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THE GROUP OF UNITS IN K-THEORY MODULO
AN ODD PRIME

R. J. STEINER

1. Introduction. There are several multiplicative cohomology theories for
which the group of units in the zeroth term is the zeroth term of another
cohomology theory. Examples, due to Segal, May and others, are given by
ordinary cohomology with rather general graded coefficients, real and complex
K-theory with integral coefficients, and various bordism theories, also with
integral coefficients (8, 7, 2, 5, IV]. The object of this paper is to show that
complex K-theory modulo an odd prime p provides a counter-example.

To state the theorem precisely we recall the result of Araki and Toda that
there is a unique anticommutative associative admissible multiplication in
K*( ;Z/p) for p an odd prime [3, 3, 7, 10]; admissible is defined in [3]
and means essentially that the reduction homomorphism K*( ) — K*( ;
Z/p) preserves products. Now K° (point;Z/p) is thering Z/p,so K° (  ;Z/p)
is represented by a space Z/p X BU, with BU, connected and the group of
units is represented by (Z/p)* X BU,, where (Z/p)* is the group of units in
Z/p. As an H-space, (Z/p)* X BU, is the product of (Z/p)* with the H-space
{1} X BU, = BU,®, say. To prove our theorem, it suffices to show that
BU,®is not an infinite loop space. In fact we shall prove the following theorem.

TurOREM. The H-space BU,® is not a fourth loop space.

The method of proof is to compute the Z/p-homology of BU,® and its loop
space U, (which represents K~' ( ; Z/p)) and to show that they do not
admit Dyer-Lashof operations satisfying all the formulae that they should; the
formulae are given by Cohen in [4, III, 1].

The result is perhaps not very surprising, as the construction of the multi-
plication in K*( ;Z/p) is rather artificial. What is perhaps surprising is the
difficulty of the proof, at least by the method used here. For one thing the Hopf
algebra Hy(BU,®;Z/p) is isomorphic to the Hopf algebra H,(BU,®; Z/p)
(see 4.1 below), where BU,® is the H-space {0} X BU, C Z/p X BU, with
product representing addition, and B U,® of course is an infinite loop space. We
need the duals of Steenrod operations to distinguish these homologies. For
another thing (3.3, 4.1) it turns out that pth powers of positive degree elements
in Hy(BU,®;Z/p) all vanish, which makes it appear possible for Hy(BU,?;
Z/p) to admit trivial Dyer-Lashof operations. It is to rule out this possibility
that we compute Hy(U,; Z/p) as well.
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It seems difficult to adapt the proof to other circumstances. I have tried and
failed to apply it to complex bordism and to complex K-theory modulo a com-
posite number (by [3], K*( ;Z/¢) has an anticommutative associative
admissible multiplication if and only if ¢ # 2 modulo 4). Also K-theory
localized at the odd prime p has as a factor the multiplicative cohomology
theory given by real K-theory localized at p and a smaller multiplicative
factor given by Adams [1, 4]. These have their coefficient groups in degrees
which are multiples of 4 and 2(p — 1) respectively, and yield H-space factors
of BU,® which are at least 3-connected. The proof that BU,® is not an infinite
loop space uses homology classes of degree 2, so does not apply to these factors.
A more efficient method might also determine whether BU,® is a loop space at
all (there seems no good reason why it should be).

We make the following conventions for the whole paper. All homology and
cohomology groups have coefficientsZ/p, p being the odd prime of the theorem.
When a space X has two products, one representing addition and one rep-
resenting multiplication in K-theory, then we shall use X® and X® for the two
H-spaces and X for the underlying space. Beside BU,, for which this notation
was used above, this will be used for BU and BSU, the classifying spaces of the
infinite unitary and special unitary groups U and SU.

The successive sections of the paper compute Hy(U,), H4(BU,®),
H,(BU,®), and give the proof of the theorem.

The material is taken from my doctoral thesis at the University of Cam-
bridge. I am grateful to my supervisors V. P. Snaith and J. F. Adams; to
Professor Snaith for posing the problem and encouraging me to work on it,
and to Professor Adams for help with technical details.

