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AUTOMORPHISMS OF FUCHSIAN GROUPS AND
THEIR LIFTS TO FREE GROUPS

MARTIN LUSTIG, YOAV MORIAH AND GERHARD ROSENBERGER

0. Introduction. This paper has been motivated by earlier work of the
first two authors (see [3]), where distinct Nielsen classes of generating
systems for a Fuchsian group

G = (sl,...,sm,al,bl,...,ag,bgls}’")(i =1,...,m),

515 - Splay, by] .. [ag, b,])

have been established and, in the case of odd and pairwise relative prime
exponents (i), classified. As a consequence they could distinguish non-
1sotopic Heegaard decompositions of Seifert fibred 3-manifolds. In prov-
ing that these decompositions are actually non-homeomorphic (see [3],
Section 2), they investigated the question whether the different Nielsen
classes of generating systems for G remain distinct, if one passes over to
the weaker notion of “Nielsen equivalence up to automorphisms” (see
[12], p. 3.5, 4.11 a-c): this means that the automorphisms of G are added to
the Nielsen equivalence relations on the generators.

This question is equivalent to asking whether every automorphism # of
G lifts to an automorphism J# of the free group £, with respect to
any surjection Fy,,, | - G that describes one of the given Nielsen
classes. Our theorem below gives an affirmative answer to the latter
question, even in a more general situation than considered [3]: we require
only that the exponents #(i) in the above presentation of G are pairwise
distinct (also G may come from a non-orientable surface as listed in (*)
below). The last restriction is necessary in order to get the conclusion of
our theorem in fully generality:

Example (communication from M. Boileau/H. Zieschang). Given
G = (5159 82 s, 55, 5%, 515583)

and B € Z relatively prime to p with 8 # 1, —1 mod p. Consider the
generating systems s}, s, and s,, sg of G. The automorphism 4:G — G,
defined by #(s|) = s, A(s;) = s, (and hence 4(s;) = szs3s2“1) interchanges
these two generating systems. However, an easy computation, using Theo-
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rem 5.4 in [4], p. 256, shows that the commutators [s/f, s,] and [sy, sg] are
not conjugated in G and hence the two systems are not Nielsen equivalent
(see [4], p. 44).

The main result presented in this paper has been obtained in paral-
lel work by the first two authors and by the third author. It extends earlier
work of the latter (see [8] ), who had proved that an automorphism # of G
is induced by an automorphism 5 of the free group F,,, ,, | with respect
to some epimorphism F,,,,,; = G. The analysis of his proof (in [8])
shows that this epimorphism defines always the Nielsen equivalence class
of a standard generating system s|,..., S [, S+ ---sSm a1, b, oot
dg, bg (i.e., with trivial exponents B(i) ). However, an extension of this
proof to the other generating systems with nontrivial B(i) is possible.
This is provided here in form of an Appendix (due to the third author) as
an alternative proof of the theorem.

The work of the first two authors is given in Section 1. Their proof of
the theorem is short and describes a new and rather elementary approach
which yields a slightly stronger result (see the Corollary). On the other
hand, the “classical” method of proof (used in [8] and here in the
Appendix), is based on the difficult papers [12] and [6] (see also [7] ), and
seems somewhat deeper. In particular it yields Satz 2.2. of [8], which states
that, for g = 1 and m = 2, any generating system of G with 2g + m — 1
elements is Nielsen equivalent to one of the generating systems

1 k—1 k+1 n
X = 5113( ), co Xp—1 = Sf(ﬂ g Xe+1 = SE(H )""’xm = SEI( Y,
a,b, ... s dg, bg
considered here. (See also the discussion given in the Appendix after the
alternative proof of the theorem.)
1. Results. The proofs of this section are based on the following
classical result of H. Zieschang (see [11], p. 165, Satz 9):
(*) Given a Fuchsian group
G =S, ey Sy, apls?(i) (i=1,....,m),s5,...5,1l(a))

with all #(i) = 2, which satisfies either
(a) (orientable case)

1(a)) = [ay, allas, ag] - .- [a,—,, a,] (p even),
and conditions:
i p=2or

(i) m = 4or
(i) p=0,m= 3and
1/a(l) + 1/7(2) + 1/7#(3) = 1,
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or
(b) (non-orientable case)

(a;) = a%a% . ag

and conditions:

i p=2or

i) p=1landm = 2.

