PARALLEL CURVES
G. P. HENDERSON

In the Euclidean plane a curve C has a one-parameter family of parallel
involutes and a unique evolute C* which coincides with the locus of the centres
of the osculating circles of C. If € is parallel to C, C* is also the evolute of C.

We will study parallel curves in #-dimensional Euclidean space and obtain
generalizations of the properties given above.

DEerFINITION. Curves C and C are parallel if there is a one-to-one corres-
pondence between their points such that the tangents at corresponding points
are parallel and such that the join of corresponding points is perpendicular
to the tangents.

This definition was given by Da Cunha (1).

It follows at once that parallelism is an equivalence relation.

We denote the position vector of a point on a curve C in n-space by r. We
suppose that 7 isan (z + 1)-times differentiable function of the arc length s of C.
Let C have the moving #n-hedron &, . . . , & and non-vanishing curvatures
ki, ..., ka_1. We use corresponding notations for curves C, C, etc.

If C and C are parallel, the distance between corresponding points is constant
as we see by differentiating (7 — )2

To find the curves C parallel to a given curve C we put

(1) 7_‘=?’+zl:utf1,

where u, . . ., u, are scalar functions of s to be determined. Since (7 — r)¢; = 0,
u; = 0. Differentiating (1) and using the Frenet formulae

(2) gi’ = - ki—lgi—l + kiEH-l (1’ = 11 ceey n)a
inwhichky =£%,=0,%k,>0,(t=1,...,n — 1), we obtain

n
B = (1 — ko)t + D2, () — ks + kicain)és .
2
Since
3) £ = ek (e==%1),
we have
(4) § = e(l - kluz)
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and
(5) w = — kiatiy + ktog (t=2,...,m).

These differential equations determine an (z — 1)-parameter family F,_;
of parallel curves. We see that there is exactly one € through every point of the
common normal (r — 1)-space H,_1(s).

We assume that 3 is defined so that § > 0. Differentiating (3) we find

6) = eti ki =k, G=1,...,n).
In connection with these equations for %,, it should be mentioned that if the
curvatures never vanish, the sense of the vectors of the moving n-hedron of a
curve will be chosen so that the curvatures are positive.

Let G, : 7 = 7(5) be a set of curves parallel to C. Since the distances [\, — 7,|
are constant, the figure consisting of the points 7\ will move rigidly as s varies.
If a subfamily F, of F,_; intersects say H,_1(s¢) in a linear p-space then F,
intersects every H,_1(s) in a linear p-space H,(s). Thus the concept of linear
dependence can be applied to parallel curves.

LEMMA 1. Let

Cirj=r+ Z_:luufi G=1,...,p),
be p curves in F,_y. C, Cy, . . ., C, span an F, if and only if the Wronskian of
a1, . - . o Uzp does not vanish.

Proof. The equations (5) imply that the u,; are ( — 1)-times continuously
differentiable solutions of a linear homogeneous differential equation of order
n — 1 with continuous coefficients. Hence if the Wronskian vanishes, the u,;
are linearly dependent (2, p. 116). That is, there exist constants «;, not all
zero, such that

P
(7) Zl U0y = Oy

and since (r; — 7)) = — kyuq:£1, we have
Y4

2oa(ri—1r) =0

and
(4

(8) Z a;(r; — r) = ry = a constant vector.
1

Since (r; — )¢ = 0, ref1 = 0; so that if 7o 2 0, C is in an (n —1)-space which
contradicts k,_; # 0. Hence 7o = 0 and the r; — 7 are dependent. On the other
hand (7) can be obtained from (8) by differentiating.

LEMMA 2. The curves C, Cy, . . ., C, of Lemma 1 span an F, if and only if
the determinant [u,-,‘ #Z0(=2,...,p+1;7=1,...,p).

Proof. Using (5) we find that k"' kg2 . . . k,,[uijl is the Wronskian of u,;,

.y Uop.
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LemMA 3. If Cis on a hypersphere, every curve C parallel to C is on a conceniric
hypersphere.

Proof. Let ro be the centre of the hypersphere on which C lies. Then

(r —70)61 =0 and (F — 7))k = €(f — r)&1 + e(r — 79)&1 = 0. Thus C is on
a hypersphere with centre 7.

DEFINITION.! C is a pth involute of C*, and C*, is a pth evolute of C if C
is an orthogonal trajectory of the osculating p-spacesof C*,(p = 1,...,n — 1).

THEOREM 1. The pth involutes of a curve form an F,.

Proof. Let C:7 = 7(s) be a pth involute of C. We can write

D
F=r-+ Zlaif'b
=

in which the a; are to be determined so that £, =0 (= 1,..., p). These
conditions are satisfied if and only if

(9) (11’ = k1a2 - 1, a/ = kiai+1 - kg_la,_l, a,,’ = - k,,_la,_l

(i=2y-‘-,P_ 1):
and when the @, are chosen in this way, a, does not vanish identically and & =
=+ £,41 whenever a, # 0.