2. The homology of U,. From the Bockstein sequence

KN ) K 2/p) — K" () ZB k()

“we obtain a fibration sequence of representing spaces

U—-U,—»Z X BU—Z X BU

and by taking connected components a homotopy-commutative diagram of
H-spaces

U;U’

l
|, |

BU®——> BUS®,

“

<&
<
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whose columns are fibrations. We shall compute H*(U,) from the cohomology
Serre spectral sequences of these fibrations, and then obtain H,(U,) by
dualization.

Thus we have a morphism E, — I, of spectral sequences of algebras. They
begin with

PR . . * . . — 5
B = 1 BU) @ B 8L nsu) @ H(W) = B,
and E, = Z/p, E, = H*(U,). The behaviour of E, is well-known. We have
(2.1) H*BU) = Z/plci, ¢s, . . .] with deg (cx) = 2k,

the polynomial algebra on the modulo p reductions ¢, of the universal Chern
classes, and

(2.2)  H*(U) = Alug, 1z, . ..] with deg(u;) = 2k — 1,
the exterior algebra on classes u, defined by
(2.3)  *cx = uy,
where o*: H*(BU) — H*(U) = H*(QBU) is the cohomology suspension.
From (2.1) — (2.3) we obtain a description of £,: we find that
Eopy=Eo, =Z/pler: kR 2 7] @ Ay kb = 7]

with bideg(c, ® 1) = (2k,0) and bideg(1 ® u;) = (0, 2k — 1); the dif-
ferentials are given by

d,(c, ® 1) =0 forall rand k&,
d‘lk<1 ® U/c) =¢0Q® 1,
d,(1 ® u;) = 0 for all other » and k.

Now the morphism E; — Eysends ¢, @ 1to p*c, ® land 1 @ uptol ® uy.
To compute p* we recall that the coproduct in H*(BU®) is given by

(24)  ¢*(ck) = D€ ®c; (o= 1),
where ¢ is the product in BU®. Therefore
A+t e+..)=0+a+c+.. 0080 +a+ec+...),
P*A+a+cea+...)=>0+a+ea+...),
p*e, = 0if p 1 k,
p*cp; = ¢
We now obtain F, by induction on 7:
Espiypr = Expynye = ... = Egyy = L/pley: b 2 1]/
(c?y ooy cie®) @ Alus k= p,2p, ..., (G — 1)p]
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and

d,(c; ® 1) =0 forall rand &,

dop; (1 @ 1,,) = ¢ ® 1,

d.(1 ® 1) = 0 for all other r and &.
For the only differentials among these which can be non-zero are those whose
images lie in the first quadrant, and they are determined by the differentials
n E,.

Consequently,
E,=Z/plei: b =2 1]/(ci? k2 1) Aluy: p £ k]
=Z/ple: b =2 1]//§Q Al p ¥ k],

where ¢ denotes the Frobenius homomorphism x +— «x? in a Z/p-algebra.
Therefore H*(U,) is obtained from

rH*(BU) = Z/plei’: k 2 1]//8 (e = r¥c)

by adjoining for each 2 with p 4 k an indecomposable i, of degree 2k — 1
with s*u,” = u,. By anticommutativity, #;/2 = 0. Now in a bicommutative
biassociative connected Hopf algebra 4 of finite type over Z/p we have a
Milnor-Moore exact sequence [6, 4.23]
(2.5) 0— PtAd —» PA — QA4 — [P£(A*)]* = 0, where PA = [Q(A4A*)]*

and Q4 = [P(4%)]*;
here P denotes primitive submodule, Q denotes indecomposable quotient,
asterisks denote vector space duals, Pt4d — PA is the inclusion, Q4 —
[P£(A*)]* is the dual of the inclusion P¢(A*) — P(A4*), and PA — QA is the
obvious homomorphism, dual to the obvious homomorphism P(4*) — Q(4*).
In particular we see that PA, = QA4 if k is not a multiple of 2p. We may
therefore specify the indecomposable u,” in H*=1(U,) with s*u,’ = 1w, uniquely
by requiring it to be primitive, since u, € H*~'(U,) is primitive (from (2.3),
as the image of the cohomology suspension is contained in the primitives).

We deduce the following description of H*(U,).

ProrosiTION 2.6.

H*(U,) =Z/plci’: k= 1]//8 @ Aluy: p + k] with deg(c) = 2k,
deg (i) = 2k — 1.

