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Orbital Integrals on p-Adic Lie Algebras

Rebecca A. Herb

Abstract. Let G be a connected reductive p-adic group and let g be its Lie algebra. Let O be any G-orbit in g.
Then the orbital integral /19 correspondingto O is an invariant distribution on g, and Harish-Chandra proved
that its Fourier transform fi¢ is a locally constant function on the set g of regular semisimple elements of
g. If b is a Cartan subalgebra of g, and w is a compact subset of ) N g’, we give a formula for fi9 (tH) for
H € wandt € F* sufficiently large. In the case that O is a regular semisimple orbit, the formula is already
known by work of Waldspurger. In the case that O is a nilpotent orbit, the behavior of f19 at infinity is
already known because of its homogeneity properties. The general case combines aspects of these two extreme
cases. The formula for f19 at infinity can be used to formulate a “theory of the constant term” for the space
of distributions spanned by the Fourier transforms of orbital integrals. It can also be used to show that the
Fourier transforms of orbital integrals are “linearly independent at infinity.”

Introduction

Let F be a p-adic field of characteristic zero. Let G be the set of F-rational points of a
connected reductive group defined over F, and let g be its Lie algebra. For X € g, let
O = Oy denote the G-orbit of X, and let o denote the orbital integral corresponding to
0, so that

(1.1) po(f) = flx-X)dx*,  feCX(g).

G/Gy

Here Gx denotes the centralizer of X in G and dx* is an invariant measure on G/Gy. Let
B denote a symmetric, nondegenerate, G-invariant bilinear form on g, and fix an additive
character ¢ of F. Then we have the Fourier transform

(1.2) F0) = / FOW(BX )Y, feC).
g

The distribution f1o(f) = pol f ), f € C(g), is the Fourier transform of the orbital
integral. Harish-Chandra [2] proved that it is a locally constant function on g, the set of
regular semisimple elements of g.

For X € g, let 4(X) denote the coefficient of t' in the polynomial det(t — ad X), where ¢
is an indeterminate and ! is the rank of g. Then g’ = {X € g : 14(X) # 0}. For any G-orbit
O in g, we normalize 19 by defining

(1.3) D(g,0,X) = [, p0(X), Xeg'.
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Harish-Chandra [2] proved that the normalized Fourier transform ®(g,0) is locally
bounded on g.

Let b be a Cartan subalgebra of g. Since there is a unique semisimple orbit Oy C cl(0O),
hNcd(0) = hN Oy is a finite set, possibly empty. For Y € § N cl(O), let gy denote the
centralizer of Y in g and let Gy denote the centralizer of Y in G. Then gy is reductive, and
there is a unique nilpotent Gy -orbit of gy, which we denote by £y (O), such that Y +&y (O) C
O. Note that Y + £y (0O) is also a Gy-orbit in gy. Let CIJ(gy7 EY(O)) and <I>(gy, Y + fy((‘)))
denote the normalized Fourier transforms of the orbital integrals on gy corresponding to
the Gy-orbits & (0) and Y + & (O) respectively. They are functions on gy, and hence on
b’ C gy. Further, since Y is central in gy, it is easy to see that for all X € gy,

(1.4) ®(gy,Y + & (0),X) = (B(Y,X))®(ay, & (0),X).
The main result of this paper is the following theorem.

Theorem 1.1  Let O be any G-orbit in g and let ) be a Cartan subalgebra of . Then given
any compact subset w of b, there is C > 0 so that forall H € w andt € F* such that |t| > C,

00,0, tH) = Y @(ay, Y +E& (), tH)cy (tH).
Yebhncl(0)

Here for each Y € h N cl(0), cy: b’ — Cis a locally constant function (independent of w)
satisfying

(i) |ey(H)| is non-zero and independent of H € h’;
(ii) cy(t*H) = cy(H) forallt € F*, H € ly’.

