is of dimension i — 1.

(4) If z € X!, we have an exact sequence JF, —
HY(X,F)—0.

(5) Ifze X, HO(X, F) = F,.

neSpec(Ox o) {x} ‘7:77 -

By (1)-(5) and by induction on d = dim(X), we have the map h — (hy),
from the left hand side of 2.3.4 (resp. 2.3.5) to the right hand side of 2.3.4
(resp. 2.3.5), that H4(X, F) (resp. HY(X, F) for x € Xp) is generated by the
images of 1 : Fyyp) = HY(X, F) for p € P(X) (resp. tayp : Fyp) = HUX, F)
for p € P,(X)), and hence that this map h — (hy), is injective. We give the
proof of the surjectivity of this map.

Let x € Xo and let (hy), be an element of the set on the right hand
side of 2.3.5. If x € X* with i <d, P,(X) is empty. So we may assume
z€ X% Let U=Spec(Ox.)~ {z}. We have the bijection P,(X)—
P(U);p = (7:)ocicd = P = (Tit1)o<i<a—1- By induction on d, (hy)yep)
corresponds to a homomorphism HY (U F)— A. If d>2, by the
above (3), (hy)p corresponds to a homomorphism h: HY(X, F) — A. The
proof for the case d=1 (resp. d=0) is similar by using the above (4)
(resp. (5)).

Next let (hy)p be an element of the set on the right hand side of 2.3.4. The
case d = 0 is trivial and so assume d > 1. Since P(X) is the disjoint union of
Py(X) for x € Xo, (hp)p induces a homomorphism P, y, H{(X,F)— A.
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Consider the exact sequence in the above (2). For x € X1, HI"Y(X, F) is
zero unless € X9~1 by the above (1), and is generated by the images of
haq s Fq) = HIY(X, F) if z € X9 where q ranges over all elements of
P,(Spec(Ox z)). By this fact and by the fact Qo(X) is the disjoint union of
P, (Spec(Ox ) for z € X; N X471, the homomorphism @, HY(X, F) — A
kills the image of P, x, HIY(X, F) by the property (i) with s =0 of (hy),
in 2.3.4. Hence (hy), corresponds to a homomorphism H4(X, F) — A.

2.4 Higher dimensional class field theory (review)

We review higher dimensional local class field theory in [31], [17], etc.
in 2.4.1-2.4.5 and higher dimensional global class field theory in [23],
etc. in 2.4.10-2.4.12 briefly, giving complements 2.4.6-2.4.9 to the relation
between local theory and global theory.

We first review the higher dimensional local class field theory.

2.4.1. Recall that the notion d-dimensional local field is as follows.
A 0-dimensional local field is a finite field. For d > 1, a d-dimensional
local field is a complete discrete valuation field whose residue field is a
d — 1-dimensional local field.

2.4.2. The following remark is used in 2.4.8 later.

To give a d-dimensional local field K is equivalent to giving a valuation
ring V' having the following properties (i)—(iii). (i) The residue field of V/
is a finite field. (ii) The value group of V is isomorphic to Z¢ with the
lexicographic order. (iii) If Py 2 - -- D Py = (0) are all prime ideals of V, for
each 1 <14 < d, the local ring of V/P; at the prime ideal P;_;/P; (which is a
discrete valuation ring) is complete.

In fact, K is obtained from V as the field of fractions of V. V = Vi is a
subring of K defined by induction on d as follows. If d =0, then Vg = K. If
d > 1, Vi is the subring of the discrete valuation ring O consisting of all
elements whose images in the residue field F' of K belong to V.

2.4.3. By higher dimensional local field theory (see [17, 31]), for a
d-dimensional local field K, we have a canonical homomorphism K (K) —
Gal(K?"/K) called the reciprocity map, where K" is the maximal abelian
extension of K.

2.4.4. For n >0, define the category F, inductively as follows. Fy is
the category of finite sets. For n > 1, F,, = ind(pro(F,—1)) where pro( ) is
the category of pro-objects and ind() is the category of ind-objects. Let
Foo =U,, Fn-
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2.4.5. For a d-dimensional local field K, we can regard K and
K> as objects of F (actually of Fy) canonically [22, Introduction|. A
homomorphism K} (K) — Q/Z is said to be continuous if the composition

K> x -« x K* (d times) 4 KY(K)— Q/Z is a morphism of F.

A main result of higher dimensional local class field theory formulated
in [22, Theorem 2| is the following. Via the reciprocity map in 2.4.3,
HY(K,Q/Z) = Homcop (Gal(K*”/K), Q/Z) is isomorphic to the group of
continuous homomorphisms K é‘/f (K) — Q/Z of finite orders.

We now consider the global theory. In the higher dimensional global
class field theory in [23], “henselian variants of higher dimensional local
fields” (the fields K" below) are used. But we use in this paper the higher
dimensional local fields K, (see below). We give complements to relate K,
to the global class field theory in [23].

2.4.6. Let X be an integral scheme of finite type over Z of dimension
d, and let K be the function field of X. By a place of K along X, we mean
a subring v of K satisfying the following conditions (i)—(iii).

(i) K is the field of fractions of v.

(ii) v is a valuation ring and the value group is isomorphic to Z¢ with the
lexicographic order.

(iii) There is an element p = (z;)o<i<qd € P(X) such that if Py 2 --- 2D Py
denotes the set of all prime ideals of v, then for 0 < ¢ < d, the local ring
of v at P; (which is a valuation ring) dominates x;.

Let PI(X) be the set of all places of K along X. We have a canonical
map PIl(X) — P(X) which sends v € PI(X) to p in (iii).

For v € Pl(X), we will define a d-dimensional local field K, D K called
the local field of K at v. The class field theory of K is related to the local
class field theory of K, as is explained below.

2.4.7. To obtain local fields K, of K for v € PI(X) and their henselian
versions K, we use the following iterated completion and iterated henseliza-
tion.

For 0 <i<d and for a sequence (zo, ..., ;) of points of X such that
{0} C -+ C {x;} and such that dim({z;}) =7 for 0 < j <i, we define the
’ and OSL{,CE07~-~, over Ox ,, as follows, inductively.

In the case i =0, @Xm (resp. (’)é”(’wo) is the completion (resp. henseliza-
tion) of Ox 4,-

rlngs Ova()y---vxi xT;
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For i > 1, let

/\ h
OXwo, T H OXxm S Ti—1 )P OXzo, T H OXxo, L1 )P
P P

where P ranges over all prime ideals of @X7x07.._,xi71 (resp. (’)&7107 .,:vzq) lying
over the prime ideal of Ox ., , corresponding to z;, and ()% (resp. ()%)
denotes the completion (resp. henselization) of the local ring () p of the ring
() at P. By induction on i, we see that the set of such P is a nonempty
finite set and that O X z0,...,z; and OS‘( 20,z A€ finite products of complete
(resp. henselian) local integral domains of dimension d — i.

For p = (l’l)z S P(X), let

_ A h _ mh
Kp = OX,$0,~~~,:Bd> Kp - OX,wo,m@d'

Then K, and K;‘ are finite products of fields.

2.4.8. Let X and K be as above. The following statements are proved
in 2.4.9 by induction on d.

(1) Let pe P(X), and let Pl(p) = PI(X,p) be the inverse image of p in
PI(X). Then each field factor of K, has canonically a structure of a
d-dimensional local field. We have a bijection Spec(K,) — Pl(p) which
sends the point of Spec(K) corresponding to a field factor L of K, to
the valuation ring V7 N K, where Vi, C L is the valuation ring of rank
d associated to L by 2.4.2. In particular, the set Pl(p) is a nonempty
finite set.

(2) Let pe P(X). Then the map Spec(kK,) — Spec(K, ) induced by the
inclusion map K — K, is bijective.

(3) Let X' — X bea ﬁnite surjective morphism of integral schemes of finite
type over Z and let K’ be the function field of X’. Then we have
canonical isomorphisms

K ok Ky=]] K, K oxKl=][&E)
v'|v v’
where v'|v means that v’ ranges over all elements of PI(X’) such that

v NK =w.

2.4.9. We prove statements in 2.4.8 by induction on d.
We prove (1). Let p = (z;); € P(X), and let Y C X be the closure of z4_1
in X with the reduced scheme structure. Let q = (zo,...,zq4-1) € P(Y).
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Let F be the residue field of z4_1, that is, the function field of Y. Let
A be the normalization of Ox ., , and let A be the set of all maximal
ideals of A. Then A is finite. For z € A, let k(z) be the residue field of
z which is a finite extension of F', let Y (z) be the integral closure of YV
in k(z) and let PI(Y(z),q) C Pl(Y(z)) be the inverse image of q under the
map PI(Y(z)) = P(Y). Then we have a bijection [, PI(Y (2), q) = Pl(p)
which sends w € PI(Y(z),q) with z€ A to the valuation ring consisting
of all elements of the local ring of A at z whose residue classes in k(z)
belong to w. The ring A is Noetherian normal one-dimensional semilocal
integral domain, and hence is a principal ideal domain. Let ¢ be a generator

of the intersection of all maximal ideals of A. Let B = @X,xo,...,:v and

d—1
let C=A DOx0, B. Then C is a finite product of one-dimensional local
integral domains, C'/tC = (]],ca #(2)) ®r B/mB where m is the maximal
ideal of Ox 4, |, and B/mB = Oy 4y 2, , = [Lepi(q) Fx where the last =
is by the statement 1 for dimension d — 1. Hence k(z) @ p B/mB = k(z)
[Depiq) Fx = Hwepiy(2),q) £(2)w by the statement (3) for dimension d — 1.
This shows that Spec(Kj) is identified with [[. .. PI(Y(2),q). Hence
Spec(K,) is identified with Pl(p), and for v € Pl(p) corresponding to
w € PlI(Y(2),q), K, is the field of fractions of a complete discrete valuation
ring whose residue field is £(z),,. This proves (1).

We prove (2). Replacing the iterated completion in the above arguments
by the iterated henselization, and by using the induction on d, we obtain
similarly a bijection between Spec(K’f) and Pl(p). This shows that the map
Spec(Kp) — Spec(Kﬁ) is bijective.