Set ¢’ = 1. Under r: U, — BU and s: U — U, we have

r¥c, = ¢’ fork = 0, s*¢/ =O0fork =1, s*u,’ = u,forp ¥ k.
Let ¢ be the product in U,; then

o*c = Ziﬂ»:k ¢/ ¢/, *u) =u/ @1+ 1Q® u'.

Indeed the formula for ¢*c;’ follows by naturality from (2.4) asr: U, — BU®
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isan H-map, s*¢’ = s**c, =0 for k = 1 as rs is null-homotopic, and the rest
of 2.6 has already been proved.

Next we compute Hy(U,) by dualization. First we recall the homology of
BU® and U.
(2.7)  Hy(BU®) = Z/plby, b, . . .] with deg(b,) = 2k,
where
(ci¥, by) = 1, (m, by) = 0 for other monomials m in the ¢,
(cry 1) = 1, {cx, m) = 0 for other monomials m in the b,.
The diagonal Ay is given by
A*(bk) = Zf+]‘:k[)i ® bj <[)() = 1)
(2.8)  H*(U) = Alv, vy, .. .] with deg(v;) = 2k — 1,  {(uy, v) = 1,
7, primitive.

It follows from 2.6 that H,(U,) is a tensor product of Hopf algebras
A" ® seH4(U) with 74 mapping A’ isomorphically onto A C H4(BU®),
where A is the annihilator of the ideal ((H*(BU)) = (¢c/?, ¢?, . . .). It is clear
that the kernel of sy is the ideal (v,, vs,, . . .), and it remains to compute 4. We
proceed as follows. For &k =1, 2, ... let a, € Hy(BU®) be the kth Newton
polynomial in the b,. Since we are working modulo p we find that

(2.9)  arp, = @?;

on the other hand

(2.10) «x = (—1)"'kb;, modulo decomposables,

so the a; with p + k generate a polynomial algebra
P =17/play: p 1 k] C He(BU®).

We claim that A = P. Indeed each «,isin 4 because it is primitive, so annihi-
lates decomposables; thus P C 4. To establish equality, we show that the
Fuler-Poincaré polynomials

F(P) = > im0 (dim Py)t*

and
f(4) = Do (dim A,
are equal. Indeed
JP) = T @+ 0%+ ) = [l 1/ — ),

while

FA) = ThoaCl 4 2 4 1% 4. 4 by
= [T (1 = 279/ (1 = 129,
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since 4 is dual to Z/plc: k
P = A as claimed.

fiv

11/(c;*: k = 1). Plainly f(P) = f(4), so

We obtain the following description of H4(U,).
Prorosition 2.11.
Hy (U, =Z/play: p + E]Q Alv): p + k] with deg(«)’)
= 2k, deg(v,) =2k — 1,
a’ and v, primitive. Under the H-maps r: Uy — BU® and s: U — U, we have:
for p &k, reai = ap, 40 = 0, 540, = v)/;

for plk, sau = 0.

3. The homology of BU,®. In this section we compute Hy(BU,®) as a
preliminary to computing Hy (BU,®). We also compute the Bockstein and the
duals of the Steenrod operations in PH4(BU,) (note that PH,(BU,) does not
depend on the product in BU, that we use).

The computation of Hy(BU,®) is similar to the computation of H*(U,) in
the last section. The Bockstein sequence in K-theory yields a fibration se-
quence

2xBU® X872 x BUP—2/p X BU? — U

of H-spaces, hence, by killing low-degree homotopy groups, a homotopy-
commutative diagram of H-spaces

P
BU® —— BU®

SU—— SU,

whose columns are fibrations (note that as an H-space U is the product of SU

with the circle S?). Here Q7 ~r, Q5 ~ s, where  and s are as in the last section.
The homology Serre spectral sequences of these fibrations behave in the same

way as the cohomology spectral sequences considered in the last section. To

see this we observe from (2.7) that He (BU®) = Z/p[by, bs, . . .] with deg(by)

= 2kand Ayby = Dy mib: ® Dy, that we may make an identification

(8.1)  Hs(SU) = Alva, vy, ...] C He(U) with deg(v,) = 2k — 1,

v primitive,

from (2.8), and that the homology suspension oy4: Hye(BU®) — H,(SU) is
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given by
(3.2)  ox(b) = (—Dvipn

(the sign, which is not very important, is obtained by looking at the effect of
the Bott periodicity map 22BU — BU on the Chern character). Arguments
like those in the last section now show that H,(BU,®) has the following
description.

