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A CHARACTERIZATION OF THE LEVY LAPLACIAN IN TERMS
OF INFINITE DIMENSIONAL ROTATION GROUPS

NOBUAKI OBATA

Introduction

P. Lévy introduced, in his celebrated books [21] and [22], an infinite
dimensional Laplacian called the Lévy Laplacian in connection with a
number of interesting topics in variational calculus. One of the most
significant features of the Lévy Laplacian is observed when it acts on
the singular part of the second functional derivatives. For this reason
the Lévy Laplacian has become important also in white noise analysis
initiated by T. Hida [12]. On the other hand, as was pointed out by H.
Yoshizawa [29], infinite dimensional rotation groups are profoundly con-
cerned with the structure of white noise, and therefore, play essential
roles in certain problems of stochastic calculus. Motivated by these
works, we aim at developing harmonic analysis on infinite dimensional
spaces by means of the Lévy Laplacian and infinite dimensional rotation
groups.

The significant property of the Lévy Laplacian mentioned above ap-
pears typically when it acts on particular quadratic functions on infinite
dimensional spaces. This fact leads us naturally to the notion of normal
functions which will be taken as the domain of the Lévy Laplacian, and
thereby we find many characteristic properties of the Lévy Laplacian.
The main purpose of this paper is to investigate the structure of the
rotation group describing the invariance of the Lévy Laplacian and to
give its characterization by means of this invariance. Our main results
are stated in Sections 3 and 4.

Here is a summary of the paper.

Throughout the paper H denotes the real Hilbert space LXT,v) with
(T, v) being a probability space satisfying some conditions prescribed in
Section 1. The Lévy Laplacian 4 is defined by
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AF@) = lim 3 (F(@)e., ),

where {e,};., is an equally dense CONS (= complete orthonormal sequence)
in H and F is a normal function on H introduced below. It will be noted
that the limit always exists and does not depend upon the choice of such
a CONS.

We now introduce normal functions which will play an essential role
in the study of the Lévy Laplacian. Let .# be the set of all multiplication
operators M(p) with ¢ € L*(T, v), o the set of all compact operators on
H and put & = # + . It is known that o/ becomes a norm closed
subalgebra of the algebra # = #(H) of bounded operators on H. A
normal polynomial on H is by definition a member of the algebra generated
by constant functions, linear functions and quadratic functions of the
form (A¢g, &>, Ae /. Taking the completion of the normal polynomials
with respect to the topology of uniform convergence on bounded subsets
together with all the derivatives, we obtain the space 3 of normal func-
tions (see Section 1). It is noted that M becomes a Fréchet space and is
closed under pointwise multiplication.

As we mentioned before, the main purpose of this paper is to establish
a relation between the Lévy Laplacian and infinite dimensional rotation
groups. To our goal we first investigate the structure of the rotation
group describing the invariance of the Lévy Laplacian. Set

O(H; 4) = {ge O(H); U(g)d = 4U(g)},

where the action of the orthogonal group O(H) on functions F on H is
defined by

(U@F)(¢) = F(g¢), ¢eH, geOH).

It is very interesting that the structure of O(H; 4) is completely determined.

We now prepare some notation. The most important subgroup of
O(H) comes from transformations of the probability space (T, v). With
each transformation « of T we associate a rotation g, e O(H) defined by
the formula:

200 = ( d”gagf?«’w)”z &e(t), teH teT.

The group (T) of all transformations is then regarded as a subgroup of
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O(H). The subgroup of all measure-preserving transformations will be
donoted by (7, v). Let O, (H) denote the subgroup of all rotations which
are the identity modulo compact operators and we set O,(H) = O(H) N
., which becomes a maximal abelian subgroup of O(H). With these
notations, we shall prove the following result in Section 3.

THEOREM A (Invariance of the Lévy Laplacian). The rotation group
O(H; 4) admits a factorization into a semidirect product of three subgroups:

O(H; 4) = T, v) X (O(H) x O(H)) = (T, v) x O,(H)) x O(H) .

The result suggests that (7T, v) is indispensable to the analysis of
the Lévy Laplacian and, in fact, we shall illustrate this in the problem
of characterizing the Lévy Laplacian. While, it is also interesting that
O(H; d)-invariant eigenfunctions of the Lévy Laplacian are determined
using the subgroup O.(H) (Proposition 3.6).

We then discuss characterization of the Lévy Laplacian by means of
the invariance described in Theorem A. To this end we notice the fol-
lowing properties of the Lévy Laplacian.