We prove (3) for K,. Let f be the morphism X’ — X. By induction on
i, we have that (f.Ox/)z, ®Ox zy_, (’A)Xxo% = H%W% @X’,zé,---@,’i where
(20, - - -, ;) ranges over all sequences of points of X' such that 2 lies

over z; for 0 < j <i and such that {z(} C---C @ The case i = d gives
an isomorphism K’ @ K, = [Ty K”J, where p’ ranges over all elements of
P(X’) lying over p. By looking at the v-factor of this isomorphism, we
have (3) for K,.

The proof of (3) for K is similar to that for K,.

2.4.10. In 2.4.10-2.4.12, let X be a proper normal integral scheme over
Z and let K be the function field of X. We assume X (R) = ().

The following is what we use in this paper from the higher dimensional
global class field theory.
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We have a unique continuous homomorphism

(9) lim H(X, K3'(Ox, I)) = Gal(K*/K)
I

called the reciprocity map, where I ranges over all nonzero coherent ideals
of Ox, KM (Ox, I) denotes the kernel of K} (Ox) — KM (Ox/I) with K}
the sheaf of dth Milnor K-groups, the cohomology groups are the Zariski
cohomology groups, and the left hand side is regarded as a topological space
for the projective limit of the discrete topologies of HY(X, K} (Ox,I)),
which is characterized by the following property. For x € H'(K, Q/Z) =
Homeont (Gal(K?P/K), Q/Z), the homomorphism

HYX, K¥(Ox, 1)) = Q/Z

induced by x for some I corresponds to (hy)pe p(x) via 2.3.4 where hy:
KM (K)— Q/Z is the composition

Ky'(K) = @ Ki'(K.) 5 Q/Z

vePI(p)

where Pl(p) is as in 2.4.8, the first arrow is the diagonal map, and the map
KM (K,) — Q/Z is induced by the image of x in H'(K,, Q/Z) and by the
d-dimensional local class field theory of K.

2.4.11. In [23], a continuous map

(10) lim HY(Xnis, K3' (Ox, 1)) = Gal(K®/K)
1

called the reciprocity map is defined, where the cohomology groups are
Nisnevich cohomology, instead of Zariski cohomology, and the left hand
side is endowed with the topology of the projective limit of the discrete
sets.

The map (9) is induced from the map (10) and the canonical map
HYX, KM (Ox, 1)) = HY(Xnis, K} (Ox, I)).

In fact, by the definition of the reciprocity map (10) in [23], for x €
H'(K,Q/Z), the induced homomorphism (9) corresponds to (hp)pep(x)
where hy, : K3 (K) — Q/Z is the composition K" (K) = @,¢ pyp) K" (K1)
X Q/Z with KM (K!') — Q/Z a homomorphism defined in [23]. This last
homomorphism coincides with the composition K} (K!)— K} (K,) —
Q/Z where the last map is that in 2.4.10.
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2.4.12. The main result of [23] concerning the class field theory of K is
as follows. (In [23], we do not need to assume X (R) =0, but if we do not
assuming X (R) = (), the left hand side of (10) should be modified by adding
archimedean objects to have results below.)

In the case K is of characteristic 0, the map (10) is an isomorphism of
topological groups.

In the case K is of characteristic p >0, the map (10) induces an
isomorphism of topological groups from the left hand side of (10) to the
fiber product of Gal(K®*/K) — Gal(FZb/IFp) < Z, where Z is discrete and
the right arrow sends 1 € Z to the Frobenius ng — ng ;o P,

By Raskind [32] and Kerz and Saito [26], these results on the class
field theory of K hold also for Zariski cohomology 1’&nIHd(X7 K7'(Ox, 1))

(replacing Nisnevich cohomology) if K is of characteristic # 2.

2.4.13. There is another formulation of higher dimensional class field
theory due to Wiesend [34] which was studied more in [26]. But we do not
use it in this paper.

REMARK 2.4.14. The first author would like to take this opportunity to
express that the both authors of [23] regret that Nisnevich topology is called
henselian topology in [23] due to their ignorance of the preceding works of
Nisnevich.

83. Refined Swan conductors mod p

3.1 The subject
3.1.1. Let K be a complete discrete valuation field with residue
field F', and assume F' is of characteristic p > 0. Let n>1 and let m =

max(n — eg, [n/p]).
We define a homomorphism

Rsw: F, H' (K, Q/Z) = m" /m" ®o, Qp, (log)

which we call the refined Swan conductor modulo p.

3.1.2. The homomorphism Rsw in 3.1.1 is characterized by the following
properties (i) and (ii).

(i) Rsw is compatible with any homomorphisms of cdvf. That is, the
following diagram is commutative for an extension of complete discrete
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valuation fields K’/ K, where n’ = e(K’'/K)n with e(K'/K) the ramifi-
cation index of the extension K'/K and m' = max(n’ — ek, [n'/p]).

F,HYK,Q/Z) — w " /m™ @0, Qf, (log)
4 / o
FyHY(K',Q/Z) — wp /m™ @o,, Qp,,(log)

(The fact F,HY(K,Qp/Z,) is sent to F,HY(K', Q,/Z,) is proved
in [20].)
(ii) If F'is an r-dimensional local field (r > 0), Rsw is characterized by the
property
X(E(a)) = Resp(Ry(a A Rsw(x)))
for x € F,HY(K,Qp/Zp), a € m /mi @p, b, (log). Here E(a)
denotes the image of o under the truncated exponential map

my ™ /mi @0, o, (log) = UMK, (K) /UK, (K),

X(E(c)) denotes the image of E(a) under the composition K, (K) —
Gal(K?*/K) % Q,/Z, of the reciprocity map of the 7 4 1-dimensional
local field K and y, which kills U K (K) by the condition Sw(x) <
n, and

Resp : Qp — T,

is the residue map (3.3.2). Note that a A Rsw(x) € m2™ ™" /mg ®0,
QTOJ? (log) and n —m < ek and hence its Ry is defined in Q.

3.1.83. If char(K)=p>0,
Rsw : F, H' (K, Q/Z) = my /m """ 0, Qb (log)

is the homomorphism of Matsuda [30, Remark 3.2.2] and Borger [6, 3.6]
defined by using Artin—Schreier-Witt theory. It was studied in [29, Sec-
tion 2]. See Sections 3.2 and 3.5.9.

In the mixed characteristic case, we will construct Rsw using higher
dimensional local class field theory (Section 3.3) and also higher dimensional
global class field theory (Section 3.4).

3.1.4. It may seem strange that we use higher dimensional global class
field theory for the local subject Rsw. Our idea is that since any field is a
union of finitely generated fields over a prime field and since each finitely
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generated field over a prime field has class field theory, any subject about
one-dimensional Galois representations of any field can be studied by using
higher dimensional global class field theory. Our method in 3.5.6 to define
Rsw actually follows this idea.

A purely local method for the local subject Rsw exists also in the mixed
characteristic case as in 3.1.5.

3.1.5. In the case F' is perfect, our homomorphism Rsw can be defined
also by using the local class field theory of Serre [33] and Hazewinkel [14].
In the case [F': FP] = p" < 0o, Rsw can be also defined by using the duality
theory [25] which is a generalization of the local class field theory of Serre
[33] and Hazewinkel [14] to the case [F : FP] =p".
These things will be explained elsewhere.

3.1.6. The authors wonder whether Rsw in general can be obtained
by the reduction to the perfect residue field case using the local class field
theory of Serre [33] and Hazewinkel [14] and the work [5] of Borger.

3.1.7. The authors wonder whether our refined Swan conductor mod p
can be obtained from the relation of p-adic étale cohomology and de Rham—
Witt complex in [11] or from the relation of p-adic étale cohomology and
Hochschild homology in [4].

3.2 Positive characteristic case (review)
3.2.1. Let K be a complete discrete valuation field of characteristic
p > 0. We briefly review the definition of

Rsw : F, H' (K, Q/Z) — my" /m """ 0, Qb (log).

For details, see [6, 16, 30].
In 3.5.9, we will show that this Rsw has the properties (i) and (ii) in 3.1.2.

3.2.2. From Artin—Schreier—Witt theory, there are isomorphisms
(11) Wi(K)/ (6 = Wi (K) ~ H' (K, Z/p"Z),
where W (K) denotes the ring of Witt vectors of length s, and ¢ the
endomorphism of Frobenius.

3.2.3. For a Witt vector a= (as_1,...,a9) € Ws(K), let ordg(a)=
min; {pordg (a;)}. In [7], Brylinski defined an increasing filtration of Wy (K)
as

FWs(K)={a€Ws(K)|ordk(a) > —n}
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for n € Zsg. The filtration F, H'(K,Z/p°Z) defined in [20] is the image of
F,Ws(K) under (11).

8.2.4.  The homomorphism —d: Ws(K)— Qk given by a= (as_1,

S, ag) = — > afl_l da; produces a map
FuWo(K) ]y We () = mi /mi " @0, Qb (log),
which factors through
FuH' (K, Z/p" D) Fipjy H' (K, Z/p L) m fmi ") @0, O, (10g),
inducing
Rsw : F, H(K, Q/Z) — my* /m "™ @0, Qb (log).

Here the minus sign of the definition of —d may seem strange, but we
put it to have the compatibility with the refined Swan conductor mod mg
in [20]. The minus sign naturally appears in the argument in 3.5.11.

REMARK 3.2.5. The second author was unaware of the unpublished
work of Borger [6] when writing [29], and sincerely regrets not quoting it
in [29].

3.3 Application of higher dimensional local class field theory
3.8.1. Let K be a complete discrete valuation field with residue field F'.
In the case F' is an r-dimensional local field, we define Rsw by using higher
dimensional local class field theory as below.

We will use the continuity of KM, (K) — Q/Z induced by the reciprocity
map of the r + 1-dimensional local field K and by x € H'(K, Q/Z) and we
will use also the self-duality of the additive group F'. Here the continuity
is the one defined in [22], and the duality is also treated by using such
continuity. (In the case r =1, this duality is the usual self-duality of the
locally compact abelian group F'.)

3.8.2. Let I be an r-dimensional local field of characteristic p > 0. We
have the residue map
Resp : Qp — T,

defined as follows. (The following definition and properties of Resp are
contained in [17, Chapter 2, Lemmas 12 and 14].) Let F, =F and for
1 <7< r, define the field F;_; to be the residue field of F; by downward
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induction on ¢. Then Resp is the composition

Res

_ Res trace
= S o o QO =F 5 F,

where each Res : Q%Z — QE}I is the residue map in 2.1.7 defined by taking
F;_1 — OpF, and a prime element 7; of the discrete valuation field F; as
in 2.1.7. This composition Resp is independent of the choices of F;_1 — OF,
and ;.