Remark 1.1 The functions ®(g,0) and <I>(gy,Y + SY(O)) are only determined up to
constants which depend on the choices of invariant measures on the orbits O and &y (0),
Y € h N cl(O). In Section 2 we will normalize these measures consistently. When we do
this, the functions ¢y in Theorem 1.1 are independent of O. That is, given Y € b, we use
the same function ¢y in the expansion of ®(g, O) for any orbit O such that Y € cl(O).

Suppose that O is a regular semisimple orbit. Then it is closed, so that cI(Q) = O.
Further, forallY € h N O, gy = b is abelian, so that <I>(gy, «fy((‘))) = 1. Thus in this case,
the equation in Theorem 1.1 reduces to

(1.5) O(g,0,tH) = Y ¢(B(Y,tH))ey(tH), HE€ w, |t| >C.
Yepno

This result was proven by Waldspurger in [10].

Suppose on the other hand that O is a nilpotent orbit. Then for any Cartan subalgebra
b, hNc(0) = {0}, and forY =0, gy = g and & (O) = O. Thus in this case, the equation
in Theorem 1.1 reduces to

(16) B(g,0,tH) = ®(3,0,tH)eo(tH), H € w, |t| > C.
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Of course ¢y(H) = 1 and the theorem gives no information. However, it follows from
the homogeneity property of nilpotent orbital integrals (see Section 3.1 of [2]), that for all
X eg'andt € FX,

(1.7) ®(9,0,°X) = |f|* (g, 0,X)
where
(1.8) dp(0) = dimg — dim O — rank g = dim gx, — rank g

Here gy, denotes the centralizer in g of a representative X, € O. Thus the dependence of
®(g,0,t?H) on t is already known in this case.

In the general case, let Y € hNcl(O). Then it follows from (1.7) applied to gy and & (O)
that

(1.9) D (ay, & (0),£°X) = [t|“ P (gy,&/(0),X), X € gy, t € F.

Here dy(0) is again defined using (1.8) since if Z € & (0), then Xy = Y +Z € O and
ax, = (8y)z, rank g = rank gy. Thus in general, for H € w and |t?| > C, we can write

(1.10) O(g,0,2H) = [¢[©@ N (B(Y,H)) @ (ay, & (0), H) ey (H).
Yebhne(O)

This shows the dependence on t of ®(g, O, t*H) precisely for large t.
Let K be any compact open subgroup of G and let X € g. Define

(1.11) Tx (X, H) :/

/Q/J(B(k-H,x-X))dkdx*, Heg,
G/Gx JK

where dx* is an invariant measure on G/Gx and dk is normalized Haar measure on K.
Then it follows from Lemma 7.1 of [2] in the regular semisimple case and Theorem 3 of [3]
for the general case, that the above integral converges. Further, if O = Oy, and dx™* is the
invariant measure on G/Gx used to define 11 in (1.1), then

(1.12) fro(H) = Tx(X,H), Heg'

To prove Theorem 1.1 we show that if X € g and w is a compact subset of ', then we can
evaluate Tx (X, t?H), H € w, t € FX,if K is small enough and ¢ is large enough.

The expansion at infinity of ®(g, O) given in Theorem 1.1 can be used to develop a
“theory of the constant term” as follows. Since in the Lie algebra we can go to infinity in
any direction, we have “constant terms” corresponding to each Cartan subalgebra instead
of constant terms corresponding to split components of Cartan subgroups as in the group
case.

Let b be a Cartan subalgebra of g. For any integer d > 0, we let C(h, d) denote the set of
all measureable functions f: fj — C which are locally constant on )’ and satisfy

(1.13) f(*H) = [t|f(H), teF*, Hey.
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Let A(b) denote the set of all measureable functions f: ) — C of the form

(1.14) f(H) = 4 (B(Y,H)) fra(H), HEeD,
Y,d

where Y runs over a finite set of elements in ), d runs over a finite set of non-negative
integers, and fy 4 € C(b, d) forall Y, d.