Then every automorphism 4.G — G is induced by an automorphism 3¢ of the
free group

F=FS,....S,4,...,4,)

with respect to the epimorphism F - G given by S; — s, A; = a,. The
automorphism 3 satisfies furthermore

L S = ¢SS (fori=1,...,m) and

2. H(S\S, ... S,1I(4))) = C(5,S, ... S,II4)) yc™!

for some 1, 1, . .., t, = =1, C, C; € F, and a permutation o: i — o(i).

For the proof of our theorem we need the following slight generalization
of this fact:

LEMMA. Let G be as in (*), with the additional assumption w(i) # =(j) for
i # J, and consider some generating system

X, = s?“),...,x = sff,('")

m 5 al, c ey ap
with B(i) relatively prime to w(i) for all i = 1,...,m. Then every
automorphism 4#.G — G is induced by some automorphism 3* of the
free group

F* = F(X\, .. X, Ay A)

with respect to the epimorphism F* - G defined by X; — x,, A; = a;. Here
H* satisfies:

1L X)) = Ccxc! (i=1,...,m) and
2. X OXED L XETI4)))
— C(Xf‘“)Xg(z) X#(m)H(A_) )’C_I
co XD !
Sor some t,1(1), ..., t(m) = =1, C, C; € F* and integers p(i) with
w(@)BE) = 1 mod =(i)
and 0 = (i) < #(i) foralli = 1,...,m.

Note. From the proof below it is immediate that the condition 0 =
w(i) < =(i) may be replaced by 1, = u(i) < 1, + #(i) for any integer I,
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although that might lead to different automorphisms J#*.

Proof. Let 4G — G. We extend the automorphism > of F =
F(Sy, .Sy Ay, ... A4)), provided by (*), to an automorphism 5#* of
the amalgamated product

F* = F* F(X,,...,X,)/(S; = X" (i=1,....,m))
as follows: We define
HXX) = CX'Ic

using the data 7(i) and C; given in (*). The permutation o is trivial, since
all x; have distinct order. One verifies easily:

a) F*is a free group with basis X,..., X, 4,,...,4
b) o*(XPV L XETI4,) ) = #(S, ... S,TI4))
= C(S; ... S, yC™" = Vx4 e

P

c) #* induces # with respect to the epimorphism F* -» G defined by
X, = x,, A; = a; (which gives S; = XHO — x M) — BOMD — g y: There

exist integers ¢(i) such that
i) 1
H*X,) = Cx/VC,
(B +q()m(@)) ~— 1
= CX| (DB +q()m( G

— (C_(Xy(i))f(i)cfI)B(i)(c_Xﬁ(i)C_'l)f(i)ll(i)
— A(s)PD = 4(x)).

For later use we would like to point out that the triviality of the permu-
tation o has been used only for part c); it is easy to see that the hypothesis
of pairwise distinct 7(i) as stated in the Lemma may be weakened to

Ble(i)) = B@E) fori=1,...,m.

We would like to point out that the statement of the Lemma without
conditions 1 and 2 (which we need for the following theorem) is a trivial
consequence of fact (*), since the generating systems x,,...,X,,
a,...,a, and sy,...,5,, a,..., a, of G are Nielsen equivalent. This
follows inductively from the fact that any system x|, ..., X, 841, -« - Sy
ay,...,a, can be transformed by elementary Nielsen operations into
X s Xy Sjp e ey Sy Ays e, @, (since the elements x,...,x
Sitts s Sy A5 o5 4y clearly constitute a generating system for G).