We have

(12) Resp o C' = Resp,
where C' is the Cartier operator. For a finite extension F’ of F, we have
(13) Resp o Trpr/p = Resp,

where Trz//p is the trace map QF, — Q. (This trace map for differential
forms is defined in [19] as
O 2 UK (F' (1)) /UK (F'((T))
STUNKML (F(T) JUPK ML (F((T)) = Q.
The trace map for differential forms in a more general setting is defined in
[10]. The formula (13) contains the formula (12) because for a field k of

characteristic p such that [k : kP] = p”, the Cartier operator €2}, — € is the
trace map of the homomorphism k — k; x — zP.)

3.3.3. Let F be as in 3.3.2 and let V be a finite-dimensional vector
space over F'. Then V is canonically regarded as an object of the category
Frab of abelian group objects of the category F, (2.4.4).

LEMMA 3.3.4. Let F and V' be as in 3.5.8 and let V* = Homp(V, Q7).
Then we have the bijection

V" 5 Homeons (V. Fy) s h = (@ = Resie(h(z).

Here Homeont 1s the set of homomorphisms in the category F ap.

Proof. This follows from [22, Proposition 3]. [
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3.8.5. Let K be a complete discrete valuation field with residue field

F and assume that F'is an r-dimensional local field of characteristic p > 0.
(Hence K is an r + 1-dimensional local field.)

Let x € F,H' (K, Qp/Zy,). Then by [23], x induces a continuous homo-

morphism KM, (K)/U"™ KM, (K)— Qp/Z,, where the continuity is that
of [22]. Let m = max(n — ek, [n/p]). Then via

E:mgt fmit @0, Qp, (log) — KM, (K) /UMK, (K)

(2.2.4(1)), we obtain a continuous homomorphism wu, : mp™/mitt @0,
Q0, (log) — I,
Take an integer b > 0 such that pb >n — m. Then

(m " /m™ @0, Qo (log)) x (mEH! /mi ! @0, Qp,. (log)) — Vs

(z,y) — Rp(x A y) is a perfect duality of finite-dimensional F-vector spaces
where F' acts on the two Ox /m’ ™-modules on the left hand side via ¢
((2) of 2.1.9). Hence by 3.3.4, u, corresponds to an element Rswg(x) €
m " /m" @0, QloK (log). This element is independent of the choice of b.

The following lemma will be used in Section 3.5.

LEMMA 3.3.6. Assume that K is a d-dimensional local field whose

residue field F is of characteristic p > 0. Assume one of the following (i)
and (ii).

(i) K’ is a finite extension of K.

(il) K' is the field of fractions K{{T}} of the completion of the local ring
of Ok|[[T]] at the prime ideal generated by mg (then K' is a d+ 1-
dimensional local field with residue field F((T))).

Then Rswg and Rswg are compatible.
3.3.7. We prove the case (i) of 3.3.6. We have a commutative diagram
KM (K') — Gal((K')*/K’)

| \J
KM(K) — Gal(K*/K)

where the horizontal arrows are the reciprocity maps, the left vertical
arrow is the norm map and the right vertical arrow is the natural one [17,
Section 3.2, Corollary 1].
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Let Ry : m}(_"”Lm/mK ®0k QgK (log) — I, be the composite map Resp o
Ry (p® >n —m) which is independent of b, and let Ry : mK,” T’ /M
R0/ QOK, (log) = F, (' =e(K'/K)n, m’ =max(n’ —eg, [n'/p])) be the
corresponding map for K.

Let x € F, HY (K, Qp/Z ) let xkv € Iy 'HY(K', Q,/Z,) be the image of ¥,
and let Rsw(x)x € m” /m ®OK, QO (log) be the image of Rsw(x) =
Rswg (x) € m " /m™" @0, QOK(log) Since any finite extension of K is a
successive extension of a tame extension and extensions of degree p, it is
sufficient to prove Rsw(xx’) = Rsw(x)g’ in the case K'/K is tame and in
the case [K': K] =p. It is sufficient to prove in these cases that

(14) R (Rsw(xk) A o) = R (Rsw(x) i A @)

for any o € mK,“/m" H ®0 ./ Qé;(log). In these cases, the last group is
generated additively by elements of the following three forms.

(a) fw where f € m%“ and w € Qdo;l(log).
(b) w Adf where f is asin (a) and w € Q‘éﬁ(log).
(c) wAdlog(f) where w € mi™ /m%H @0, Qc(l);f(log) and f e (K")*.

(This generation is deduced from 2.1.3. If K'/K is tamely ramified,
mK,HL /e T ®0 0/ QdO_;/ (log) is additively generated by elements of the
form (a). If the ramification index of K'/K is one and if the residue field
of K’ is a purely inseparable extension of K of degree p generated by the
residue class of an element g of O/, and if m denotes a prime element
of K, it is additively generated by elements of the form (a), elements of
the form (b) with f =77¢g/ (m+1<i<n, 1<j<p—1), and elements of
the form (c) with f = g. If the residue field of K’ coincides with that of K
and [K': K] =p, and if 7’ denotes a prime element of K’, it is additively
generated by elements of the form (a), elements of the form (b) with f = (7/)?
(m' +1<i<n'), and elements of the form (¢) with f =7".)

Assume « is an element as in (a) (resp. (b), resp. (c)), and let
§ e mit mil @, 0% Llog) be Trgrie(flw (resp. w A d(Trgr ke (f)),
resp. wAdlog(N(f)) where N is the norm map (K')* — K*). Then
Rrr(Rsw(xg) ANa) =xk/(E(a)) = x(N(E(a))) (here E is as in 3.3.5 and
N is the norm map)= x(E(S)) = Rx(Rsw(x) A ). Hence, for the proof
of (14), it is sufficient to prove

(A) Rir(fw) = R (Trgr /i (f)w) for f € my," "+ and w e Q%K(log);
(B) Ri/(wAdf) = Ri(wAd(Trgr x(f))) for f as in (A) and w € QF ! (log);
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(C) Rgr(wAdlog(f))=Rx(wAdlog(N(f))) forweml " @0, Qdo;l(log)
and for f e (K')*.

If K is of characteristic p, m "er/mK ®0k QO (log) is a subquotient
of Qf( and Ry coincides with the map induced from Resg : - Q4 % — [, on the
subquotient, and the same thing holds for K’. Hence (A), (B), (C) follow
from Resg = Resg o Trgr /i (3.3.2).

Assume K is of characteristic 0. Let L = F((T)). Then via the isomor-
phism F[T]/(T" ) —>OK/m" ™ of rings with log structures ((5) with
a=n—m), mg """ /mg @0, QOK(log) is a subquotient of Q¢ and Ry
coincides with the map induced from Resy, : Q‘i — [F, on the subquotient.
As is easily seen, there is an extension L’ of L of degree [K': K] and an
isomorphism Ok /my " O =2 O/ /m’}" ™0y, of rings with log structures
extending the isomorphism Ok /my ™= Or/m7™™ of rings with log struc-
tures, and Ry : mK," T /My ®o,., QO ,(log) — F), is identified with the
map induced from Resy : Q¢, — F, on the subquotient. Hence (A), (B), (C)
follow from Resy, = Resy o Try//p, (3.3.2).

3.3.8. We prove the case (ii) of 3.3.6. By [19, Theorem 2], we have a
commutative diagram

KM (K') — Gal(K')*/K")
o }
KM(K) — Gal(K*/K)
where K} (K) = lim K} (K)/U K} (K), K}{,(K') is defined similarly, the
horizontal arrows are the reciprocity maps, the left vertical arrow is minus
the residue homomorphism in [19] and the right vertical arrow is the natural
one.

Let Ry :my "™ fmg @0, Q) _(log) = Fp and Ry : m," ™ fme @0,
Qdozll (log) — Fp, be the maps deﬁned as in 3.3.7.

Let x € F,H'(K,Q,/Zy). We prove Rsw(xg/)=Rsw(x)g. For this,
it is sufficient to prove that Ry (Rsw(xx/) A o) = Rg/(Rsw(x)gr A «) for
any « € m}?fl/mnﬂ ®0 s QdOK/ (log). By 2.1.3, the last group is generated
additively by elements as in the following (i)—(iii).

(a) Elements in the image of
(e /midt @0, 06, (log))
& (M /mi @0, Ox[[T]] ©0, X5 (1og) A dT).
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(b) w® dlog(T) with w € mP™ /mH @0, Qdo;l (log).
(c) T7'w® dlog(T) with w e mit /miH @0, Q%}l(log) and with ¢ > 1

Assume « is an element as in (a) (resp. (b), resp. (c)). Let Resgr/k :
Kﬁl(K’) — K} (K) be the residue map. Then Rg:(Rsw(xx/)Aa)=
xx'(E(a)) = —x(Resgr /g (E(a))) where E is as in 3.3.5. By (ii) of 2.2.2 and
by the definition of Resg/x in [19], we have x (Resg+/x (E(a))) = x(E(8)) =
Ri(Rsw(x) A ) where 8 =0 in cases (a) and (c¢) and 8 = w in the case (b).
Hence it is sufficient to prove

Ry ( Y T, /\dlog(T)>

>>—00
(15) = —Ri(wo) (wi€mg """ /mk @0, Y, (log)).
Take alifting ¢ : F — O /m’; ™ and extend it to ¢ : F((T')) = Ok /m7p,™;
Sisoo 6T 3. o t(a;)T". Let 7 be a prime element of K. Write

-1

Z 79 (wij) Adlog(m)  (wij € QL.
7=0

n—

We have

Ry ( > TiwiAdlog(T)>

1>>—00

=Rg | Z T'wij | 77 dlog(m) A dlog(T)
i,J

= —Resp(1) (Z T'wio A dlog(T )) = —Resp(wop) = —Ri (wp).

This proves (15).