(L1) 4 i1s a continous linear operator from 9 into itself;

(L2) 4 is a derivation on i, i.e., for any F,, F, e,

J(Fsz) = JFx‘Fﬂ + FI'AFZ;

(L3) 4 annihilates linear functions;
(L4) for any non-negative quadratic function F(§) = (Ag, &) with
Ac./, AF(€) is a non-negative constant.

The proofs of (L1) and (L2) are given in Section 1. On the other hand,
(L3) and (L4) are immediate consequences from the definition. Finally,
by Theorem A we have

(L) 4 is invariant under I(T, v).
Among others, properties (I.2) and (L5) are very noticeable, and thereby
a clear discrimination is made between the Lévy Laplacian and another
Laplacians on infinite or finite dimensional spaces. We prove in Section
4 the following assertion.

THEOREM B (Characterization of the Lévy Laplacian). If an operator
on N satisfies the properties (L1)-(15), it is a constant multiple of the Lévy
Laplacian.

In Section 5 we establish a formula which links the Lévy Laplacian
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and asymptotic spherical mean. A noteworthy feature of normal func-
tions is observed here again (Proposition 5.1).

In Appendix we construct CONS’s which are equally dense independent
of the arrangement and discuss rearrangement of equally dense CONS’s
in general. The last topic is somewhat related to a similar problem in
uniformly distributed sequences ([25]).

AcCKNOWLEDGEMENTS. I acknowledge with special thanks stimulations
that came from Professors K. Aomoto, T. Hirai, H. Nomoto and H.
Yoshizawa. Most cordial thanks are due to Professor T. Hida whose
influence on my development and direction has been both beneficial and
far-reaching.

§1. The Lévy Laplacian and normal functions

Let T be a separable complete metric space and v a Borel probability
measure on it. Let H be the real Hilbert space L*T, v) with the inner
product -, -> and the norm ||-|. In order to avoid inessential argument
we assume that the measure space (T,v) = (T, 7,v) is complete. We
further put the following two assumptions on (7, v):

(A1) every non-empty open subset of 7" has positive measure;

(A2) the probability space (T, v) admits no atoms.

Let # = #(H) denote the algebra of all bounded operators on H
equipped with the operator norm topology. With each ¢ e L=(T,v) we
associate a multiplication operator M(p) € # by

(M(@)E) (&) = o)), seH, teT.

Let # be the set of such multiplication operators M(p) and 7 the set
of compact operators on H. Note that (A2) is equivalent to

(A2) ANAH = {0}
We set

o =M+ A ={M)+ K; pe L*(T,v), Ke X},

which becomes a closed subalgebra of # (cf. [4, §1.8]).

As is well known, one of the most significant properties of the Lévy
Laplacian is observed when it acts on particular quadratic functions on
infinite dimensional spaces ([22]). These quadratic functions lead us the
notion of normal functions which will be taken as the domain of the
Lévy Laplacian.
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DeFiNITION. A function on H is called a normal polynomial if it
belongs to the algebra generated by constant functions, linear functions
and quadratic functions of the form (Ag, ¢), Ae/. Let N be the com-
pletion of the normal polynomials with respect to the topology of uniform
convergence on bounded subsets in H together with all the Fréchet deriva-
tives. A member of N is called a normal function.

Note that St become a Fréchet space and remind that R is closed
under pointwise multiplication. In fact, we may prove a more general
result below with no difficulty.

ProprosiTiON 1.1. Let f be a C=-function on R™. Then for any F,,
o, FoeN the function F(&) = f(F\(&), ---, F,.(€) is again a normal
function.

As usual we identify the derivatives F’(¢) and F”(&) with an element
of H and a symmetric operator in &%, respectively, by the formula:

FE +7) = F@) + (F@, ) + %(F”(E)m 2> + o7l

for ¢ e H and small e H.

ProposiTioN 1.2. If F is a normal function, then F"(§)e s/ for any
&€ e H. More precisely, for each &e H there exist unique ¢o(¢) = o(&; +) €
L=(T, v) and K(§) e o such that

(1-1) F"(&) = M((8) + K() .

Proof. It is easy to see by a direct calculation that F”(¢)e ./ for
any normal polynomial F. Since «/ is a closed subalgebra of %, the

same is true for arbitrary normal functions. The uniqueness of the ex-
pression (1-1) follows from (AZ2). Q.E.D.

DeriniTiON ({22, Part 3, §30]). A complete orthonormal sequence
(=CONS) {e,}iy in H = LXT, v) is called equally dense if
lim 5 [ p(0e,0dutd) = | o(0dlt),
Now N a=tdrT T

or equivalently,

(-2 lim L 51 (Mlgle,, ey = [ o(0dt)
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for any ¢ € L™(T, v).