Let Cq) and Cs) be pth involutes of C. £, is parallel to &5 since each is
parallel to £,.; and

Fo — Fo)bin = = Fay — Fo))bprr = 0.
Thus Cqy and Cy) are parallel.

Since (9) is a system of linear non-homogeneous differential equations for
the a;, we can determine 7(1), ey 7(p+1) so that 7(1) — ?(i) (’L = 2, R “+ 1)
are independent. Then if 7 is any other pth involute 7uy — 7, #q) — F(» are
dependent. Thus the pth involutes form an F,.

Next we find some necessary conditions in order that C*, shall be a pth
evolute of C. Let S*,(s) be the osculating p-space of C*,. Put

(10) ry=r+ 2 b

The b, are to be determined so that r*, — r is in §*, and so that £ is orthogonal
to S*,. We see that b; = 0 and differentiating (10) and using r*,(P¢; = 0 (¢ =

1,..., p) we obtain

(11) b{=C{ (’i=1,...,P+l),
where ¢i, . . ., ¢, are defined by

(12) =0, kica=1, ¢/ = — ki_1ciz1 + kicisa (z=2,...,n—1).

1At first only the cases n = 4, p = 1 and 3 were considered. The referee suggested that
involutes and evolutes of other orders be introduced.
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Hence by, . . ., by41 are known. We will show later that the remaining b; can be
determined so that C*, is a pth evolute (p > » — 1 if Cis on a hypersphere).

THEOREM 2. In general the curves of an F, have exactly one common pth
evolute C*,. There is an exception if and only if the members of F, are on concentric
hyperspheres whose common centre lies on all the H,(s). In this case there is no
common pth evolute.

Proof. Let C, Cy, ..., C,span F,. If C*, is a common pth evolute of these
curves, then C*, is a pth evolute of every member of F,. For r*, — r, r*, — r,,
(z=1,...,p)arein S*, and £ is orthogonal to S*,. If

4

F=r-+ Zai(ri—r)

1
is any other curve in F,, r* — 7 is in S*, and £, is orthogonal to S*,. Thus as far

as common pth evolutes are concerned we can replace F, by C, Cy, ..., Cp.
Since 7*, —r, r*, —r; (=1, ..., p) are dependent and the r; — r are
independent we can write
% 14
(13) r,=r-+ Zl: Ni(r; — r).
Putting
r;=r+ z_:,? (273
we have
* ? n
r,=r-+ Z uih ks
=1 ‘i=2
But C*, is a pth evolute of C. Hence by (11), (**, — néi=c; =1, ...,
p + 1). Thus
Y4
(14) 21 Niby; = ¢ G=2...,p+1).
j=

By Lemma 2, the determinant |u,,| is not zero so these equations determine
\; uniquely. Thus there is not more than one common pth evolute of the curves
of F, and if there is one it is the curve C*, given by (13) and (14).

Suppose now, first, that the vectors 7*, (i =1, . .., p) are linearly in-
dependent. We then prove that C*, actually is a common pth evolute. Differ-
entiating (13) and using 7*,(9¢;, = 0, we obtain

* (4 L4 .
"1»()=_Zl>‘(ft)(rj—r)’ (t=1,...,p).
=

Since the 7*,(9 are independent, we can solve these equations for the vectors
r; — r in terms of 7*,(9. Now writing

Ld *
ri=r+ (r;—7r) =r*,,— SN —7)+ (r;— 1) =r*,,+avectorin5p,
=1

we see that the point r; is in S¥,. Since we also have £, perpendicular to S*,,
C*, is the common pth evolute.
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Suppose next that the vectors *,(9 are dependent so that C*, is less than
p-dimensional. We can write
o _ 5, *o
r b4 - Z di r P
: i=1
and differentiating this,

* gl * *
(»+1) (9) (i+1)
T = izl d/r ? + dl' Y, .

Since ¥, =0 (: =1, ..., p), r*,@W¢ = 0. Further differentiations yield
r¥, M =0 (1=1, ..., n). When we differentiate r*,$9¢; = 0 we obtain
¥, =0 (=1,...,n — 1). Continuing this, we have r*,)t, =0 (j = 1,

..., n); hence r*, = 0 and C*, reduces to a point. Thus there is no common
pth evolute. By (13), 7*, is on H,(s) and since (r*, — )& = 0, C is on a hyper-
sphere with centre r*,.

Finally we show that if C is on a hypersphere with centre 7, and if 7, is in
H,(s), there is no common pth evolute. We can write

2
ro=r+ Zlﬂi(fi"f)y ng)£1=0 G=1,...,p).