3.4 Application of higher dimensional global class field theory
3.4.1. Let X be a proper normal integral scheme over Z with function
field J and let v be a point of X of codimension one whose residue field is
of characteristic p > 0. We assume X (R) = ().
Let n > 1 and let F,,nHl(J Qp/Zy) C HI(J Qp/Zy) be the inverse image
of B, H'(J,, Q,/Z,) C H'(J,, Qy/Z,) where J, denotes the field of fractions
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of the completion of the discrete valuation ring Ox ;. Let m, be the maximal
ideal of Ox ,. Let m =max(n —e; , [n/p]).
We define a canonical homomorphism

RSWXW : Fy’nHl(J, QP/ZP) — m;”/m;m @0, Qky(log)

by using the higher dimensional global class field theory in [23].

3.4.2. By the class field theory of X [23], we have a canonical continuous
homomorphism
Cx = lim HY(X, K} (Ox, 1)) = Gal(J™/.])
I
where d = dim(X), and hence x € H'(J, Q,/Z,) induces a homomorphism
Cx — Qp/Z, which factors through H4(X, K} (Ox, I)) for some I (2.4.10).

3.4.3. Let Y be the closure of v in X. We will identify an element p =
(yi)i € P(Y') with the element (x;); € P(X) where x; =y; for 0<i<d—1
and x4 is the generic point of X.

Let x € F,,, H'(J,Q,/Z,). For p € P(X), let hy : K} (J) — Q,/Z, be the
homomorphism induced by x : Cx — Qp,/Z, (2.3.3). Then if p € P(Y), hy
kills U1 K é\/f (J) where U*® is defined with respect to the discrete valuation
ring Ox,,. For p € P(Y), let sy :m ! /mit 0o, Q4 (log) — F, be the
homomorphism induced by h;, and the truncated exponefltial map F of 3.3.5.

LEMMA 3.4.4. There exists a sheaf F on'Y satisfying the following (i)
and (ii).

(i) F is a coherent Ox-submodule of the constant sheaf m" 1 /m2 1 @p,
Q;igyl (log) onY and the map F, — m7+! /mn+l ®0x., legyl (log) is an
isomorphism.

(ii) Via the map in Lemma 2.5.4, (sp)ycp(y) defines a homomorphism
HEYY, F) = F,.

Proof. Let U be a regular dense open subset of X such that D:=UNY
is also a regular dense open subset of Y and that x is unramified on U \ D.
Let Fyy be the coherent Op-module Oy (—(m +1)D)/Oy(—(n+ 1)D) ®o,,
Q¢! (log D). Note that Fy, equals F, :=mH /miH o Qg(_yl (log). We
show that it is sufficient to prove the following (i) and (ii). Let £ €Y be a
point of codimension one.
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(i) If £ €U, then for any p = (y;); € P(Y') such that yg_o =&, s kills the
image of Fy ¢ — Fuu.
(Note that there are only finitely many & € Y of codimension one such
that £ ¢ U.)

(ii) There is a finitely generated Ox ¢-submodule F¢ of F, which generates
F, over Ox , having the following property: For any p = (y;); € P(Y)
such that y,_o =&, sp kills Fe.

Let j: U — X be the open immersion and F be a coherent Ox-module
such that F|y = Fy and F¢ is given in (ii) for each codimension one point
¢ of Y not contained in U. Then, (sp),cp(y) satisfies the conditions (i)
and (ii) in Lemma 2.3.4 for H~1(Y, F) since the kernel of F,, = H(Y, F) —
Hgl(Y, F) is Fyg (resp. F¢) for codimension one point £ in U (resp. not
contained in U).

Note that for any p = (y;); € P(Y'), we have >,/ p,) by =0 on KM(J)
where R(p) denotes the set of p’ = (z;); € P(X) such that x; =y; for 0 <

1 <d—2.
We prove (i). Let m be an element of Ox¢ which defines Y at &.
For p as in (i) and for g€ Ox¢ and uq,...,uq—1 6(9;{5-7#, we have

sp(m™ g dlog(ur) A+ - Adlog(ug—1)) = hy({E(m™g), ur, ..., ug—1}).
This element {E(7™*1g),u1,...,uq—1}€ KX (J)/U" KM (J) belongs
to the subgroup of KM (J)/U" K} (J) generated by all elements of
the form {ui,...,uq} € K} (J) such that wui,...,uq€ O%e- 72, For
any p' = (2;); € R(p) ~ {p}, hy : K¥(J) = Q,/Z, kills such {uy, ..., uq}
because x is unramified at x4 and hence hy factors through the boundary
map K (J)— KY,(k(zq-1)) (k denotes the residue field) which kills
{ui, ..., uq}. Hence hy({u1,...,uq}) =0.

We prove (ii). Take an element 7 of Ox ¢ which is a prime element
of the discrete valuation ring Ox,. Take an element f€ Ox¢ hav-
ing the following properties (al) and (a2). (al) f is a unit in Ox,.
(a2) ord, (7™ f) > Sw,(x) for any point u of X of codimension one
such that ¢ € {u} and p#v and such that either x ramifies at p or
ord,(m) > 0. Let F¢ be the Ox ¢-submodule of F,, generated by the images
of 7™ f® Q%) and 7 f® legg A dlog(m). We prove that s, kills
Fe. For g€ Ox¢ and wy,...,uq—1 € (’))XQ£ 7l sy (7L f @ g dlog(ur) A
- Adlog(ug—1)) = hy(a) where = {E(7™ T fg), u1, ..., ug—1} € K} (J).
To prove that hy(a) =0, it is enough to prove that hy(a) =0 for any
p' = (zi)i € R(p) ~ {p}. Let p=mx4_1. Assume first that either y ramifies
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at p or ord,(m)>0. Then a € Uﬁ“KéV[(J) where s = Sw,(x) and U} is
the filtration defined for the discrete valuation ring Ox ;. Hence hy kills a.
Assume next y is unramified at ¢ and 7 is a unit at p. Then hy factors
through the boundary map K} (J) — K}! | (k(u)) which kills a. [

3.4.5. By Serre-Grothendieck duality of the cohomology of coherent
sheaves [13], we have a canonical isomorphism

lim Hom(H*~ (Y, ), F,) & m," /m,™ @0, , Ok, (log)
f

where F ranges over coherent Ox-modules F as in (i) in 3.4.4. (The
inductive system is given by making F smaller and smaller. If 7 and F’ are
as in (i) in 3.4.4 and F' C F, the canonical map H* (Y, F') — H=Y(Y, F)
is a surjective map of finite abelian groups.) By 3.4.4, x € F,,,, H'(J, Q,/Z,)
gives an element of the left hand side of this isomorphism, and hence gives
an element of m;"/m,;™ ®o, , Q}(W(log). This is our Rswx ().

3.5 Rsw in general
We prove our statements in 3.1.1 and 3.1.2.

LEMMA 3.5.1. Let K be a complete discrete valuation field whose residue
field F is a finitely generated field over Fp, and let x € H' (K, Q,/Zy,). Then
there exist a proper normal integral scheme X over Z such that X (R) =1,
a point v of X of codimension one, and an isomorphism « between O and
the completion of the local ring Ox, such that if J denotes the function
field of X, x comes from H(J,Q,/Z,) via c.

Proof. If K is of characteristic p, take a proper normal integral scheme
Y over [F), with function field F, let X = P%/, and let v be the generic point
of the image of any section ¥ — P%/. Next assume K is of characteristic 0.
Let (t;)i1<i<r be a transcendental basis of F' over F), and let (7})i<i<r be
its lifting to Ox. Let Jo = Q(T1, ..., T,). Then the algebraic closure J, of
Jo in K is a henselian discrete valuation field whose completion is K, and
hence H'(Joo, Qp/Zyp) 5 HY(K,Q,/Z,). Hence x comes from H'(.J, Q,/Z,)
for some finite extension J of Jy in Js, such that J is dense in K. Let X
be the integral closure of P7 O Spec(Z[T1,...,T;]) in J. By replacing J
by a bigger J, we have X (R)=(. (Indeed, K contains a purely imaginary
algebraic number 3, for example, a square root of 1 — p if p # 2, and a square
root of —7 =1 — 8 in the case p = 2. By replacing J by J(8) C K, we have
g€ J. For such J, X(R)=0.) Let v be the image of the closed point of
Spec(Ok) under Spec(Ox) — X. [
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LEMMA 3.5.2. Let K be a complete discrete wvaluation field whose
residue field F' is a function field in r variables over Fp, and let x €
F,H'(K,Qp,/Z,). Then there is a unique element Rswg (x) of mzg"/mz"
®ox Qb, (log) (m =max(n — ek, [n/p])) having the following property (i)
for any (X, v,a) as in 3.5.1.

(i) Let J be as in 3.5.1 and let Y C X be the closure of v. Then for any
v € PI(Y) C PI(X), the image of Rswk(x) in m;"/m;™ o, Qlojv (log)
coincides with the element Rswy, (xJ,) defined in Section 3.3. Here the
inclusion map PlL(Y) C PI(X) sends v € PI(Y) to the ring of all elements
of Ox,, whose residue classes belong to v, and we regard K as a subfield of
Ju via o.

The proof of 3.5.2 is given after preparations 3.5.3 and 3.5.4.

LEMMA 3.5.3. LetY be an integral scheme over F), of finite type, let I
be the function field of Y, and let v € PI(Y'). Then we have an isomorphism

F®FFvE>Fv; $®y*—>$yp7

where ' — F in the tensor product is x — xP.
Proof. This follows from (3) of 2.4.8. 0

LEMMA 3.5.4. Let (X,v,,J) be as in 3.5.1 and let Y C X be the
closure of v. Then for any v € PI(Y) C PlI(X) and for any integer t such
that 1 <t < ek, the map

Ok /m @0, Qb (log) = Oy, /mj, ®o,, Qp,, (log)

is injective. More precisely, the map Oy, ®oy (l.h.s.) — (r.h.s.) is bijective.

Proof. 1f F denotes the residue field of K, the residue field of J, is
identified with F,. By 3.5.3, a p-base of F'is a p-base of F),. Hence 3.5.4 is
reduced to 2.1.3. N

3.5.5. We prove 3.5.2. Take (X, v, a, J) as in 3.5.1 and let Y C X be
the closure of v.

By Section 3.4, x defines an element of m."/m.™ ®o, QlOK (log) which
we denote by Rswg (x). By the construction of this element in Section 3.4,
it is sent to Rsw, (x,) for any v € PI(Y) C PI(X).