Generally speaking, the property of being equally dense depends upon
the arrangement of the CONS. In this connection we mention a few re-
sults in Appendix. From now on we fix an equally dense CONS in H
and denote it by {e,};r_;.

LEmma 1.3. For any FeN we have
.
(1-3) lim 52 (e, ) = [ ol&s 00,

where ¢(&; -) is given by (1-1).
Proof. By Proposition 1.2 we have F"(§) = M(p(€)) + K(¢), where
(&) e L>(T, v) and K(¢)e . Since {e,};-, is equally dense, we have
N
(-9 lim L 3% (M(p(€)en, €)= [ (&5 ablt).
Now N 721 T

On the other hand, since K(&) is compact,
lim (K(§)e,, e,> = 0,

n—co

and therefore,
(1-5) lim L 37 (K@ey, e, = 0.
Now [N n=1

Then (1-3) follows from (1-4) and (1-5). Q.E.D.
We now come to the following

DEFINITION. For a normal function Fe N we put
AF () = lim % S(F@)en, ey, EeH.
N—ooo n=1

(By Lemma 1.8 the limit always exists and is independent of the choice
of an equally dense CONS.) The operator 4 is called the Lévy Laplacian.

ProrositioN 1.4. The Lévy Laplacian 4 is a continuous linear operator
from N into itself.

Proof. For brevity we put

(1-6) I(A) = lim—;]- St (Aey, 05, Acd.
N-ooo n=1
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The limit always exists (cf. the proof of Lemma 1.3). Suppose that F is
a normal polynomial given by

(1—7) F(S) = P(<a1, $>, Ty <al, E>: <A1€7 ‘S)a ] <Am5’ $>), S € H’

where a,, -+--,a,¢H, A, ---,A,cs/ and P is a polynomial in [+ m
variables. Then by a direct calculation, we obtain

AF@E) = ]Zj]12L(A,)aMP.

Hence 4F is also a normal polynomial.
We next show the continuity. For any bounded set BCH and non-
negative integer n we put

(1-8) I Fllg,n = sup{|F™@)l; § e B},

where ||[F™(€)|| is the usual norm of n-linear forms, i.e.,

[F@@E) = sup {{FWE)E, -+, & 16 <L, -, 16l < 13

The topology of 9 is by definition given by the seminorms ||-|z.. A di-
rect calculation implies that ||4F|5,, < ||F|s ... for any normal polynomial
F. Since the normal polynomials form a dense subspace of 3, the same
inequality holds for any F in . Consequently, the Lévy Laplacian is a
continuous linear operator from I into itself. Q.E.D.

PropositioN 1.5. The Lévy Laplacian is a derivation, i.e., for any
pair of normal functions F, and F, we have

A(E\F)E) = AF\(§)-Fy§) + Fi(§)-4F§), &eH.

This illustrates a striking contrast to the finite dimensional Laplacian.
The proof is easy and omitted (see also Lemma 3.5).

Finally we remind that the normal functions cover many important
functions on Hilbert space. For example, Hilbert-Schmidt polynomials
([1]), regularly analytic functions ([26]) and ordinary Brownian functionals
through the S-transform ([18]) are normal functions. Moreover, the ex-
ponential function F(&) = exp(— ||€|) which corresponds to a physically
important Brownian functional is also a normal function.

§ 2. Infinite dimensional rotation groups

The group of all orthogonal operators (or rotations) on H is denoted
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by O(H) and equipped with the norm topology. Subgroups of O(H) are
generally called (infinite dimensional) rotation groups.

The most important subgroup of O(H) arises from transformations of
T. A transformation on (T, v) is by definition a measurable automorphism
a on T such that voa™ and v have the same class of null sets. A
transformation « is called measure-preserving if vea™ = v. Let £(T) and
(T, v) denote the group of all transformations and its subgroup of
measure-preserving ones, respectively. With each « ¢ Z(T) we associate
a rotation g, e O(H) by the formula:

dv(a (@) \'

@-1) @@ = ( o8 )’%(«-*a», teT, tecH.

By means of the mapping « — g, we identify ®(7') with a subgroup of
O(H) which will be denoted by the same symbol.
We put

O(H) ={geOH); I —gex},
where I denotes the identity operator on H, and
O.(H) = OH) N A .

Note that O, (H) is a normal subgroup of O(H). Note also an obvious
relation

(2-2) 8M(p)g:' = M(poa™), g.e¥T), peLl=(T,v).
Then we have the following assertion.

LeEmMA 2.1. The three rotation groups ¥(T), O.,(H) and O.H) con-
stitute a semidirect product: T(T) X (O.(H) X O(H)) = (E(T) X O,(H))
X O(H).