Let f;: h — C,i = 1,2, be measureable functions which are locally constant on . Then
we say fi ~y f> if given any compact subset w of b’ there is C > 0 so that f;(¢tH) = f,(tH)
forall H € w and t € F* such that |t| > C. We prove in Proposition 6.3 that functions
in A(D) are uniquely determined by their behavior at infinity. That is, if f € A(b) with
f ~p 0, then f = 0.

LetY € h N cl(O), and for H € b/, define

(115) ¢(gab7 07Y7 H) = (I)(gY>§Y(O)7H)CY(H))
(1.16) ®(g,5,0,H) = Y ¢(B(Y,H))®(3,h,0,Y,H).
Yebhnc(O)

It follows from property (ii) of the functions ¢y (H) in Theorem 1.1 and (1.9) that for all
Y e hNd(0), ©(g,5,0,Y) € €(h,do(0)). Thus ®(g,h, 0) € A(D).
Using this notation we can restate Theorem 1.1 as follows.

Theorem 1.2 Let O be an orbit in g and let §) be a Cartan subalgebra of g. Then
©(g,0) ~p 2(g,D,0).

Further, ®(g, b, O) is the unique element of A(Y) with this property.

Let T(g) denote the set of all G-invariant distributions T on g which are finite linear
combinations of normalized Fourier transforms of orbital integrals. Thus every T € T(g)
can be written as

(1.17) T =2 er(0)®(3,0) = [n|"* Y er(0O)feo,
O O

where O runs over the set of G-orbits in g, c7(©) € C for all orbits O, and ¢7(0Q) = 0 for all
but finitely many orbits O. If [) is a Cartan subalgebra of g, we define

(1.18) O(T,5) = > cr(0)(g, b, 0).
O

As an immediate consequence of Theorem 1.2 we have the following.

Theorem 1.3 Let T € T(g) and let ) be a Cartan subalgebra of g. Then ®(T,h) € A(b),
and is the unique element of A(h). such that

T ~y (T, D).
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Let f € A(D), and as in (1.14) write

fH) =" (B(Y,H)) fra(H), HEeD.
Y d

We prove in Proposition 6.3 that this expansion is unique. Thus we can define
(1.19) X(f)={Y €b: frg # 0forsomed > 0}.

For T € T(g) and b a Cartan subalgebra of g, we write

(1.20) X(T,b) = X(®(T,h)).

We think of the set X(T, b) as the “exponents” of T along §).
Let S(T) denote the set of all semisimple elements Y € g such that Y € cl(O) for some
orbit O such that ¢r(0Q) # 0.

Theorem 1.4 Let T € T(g). Then

S(T) = | JX(T,p).
b

Remark 1.2 Let T € T(g) and let ) be a Cartan subalgebra of g. Then it follows from
Theorem 1.4 that X(T,h) C S(T) N . However, it is not necessarily true that S(T) N'h C
X(T, D). For example, let g = sl(2, F), where F is a p-adic field such that —1 is not a square.
Let Z be a non-zero nilpotent element of g, and let OF denote the G-orbit of £Z. Then
O # 07, and it is easy to see from (1.11) and (1.12) that we can normalize measures so
that forall X € ¢/,

(121) (b(ga O+7_X) = ¢(gao_7x)

Let T = ®(g,0%) — ®(g, 07 ). Then it follows from (1.21) that T(—X) = —T(X) for all
X € g’. Let ) be a split Cartan subalgebra of g, and let H € §)’. Then T(—H) = T(H) since
T is a class function on g’, and —H is G-conjugate to H. Thus ®(T,0), H) = T(H) = 0 for
all H € b/, and so X(T,h) = @. But S(T) N h = {0}.

Corollary 1.5 Let T € T(g) such that T ~y, O for every Cartan subalgebra l) of 5. Then
T=0.