If we change (X,v,«a) by (X',1/,a’), since the associated Y and Y’
are birational, there is v € PI(Y) which belongs also to PI(Y’). By [18,
Lemma 1], there is a unique K-isomorphism of complete discrete valuation
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fields between J, and J;, which induces the identity map of the residue
field F,. By the injectivity 3.5.4, we have that Resg(x) defined by using
(X, v, @) coincides with that defined by using (X', v/, o).

3.5.6. Now we prove the unique existence of the definition of Rsw
satisfying (i) and (ii) in 3.1.2.

Note that K =J; J where J ranges over subfields of K which are finitely
generated over the prime field. For a sufficiently large such J, J contains
a prime element of K and x comes from F,H'(J,Q,/Z,) where J denotes
the completion of J for the restriction of the discrete valuation of K to J.
By 3.5.2 applied to J, we get an element of m}"/m}m ®o0; Q%)j (log), and
hence an element Rsw(x) of m"/m ™ ®o, QloK (log) as the image of it.

We show that this element Rsw(y) is independent of such J. Let J and
J" be two such fields. We may assume J C J’. Then the residue field £’
of J' is an extension of finite type of the residue field E of J. Choosing a
transcendental basis of E’ of E, we find embeddings J — M and J — M’
to higher dimensional local field such that M’ is a successive extension of
those in 3.3.6. Thus it follows from the injectivity 3.5.4.

It is clear that this Rsw has the properties (i) and (ii) in 3.1.2, and the
uniqueness follows from 3.5.4.

LEMMA 3.5.7. Let n and m be as in 3.1.1. Then for an integer i
such that m <i<n, Rsw: FnHl(K, Qp/Zp) = m " /mi " ®o, O, (log)
sends F;H'(K,Qp/Zy) to wy'/my™ @0, Qp, (log), and the induced
homomorphism  FH (K, Gp/Zy)/Fi HY(K, Qy/Z,) — i fmii ! @0,
Q})K (log) coincides with the refined Swan conductor mod mg (3).

Proof. 1If the residue field F' is an r-dimensional local field, then by
[20, (6.5)], the refined Swan conductor rswy mod mg is characterized
by the property: {x,1+an™, ui,...,u -} =RespRy(an"rswy A dlogu; A
-~ ANdlogu,) forn =swy, a € Ok, ui, ..., u—1 € O, u, € K*. Hence the
assertion follows in this case. The general case follows by the injectivity 3.5.4.

i

PROPOSITION 3.5.8. Letn and m be as in 3.1.1.

(1) The map Rsw: F, H (K, Qp/Zy,)/Fr H (K, Qp/Z,) — my /my™ Q0
0} (log) is injective.
K
(2) Let x € F,H'(K,Q,/Zy,) and let i be an integer such that m <i<n.
Assume that Rsw(x) € m"/m™ @0, Q})K (log) belongs to the image
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of m[_(i ®0 QIOK (log) but not to the image of ml_(iJrl ®0 Q})K(log).
Then Sw(x) = i.
(3) The image of Rsw is contained in the kernel of

(16) d:m" /m" @0, Qb, (log) = my" /m" @0, Qp, (log).

Proof. (1) and (2) follow from 3.5.7 and the injectivity of the refined
Swan conductor mod mg (3).

(3) is reduced to the case F' is a higher dimensional local field. Then it is
reduced to (3) of 2.2.4 by the fact that the map (16) is dual to the map (7)
in (3) of 2.2.4. [

In the case of characteristic p, the two definitions of the refined Swan
conductor mod p coincide:

PROPOSITION 3.5.9. In the case K is of characteristic p, the refined

Swan conductor mod p defined in Section 3.2 coincides with that defined in
Sections 3.3-3.5.

3.5.10. To prove 3.5.9, we review the definition of the reciprocity map
KM (K)— Gal(K*/K) of a d-dimensional local field of characteristic p.
Let K be a field of characteristic p >0, let s>1, and let P be a
commutative ring over Z/p*Z which is flat over Z/p*Z such that P/pP = K.
We have a well-defined ring homomorphism

)

0:Ws(K)—P; (as—1,...,a0) Zps_l_i&pi

where a; is a lifting of a; to P. In Q}D, we have
(17) db(as_1, ... a0)=p* Y @ ' da;.

Now let K be a d-dimensional local field of characteristic p > 0. The reci-
procity map K} (K) — Gal(K®/K) is defined as follows [19, Chapter 3].
Take an isomorphism
(18) K =F,((T1)) - .. ((Ta))

of d-dimensional local fields and identify them. Define rings P; (0 <i<d)
inductively as Py = Ws(F,), P, = P,_1[[T}]][T; '] (1 <i<d). Let P = P;. So
Pis Z/p*Z-flat and P/pP = K. Let Resp : Q% — Z/p°Z be the composition

Qd = Qde - Qi’gjl e Q%’o = WS(]FQ) tri(;e Z/psZ
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where Qf, — Qg}l (1 <i<d) is the map
) -
Z Twj dlog(Ti) = wo  (w;j € Qp" ).
J>»—00

Resp kills the image of d: Q?;l — Q‘]ZD.

Then the reciprocity map K (K) — Gal(K®"/K) (which is independent
of the choice of the isomorphism (18)) is characterized by the following
property: let x € HY(K,Z/p°Z) and assume that x is the image of f €
W,(K). Then x sends the image of {y1,...,ya} € K} (K) (y; € K*) to
Resp(0(f) dlog(g1) A - -+ A dlog(gq)) where g; is a lifting of y; to P.

3.5.11. We prove 3.5.9. We may assume that K is a d-dimensional local
field of characteristic p with d > 1.
Let m =max(n — eg, [n/p]) and let z € mP™ y; € K* (1<i<d—1).
Let the notation be as in 3.5.10. We have
X({E(@),y1, -, Ya-1})
— Resp(0(/) dlog E(&) A dlog(§i) A- -+ A d1og(ja-1))
= Resp(0(f) dz A dlog(g1) A+ - Adlog(Fa—1))
(here we used (3) of 2.2.2)
— Resp(d(8(f)7 dlog(71) A~ - - A d10g(u1))
— Resp(zdO(f) ANdlog(g1) A+ Adlog(ga—1))
= —Resp(Z d(f) Ndlog(g1) A~ - A dlog(Fa—1))-
Write f = (fs—1,..., fo) with f; € K. By (17), Resp(Z dO(f) A dlog(g1) A
-+ Adlog(gq_1)) is the image of Resp(z - Zf;(} ff’ul df; A dlog(yr) A
-+ dlog(ya—1)) € Fp under the homomorphism F S 7,/p*Z which sends 1
to p°~!. Hence Rswy equals — Zf;& ffl_ldfi as in 3.2.4.

3.6 Applications
A nonlogarithmic version of the following result is obtained in [6].

THEOREM 3.6.1. Let K be a complete discrete valuation field whose
residue field is of characteristic p >0, and let x € HY (K, Qp/Zy,). Then

Sw(x) = Sup Sw(xz)/e(L/K)

where L ranges over cdvf over K with perfect residue fields.
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Proof. By the characterization of the Swan conductor in [20, Proposi-
tion (6.3)], we have e(L/K) - Sw(x) < Sw(xr) in general.

Write Rsw(x) =77" ® (a + ¢ dlog(m)) where 7 is a prime element of K,
n=5Sw(x), a€Qp,  and ce Og. If ¢ is a unit, any L/K with e(L/K)=1
(the residue field of L is perfect) satisfies Rsw(xz) is the image of Rsw(x)
and hence Sw(xz) = Sw(x). Assume c is not a unit. Write a =, ax dby
where (by)aea is a lifting of a p-base of F' to Ok and ay € Ok. Then q,
is a unit for some p € A. For an integer t > 2, let L; be the completion
of the extension of K obtained by adding a tth root 7'/ of 7 and bxn
(A€ A, n>0) such that by, = b’;’nﬂ for any A€ A and n >0, by \ = by for
A # p, and by o = b, — 7/ Then the residue field of L, is perfect, 7'/* is a
prime element in Ly, Rsw(xz,) = 7" ® (a,m"/* + ct) d log(7'/?), and hence
we have e(L;/K) 'Sw(xr,) = Sw(x) —t L. [

We improve a previous result of the second author in [29].

3.6.2. Let L/K be a separable extension of complete discrete valuation
fields whose residue fields are of characteristic p > 0, and assume that K has
perfect residue field. (The extension L/K need not be a finite extension.)

Let QIOL/OK (log) be the my-adic completion of the cokernel of O, ®o,

Q})K (log) — Q})L (log). Then by 2.1.3, the Op-torsion part QIOL/OK (log)tor
of QloL/OK (log) is of finite length as an Op-module. Let dyor(L/K) € Z=g be
the length of the Op-module Q%)L/OK (log)tor-

THEOREM 3.6.3. Let L/K and 0tor(L/K) be as in 3.6.2. Assume
(5t0r(L/K> <er.
If x € HY(K,Q,/Zy) is such that

p 5tor(L/K)

Sw(x) >p—1 C(L/K)

Then
Sw(xr) = e(L/K)Sw(x) — Otor (L/K).
REMARK 3.6.4. In the case K is of characteristic p, this result is proved

in [29]. In [29], it is stated without assuming L/K is separable, but this was
a mistake.

When K is of mixed characteristic and dyo;(L/K) < er,, Theorem 3.6.3
gives a stronger result than the following result obtained in [29].
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THEOREM 3.6.5. [29] Let L/K be an extension of complete discrete
valuation fields of mized characteristic. Assume that K has perfect residue
field of characteristic p >0 and x € H'(K, Q,/Z,) is such that

2ex 1 dtor(L/K)
Swh) > Tt [ o(L/K) W

Z o1 (LR
Then
SW(XL) = e(L/K)SW(X) - 6tor(L/K)-
3.6.6. We prove 3.6.3. Write n = Sw(x), n’ =e(L/K)n, m = max(n —
ex, [n/p]), m" =max(n’ —er, [n'/p]) and 6 = dtor(L/K). We prove first

(19) Sw(xr) =e(L/K)Sw(x)—4d ifn' —5>m'

By 2.1.3 and 2.1.5, Q})K(log) is a nonzero monogenic Ox-module of finite
length, Q})L (log)tor is a nonzero monogenic Or-module of finite length and
it is a direct summand of Q%)L (log), and the canonical map QloK (log) —
Q}DL (log) induces an isomorphism O, ®o, QIOK (log) 5 méLQ}DL (log)tor- The
map Rsw: F, HY(K, Q,/Z,) = m" /m " Qo QloK (log) sends x to a gen-
erator of the Og-module m"/m ™ ®o, Q) (log). Hence if n' — 4§ >m/,
the image of this generator in m;”/ /mzm/ ®o, Q})L (log) belongs to the
image of m;”ur‘s/mgm/ ®o,, Q})L (log) but does not belong to the image of
mzn’+5+1/mzm/ ®o, QlOL (log). Hence by the compatibility with pullback
((i) of 3.1.2) and the relationship between Rsw and Sw ((2) of 3.5.8), we
obtain (19).
If
)
N
p—1le(L/K)

then e(L/K)n —d > e(L/K)np~! and hence n' — § > [n’/p]. Further, since
d <ep,wehaven’ —§ >n' — er. It follows that n’ — § > m’ and the formula
holds.