We next show that the semidirect product is the automorphism group
of &: OH; o) = {ge O(H); g/g~' = &}, namely

ProposiTiON 2.2. It holds that
OH; o) = T) X (O(H) X O(H)) = (X(T) X O,(H)) x OL(H).
Before we come to the proof some preliminary results are given.

LEMMA 2.3. Let ¥ be an algebra automorphism of the Banach algebra
L>(T, v). Then there exists a unique a e I(T) such that T(p) = poa for
any ¢ € L°(T, v).
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LEmMmA 2.4, If Ae% commutes with every multiplication operator
Me .# modulo compact operators, i.e., AM — MAeX for any Me 4,
then A belongs to o/ = M + A .

These are easily verified with the help of the corresponding results
for complex algebras, see [3], [17] and [28].

LEMMA 2.5. For g e O(H) the following two conditions are equivalent:
(i) gMg" — Mex for any Me A,
(ii) g belongs to O,(H) x O/(H).

Proof. The implication (ii) = (i) is obvious. We show that (i) implies
(i1). Now suppose that gMg' — M e " for any M e.#. Then by Lemma
2.4, g belongs to A4 + &, say, 8 = M + K. Since

I="'gg=(M+'KYM+ K)="'MM + ‘MK + ‘MK + ‘KK,

I— ‘MM ='MK + ‘KM + ‘KK belongs # N o = {0}. Hence M belongs
O,H) and ‘Mg = 'M(M + K) = I + ‘MK belongs to O,(H). Consequently,
we obtain the factorization g = M + ‘MK) € O,(H) x O, (H). Q.E.D.

Proof of Proposition 2.2. It is easily seen that any rotation ge (T)
X (O,(H) X O,(H)) induces an automorphism of /. We shall prove the
converse assertion. Suppose that ge O(H) induces an automorphism of
/. In particular, g#g' + A4 = # + #. Hence g induces an auto-
morphism & of L*(T, v) determined uniquely by the condition that

(2-3) gM(p)g™ — M@phex, el (T, v).
By Lemma 2.3, there exists a transformation « € Z(7T) such that
(2-9) 8(p) =gpoa™t, 9eL™T, ).

In view of (2-2), (2-3) and (2-4) we have

gM(p)g™ — 8.M(p)gz' e A .
Hence, by Lemma 2.5, we have g;'gec O, (H) X O,(H). Consequently, g
belongs to S(T) X (O, (H) x O(H)). Q.E.D.
§3. Invariance of the Lévy Laplacian

In this section we find a very noticeable result which makes us
possible to study the Lévy Laplacian from the viewpoint of harmonic
analysis. Namely, we determine the structure of the rotation group
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describing the invariance of the Lévy Laplacian:
OH; 4) = {ge OH); U(g)d = 4U(g)},
where an operator U(g) on functions F on H by

(U@F)g) = F(g'6), ¢EeH.
The main result is the following

TueoreM A (Invariance of the Lévy Laplacian). The rotation group
O(H; 4) admits a factorization into a semidirect product of three subgroups:

OH; 4) = YT, v) X (O(H) X OLH)) = (T, v) X O,(H)) X OL(H).

It is interesting and important that the invariance of the Lévy Lap-
lacian is completely described with the three rotation groups each of
which is structurally very well known. Furthermore, the factorization of
O(H; 4) suggests particular importance of (7, v). In fact, we shall give
a group-theoretical characterization of the Lévy Laplacian in the next
section. For the proof we begin with the following

LemmA 3.1. For a rotation g e O(H) the following two conditions are
equivalent:
G U@ncR;, () godg'C

Proof. First we suppose (ii). Let F be a normal polynomial given
as in (1-7). Then

(U(g)F)§) = F(g™'¢) = F('g8) =
= P((gal, §>’ T <gats §>’ <gA1g_IE9 E>: Ty <gAmg—1§9 $>) .

Hence, by the assumption (ii) we see that U(g)F is also a normal poly-
nomial. Since U(g) is a continuous operator on C;*(H), the assertion (i)
follows. Here Cy(H) is equipped with the seminorms |||z, defined in
(1-8).

We next show that (i) implies (ii). Consider a normal function F(&)
= (Ag, &) with A e /. Then, by assumption U(g)F is also normal. Hence
(U(g)F)'(5) = 2gAg~* belongs to &/ by Proposition 1.2. Consequently,

g8 C . Q.E.D.
Lemma 3.2. For a rotation g e O(H), U(g)N = N holds if and only if
ge OH; o).
Proof. Immediate from Lemma 3.1. Q.E.D.
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LemMA 33. Let a e X(T). Then U(g,)d = 4U(g,) holds if and only

if «e®(T,v).