We can now prove:

i— D

THEOREM. Let G be given as in (*), with m = 2 and pairwise distinct 7(i).
Consider any generating system
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— B _ Bk—1 _ Bk+D _ Bm)
Xp =87 oo X ) T Sp—1 5 X1 T Skl s Xy = Sy

al,...,apofG,

)

with relatively prime pairs B(i), n(i) fori = 1,..., k — L,k + 1,...,m.
Then any automorphism 4:G — G is induced by some automorphism 3¢ # of
the free group

F* = FXpo o o X Xy X AL AY)

with respect to the epimorphism F* - G given by X, 2 x, A, = a;

(Note that we can omit the assumption that the (i), #(i) are pairwise
relatively prime. If this were not the case then some quotient group
G/ (s,ﬁ(’)) would have smaller rank than determined in [6].)

Proof. Apply the Lemma to the enlarged generating system

Xpsoo s Xy X = Spo Xpgps oo os Xy s o5 4y, and consider the
diagram:
*
IN X > F*
fﬂ
F* /(MY - - === =% = — = — — - SF*/(ID)
7 Z
v
G ua >

Here F* and 5£* are given in the Lemma, and II denotes the element
XpOxp® L XEOTI(A,)

in F*, exhibited there. By statement 2 of the Lemma the dashed map #*
in the diagram is well defined and an automorphism, since J#* is. From
the condition x, = s, and the normalization condition 0 = u(i) < (i)
in the Lemma it follows that u(k) equals to 1. Hence X|,..., X, _, II,
Xitio-oos Xy Ay, ..., A, constitute a basis for F*, and F*/(II) is natu-
rally isomorphic to the free group

F* = FXp oo o Xm s Xyipo oo X A, A)

of rank m + p — 1. Since the element I of F* projects onto 1 € G, the
(vertical) epimorphism F* -» G (given by X; — x;, A, — a;) induces an
epimorphism 7:F# —» G which is described by ¢(X;) = x;, ¢(4;) = q;
(indicated in the above diagram). The automorphism 5#” induces the
given map #:G — G since by construction all parts of the diagram
commute.

m>

COROLLARY. The automorphism #*:F* — F # given by the above
theorem satisfies furthermore:
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1. X)) = cx/Oc!
(fori=1,....k—1L,k+1,...,m) and

2. XD XTI XD XD
= CuXPED L XETIA) XY XDy

for some 1(1), ..., t(m) = =1, C, € F* and integers W(i) as stated in the
Lemma.

Proof. The map F* — F*/(I1) = F¥ given in the last proof is described
by X; = X (fori # k), 4; — A, and

k k+1 1 k—1)—1
X, = X — (xpE Y o xEmapx o x e

(since IT — 1). Hence condition 1 of the Lemma gives immediately the
statements of the Corollary.

The above presented line of proof seems to capture (despite its
elementaricity) the strongest possible result in the desired direction. In
fact, it gives immediately the analogous result for a general cocompact
Fuchsian group without reflections (i.e., the #(i) do not necessarily need to
be distinct), if one assumes that 4(s;) is conjugated to s; for all i.

Without this assumption the proof of our theorem still gives the lifting
result of [8] quoted in the introduction, since it always applies to
generating SyStems Sy, . .., S5 1> Sg > - - - » Sppo dys -5 4y 1.e., all B(i) are
taken equal to 1. More generally, the proof of the lemma shows, that
without any restrictions on the exponents (i) of G, for the existence of a
lift % of a given automorphism # as in the theorem one only needs the

condition

B(o(i)) = B(i) foralli=1,...,m
to be satisfied. (Here one defines (k) = 1 and uses the permutation o
determined by # as stated in (*) above.) On the other hand, it follows from
the results of [2] that £:G — G maps any generating system

] k—1 (k+1)
S'?( ),...,S'f(,l ), S£+] a---asrﬁn(m)’ ap, ..., 4y

which violates this last condition, into a Nielsen inequivalent generating
system (see the Example in Section 0). Thus # cannot be lifted to any
automorphism ¥,