3.6.7. In the case dior(L/K) < er, 3.6.3 in the mixed characteristic case
is stronger than 3.6.5. Indeed, we have that

P 5t0r(L/K) < 26K 1 ’V(Stor(L/K)—‘
p—1 e(L/K) "p=1 e(L/K) | e(l/K)
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To see this, observe that

26K 1 5tor(L/K)

S | R |

€K T 1 5tor(L/K)+5tor(L/K)

p—1 p—1 e(L/K) e(L/K)
p 5t0r(L/K)

p—1 e(L/K)

>

so we have an improvement.

84. Globalization

4.1 Module theoretic preparations
In this paper, a simple normal crossing divisor has no multiplicity (it is
reduced as a scheme).

ProprosITION 4.1.1. Let X be a regular scheme of finite type over Z
of dimension d, let D be a simple normal crossing divisor on X, let p be
a prime number, and let E be an effective divisor on X whose support is
contained in D such that the scheme E = Spec(Ox/Ox(—FE))C X is of
characteristic p.

(1) The Og-module O ®0, Q% (log D) is locally free of rank d.
(2) The Op-module Op ®0, Q% (log D)(E — D) is the canonical dualizing
module of E relative to IF),.

Proof. We may assume either X is a scheme over F,, or X is flat over Z.

Assume first that X is over F,. Then X is smooth over F, and hence
Q% (log D) is locally free of rank d and Q% is a dualizing module of
X relative to F,. Hence the Op-module Op ®0, Q% (log D) is locally
free of rank d and RHomo, (Og, Q%)[1] =0 @0, Q%4 (E) = O ®o
Q4 (log D)(E — D) is the dualing module of E relative to F,,.

Assume X is flat over Z. This case is reduced to the case X is over F, as
follows. Let = be a closed point of X and let (¢;)1<i<q be a regular system
of parameters of the regular local ring Ox ; such that D is defined at x

by ¢ ...t, for some r (0 <r < d). Then E is defined by t(f(l) - t?(r) at
W4 for some e(i) € Zxp such
that e(i) > a(?) (1 <i<r) and for some h € Ox .. Replacing X by an open
neighborhood of z in X, we have an unramified morphism X — A% given

for some a(i) € Z>o and we have p = t]
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by (ti)1<i<d- Replacing X by an open neighborhood of z in X, this morphism
factors as X 5 Z % ACZl where ¢ is étale and f is a closed immersion [12,
18.4.7] defined by a section p — Tf(l) L TE] of Oy for some lifting h of
h to Oz. Hence F is defined in Z by Tla(l) - Tf(T) and p. Hence we have
an étale morphism from E to E':= Spec(Fp[T1, . .. ,Td]/(Tf(l) e Tf(T)))
for which the pullback of T; is ¢;. Let X' = Spec(F,[T1,...,Ty]) and
let D' be the divisor Ty ...T,=0 on X’ with simple normal crossings.
Then Op ®o, Qx(log D) is the pullback of O ®o,, U, (log D). (1)
follows from this. Since O ®0, Q2% (log D)(E — D) is the module theoretic
pullback of Oy ®0,, 2%, (log D')(E’ — D') which is the dualizing module of
E’ relative to Fj, by the étale morphism E — E’, it is the dualizing module
of E relative to IF). 0

4.1.2. Let the assumption and the notation be as in 4.1.1 and let
H=0f @0, 2% (log D)(E — D). By local duality of Grothendieck [13,
Chapter V, Section 6], Hom(H4 1(E,H),F,) is isomorphic to the com-
pletion @Eac of O, and in the correspondence 2.3.5 (we take E as
X in 2.3.5 and we take d—1 as d in 2.3.5), f € Op, corresponds to
(hp)pep,(p) With hy(w) = Resy(fw) where Resy: H,, | — F, is as follows.
Write p = (z;)o<i<d—1, let Y C X be the closure of z4_1, let F' be the residue
field of x4_1, and take an integer b such that p® > ord,, ,(E). Then

Resp = Z Resp, o Rp.
vePI(Y,p)

Here Ry : Hy, | — Q%_l is as in 2.1.9, PI(Y,p) is as in 2.4.8, and Resp, is
as in 3.3.2. Note that Resp, o Ry, is independent of the choice of b because
Resp, o C'=Resp, where C' is the Cartier operator.

4.1.3. Let the assumption and the notation be as in 4.1.2. Let E be
a proper scheme over I, which contains F as a dense open subscheme.
Let F be a coherent Og-module whose restriction F|g to E is a vector
bundle, and consider the vector bundle G :=Homo,(F|g, H) on E. Let
h:HYY(E,F) = F, be a homomorphism. Then we obtain an element g
of G(FE) associated to h as follows. By Grothendieck—Serre duality, h gives
an element of H'~%(E, RHome,(F,I)) where I is the dualizing complex
of E. Since the restriction of I to E is H[d — 1], we obtain an element g of
H'=4E, RHomo, (F, 1)) = H'(E, Homo, (F,H)) = G(E).
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This element g is characterized by the following property. For any
closed point z of E, the homomorphism HYY(E, F)= HSY(E, F) = F,
induced by h corresponds by local duality Hom(HS™Y(E, F), F,) = Gy of
Grothendieck to the image of ¢ in the completion G, of G,.

4.2 Global refined Swan conductor mod p

4.2.1. In this Section 4.2, let X be a regular scheme of finite type
over Z, let D be a divisor on X with simple normal crossings, let j : U := X ~
D — X be the inclusion morphism, and let p be a prime number. Consider
the sheaf R'j.(Q,/Z,) on the étale site of X, where j, is the direct image
functor for the étale topology.

For an effective divisor N on X whose support is contained in D, let
FyR'Yj.(Q,/Z,) be the subsheaf of R'j,(Q,/Z,) consisting of local sections
x such that the Swan conductor Sw,(x) at any point v of codimension
one satisfies Swy,(x) < ord, (IV), where ord, (N) denotes the multiplicity of
N at v. Let FyHL(U,Q,/Z,) C HY(U, Q,/Z,) be the inverse image of
HO(Xa FNRlJ'*(Qp/Zp))'

THEOREM 4.2.2. Let N be an effective divisor on X whose support is
contained in D. Write N =), n(P)P (P ranges over all generic points
of D and n(P) € Z>o) and let M =, m(P)P where m(P) = max(n(P) —
ordp(p), [n(P)/p]) (so M is an effective divisor on X such that M < N ).
Then there is a unique homomorphism

Rsw: FyR'j.(Qp/Zy) — Ox(N)/Ox (M) @0, Q (log D)

which is compatible with Rsw at all points of X of codimension one in the
support of N — M.

Proof. By using étale localization of X and then by taking a compact-
ification of X, we may assume that X is a dense open subscheme of a
proper normal d-dimensional integral scheme X over Z such that X (R) = ()
and E = Spec(Ox/Ox(M — N)) is a dense open subscheme of a closed
subscheme E of X.

We use the global class field theory of X. (Note that X here is X in
Section 3.3.) Let x € FnH} (U, Q,/Z,). Let K be the function field of X
and let hy : KM (K) — Q,/Z, for p € P(X) be the homomorphism induced
by x. We identify P(E) with the subset of P(X) consisting of all elements
p = (i)o<i<d such that x4_; € E. Let

Fp:=0x(~M — D)/Ox(—N — D) @0, 2% '(log D.)
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For a generic point v of E, let F, be the stalk of Fr at v. For p=
(z:)o<ica—1 € P(E), let sp : Fu, , — Fp be the homomorphism induced by
hy and the truncated exponential map.

By using the arguments in the proof of 3.4.4, we can show that there
is a coherent Og-module F such that F|p = Fg and such that for any
p = (7;); € P(E) such that x4 5 ¢ E, sp kills the image of F, , = Fu, |-

We prove that (sy),e p(f) comes from a homomorphism s : H¥YE, F)—
Fp. For this, by 2.3.4, it is sufficient to prove that for any point { of E of
codimension one and for any q= (z;); € Q4_1(E) such that x4 o =¢, the
map (hp)pep,(B) : ®pqu(E) Fop) — Fp kills the diagonal image of F¢. This
is proved by the following Facts 1 and 2.

Fact 1. We have Zpqu(X) hy = Epqu(X) hy =0 on K} (K), where q is
identified with an element of Qg_1(X).

Fact 2. If p=(x;); € Py(X) and p:=x4_1 does not belong to E, hy
factors through the boundary map K} (K)— K}, (k(n)) and sp(F¢) is
generated by elements of the form hy({u1, ..., uq}) with u; € O)X(,g and such
{u1,...,uq} is killed by the boundary map.