Proof. Let Fe®N with F"(§) = M(p(§)) + K(£). Then by Lemma 1.3
we obtain
(3-1) (U(g)AF)(¢) = L, o(g7'8; Ddu(t) .

On the other hand, noting (2-2) we have
(U(gIF)'(¢) = g F"(g:78)g:" = M(p(g:'€)oa™") + g K(g7'6)g:!

and therefore,
(3-2 (AUEIFNE) = | olere; a(O)du)

_ dy(e(t))
= 6t du(?) .
L p(g'€; ) @) ()
If @« e (T, v), apparently (3-1) and (3-2) are in coincidence. Conversely,
suppose that (3-1) coincides with (3-2) for any FeN. Then, taking F(§)
=+ (M(p), &>, ¢ € L°(T, v), we have

J et = [ o0 2D s, per-z.).

This means that « € (T, v). Q.E.D.

Proof of Theorem A. It follows from Lemma 3.2 that O(H; 4) C
O(H; &/). Then, with the help of Lemma 3.3 we need only to show that
U(g)4 = 4U(g) for any ge O,(H) X O.(H). Let FeN with F"(&) = M(p(&€))
+ K(¢&), o) e L=(T,v), K()eA. Then, for any ge O,(H) X O,(H) we
have

(U(@F)'(§) = gF"(g7'¢)g™" = g(M(p(g7'¢)) + K(g™8)g™' = M(p(g™'%)) + K’

with some K’ e . It then follows from Lemma 1.3 that

(AU(g)F)¢) = L o(g7¢; )du(t) = AF(g™'¢) = (U(g)4F)(§) .
This completes the proof. Q.E.D.

Remark 3.4. There arises a natural question of translation invariance
of the Lévy Laplacian. However, this is not so interesting as rotation
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invariance because the Lévy Laplacian is invariant under arbitrary trans-
lations on H in the sense that 4V(y) = V(p)4 for any 5e€ H, where an
operator V(y) is defined as

(3-3) (V)F)§) = F(E —»n), &eH.
The proof is straightforward.

As a simple application of Theorem A, we investigate O(H; 4)-invariant
eigenfunctions of the Lévy Laplacian. To this end we need the following
lemma which generalizes Proposition 1.5. For the proof we only need to
recall the definition of the Lévy Laplacian and the fact that lim,_.. <a, ¢,)
=0 for ac H.

LevmmA 3.5. Let f be a C-function on R™ and let F,, - - -, F,, be normal

functions. Put F(¢) = f(F\(&), ---, F.(&). Then

AFE) = S0./(FiE), -+, Fule)-AF,) .

ProposIiTION 3.6. Any O(H; d)-invariant eigenfunction of 4 with eigen-
value A€ R is of the form:

(3-4) F@©) = Cexp (—g— llF)

where Ce R is a constant.

Proof. Suppose that Fe9l is invariant under O(H; 4). Then F is
invariant under O,(H) by Theorem A and therefore, we may write

(3-5) F@E) =73, ¢&eH,

with some function f on [0, ). Since F is infinitely many times Fréchet
differentiable, f is of C=-class on (0, o) and is continuous at 0. With the
help of Lemma 3.5 we have

(3-6) AF @) = 2f(l€I"), &eH, §=0.

Suppose in addition that F' is an eigenfunction of 4 with eigenvalue 1¢
R, i.e., 4F = JF. Then by (3-6) we come to the equation:

@) = 2 (@), t>0.

The solution is given by f(f) = Ce*”?, t > 0, for some Ce R. Hence from
(3-5) we obtain (3-4). Q.E.D.

https://doi.org/10.1017/50027763000003020 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000003020

CHARACTERIZATION OF THE LEVY LAPLACIAN 123

§4. A characterization of the Lévy Laplacian

Having discussed in the previous section the structure of the rotation
group O(H; 4) describing the invariance of the Lévy Laplacian, we now
start on the problem of characterizing the Lévy Laplacian by means of
the invariance. To our goal we recall the following properties:
(L1) 4 is a continuous linear operator from % into itself (Proposition
1.4);

(L2) 4 is a derivation on N (Proposition 1.5);

(L3) 4 annihilates linear functions, i.e., 4F = 0 for any linear func-
tion F(&) = {a,&), ae H;

(14) for any non-negative quadratic function F(§) = (A&, &> with
A e o/, AF(§) is a non-negative constant;

(L5) 4 is invariant under (T, v) (Theorem A).

By definition (L3) and (I.4) are apparent. Needless to say, properties
(L2) and (L5) are particularly interesting. We note here that under (L1)
and (L.2) the statement (L3) is equivalent to the following

(L3") 4 annihilates cylindrical functions.