Final remark. In the spirit of the existing terminology (see [4], p. 95) the
authors propose the attribute “rank »n fully almost quasi free” for groups
that allow a lift #:F, — F, for any automorphism #4:G — G and any
epimorphism F, - G. Our theorem, together with Satz 2.2. in [8], shows
that every Fuchsian group G with pairwise distinct #(i) and p = 2, m = 2
is contained in this newly defined class.

https://doi.org/10.4153/CJM-1989-006-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1989-006-1

AUTOMORPHISMS OF FUCHSIAN GROUPS 129

Appendix. We now give a second (independent) proof of our theorem as
was promised in the introduction:

Alternative proof of the theorem. Given G as in (*) with m = 2 and
pairwise distinct «(i). Note first that G has rank p + m — 1 (see [6] ). We
distinguish two cases according to the possible values for p and m.

l.Let p = 0Oand m = 3.

For 1/#(1) + 1/#(2) + 1/#(3) < 1 the theorem follows easily from
the classification results in [9]. Alternatively one may consider the Teich-
mueller space of G, described here by the trace point

(2 cos(m/m(1)), 2 cos(a/m(2)), —2 cos(w/7(3))),

see for instance [9]. Pairwise distinct (i) yield pairwise distinct 2 cos(m/m(i)).
So any automorphism # of G induces the identical permutation on the
triple

(2 cos(m/m(1)), 2 cos(m/7(2) ), 2 cos(m/m(3) ) ).

Hence any generating pair slﬁ(i ), sf(j ) of G is fixed by 4 up to inversion and
inner automorphisms.
For 1/#(1) + 1/#(2) + 1/#(3) = 1 we clearly have

B@) = =1 (mod #(i)) and PB(j) = =1 (mod =(j))

for all generating pairs s,‘g(i), sf(j ) of G considered in the Theorem.
2. From now on we assume m = 4 whenever p = 0.

Let

X = gxsllg(l)gfla s Xp—1 = gk—lsf(fl_l)g/:—ll’

Xp+1 = gk+1sf(frl)g1:ip e Xy = gmslril(m)gr;l’

Visoe sV
be a generating system of G with arbitrary elements g, ..., g._,,
8k+1s---»>8&n 10 G. By assumption each B(i) is relatively prime to 7(i).

Hence the arguments of [8] apply directly (see also [7] for a slightly
different proof and [1] for a refinement of these arguments) to show that
our generating system is Nielsen equivalent to the generating system

= B0, B(k=1) Blk+1) _ B

2 =1 = Sk—1 5 Zk+1 = Skl 50 Zm

k)

al,...,ap.

This equivalence can be obtained by a sequence of transformations, each

of which changes at most one of the x;, replacing this x; by a conjugate.
Every automorphism # maps z; to an element

Yy —1
hiszy(l )hi
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for some h,in G (i = 1,...,k — 1,k + 1,...,m), since the n(i) are
pairwise distinct (by assumption). This enables us to use the correspond-
ing arguments of [8], Section 3, and we obtain

y(i) = *=B(i) (mod 7(i) )
fori =1,...,k — 1,k + 1,..., m. For this purpose we only need to
notice that for each B(i) there exists a 6(i) with

B()d(i) = 1 (mod 7(i) ).
Furthermore the transformation

A(z) = A(z) "
is a Nielsen transformation, so that we obtain:

The system 4(zy), ..., A(zg— 1), #(2g11)s - - - #(2,), A(ay), ..., Ala,) 1s

Nielsen equivalent to the system zy,...,2; |, Zj 11,5 2 Q). .5 ),
which proves the Theorem.

m>

In the context of our theorem it is natural and interesting to ask, for
groups G as in (¥),

(1) whether there exist Nielsen classes of minimal generating systems

olglll\er than the “s}gandard” ones (replrgesented by x; = s{g(') ..... Xy =
(k—1) _ Bk+1) _ )
SE ,x,ﬁLl~s,((Jrl ,...,xmwsm(",a,,...,ap),and

(2) whether for an “exotic” (= non-standard) minimal system the
assertion of the Theorem holds likewise.