ProrosiTiON 3.3.
Hy(BU,®) = Z/plby": k 2 1]//8 @ Alx": p 1 k],
a temsor product of Hopf algebras, with deg(b,’’) = 2k, deg(x,’") = 2k + 1.
Under the H-maps 7: BU,® — SU and 5: BU® — BU,® we have
f*bk” = Ofor k g 1, 77*ku/ = Vg1, S*bk = bk//.
The x" are primitive. The primitive submodule of Z/p[b)’": k = 1] has a base
consisting of one element a;'’ = Sqay in cach degree 2k with p £ k.

To justify the last sentence, we note that the «,’" are primitive by naturality,
that «/ # 0 for p ¥ k as a, = (—1)" kb, modulo decomposables in
H,(BU®) by (2.10), and that the «,” and x;”’ together span PHy(BU,)
because the dual space QH*(BU,) has, by analogy with 2.11, dimension 1 in
degrees 2k and 2k + 1 with p + %k and dimension 0 in other degrees. (Note
that §ea; = 0if & = pj is a multiple of p, for (2.9) then gives ¢, = £(a;).)

The suspension o4: QH 4 (U,) — PH,(BU,) is given by

(3.4) o) =« and ogea) = —kx) for p t k.
For dualizing (2.3) and using (2.7) and (2.10) shows that
(3.5)  o4vr = ay

under o4: QH4(U) = PH4(BU), whence o4v, = «;'" by naturality. As for

ox, = —kx,, (2.7) and (3.2) give gga; = —kvip1, SO Peogay = ourea; =
oxlty = —kvy = 7o (—kx"). But 74: PHoyp1(U,) = PHyyy (SU) is a mono-
morphism, so gsa;/ = —kx;'" as claimed.

Next we give the Bockstein 8 on primitive elements of Hy(BU,). Clearly
Ba,”” = 0 by naturality, as 8 vanishes in H4 (BU). We also have

(3.6)  Bxi" = k7' for p 14k,

where ¢, = =1 and depends only on p, not on k. Essentially I owe this result
to Professor Adams.

The proof of (3.6) is as follows. The modulo p Bockstein sequence of a
cohomology theory represented by a spectrum E may be obtained by smashing
E in the stable category with the cofibration sequence

S° Xp S° % st Xp St
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and the portion of this sequence displayed is the first desuspension of what is
obtained from the cofibration sequence of spaces

s X gt gy T, X g

by applying the suspension spectrum functor. Connective K-theory is repre-
sented by the Q-spectrum (..., U, BU,SU,...), so we have a homotopy-
commutative diagram

1AL 1A T )

UNSt—— > UA M ——— > UAS

ell 61 Cgl
K 7

BU > BU, — SU,

with e; and e, the obvious evaluation maps arising from U~ QB U, U ~ QSU.
Let g1 € H.(SY) and hy € H(S?) be the standard generators. By the defini-
tion of the homology suspension we have

e1x(2 A\ 1) = 042, 25 (2 N\ ha) = 04042

for z € Hy(U). Also H,4 (M) has a base consisting of g = 14g; of degree 1 and
h of degree 2 with w4k = ke and Bg = ¢,h, the sign ¢, depending on sign-
conventions. For p 1 k, let z = —k7'v, € Hoy 1 (U). By (3.5), (3.2) and
(2.10),

e1x(2 A 1) = 043 = —k7 g, (2 A ho) = 04043 = vppy.
Therefore
Paxi! = Upp1 = €25 (3 A ha) = eax(1 A w)x(z2 A h) = Feee(z A h).
Since 74 induces an isomorphism from QHo 1 (BU,®) to QHyy 1 (SU),
xy" = egx(z A h) modulo decomposables in Hy (BU,®).
Since 8 vanishes in Hy(U), we have
By = Bex(z A h) = —ex(z N Bh) = —eex(z A Q)
= —gex(1 A Jx(E A &) = —gSse1x(z A 21)
= ¢Sk '= k¢’ modulo decomposables in Hg (B U,®).