Corollary 1.5 can also be stated as follows. Let T = ) co(T)®(g,0) € T(g) as in
(1.17), and suppose T ~y 0 for all Cartan subalgebras b of g. Then co(T) = 0 for all
orbits O of g. That is the Fourier transforms of orbital integrals over arbitrary orbits of g
are “linearly independent at infinity.” This contrasts to the situation in a neighborhood of
the identity. It follows from Theorem 5.11 of [2] that for every T € T(g) there is a neigh-
borhood V of the identity in g such that the restriction of T to V is a linear combination of
the ®(g, O) where O runs over the finite set of nilpotent orbits of g.
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The Fourier transforms of orbital integrals play an important role in p-adic representa-
tion theory. As mentioned above, Theorem 1.1 generalizes a result of Waldspurger [10] for
regular semisimple orbits. Waldspurger needed to control the behavior at infinity of the
functions f1¢ for his work on local trace formulas for p-adic Lie algebras.

In addition, the Fourier transforms of orbital integrals are related to character formulas
for representations of G. Roughly, what frequently happens is that we have an orbit O of g
and a representation 7 of G, with character ©, such that

Or(exp X) = crf1o(X)

for regular X in some neighborhood of 0 in g and some non-zero constant ¢,;. Murnaghan
(6], [7], [8], [9] has found many cases of formulas of this type when 7 is supercuspidal
and O is a regular elliptic orbit. Although this formula is for small X € g’, by twisting
with characters it is possible to relate character formulas on G to values of 1 (X) for large
elements X € g'.

For small values of X € g’, the local expansion in terms of nilpotent orbits holds for
fto(X). The region of validity for the local expansion has been studied by Waldspurger
[11] and is related to work of Moy and Prasad [4], [5] in the group case. DeBacker [1] has
shown that for regular elliptic orbits in the Lie algebra of GL;(F), I prime and F sufficiently
tame, the local expansion and the expansion at infinity give the entire formula for {1g up
to a single shell.

In Section 2 of this paper we normalize invariant measures in a consistent way and state
Theorems 2.1 and 2.2. These are stronger versions of Theorem 1.1 which have some unifor-
mity as the orbit O varies. In Section 3 we prove Theorem 2.1. The proof of Theorem 2.2 is
given in Section 4 and Section 5. The proofs of Theorems 1.2, 1.3, 1.4 are given in Section 6.
I’d like to thank Allen Moy for asking questions that got me started on this problem, and
also thank Tom Hales and Julee Kim for useful discussions.

2 Expanded Versions of Theorem 1.1

In this section we state stronger versions of Theorem 1.1 which have some uniformity as
the orbit O varies.

We first look at the special case of orbits O and Cartan subalgebras f) such that hncl(O) =
@. Ifwisasubset of g, welet w® = {x- X : x € G,X € w}. Let J(w) denote the space of all
G-invariant distributions T on g such that the support of T is contained in cl(w%). When
w is compact, Harish-Chandra proved in [2] that Tisa locally constant function on g’ for
al T € J(w).

Theorem 2.1  Let V) be a Cartan subalgebra of g and suppose that w is a compact subset of
g such that h N cl(w®) = @. Then given any compact subset w; of h/ there is C > 0 so that
T(tH) = 0forallH € wy, t € F* such that |[t| > C, and every T € J(w).

Suppose that O is an orbit of g and b is a Cartan subalgebra of g with h N c1(0) = @.
Let X € O. Then for w = {X}, cl(w®) = cl(0), and po € J(w). Thus Theorem 1.1 in this
case follows from Theorem 2.1. The proof of Theorem 2.1 is given in Section 3.

We now look at the general case. If Y is any semisimple element of g, then m = gy isa
reductive subalgebra of g with rank m = rank g.
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Fix a reductive subalgebra m of g with rank m = rank g, and define
(2.1) g(m) = {Y € g:Y is semisimple and gy = m}.