Let H:=0x(N)/Ox(M)®0, Q% (log D) as in 4.1.2, and let G:=
Homo, (F, ") =Ox(N)/Ox (M) @0y Q% (log D). Then s: HI"Y(E, F) —
[F,, gives an element Rsw(x) € G(F) by 4.1.3. By 4.1.2 and 4.1.3, this element
induces Rsw at any generic point of F. 0

PROPOSITION 4.2.3. Let the notation be as in 4.2.2. The map
Rew : Fy R (Qp/Z)/ Far R'5:(Qp/ Z) — Ox (N)/Ox (M) €, Ok (log D)
1s injective, and its image is contained in the kernel of
d: Ox(N)/Ox (M) ®oy Qx(log D) = Ox(N)/Ox(M) ®o, Q% (log D).
Proof. This follows from 3.5.8. 0

4.3 Pullbacks
We prove that the global Rsw (4.2.2) commutes with the pullback maps.

THEOREM 4.3.1. Let f: X' — X be a morphism of reqular schemes of
finite type over Z, let D (resp. D') be a divisor on X (resp. X') with simple
normal crossings, and assume f(U') CU whereU =X D, U =X'"\D’.
Let p be a prime number. Let N be an effective divisor on X whose support
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is contained in D, let N’ be the pullback f*N of N on X', define the
effective divisor M < N on X using N as in 4.2.2 and define the effective
divisor M' < N’ on X' using N’ similarly. Let j': U' — X' be the inclusion
morphism.

(1) The map f*R'5.(Q,/Zy,) — R'j.(Qp/Z,) sends f*FnRYj.(Qu/Zy) to
FN’lei(Qp/Zp)'
(2) We have a commutative diagram
FENRY(Qp/Zy) ™ f1(Ox(N)/Ox (M) @0y 2 (log D))
\J \J
Py R Q7)) " Ox(N)/Ox (M) @0y, Ok (log D).
We first prove Theorem 4.3.1 in special cases (4.3.2, 4.3.5, and 4.3.7).

LEMMA 4.3.2. Theorem 4.5.1 is true if X' is the blowing-up of X at a
closed point of D.

To prove 4.3.2, we use the following lemma.

LEMMA 4.3.3. Let the notation be as in 4.2.2. Let X' be the blowing-up
of X at a closed point x of D and let D' be the support of the pullback
of D on X'. Assume dim(Ox ;) >2. Let \: X N\ {z} =X and XN : X'\
f~Yx) = X' be the inclusion maps. Then the composite map

f(Ox/(N')]Ox/(M") ®0,, Q. (log D))
5 LX) (O (V) Ox(M') 0, Ok (log D')
(20) =\ (Ox(N)/Ox (M) @0y Qx(log D))
18 1njective.

Proof. Let D; (1<i<r) be the irreducible components of D which
contain x. Replacing X by an open neighborhood of x, we may assume that
D= UZ:l D;. Write N = Z::l n;D;, M = Z;:l m;D; (ni, m; € Z>0). We
have N'=3""_| n;D} + (3_;_, ni)P where D/ is the proper transformation
of D; in X' and P is the inverse image of z in X'. We have M’ =
Y iy miD} +m/P for some integer m’ such that Y ;_, m; <m/ <> . n,.
Take integers a; (1 << r) such that m; <a; <n; and >, ; a; =m/, and
let A be the divisor >_; ; a;D; on X. Then the pullback A" of A on X’ is
Yoi_q aiD;+m/P. It is sufficient to prove that the maps

F(Ox(N') O (A') 0., Ok (log D))
(21) = AN (Ox(N)/Ox (A) ®oy U (log D)),
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Fo(Ox:(A")/Ox (M) @0, Qi (log D))
(22) = M (0x(4)/Ox (M) @0y Qx (log D))

are injective.

We first prove that the map (22) is injective. Regard the divisors A — M
and A" — M’ as schemes. Then (A — M) \ {z} is a dense open subscheme
of A/ — M', F:=Ox:(A')/Ox/(M') ®0,, ¥ (log D) is a vector bundle on
A" — M’  and the map (22) is the canonical map F — ~,v*F for the inclusion
map v:(A— M) —{z} - A— M and hence it is injective.

We next prove that the map (21) is injective. Take a sequence of divisors
A; (0<i<s)on X such that N =Ag >+ > Ay = A and such that for each
1<i<s, A; — A;—q coincides with the divisor D; for some j (1<j <7, j
can depend on i, D; is regarded as a reduced scheme), and let A] be the
pullback of A; to X’. It is sufficient to prove that the map

Fo(Ox:(A}) | Ox: (A]_1) ®0,, Vx/(log D'))
(23) — M (Ox(A;)/Ox (Ai—1) @0y Q% (log D))

is injective for each 1 <i<s. Since Ox/(A})/Ox:(AL_;) = Og where Q =
D} U P with the reduced scheme structure for some j, it is sufficient to prove
that the map

(24) f(0g ®o,, Vx:(log D)) = M A (Op, ®o, 2 (log D))

is injective. We may assume that r = d where d is the dimension of Ox ..
In fact, on an open neighborhood of z, we can enlarge D to a simple
normal crossing divisor D* with d irreducible components such that x
is contained in all irreducible components of D*, and we can replace D
by D* because the map Og ®o ., Q. (log D') = Og @0, Q% (log(D*)') is
injective where (D*)’ is the support of the pullback of D* to X’. In the case
r=d, Q% (log D') is the module theoretic pullback of QY (log D), and hence
the injectivity of (24) is reduced to the injectivity of

(25) f(Oq) = A" (Op;,).
Since P is isomorphic to the d — 1-dimensional projective space over the

residue field of x(x), f.(Op) consists of constant functions. Hence (25) is
injective. 0
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4.8.4. We prove 4.3.2. Let U’ be the inverse image of U in X’ (so we have
an isomorphism U’ 5 U). Let y € Fy HX (U, Qp/Zy). By [20, Theorem 8.1],
the Swan conductor divisor of xy7 on X’ is <N’. Both Rsw(xy) and the
pullback of Rsw(y) on X’ are sections of the left hand side of (20) whose
images in the right hand side of (20) coincide with the pullback of Rsw(x).
Hence by the injectivity 4.3.3, they coincide.

LEMMA 4.3.5. Theorem 4.3.1 is true if X' is a (locally closed) subscheme
of X of codimension one, D is reqular, and the scheme D X x X' is regular.

The following proof of 4.3.5 models on the method of Brylinski in [7] who
studied the induced ramification on a curve X’ C X for a surface X over a
finite field by using the class field theory of X.

Proof. Let D'=D xx X'. We may assume that X, D, X’ and D’ are
integral and that D is of characteristic p > 0. Let K (resp. F, resp. K’,
resp. F’) be the function field of X (resp. D, resp. X', resp. D). Let d
be the dimension of X. Let £ be the generic point of D’ and let v be the
generic point of D. Let 7 € Ox ¢ be an element which defines X" at ¢ and
let € Ox ¢ be an element which defines D at &. Let q = (2;); € Q4—1(X)
and assume x4 =¢. Let x € FyHYL (U, Qp/Z,). For p € Py(X), consider
the homomorphism hy : K} (K) — Q,/Z, induced by y. Then we have
Zpqu(X) hy =0 on KM(K). Let p1 = (x;); € Py(X) be the unique element
such that x4_1 is the generic point of D, and let py = («}); be the unique
element of P;(X) such that z/, ;| is the generic point of X’.

Write N =nD, M =mD. We may assume n > 0 and hence n > m. Let g €
T Ox e and Y1, ..., Y42 € (9;(7£ %, and let a = {E(g), y1,. .., Ya_2,T}
e KM(K). Since hy(a) =0 and hy(a)=0 for pe P (X)~
{pl’i;}’ zve Sme 2 _pepy(x) hp(a) p(a) a(X)

(26) hpl (04) + hP2 (0‘) =0.

Let X’ be the pullback of x to X' NU. Let p1(D) be p; regarded as an
element of P(D) and define p2(X’) € P(X’) and q(D’) € P(D') similarly. Let
hpy(x7) : K311 (K') = Q/Z be the homomorphism induced by x’. Then hy, :
KM (K)— Q/Z coincides with the composition K} (K) LA KM (K') —
Q/Z where the first arrow is the boundary map and the second arrow is
hpQ(X/).

We first prove Swe(x') <n. It is sufficient to prove that hy,x) kills
UMK c]l\{ 1 (K') where U* is for the discrete valuation ring Ox ¢. The group
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UM KM (K') is generated by 9(a) where v = {E(g), y1, - - - , Ya—2, T} is as
above such that g € 71 Ox ¢. For such o, we have hy, (x)(8()) = hp,(a) =
—hyp, (o) = 0. Here we used (26) and the fact Sw,(x) < n and hence hy, kills
a € U KM(K) where U* is for the discrete valuation ring Oy,

Let E and E’ be the schemes (n —m)D and (n —m)D’, respectively.
Since F,[T] = Opg¢; T+ 7 is a localization of a smooth map, there is a
ring homomorphism ¢ : Op ¢ — Op¢ which lifts the identity map of Op,
and which sends the image of 7 to the image of 7. Then ¢ induces ring
homomorphisms F — Og,, and F’ — Op ¢ which lift the identity maps of
F and F’, respectively. Write

Rew(x) = 32 770 (s(a) dlog(m) + 1(b0)

i=m+1
€ (Ox(nD)/Ox(mD) ®o, Qx (log D)),

Rsw(x Z 77 @ (u(a}) dlog(m) + o(b}))
1=m-+1

S (OX/ (nD')/OX/ (mD') ®(9X, Qk/ (log D/))E’

where a; € Opg, b; EQlDS,a’ €F b, e,
For j € Z, let €: QJ D& QJF, be the canonical projection. It is sufficient
to prove a, = €(a;), b, = €(b;) for all i.
We prove a; = e(al) For any c € QDg’ we have
hp, ({E(7" @ 1(c)), 7}) = (=1)"'Resy, (p) (aic A dlog(7))
— (— 1) TResq(on (e(a)e(e),

where  Resy, (p) = X vepinp, () ReSF,,  Resqnry =2 ,e pipr q(pr)) Resry.-
On the other hand,

hyp, {E (7" @ 1(€)), 7}) = Ty (x) (B(m* @ 1)) = (=1)**Resg(pry (aje(c)).

Hence by (26), Resq(pr(e(ai)c) = Resqpry(ajc) for any c € Q%Tz. Hence we
have a; = a.
We prove b, = e(b;). For ¢ € Q% 53,
hpl({E(ﬂ'i ®u(c)), m,T}) = —Respl(D)(bi AcAdlog(T))

= —Resq(D/)(E(bi) Ne(c)).
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On the other hand,
hyps ({B (' © 1)), w1, 73) = By (xny ({E (7 @ 1(¢)), m}) = Resq(pr) (0 A €(c)).