Here by a cylindrical function we mean a function F of the form:

F($)=f(<au5>, ""<am’$>)’ SGH’

where f is a C~-function on R™ and a,, ---, a, € H.
The rest of this section will be devoted to the proof of the following

THEOREM B (Characterization of the Lévy Laplacian). If an operator
on N satisfies the properties (L1)-(15), it is a constant multiple of the Lévy
Laplacian.

Suppose that we are given an operator 4 on N satisfying the five
properties (L1)—~(L5).

LemMmA 4.1. If F is a quadratic function given by F(&) = (K§, &),
Kex', then AF(&) = 0 for any & ¢ H.

Proof. We may assume without loss of generality that K is symmetric.
Choose a sequence {K,};., of finite rank operators such that | K, — K| —0
and put F,(¢) = (K,§, &). Then F, becomes a normal polynomial and
F,—F in . Hence from (L1) we see that
(4-1) lim AF, (&) = AF(&).

N> 0
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On the other hand, note that F, is a cylindrical function for K, is an
operator of finite rank. We therefore see from (L3’) that AF,(&) = 0 for
any & € H. Consequently, AF(§) = 0 by (4-1). Q.E.D.

We next consider a quadratic function
F©) = L(M@E &, 9eLl (T,

Since ¢ can be written as difference of two non-negative functions in
L>(T, v), it follows from (L4) that AF,(§) is a constant which will be de-
noted by A(p). Obviously, 2 becomes a continuous and non-negative linear
functional on L=(T, v). While, for any a € (T, v) we have

FApoa—l = U(ga)Ftp .
Hence by (1L5) we have
Apoa) = AF,.,. = AU(g)F, = U(g)AF, = i(g) .

Namely, 2 is invariant under I(7, v). We shall prove that such a func-
tional is unique.

ProposITION 4.2. Let 2 be a continuous and non-negative linear func-
tional on L>(T,v). If 2 is invariant under (T, v), i.e., Apoa™') = Ayp) for
any ¢ € L*(T,v) and a e (T, v), then

“-2) ap)=c[ oOd), ol (T,
with some constant ¢ > 0.

For the proof we need the following

LEmmA 4.3. Set T = [0, 1] and let v the Lebesgue measure on T. Let
A be a finitely additive set function on the Lebesgue measurable subsets
such that (i) 1 is non-negative; (i1) A(S) =0 for any S with u(S) = 0;
(iii) 2 is invariant under (T, v). Then for any pair a, b with 0 < a < b
< 1 we have

(4-3) A([a, b)) = c(b — a)
with ¢ = XAT).

Proof. For any positive integers n and j with 1 < j < n there exists
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a measure-preserving transformation «; € (7, v) such that aj([J - 1, J_])
n n

- [o, i]. Hence x([L:l L]) — € with ¢ = AT). Therefore (4-3) is
n

n n n

true for any pair of rational numbers a, b with 0 < a < b < 1. For the
assertion we only need to approximate a and b by rational numbers and
to note the non-negativity of 2. Q.E.D.

Proof of Proposition 4.2. The functional 2 is canonically identified
with a finitely additive set function on the ¢-field 9 which is absolutely

continuous with respect to v (e.g., [6, Chap. IV, Theorem 8.16]). It is
therefore sufficient to prove that

(4-4) AS) = eu(S)

for any Se€9 with ¢ = A(T). First suppose that S is an open subset of
T. Then there is an isomorphism ¢ from T onto [0, 1] such that

(i) the image measure voo~! is the Lebesgue measure on [0, 1];

) ¢(S) = [0, «S)).
It then follows from Lemma 4.2 that A(S) = cu(S). Hence (4-4) is valid
for any open subset S of T, and therefore, so is for any closed subset.
Moreover, (4-4) is valid for any Borel subset S of 7. For there are
sequences {F,} of closed subsets and {G,} of open subsets of T such that
FcFkc.---cSc- - c¢G,CG, with lim,_,u(F,) = lim,_.. u(G,) = u(S).
Finally, (4-4) is true for any Se.J because every measurable subset
S e J coincides to a Borel subset modulo null sets and because 1 is abso-
lutely continuous with respect to ». Q.E.D.

LeMMA 4.4. Assume that an operator A satisfies the conditions (L1)-
(L5). Then there exists a constant ¢ > 0 such that AF = cd4F for any
quadratic function F of the form F(§) = (A&, &) with Ae .