Note that g(m) is contained in the center of m, and hence in every Cartan subalgebra of m.
Define 74 as in (1.3), and for Y € g(m), define

(2.2) 779/1n(Y) = det adY‘Q/m'

Then 7y (Y) # 0 for Y € g(m).

Let Njs denote the set of nilpotent elements in m and let =), denote the set of nilpotent
M-orbits in m. Fix a G-invariant measure dy* on G/M and an M-invariant measure v¢ on
¢ for each £ € E). For each Z € &, we can define an M-invariant measure dm* on M /M,
so that dm™ corresponds to v¢ via m — m - Z. Let K be a compact open subgroup of G and
let dk be normalized Haar measure on K. Then for Y € g(m), Z € Ny, H € g’, we define

(2.3) TK(Y,Z,H):/ / /w(B(k.H,ym.(HZ))) dkdm* dy*,
G/M JM/M; JK
(2.4) O (Y, Z,H) = [ng/m(Y)|* [ng(H)|* T (Y, Z, H).

Fix Y € g(m) and Z € Ny, and let X = Y + Z. This is the Jordan decomposition
of X, so that Gy = My and G/Gx = G/M - M /M. Now dx* = dm*dy* is an invariant
measure on G/ Gy, so that T (Y, Z, H) = Tx(X, H), where Tx (X, H) is defined as in (1.11).
Now by (1.3) and (1.12), we can normalize the invariant measure on O = Ox so that
Ox(Y,Z,H) = ®(g,0,H), H € g’. Since ®x(Y, Z, H) is independent of K, and depends
only on the M-orbit £ of Z, we also write ®(Y, &, H) = ®x(Y,Z,H), Z € £, Y € g(m),
H € g’. When m = D is a Cartan subalgebra of g, then g(1n) = b’ and the function ®
above was studied by Harish-Chandra in Section 7 of [2].

Recall that for each { € Zj; we have fixed an invariant measure v¢. Use this normaliza-
tion of the invariant measure to define the orbital integral ;/EVI corresponding to £. Let ny
be the function on m defined as in (1.3). Now for H € m’ we define

(2.5) MY + & H) = [nu(H)[ 29 (BY, H)) i (H) = [ (H)|? i)', ¢ (H).

Let b be a Cartan subalgebra of g, and let N(h,m) = {y € G : y~'h C m}. Then
forall y € N(h,m), m € M, we have ym € N(h, m). Define W (h, m) = N(h, m)/M. If
f: m — Cis an M-invariant function on m, we write f(w~'H) = f(y~'- H), H € m, for
w=yM e W(h,m). Letm”’ =mng’.

Theorem 2.2 Let w; be a compact subset of ) and let w, be a compact subset of g(m). Then
thereis C > 0 such that forall H € w, Y € wy, £ € Zpy, and |t| > C,

B(Y, &, tH) = Z d(m,Y + &, tw ' H)e(m, Y, tw™'H).
weW (h,m)

Here c(m): g(m) x m’"" — Cis a locally constant function on g(m) x m'’ satisfying
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(i) |c(m,Y, H)| is non-zero and independent of (Y, H) € g(m) x m’’;
(ii) c(m,Y,t?H) = c(m,Y, H) forallt € F*, (Y,H) € g(m) x m'’;
(iii) c(m,tY,H) = c(m,Y,tH) forallt € F*, (Y,H) € g(m) x m’’;
(iv) c(m,Y,m-H)=c(m,Y,H) forallm € M, (Y,H) € g(m) x m’".

Let O be an orbit and b a Cartan subalgebra of g. Pick a semisimple element Y € cl(0O),
and let m = gy. Then we can normalize the invariant measure on O so that in the notation
above,

®(9,0,H) = ®(Y,&(0),H), Heg'

For w = yM € W(h, m) we write wY = y - Y. By Lemma 5.1, w — wY is a bijection
between W (), m) and hNcl(O). For w € W (h, m), we can normalize the invariant measure
on the orbit wY + &,y (0) of g,,y so that

q)(va +£,W71H) = (I)(ng,WY +€WY(O)7H)3 He b/'

Finally, we can define
coy(H) =c(m,Y,w 'H), Hel.