Since Bx;” is primitive, we must have Bx;”” = ¢,k '«,”’. This completes the

proof of (3.6).

From (3.6) we obtain a formula concerning the duals of the Steenrod
operations in Hy(BU,):

(3.7)  Pipx = BPhx/ forp £ k and p At k— (p— 1)i.

Conceptually, (3.6) relates these Bocksteins to suspensions; Steenrod opera-
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tions commute with suspension, so they should here commute with the
Bockstein.

To prove (3.7),let I = k& — (p — 1)1. Since Py is primitive in Hy(BU)
we must have Plya, = M, for some N € Z/p. By (2.10) and (3.2), oxa;
= —kve, oxt; = —lv,. As Py commutes with suspension, Pl =
Nk=9,,1; that is,

PP lex),’ = PeNk™x,”.

Since Pix,’ and x,” are primitive and 74: PH, 1(BU,) — PHy 1 (SU) is
an isomorphism, Plyx" = Nek7x""; by (3.6),

BPexy” = Nk
Using (3.6) again then shows that
PiBx) = ek 'Plya)’ = k™ 'PliSeur = Nk 540,

= Aépk_l(l l” = BPi*xk”,
as required.

4. The homology of BU,®. As announced in the introduction, we have the
following result.

PROPOSITION 4.1. There is an isomorphism 0: Hy(BU,®) — Hyo(BU,®) of
Hopf algebras restricting to the identity on PH4(BU,).

This of course does not imply that BU,® and BU,® are equivalent H-spaces,
for we do not say that 6 is induced by a map from BU,® to BU,®. On the
contrary, BU,® is an infinite loop space and BU,®, as we shall show eventually,
is not. The arguments of the next section show in a roundabout way that 6
does not commute with Steenrod operations.

Proof. 1t suffices to show that there is an isomorphism 6*: H*(BU,%®) —
H*(BU,®) of Hopf algebras inducing the identity on QH*(BU,). The algebra
structure of H*(BU,) (which does not depend on any product in BU,) may
be obtained by comparing 2.6, 2.11 and 3.3: like H4(U,) it is a polynomial
algebra on generators of degrees 2k with p f k tensored with an exterior
algebra on generators of odd degrees. By the Milnor-Moore exact sequence
(2.5) the canonical maps PH*(BU,®) — QH*(BU,) and PH*(BU,®) —
QH*(BU,) are both surjective. So we can define an algebra isomorphism
0*: H*(BU,®) — H*(BU,®) inducing the identity of QH*(BU,) and sending
primitive generators to primitive generators. The last point makes * a mor-
phism of Hopf algebras. This completes the proof.

Now consider the map Z X BU — Z/p X BU, representing the reduction
homomorphism K°( ) — K°( ;Z/p). Because reduction preserves addition,
the map must be homotopic to

p X 5:Z X BU—-Z/p X BU,
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with p:Z — Z/p the reduction homomorphism and 5:BU — B U, the map of
the last section. Because reduction preserves multiplication, 5:BU® — BU,®
(the restriction of p X § to the l-components) must be an H-map. Therefore
H,(BU,®) contains a Hopf subalgebra 5,Hy (BU®).

Consider also the odd degree primitive elements x,”' for p 4 k in Hy(BU,)
given in 3.3. Recall that deg (x,/") = 2k 4+ 1. Combined with the last para-
graph they yield a Hopf algebra homomorphism

a:§He(BU®) @ Alxy/":p + k] — He(BU,®).

We claim that « is an isomorphism. Indeed « clearly restricts to a monomor-
phism on primitive elements, so its dual o* induces an epimorphism on inde-
composables, o* is itself an epimorphism, and « is a monomorphism. A dimen-
sion count using 3.3 shows that « is an isomorphism, as required.

So the structure of Hy(BU,®) may be described as follows.

(4.2)  Hy(BU,®) = 5.Ho (BU®) @ Alx)": p + k] withdeg (x,/") = 2k + 1,
x” primitive.
We next compute Steenrod operations in Q54Hy(BU®) C QHx(BU,®).
We claim that Q35,H(BU®) has a base
(4.3)  {fx: B not a power of p} \J {gi, g, g2, . . .}
with deg(fy) = 2k, deg(g,) = 2k, such thatin QH4(BU,®) (that is, modulo
decomposables)
(4.4) for k not a power of p
Pigfi = (4, B — p1)fi—p—ry: il B — (p — 1)iis not a power of p,
0 if &k — (p — 1)1 is a power of p;
Pigygym = gm if1 =0, m =0,
gm-1if 1 = pml o om = 1,
0 otherwise

(the notation (7, & — pi) means a binomial coefficient).