For p, m = 2 Satz 2.2. of [8] gives a complete (negative) answer to the
first (and hence to the second) question (see the above final remark). On
the other hand there are exotic generating systems known for p = 0 and
m = 3 (see [9]) and others conjectured for m = 4, p = 0, 1. In order to
narrow down the margin for possible non-standard phenomena we would
at least like to state the following Remark; its proof is a somewhat
complicated extension of the proof of the above mentioned Satz 2.2. of [8]

(see [10] ).
Remark. Let G be as in (*) with 0 = p = 1 and (i) = 4 for all
i = 1,...,m. Then any generating system y,, ...y, i, of G is Nielsen
equivalent to some (standard) system
1 k—1 k+1
X = SII}( L » Xp—1 = Sf(—] ), Xk+1 = Sf(ﬂ L s X = Sﬁz(m)»
ay, ..., a,

with relatively prime pairs B(i), 7(i).

(For p = 0 and m = 6 a proof can be found also in [5], and for p = 0
and m = 3 it follows from [9]. For p = 1 the above Remark can be
strengthened further to cases where one requires only #(i) = 3 for at least
two of the i.)
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Notice also that a group G as in (*) with 0 = m = 1 has exactly one
Nielsen class of minimal generating systems (see [7] and [12]).

About question (2) above we would like to point out that for the case
p = 0, m = 3 and pairwise distinct 7(i) the group G is always rank 2 fully
almost quasi free (defined in the above final remark), although for low 7(i)
there exist frequently exotic Nielsen classes of generating pairs: These are
listed in [9], Theorem 1 and the succeeding Remark 2. The above claim fol-
lows from the classification given there and the known facts about Out G
for rank G = 2.

REFERENCES

1. R. N. Kalia and G. Rosenberger, Uber Untergruppen ebener diskontinuierlicher Gruppen,
Contemporary Mathematics 33 (1984), 308-327.

2. M. Lustig, Nielsen equivalence and simple-homotopy type, preprint.

3. M. Lustig and Y. Moriah, Nielsen equivalence in Fuchsian groups and Seifert fibre spaces,
preprint.

4. R. C. Lyndon and P. E. Schupp, Combinatorial group theory, Modern Surveys in Math. 89
(Springer-Verlag, 1977).

5. N. Peczynski, Uber Erzeugendensysteme von Fuchsschen Gruppen, Ph.D. Thesis, Bochum
(1975).

6. N. Peczynski, G. Rosenberger and H. Zieschang, Uber Erzeugende ebener diskontinuier-
licher Gruppen, Inventiones Math. 29 (1975), 161-180.

7. G. Rosenberger, Zum Rang- und Isomorphieproblem von freien Produkten mit Amalgam,
Habilitationsschrift, Hamburg (1974).

8. Automorphismen ebener diskontinuierlicher Gruppen, in Riemann surfaces and
related topics: Proceedings of the 1978 Stony Brook conference, Annals of Math.
Studies 97, (Princeton Univ. Press, 1980).

9. All generating pairs of all two-generator Fuchsian groups, Arch. Math. 46 (1986),
198-204.

10. Minimal generating systems for plane discontinuous groups and an equation in free

groups, preprint.
11. H. Zieschang, Uber Automorphismen ebener diskontinuierlicher Gruppen, Math. Annalen
166 (1966), 148-167.
Uber die Nielsensche Kiirzungsmethode in freien Gruppen mit Amalgam, Inven-
tiones Math. 10 (1970), 4-37.

12.

Ruhr-Universitidt Bochum,
Bochum, West Germany;
Technion,

Haifa, Israel,

Universitidt Dortmund,
Dortmund, West Germany

https://doi.org/10.4153/CJM-1989-006-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1989-006-1