Thus Theorem 2.2 gives Theorem 1.1 as a special case when w, = {Y'}.

3 Proof of Theorem 2.1

Let R denote the ring of integers of F, P the maximal ideal in R, and w a uniformizing
parameter so that P = w®R. Let | - | denote the absolute value on F such that || = g
where g = [R/P]. We assume that the character ¢ of F used to define the Fourier transform
in (1.2) has conductor R.

There is n > 1 so that g and G are subsets of M,,(F). We have the usual norm || - || on
g C M, (F) given by

(3.1) X1 = max|X;;l, X = [Xij] € My(F).
Let B denote the symmetric, nondegenerate, bilinear form on g given by
(3.2) B(X,Y) =tr XY, X,Y €gC M,(F).

In this section we prove Theorem 2.1. If K is a compact open subgroup of G and dk is
normalized Haar measure on K, we define

(3.3) ¢K(X,Y):/¢(B(k-x,y)) dk, X,Y €g.
K

Lemma 3.1  Suppose that g is semisimple. Let K be a compact open subgroup of G and let
wj, 1 = 1,2, be compact subsets of g such that [k - X1,X;] # 0 forall X; € w;, k € K. Then
there is C > 0 so that ¢k (tX,,X;) = 0 forall X; € w;, t € F*, |t| > C.
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Proof By Corollary 7.3 of [2] the map k — B(k - X1, X) is submersive at k for all k € K,
X; € wj, i = 1,2. Thus there are compact open neighborhoods w/ of w; in g, i = 1,2,
such that the map (X1, X5, k) — (X1, X5, Bk - X1,X5)) of w{ X wj x K into w{ x wj x F
is everywhere submersive. Now as in the proof of Lemma 7.1 of [2] there is C > 0 so that
ox(tX1,X;) =0forall X; € w!,i =1,2,and r € F* such that |¢t| > C. [ |

Lemma 3.2  Let w be a compact subset of g such that h N d(w®) = @, let wy be a com-
pact subset of )/, and let K be a compact open subgroup of G. Then there is C > 0 so that
dx(tH,X) = 0 forall H € wy, |t| > C, X € cl(w®).

Proof Assume first that g is semisimple. Let w be a compact subset of g such that h N
l(w®) = @. Then 0 ¢ cl(w®). Thus there is € > 0 so that ||X|| > € forall X € cl(w®).
For X # 0 € g, define the integer v(X) by || X|| = q7"™. Then ||X|| = |="™|. Let
S={Xe€g:||X|]| =1} Thenforall X # 0 € g, w "@X € S. Let Sy denote the closure
in S of

{w™®X: X € d(w®)}.

It is a compact set. Now cl(w®) is a closed, G-invariant set. Further, since w is compact, the
eigenvalues of ad X, X € cl(w®) are bounded. Thus as in Lemma 7.4 of [2], every element
of Sy is either nilpotent or is of the form w XX for some X € cl(w?).

Let X’ € Sy, H € wy, and suppose that [k-H, X’'] = 0 for some k € K. Thenk™'X’ € b,
so that X’ is semisimple, and hence of the form X’ = =¥ X for some X € cl(w®). But
then k~'X € b N cl(w®). This contradicts the assumption that § N cl(w®) = @. Thus
[k-H,X'] #0forallk € K, H € w, X' € Sy, and so by Lemma 3.1 there is C’ > 0 so that
ox(tH,X') = 0forall H € w;, X' € Sy, t € Fsuch that [¢t| > C’.

Lett € F,|t| > C = ¢ 'C’,and H € w;. Then forall X € cl(w®), X' = w XX € §,
and |tw’®| > Ce = C’, so that ¢x(tH, X) = ¢x(tw’ X H, X’) = 0.