But these are the conditions which determine #*, and A\;. Thus r*, = r,, and
the result follows.

We observe that there isa (1 — 1) correspondence between pth evolutes of
C and p-spaces in H,_:(s) through .

THEOREM 3. The hypersphere with centre r*, and radius |r*, — r] has at
least (p + 1)th order contact with C at r.

Proof. The points of intersection of C and the hypersphere with centre
r*,(so) and radius lr*,,(so) - r(so)l are obtained by solving the equation

F(s) = [r(s) = rp(s0)]® = [r(s0) = r'p(s0)]* = 0
for s. We find

FP>s) = 20r50) — )] # () G=1,...,p+1).

Therefore
FPs0) =0 (G=1,...,p+1).

Consider the (r — 1)th evolute C*,—; = C*. Assuming that C is not on a
hypersphere, C* is the (z — 1)th evolute of every member of F,_; and by
Theorem 3, C* is the locus of the centres of the osculating hyperspheres of
every curve in F,_;. Thus the family of parallel curves has a common locus
of centres of osculating hyperspheres. (This is true even in C if on a hypersphere).

Next we obtain the relationship between the moving #-hedrons of C and C*.
Since

*
7

=7+ szcisi,

r* = (s + ku-16.-1)&s, and we see that C is on a hypersphere if and only if
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¢'n + ku16,-1 = 0. We will assume that this expression never vanishes and that
s* is defined so that s* < 0. Then s* = (¢/, + kp_1cn1)€* and £*; = €*&,,
where ¢ = + 1. Further differentiations yield

(15) £i=Clun ks’ = — ks G=1,....n).
DEeFINITION.  The pth polar developable D, of F,oq1 (p =1, ...,n — 1) is
the surface
) p+1 n
(16) z, =71+ Ecifi‘l‘ Zyifn
1 742
in which s, ¥,49, . . ., y, are parameters.

A particular curve C of F,_; has been used in this definition. In order to
justify this we will prove that the same surface is obtained if we use any other
curve

CY:?:=7+ Zui&
1

of F,_;. We now have
p+1 n

Z, =7F+ Zéi§i+ Egigi
1 p+2
p+1 n
=7+ 2}: (s + ui)é: + ;2 (71 + i)t
Using (4), (5), (6) and (12) we obtain e¢; + u; =c¢; (1 =1, ..., n) so that

Z, = 2,

THEOREM 4. (a) The pth evolutes of a member of F,—, are on D,.

(b) Dyt1 is the envelope of the (n — p — 1)-spaces which generate D, (p = 1,
o, n = 2).

(c) If C1s not on a hypersphere, D, is generated by the (n — p — 1)-dimensional
osculating spaces of C* = D,_..

(d) If F, has a pth evolute, this evolute is the locus of the point of intersection
of H,(s) and the corresponding generator of D,.

(e) The first evolutes of the curves in F,_ are geodesics on D;.

(f) If x = x(s) 1is a geodesic on D, and is not a straight line, x is a first evolute
of some member of F,_;.

Proof. (a) Compare (10), (11) and (16).
(b) The equations of a generator of D, are (R —r)¢;=c¢; 2 =1, ...,
p + 1). Differentiating these, we see that there is an envelope and that it is
D1
(¢) The (n — p — 1)-dimensional osculating spaces of C* are
x "Ik«
R=7r + > vt

1

in which the y*; are parameters. This is
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n LI
R=r7r+ 21 cii + Z €y nr1-iki
Pr2
using (15). When we put
* X .
Ci+€yn+1-i=yi (1=P+2y-~~yn))
R becomes z,.

(d) Let C, Cy, . . ., C, span F, and let the point of intersection of H,(s)
and the generator be R. Since R is in H,,

R=r+ 21:#1'(71"7')~

The generator is (R — r)é; =c¢; (=1, ..., p+ 1). The unique solution of
these equations is u; = A4, R = r¥*,.

(e) The principal normal of C*; is &+ £ which is normal to D;. Hence C*;
is a geodesic.

(f) We will show that every first involute of x = x(s) is parallel to C. Let
y = y(s) be a first involute of x. Since x is a geodesic, £s;y = =+ £ and since
y is a first involute of x, £1¢y = = £a¢y. Thus &1y is parallel to &5. Also (y — 7)&
= (y — x)¢1 + (x — r)&1. The first term of this is zero because y — x is parallel
to £1(z) and the second term is zero because x is on D;. Hence y = y(s) is parallel

to C.
Next we want to develop D; on an (z — 1)-space and determine the point of
the (# — 1)-space which corresponds to (s, y3, . . ., yx) of Dy. Since D; is the

tangent hypersurface of C*,_; (provided C is not on a hypersphere) we will
first see how to develop the tangent hypersurface of a given curve C on an
(n — 1)-space H. Vectors in H will be denoted by capital letters.