To see that (4.3) and (4.4) are true we observe from 3.3, 4.1 and (4.2) that
Q54H(BU®) has the same dimensions as Q5,H4(BU®) = H (BU®)//¢;
that is, 1 in degrees 2, 4, 6, . . . and 0 in other degrees. So the base proposed in
(4.3) is at any rate the right size. Let us write 4 for the Hopf algebra 3.H
(BU®); then 5 maps 4* monomorphically into H*(BU®). It is well known
that BU® is as an H-space the product of BSU® with infinite complex pro-
jective space CP®; the inclusion 7: BSU — BU also gives an H-map from
BSU® to BU®; and BSU® and BSU® are equivalent H-spaces after localiza-
tion or completion at p by the theorem of Adams and Priddy [2]. Putting all
this together we see that there is a monomorphism

v: A* — H*(BSU®) @ H*(CP™)
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and an epimorphism
*: H*(BU®) —» H*(BSU®);

these are both morphisms of Hopf algebras and commute with the Steenrod
operations. To compute the dual Steenrod operations in Q4 it suffices to
compute the Steenrod operations in PA*. We therefore consider PH*(BSU®),
PH*(CP®), and the monomorphism

v: PA* — PH*(BSU®) @ PH*(CP®).
We know that ¢* identifies H*(BSU®) with

H*(BU®)/(cr) = Z/ples, s, . .

It follows that the Frobenius homomorphism & acts monomorphically on
H*(BSU); it also acts monomorphically on H,(BSU®) as this is contained in
the polynomial algebra H.(BU®). Using the Milnor-Moore exact sequence
(2.5) and induction on degree we find that PH*(BSU®) has dimension 1 in
degrees 4, 6, 8, . . . and dimension 0 in other degrees. Also if k is not a power of
p then PH*(BSU®) is generated by 7*d, where d;, € H*(BU) is the kth
Newton polynomial in the ¢;. For d; is known to be primitive in H*(BU®) and
1*dy 5% 0 for k not a power of p since d, = (—1)*'kc, modulo decomposables
and d,; = d/, analogous to (2.9) and (2.10). As for H*(CP”), we have
H*(CP”) identified with Z/p[c,] C H*(BU), so, again using (2.5), PH*(CP®)
has a base {c1, ¢/?, &i”%, . . .}.

It follows that PA* has a base consisting of elements f,* with & not a power
of p and g* with ka power of p such that vfi* = 7*d;, v&i* = ¢, and gn* =
2:*", whence vg,» = ¢,»". We shall let { fi, g;} be the dual base for QA. The
verification of (4.4) now amounts to computing the Steenrod operations on the
dy and on the powers of ¢;. On the powers of ¢; the computation is elementary;
to compute the operations on the d, we identify the ¢, with the elementary
symmetric functions on indeterminates {y, /5, ... of degree 2. The Newton
polynomial d; is thereby identified with the sum of the kth powers of the ¢,,
whence P'd;, = (i, k — 1)d;; p—1y;- From these computations follows (4.4).

Finally in this section we compute the Bockstein in QH(BU®):

(4.5)  Bx1" is a non-zero multiple of g,
Bx;’" is a non-zero multiple of f; for & = 2 and p 1+ k,
all the gf; and Bg; vanish.
For Bx;”" # 0 for p + k by (3.6) and is primitive, so indecomposable by the

Milnor-Moore exact sequence (2.5), while the 8f; and B¢, vanish since f, and
¢ lie in the image of Hy(BU) under 3.
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5. Proof of the theorem. In this section we shall suppose that BU,® is
a fourth loop space and obtain a contradiction, thereby proving the theorem.
We first recall the structure on the homology of an (n + 1)tk loop space X as
given by Cohen (4, 111, 1].