Now we drop the assumption that g is semisimple. Let g be reductive and write g = 3+g;
where 3 is the center of g and g; is the derived subalgebra. Given any X € g, we write
X = Xp + X; where X; € 3and X; € g,. Let p: g — g, denote the projection p(X) = X,
X € g. Then h = 3 + b, where b, = p(D) is a Cartan subalgebra of g, and )’ = 3+ b!. Let
Z denote the connected subgroup of G corresponding to 3 and let G; = G/Z.

Let w; be a compact subset of )’ and let w be a compact subset of g such that hncl(w®) =
. Then p(w) is a compact subset of ! and w; = p(w) is a compact subset of g;. It is easy
to check that p(cl(wG)) C cl(w¢). Suppose that Y € h;Ncl(w). Then there are X, € w,
X, € G, such thatx, - X, — Y,. Letn > 1. Since X,,; € ws; = p(w), there is X,y € 3
such that X, = X,,o + X, € w. Further, since {X,} is a sequence in the compact set w,
there is a convergent subsequence. Thus by passing to a subsequence we can assume that
Xy, =X €w. Thus X, g0 — Xo € 3. Nowx, - Xy = Xpo + x4 - Xps = Xo + Y, €3+ h, =D
Thus Xy + Y, € h N cl(w®). This contradiction shows that h; N cl(w&) = @.

Suppose that K is a compact open subgroup of G. Then K; = K/(Z N K) is a compact
open subgroup of G;. Since g, L 3 with respect to B, for X, Y € g,

Gk (X, V) = (B(Xo, Vo)) / DBk - X, Vo)) dk = (B(Xo, Yo)) i, (X, Yo).

K
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Now by the semisimple case above, there is C > 0 so that ¢ (tH;, X;) = 0 for all H; €
p(wr), Xs € cl(w&), |t| > C. Thus for H € wy, X € cl(w°), |t| > C,

¢x(tH, X) = 1 (B(tHo, Xo)) ¢k, (tHs, Xs) = 0. u

Proof of Theorem 2.1 Let w be a compact subset of g such that h N cl(w®) = @, let w; be
a compact subset of h’, and let K be a compact open subgroup of G. Then by Lemma 3.2
there is C > 0 so that ¢x(tH,X) = 0 forall H € wy, |t| > C, X € c(w). FixH € wy,
|t| > C. Asin [3], there is ¢ € C>°(g) such that ¢(X) = ¢x(tH, X) for all X € cl(w®). Let
T € J(w). Then by Theorem 3 of [3], T(tH) = T(¢) = 0 since ¢(X) = ¢px(tH,X) = 0 for
all X in the support of T. u

4 Evaluation of an Integral

In this section we begin the proof of Theorem 2.2. Fix a reductive subalgebra m of g with
rank m = rank g. In this section we evaluate integrals of the form

¢k (tH,Y) = / ¢(tB(k-H,Y))dk, Y €g(m), Hem', teF*,
K

for K sufficiently small and |¢| sufficiently large. This calculation is similar to those in Sec-
tion VIII of [10], but in our case Y may not be regular. The main result is Proposition 4.6.
In the next section we will use this result to prove Theorem 2.2.

We first need to define new norms on g which depend on m. Since m is reductive, the
restriction of B to m is non-degenerate, and g = m @m+ where mt = {Xeg:BX,Y) =
0VY € m}. For X € g, write X = X + X; where Xo € m, X, € m~L. Then we define

(4.1) IX]I" = max{[|IXoll, I X1},

where || - || is the norm on g defined in (3.1). Then || X|| < ||X]|’, X € @.
For X € g, we also define

(4.2) IX|I”=sup |B(Z,X)|.
zeg,|1Z]|’ <1

This is also a norm on g. Let X, Z € g with ||Z||" < 1. Then
BX, ) < X[ 21l < IX]Hiz)” < [1X]]-

Thus

(4.3) IX|I” < IXI < IX]", X €aq.