Hence by (26), Resqpr)(e(bi) A c) = Resq(pry (b A ¢) for any c € QC}J?’. Hence
we have b; = b, [

COROLLARY 4.3.6. Theorem 4.3.1 is true in the case X' is a one-
dimensional subscheme of X such that X' meets D only at reqular points of
D and the scheme D x x X' is reqular.

Proof. This is because the morphism X’ — X is a composition of
morphisms X’ — X of the type of 4.3.5. [

LEMMA 4.3.7. Theorem 4.53.1 is true if X' is one-dimensional.

Proof. Let C be the image of X’ — X. We may assume that C' is one-
dimensional. By repeating the blowing-up of X at C'N D, we obtain the
situation of 4.3.6 with X’ = C. Hence in the composition X’ — C' — X, 4.3.7
for the latter morphism is reduced to 4.3.2 and 4.3.6. Lemma, 4.3.7 for the
first morphism is reduced to (i) of 3.1.2. [

The following 4.3.8 is a preparation for 4.3.9 which is important to reduce
Theorem 4.3.1 to 4.3.7.

LEMMA 4.3.8. Let D be a smooth scheme over a perfect field k of
characteristic p >0 and let x be a closed point of D. Then we have an
injection

Q})/k,x - H QlZ/k,r
Z

where Z ranges over all closed integral subschemes of D of dimension one
which contain r and which are smooth at x.

Proof. Let w be a nonzero element of QlD/,m. Let (t;)1<i<a be a regular
system of parameters at . We prove by induction on d. Write w =), g;dt;
on an open neighborhood of . We may assume g; # 0. Assume d > 2. Since
the ideals of (t} —tq) (n>1) of Ox, are distinct prime ideals of height
one, there is n > 1 which is divisible by p such that g; ¢ (t] —t4). Let Z be
the closed integral subscheme of X containing = which is defined by ¢} — ¢4
at x. Then Z is smooth at z, (dt;)1<i<4—1 is a base of QIZ@, the image of w

. 1 . d—1 . .
in QZ’:C is > :—1 gidt;, and gy is nonzero in Oz . 0
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LEMMA 4.3.9. Let the notation be as in 4.2.2. Let x be a closed point of
D at which D is regular. Then we have an injection

(Ox(N)/Ox (M) ®oy Qx (log D))a
—>H Oc(Ne)/Oc (M) ®oc Qe (log De))e

where C ranges over all one-dimensional reqular integral subschemes of X
which contain x and which are not contained in D. Here N/, is the pullback
of N to C, M{, is the effective divisor on C defined using N{, similarly
to M, and Dy, is the support of the pullback of D to C regarded as a divisor
on C with simple normal crossings.

Proof. We may assume that D is regular and that N =nD for some
integer n>1. Let w be a nonzero element of (Ox(N)/Ox(M)®o,
QY (log D)),. Let 7 be an element of Ox, which defines D at z. Take a
system of regular parameters (¢1,...,tq) of Ox, such that t;=m. Write
M =mD. Let h >0 be the largest integer such that w is in the image
of 7rh "® Q% (log D). Then n—h>m. Write w=7""® (f dlog(r) +
Zl ) ! gidt;) with f, g; € Ox . Then the pullback of some of f and g; to
D is nonzero.

There are two cases.

Case 1. The pullback of some g; to D is nonzero.

Case 2. The pullbacks of g; to D are zero for all ¢. In this case, the
pullback of f to D is nonzero.

In Case 1 (resp. Case 2), there is a closed integral subscheme Z of D of
dimension one which contains x and which is smooth at x such that the
pullback of Z?;ll gidt; (resp. f) to Z is nonzero. (In Case 1, the existence of
Z is by 4.3.8.) By changing the choice of (¢;)1<i<d—1, we may assume that Z
is defined at x by ta, ..., tq—1 and 7. (In Case 1, the pullback of Zz 1 gidt
to Z becomes the pullback of gjdt;.)

Let a be the order of the pullback of git; (resp. f) to Z at x.

Take an integer e which is divisible by p (resp. is coprime to p) such
that e > p(a + 1). Let C be a one-dimensional regular integral subscheme of
X containing x which is defined by to, ..., t4-1,t; — 7 at z. Let w’ be the
pullback of w to (Oc(N)/Oc(M}) ®0. Q& (log D))y

In Case 1 (resp. Case 2), we have the following.
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Claim 1. N/, =enDy, M{.=m'Dy, where m’ is an integer such that
e tm/ <m+p~L(p—1). 1 is a prime element of the discrete valuation ring
Oc,z. dlog(t1) is a generator of Q}(log Dy,

Claim 2. «' =7""® gdlog(t;), where g is the pullback of git; (resp.
ef 4+ git1) to C. The order of g at z is a.

The proofs of Claims 1 and 2 are straightforward.
Claim 3. ' #0.

To prove Claim 3, by Claims 1 and 2, it is sufficient to prove e(n — h) —
a>m'. But e le(n—h)—a—m'—1)=(n—h—-—m—1)+m—elm'+
l—eHa+tl)=(m—etm)+1—eta+1)=—ptp-1)+1-pt=0.

il

4.3.10. Now we prove Theorem 4.3.1. By 4.3.9 which we apply by taking
X’"1in 4.3.1 as X in 4.3.9, we may assume that X’ in 4.3.1 is one-dimensional.
Then we are reduced to 4.3.7.

4.8.11. By 4.3.7 and 4.3.9, for x € FNHL(U,Q,/Zy,), Rsw(x) in
Theorem 4.2.2 is determined by Rsw of the pullbacks of x to
FocmH YKcz, Qp/Z,y), where x ranges over regular points of D, C ranges
over one-dimensional regular integral subschemes of X which contain x
and which are not contained in D, n(C, z) denotes the multiplicity of the
pullback of N to C' at z, and K¢, denotes the local field of the function
field of C' at =.

4.8.12. In the case X is of characteristic p, the proofs of the Theo-
rems 4.2.2 and 4.3.1 can be given also by using Artin—Schreier—Witt theory.

We first consider 4.2.2. The exact sequence 0 — Z/p°Z — W, (Oy) !
Ws(Opy) — 0 on Ug, where ¢ is the Frobenius, induces an exact sequence
0= Z/p°Z — j.Ws(Or) S . Wy(O) = RYju(Z/p°Z) — 0 on Xe (this is
because R'j,W¢(Oy)=0 by the fact j is an affine morphism). For an
effective divisor N whose support is contained in D, let Fyj.Ws(Op)
be the subsheaf of j,Ws(Op) consisting of local sections (fs—1,..., fo)
satisfying p'div(f;) > —N for all i. Similarly as [35, Proposition 1.31(1)], the
subsheaf FyR'j.(Z/p°Z):= R'j.(Z/p*Z) N FyR'j.(Qp/Z,) C RYj.(Z/p°Z)
where Z/p°Z is embedded in Q,/Z, in the canonical way equals the image
of FnjWs(Op).
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We have the homomorphism
FnjsWo(Op) — Ox(N) @0, Q(log D);
(fotsoo s o) = > 7 dfs.

By the exact sequence 0— Z/p°Z — Fprj.Ws(Or) o FnjWs(Op) —
FRYj.(Z/p°Z) — 0 and by the surjectivity of Fnj.Ws(Oy) — FyRYj.
(Z/p°Z), this homomorphism induces a homomorphism

FNR'j(Z/p"L) = Ox (N)/Ox (M) @0 Qx(log D)

which is Rsw.

The compatibility with pullbacks (4.3.1) is evident in this method.

The refined Swan conductor FyR'j.(Z/p*Z) — Ox(N)/Ox(N + D)
®0y Q% (log D) defined in [35, Definition 1.33] is induced by Rsw, by 3.5.7.

As an application of our theory, we have the following theorem.

THEOREM 4.3.13. Let X be a reqular scheme of finite type over Z, D a
divisor on X which is regular and integral, U = X ~ D, p a prime number,
and let x € HL(U, Qp/Z,). Let x be a closed point of D. Then

Swp(x) = Sup Swe(Xlcnu)/(C, D)y

where C' ranges over all one-dimensional integral subschemes on X which
contain x, which are reqular at x, and which are not contained D. Here
Swp(x) denotes the Swan conductor of x at the generic point of D, and
(C, D)y denotes the intersection number of C and D at x which is the
multiplicity at x of the pullback of the divisor D to C.

The positive characteristic case of 4.3.13 is already proved by Barrientos
[3, Theorem 5.2] without the assumption X is of finite type over Z.

In the equal characteristic and geometric case, an analogue of 4.3.13
is proved in Hu [15] for the Swan conductor of a locally constant sheaf
with ramification along a divisor defined by the logarithmic filtration by
ramification groups [1]. Conjecture A in [3] discussed in 4.3.15 is also studied
in [15].

4.3.14. We prove 4.3.13. Lh.s > r.h.s. follows from (1) of Theorem 4.3.1.
To prove Lh.s. < r.h.s., we consider the C in the proof of 4.3.9 with
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n=Swp(x) (so h=0). We have Sw,(x|crnv) =en —a, (C, D), =e, and
hence Sw,(x|cnv)/(C, D)z =n — e la. a can be fixed and e can become
arbitrarily big.

4.8.15. As is discussed in [3], 4.3.13 is related to the rank one case
of Conjecture A in [3] on ramification of ¢-adic sheaves on a scheme X
(here ¢ is a prime number which is invertible on X). This conjecture was
first formulated by Esnault and Kerz in the positive characteristic case
at the end of Section 3 of [8]. Conjecture A is formulated by using the
Swan conductor of a representation of Gal(K/K) for a complete discrete
valuation field K defined by Abbes—Saito theory [1]. For a one-dimensional
Galois representation, the Swan conductor given by [20] and used in this
paper coincides with that given by [1] in the positive characteristic case
[2, Corollary 9.12], but this coincidence is not yet known in the mixed
characteristic case.

If the last coincidence is true, then (1) of 4.3.1, 4.3.13 and the arguments
in [3, Section 6] show that Conjecture A is true for rank one ¢-adic sheaves
on X in 4.2.1.

(Two of the authors (K.K. and T.S.) are preparing an article [24] where
the coincidence in the mixed characteristic case is proved. This should imply
Conjecture A in the rank one and the mixed characteristic case.)

Acknowledgments. The authors are grateful to the referee for careful
reading of the manuscript and valuable comments.
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