C will roll along a curve R = R(s) in H and R will have arc length s. The
point

n—2
g =7+ Zlyféi

of the tangent hypersurface is mapped on
n—2

Z=R+ ZlyiTi

where (T, . . ., T,-1) is the moving (# — 1)-hedron of R. Now using the fact
that the line element is invariant under this transformation we find that k;
for Risequal tok;for C (1 =1,...,n — 2).

Turning now to the first polar developable of C, the point

n—2 n
z = ?’* + 21: y*if*f =7+ 22 + Z: (c: + e*y*,,ﬂ_i)&
of D corresponds to
n—2
Z=R+ };y*iT*i

where R* and T*; are determined by
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* * *
dR * aT * * * _ % dT .- * *
e = T, i —k T i+ kT iy, —d—s*—iz — k poT 4
z=1,...,n—2).
Now

* J'T*l ds* = J' € (Caotbns + ') T 1ds
and after integrating by parts » — 1 times we obtain
* * *
R = ¢ Z CiT n+l—i-

Let us put )

*_ % * * . .

el ooi=T: c;+eVpr1—y=v;, ({=1,...,n—1;7=3,...,n).
The point

r+ ok + 20 v
3
of D, corresponds to

(17) ¢ Ty + Z yiTi—l
3
where Ty, .. ., T,_1 are solutions in H of
(18) T]’ = kQY‘Q, T1’ = — kiTi-—l + ki+1Ti+1 (’I’ = 2, RN (e 1)

We have assumed above that C is not on a hypersphere. However, once
we have (17) and (18) we can easily verify, by comparmg line elements, that
they are correct in this case also.

Let A be an arbitrary constant vector in H. The general solution of the dif-
ferential equations (5) is

w1 = AT, Z=1,...,n—1).

Thus we have a (1 — 1) correspondence between points of H and curves of
F.—1. The geometrical significance of the point 4 which corresponds to C of
F,—i is that if the whole n-space is moved rigidly when we are developing Dj,
C cuts H in the fixed point A. This follows from the fact that the point of
intersection of € and the tangent (# — 1)-space of D, is

4+ > wiks;
2
and since T = ¥T%*,_; = ¢*,_1 = £,, the transform of this point is
Z w1 = Z (ATi-—l) Tiw=4
2 2

THEOREM 5. When Dy is developed on H, the pth evolutes of curves of F,_:
become p-dimensional curves in H.

Proof. We may assume that the pth evolute under consideration is the
common pth evolute C*, of Cy, ..., Cpr1 where Cy, ..., Cpp1 are parallel
curves which span an F,. Let C; correspond to the point 4 ; of H.
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p+1 n
r*,, =7+ 22: N(ri —n) =r+ 22 (41T 41)¢;
=
7+l n
+ 2 2N = 4) Tialts
=2 j=
which transforms to
n 4+l =
Ry = 3 (iTe) Tea + 3 LAl (Ae = 4) Ty} T
- i=2 j=
P+l
= A1 + Zz )\1(14{ el Al)
Thus the transform is in the p-space determined by 44, . . ., 4,41 (If the 4,
were in a (p — 1)-space, Cy, . . . , Cpy1 would not span an F,). If R*, were in a
(p — 1)-space the determinant I)\i”)l (t=2,...,p+1;7=1,...,p) would
be identically zero; the vectors 7*,* would be dependent, and Cy, . . ., Cps1

would have no common pth evolute.

We now have a (1 — 1) correspondence between pth evolutes of curves of
F,_; and p-spaces in H.

Consider the case p = 1. The transform of the common first evolute of C;
and C, is R*; = A;+ X(4A: — 4,), the straight line through A4, and A..
C*; actually corresponds to a segment of this line. The segment includes 4,
if and only if Ao = 0 for some s. The family of first evolutes of C; corresponds
to the family of straight lines through 4. Thus we have the following theorem.

THEOREM 6. The family of geodesics (which are not straight lines) through a
point of D, is the family of first evolutes of some curve of F,_,.

THEOREM 7. The angle between the tangents at corresponding points of two
first evolutes of a given curve is constant. This angle is equal to the angle between
the lines in H which correspond to the two first evolutes.

Proof. Let the given curve be C and let C*y(; (¢ = 1, 2) be the common
first evolute of C and C,. Since the tangent of C*,(; is parallel to r; — 7, the
cosine of the angle between the tangents is

(r1i—r)(rs —7) _ [’ill_(AlTi)fiH:": nillfAsz)ng]
[7’1 - r”?’z — 7' /‘/[2: (A1T1)£i+1:| [21: (A2Tj)fj+1]

n—1 n—1 n—1
- S wnwry )y £ @wryE wry
= 4,4,/ AiA3.
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