Proof. Put A = M(p) + K. Then by Lemma 4.1 and the discussion
before Proposition 4.2 we see that AF(§) = 2i(p). It follows immediately
from Proposition 4.2 that

AF(E) = 2 f (dut) = cAF().

This proves the assertion. Q.E.D.

Proof of Theorem B. Since /A is a derivation by assumption (L2), it
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annihilates constants as well as the Lévy Lapalcian 4. Taking (L3) and
Lemma 4.4 into account, we see that

(4-5) AF = cAF

for any normal polynomial F of degree < 2. Using (L2) again, we see
easily that (4-5) is true for arbitrary normal polynomials. Finally the
property (L1) implies that (4-5) is also valid for any normal function
Fe N because the normal polynomials form a dense subspace of 9.
Q.E.D.

§5. The Lévy Laplacian in terms of spherical mean

In this section we discuss another approach to the Lévy Laplacian
in terms of spherical mean due to Lévy. This approach is also inter-
esting to discuss certain problems of stochastic calculus. In addition,
we shall observe that the notion of normal functions is quite natural
from this viewpoint as well.

For each n=1,2, ---, the unit sphere S™!'C R" is regarded as a
compact subset of H by means of the mapping:

ho=(hy k) —> S heeH, heS.
k=1

We denote by dS,_,(h) the normalized uniform measure on S*-!. Then
the (asymptotic) spherical mean of a function F over the sphere of radius
0 € R with center at & € H is defined by

MF(, p) = lim F( + ph)dS, .(h)
§n-1

n—oo

provided the limit exists. We shall prove the following

ProposiTiON 5.1. Every normal function FeN admits the spherical
mean MF(&, o) for any & € H and p € R, and the identity

(5-1) AF(E) = 21im MFE, 9)2 - F©
p—0 p

holds.

Lemma 5.2. Let F; be a quadratic function given by F(&) = (Ag, &)
with Aje'fQ{y J = 1, 21 g, and put F(s) = TI§=1F]'(E)' Then

(5-2) MF(0, p) = ﬁ MF(0,0), pe<R.
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Proof. We define a symmetric p-form F on H with p=2q by

(5"3) ﬁ‘(&‘u Ty Ep) = Z H <A]sa(zj 1)y Sa(Zj)>

p! €y j=
where &, stands for the permutation group of p symbols. Then F(§) =
F(S’ R S) and

(5"4) MF(O’ .0) = Pp(p - 1)'! lim n-? Z F(ezp €ipy * eiq’ eiq) .

N0 Qpyeee,

This formula is due to [26, Lemma 3.1]. In view of (5-3) we have

(5—5) n-q Z F(ezn 119 Tty eiq9 ez‘q)

T1seees ig=

!
"2‘? . n"‘ Z <A € €4, * ° <Alleiq’ eifl> + R.
pl ws

Here R is a sum of finitely many (p! — ¢!2% terms of the form:

-q

(5_6) np' i1, Zz - <A €y e]l e <Aqe1q’ efq> ’

where (ji, -+, J) = @oqys - s L) for some ¢e€@, oxe Using the
Schwarz inequality we have

n-t » n-ve
ol | Z . CAsei, e, - (Age, €50 | < THAIH LA
. (2RSS 1g= .

and therefore,

IR < (p! — g2 P A |4, —>0 as n-—> o0,

Consequently,

MF(Q, 0) = o"(p — D!1-22" Jim n-c Z (A e (A e
p

N—seo  dqyeee,

= p"L(4)) --- L(A)),

where L is defined by (1-6). Since MF (0, p) = p’L(A,), we obtain (5-2).
Q.E.D.

Proof of Propasition 5.1. Evidently, MF(0,p) = 0 if F is a homoge-
neous polynomial of odd degree. Using this fact we see that the spherical
mean MF(0, p) always exists for any normal polynomial and that (5-2) is
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also valid for any normal polynomials F,, ---, F,. Moreover, this is true
for any normal function because every normal function can be approxi-
mated by normal polynomials uniformly on the sphere of radius p with
center at 0. Note that, for any Fe® the translated function V(p)F is
also normal for any pe H (cf. (3-3)). Moreover, it is obvious from the
definition that M(V(p)F)(§, p) = MF(& — 7, p). Hence, we conclude that
MF(E, o) = M(V(—8§F)(0, p) exists. Since 4F(¢) exists by Lemma 1.3,
we obtain the identity (5-1) with the help of the result [26, Proposition
1.1]. Q.E.D.

CoroLLARY 5.3. For any pair of normal functions F, and F, we have
M(F\F)(, 0) = MF\(§,0)- MFy(§,p), &€¢H, peR.