For s 20 and 2s — ¢ < n there is a homomorphism Q% H,(X) —
Hiop—1 (X) called a Dyer-Lashof operation. If 25 = ¢, then QF is the pth
power; if 25 < ¢ then QFf vanishes. The Q° are stable; that is, they commute
with the suspension oy: Hy(QX) — Hy(X). They satisfy Cartan formulae,
which suffice to show that they map primitives to primitives and decomposables
to decomposables. They are related to the Steenrod operations by the Nishida
relations:

(51)  PaQ = D=1 — pi, (p— D)s — pr + pi) Q="+ Py,
PraBQt = 22:(=1)(r — pi, (p — 1)s — pr + pi — 1)BQ*"+'P’,
+ 2= = pi = 1, (p = 1)s — pr + pi) QTP B,
There is also a ‘“top operation’ £,, not a homomorphism, which maps H,(X)
to Hygino—1 (X) for m 4 ¢ even. It may be regarded as a substitute for @
with 25 — ¢ = n. In particular there is a Cartan formula showing that ¢,
maps primitives to primitives. The analogues of the Nishida relations (5.1) are

complicated, but fortunately we shall use only the simple special cases given
in the following lemma.

LeMMA 5.2, If X is « fourth loop space and x € Hy(X), then the formulae for
Pliksx and P'yBEsx are those given by (5.1) for P14 Q% and P'4+BQ%x respectively.

Proof. First consider Plytsx. By [4, 111, 1.3(3)] the formulae for Plyéyx and
P 0% differ by an error term of the form

L(PYx,x,...,x) (p — 1 components x)

where L:Hy(X)? — Hy(X) is a multilinear function of degree 3(p — 1) made
out of Browder operations. Since Plyx has negative degree, the error term
vanishes.
As for P'yfB¢sx, in the notation of [4, 111, 1] we have
PlyBisx = Plylsx + Ply ady?~! (x) (Bx)

by the definition of {3 [4, 111, 1.3]. By [4, I1I, 1.3(3)], P'x{sx is PLBQ% as
given by (5.1), so we need to show that P'yads?~!(x) (8x) vanishes. By defini-
tion [4, 111, 1.3].

ads” '(x)(Bx) = L'(x,...,x,Bx) (p — 1 components x)

for L': Hye (X)? — H4(X) a multilinear function of degree 3(p — 1) made out
of Browder operations. Using the precise definition of L" and [4, III, 1.2(7)]
we see that

PLL =L (P X1 X...X1)+...4+L0X...xX1XPl),
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just as if L were an iterated cup-product. But Plyx and PlBx vanish, so
Pleads?1(x) (Bx) = P%L'(x, ..., x, Bx) vanishes as required. This completes
the proof.

Suppose now that BU,® is a fourth loop space, so that U, is a fifth loop space.
Recall Hy(U,) from 2.11. We see that in Hy(U,)

Qla) = a/'? # 0.
By (5.1),
PLQ%/ = Qlay # 0,

so Q%" # 0. Since Q%" is primitive, Q% is a non-zero multiple of a@s,_1".
Since Q? commutes with suspension, (3.4) shows that in Hy(BU,®)

(5.3) Q%" is a non-zero multiple of xa,_,".

Now consider £3x,”. It is primitive, so must be a multiple of x3,_»"" by 3.3.
From (3.7) we deduce that

PlyBEsxy’” = BP yEaxy".
By 5.2, this gives 38Q%,"" — Q%Bx,"" = 28Q%,"’; that is,
QZ.Bxl” — Bszln-

By (5.3), Q%Bx," is therefore a non-zero multiple of Bxs, 1""; use of (4.5) then
shows that Q?%g; is indecomposable.
Henceforth we shall work in QH4(BU,®); we shall use (4.3), (4.4) and
(5.1) repeatedly. So far we have Q%g, # 0. Therefore
PryQrtig, = Q%1 # 0, QPflg, # 0, P07 g,
= QMg # 0, QMg #0,

Q"*+1g,2 is a non-zero multiple of fs,,_;.

Now

Pzﬂ_p*fpa«w—l = f2p?—1y
SO

Pp2—p*Qp2+1gp2 = (.
That is,

0 = P”Z—”*Q’ﬂ“gpz — Qp+1gp2'

However 2(p + 1) — deg(g,2) = 2(p + 1) — 2p? is negative, so Q?*lg,: = 0.
This contradiction completes the proof.
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