Proof. During the proof of Proposition 5.1 we have already estab-
lished that the assertion is true for & = 0. For an arbitrary & ¢ H we
need only to apply the translation operator V(—§&). Q.E.D.

Remark 5.4. For a quadratic function F(§) = (A¢,£) with Ae.r it
holds that MF(, p) = F(§) + p’L(A). From this we see that a quadratic
function possesses the mean value property if and only if it is harmonic
with respect to the Lévy Laplacian (see also [26]).

Remark 5.5. There is an interesting relation between the Lévy
Laplacian and another infinite dimensional Laplacian introduced by Gross
[8]. The latter will be called the Gross Laplacian and defined as

4deF () = Trace F”(5), §eH,

if F”(&) is an operator of trace class. Then we may prove with no
difficulty that

AFE) = lim - 4(F1)), FeR,
Noo N
where I, is an integral operator on H with integral kernel

Ky(s, 8) = i ex(s)ea(t) .

In this connection, see also [20].
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Appendix. Construction of equally dense complete orthonormal
sequences

As 1s easily expected, generally speaking, the property of a CONS
being equally dense depends upon the arrangement. In the first half of
this appendix we construct CONS’s which are equally dense independent
of the arrangement. For technical simplicity we specialize our consid-
erations to the case where T = [0, 1] equipped with the Lebesgue measure.

Let G be the countably infinite direct product of the identical additive
group Z, = {0, 1}:

G = {g = (Tl’ ;,Zy e ); rne Zz}-

Equipped with the product topology, G becomes a compact abelian group.
We denote by v the normalized Haar measure of G. The binary expansion
yields an isomorphism (in the sense of measure theory) from G onto [0, 1]
by means of the mapping:

Brg= Gty ) >3 -g’;% el0,1], geG.
n=1

The image of the Haar measure v under 3 coincides with the Lebesgue
measure.

It is known that the dual group G becomes a CONS in LG, v)
(see e.g., [11, Remarks 27.4 and Theorem 27.40]). Since every fe G" and
therefore fo 37! takes values in {£1}, we have

ProrositioNn A.l. The set {fo37'; fe G} is an equally dense CONS
independent of the arrangement.

An equally dense CONS is also obtained from differential equations.

ProprosiTiON A2, Let r = r(f) be a continuous function on [0, 1].
Denote by u, = u,(t) the normalized n-th eigenfunction of the following
second order differential equation:

u(t) — r(Oult) + Au(t) = 0

with the boundary condition: w(0) = w(l) =0. Then {u,};., becomes an
equally dense CONS in H = L¥0, 1) independent of the arrangement.

Proof. 1t is sufficient to show that

lim L & f SOy (DdE = f L o(t)dt
Noo N a=1Jo 0
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for any ¢ e L=(0,1) and ge Aut(N), where Aut(N) stands for the group
of all permutations on the set N = {1,2, ---}. For simplicity we put
e, () =+ 2 sinant and u,(t) = e,(t) + v,(?).

With the help of the Riemann-Lebesgue theorem we may prove that
{egmlr-1 is an equally dense CONS for any ge Aut(N). We then need
only to show that

lim Z; go(t)ug(n)(t)zdt = lim — Z ¢(t)eg(n)(t)2dt

N Noowo

But this is immediate from the following inequalities:
[ otte.vadat| < M

[} ety < __HgMI_
° n
where M > 0 is a constant such that |v,(8)] < M/n for all ¢¢[0,1]. For

the existence of such a constant, see [2, Chapter V, § 11]. Q.E.D.

Finally we make two remarks on relation between equally dense
CONS’s and infinite dimensional rotation groups.

ProposiTioN A.3. If {e,};.. is an equally dense CONS, so is {ge,};.,
for any ge O(H; 4).

Proof. According to Theorem A, any ge O(H; 4) is factorized as
g = g8,88 with «e®T,v), gc¢O0,(H) and g,e O(H). Then, for any
0 e L>(T, v) we have

<M(§D)gem gen> = <g~1M(¢)gem en> = <M(§0°a)em en> + <Kem en>
with some Ke . Hence

lim L 5% (M(p)ge., gewy = [ platt)au(t) = f PO .

This proves that {ge,};., is also equally dense. Q.E.D.

On the other hand, it is interesting to consider permutations which
preserve the property of a CONS being equally dense. Following [23] we
introduce the Lévy group:

— {geAut(N); lim L [{1<n<N; gn)> N} = o} .
Nowo N
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Then the following result is easy to see.

ProposITION A4, If {e}7., is an equally dense CONS, so is the
rearranged CONS {e,..};., for any g€ 9.

This suggests some similarity of equally dense CONS’s and uniformly
distributed sequences, in this connection see [25].
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