Since || - ||" and || - ||/ are equivalent norms on g there is a constant 0 < Cy < 1 so that
(4.4) Coll X" < IIX[I" < IX]", X €q.

For any integer ¢ > 0, define
f={Xeg:[X]|'<qg "}

It is a lattice in g. The following lemma is elementary.
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Lemma 4.1 There is an integer ¢y > 0 so that g~ < |2|, and for any k > 2,

U o B
glat? <

Further, for any ¢ > co, exp: T. — G is well-defined, and for Z € 1., X € g, expZ - X =
X+[Z,X]+W whereW = 3", ,(1/k!)(ad Z)XX satisfies |[W|| < q=2[2| 71| X]|.

Remark 4.1 We can choose ¢y so that

L ak-2)
e =1

for k > 3. When k = 2, for any ¢, we have |1/k!| = |2| L.

For any ¢ > ¢, let K. = exp(f;). It is a compact open subgroup of G contained in
GL(n, R). For ¢ > ¢, write

(X, Y) = ¢ (X, Y) = / Y(Bk-X, 7)) dk, XY €.

K.

Proposition 4.2 Suppose that ¢ > ¢y. Let X,Y € g such that | X||||Y]] < |2|, and t € F*
such that |t| > ¢°. Then

P (£°X,Y) = / ¢(£*B(k - X,Y)) dk,

K(X.Y,r)

where K.(X,Y,t) = {k € K.: ||[X, k=1 -Y]||"" < |¢t|~'}.

Proof Write |t| = q",andletk € K., Z € {,. Then using Lemma 4.1 we can write B(kexp Z-
X,Y)=BlexpZ -X,k7!-Y) =

BX, k' Y)+B([Z,X],k'-Y)+ BW, k™' -Y)
where [|[W|| < [2|7'g~ | X]. But
IBW, k- Y))| < W'Y < 2] g XY < g7,

since by assumption || X ||Y| < |2|. Thus ¢(£*B(W,k~" - Y)) = 1 since |t| = q" and
we have assumed that v has conductor R. Now since B(X, k™! - Y) = B(k - X,Y) and
B([Z,X],k~'-Y)=B(Z,[X,k~! - Y]), we have

Y(*BlkexpZ - X,Y)) = o (*B(k- X,Y))y (£*B(Z, [X, k™" - Y])).

Since r > ¢, we have K, C K, so that we can write K. as a finite union K. = |J, kK.
Thus there is a normalization of Haar measure dZ on f, so that

o (2X,Y) :/ Y(*Bk- X,Y)) dk:Z/w(tzB(ki expZ-X,Y))dZ
i b

c

= Zz/;(ﬂB(ki -X,Y)) /w(tzB(Z, [X,k'Y])) dz.
i %
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But for each i, Z — w(tzB(Z Xk 1Y])) is a unitary character of the additive group f,,
and is trivial if and only if ||[X, k; 'Y]||"" < ¢, so that k; € K.(X, Y, ¢).
We have shown that for each coset k;K; of K,

/ Y(*B(k-X,Y)) dk =0 < ki € K(X,Y,1).
k,'K,

Since the left hand side of the equation is independent of the coset representative k; for
kiK,, we must have k;k € K.(X,Y,t) ifand only if k; € K.(X,Y,¢) for all k € K,, and so the
union of the cosets k; K, with k; € K.(X,Y,t) is equal to K.(X, Y, ). [ |

L

For any linear transformation T': mt — mt, we write

1Tl = sup  [|T)|/]1Z]].

Zemt Z#£0

Let X € mt. Since [, m*] C m, the restriction of ad X to m~ is a linear transformation
Tx: mt — mt. Let m™ denote the set of all H € m such that H is semisimple and Ty is
invertible. Note that g(m) C m™ and m’”/ = mN g’ C m™s,

For any integer s > 0, we let

mie = {H e m': ||H|| < 22| T, || < ¢');
g(m)s = g(m) Nmee.
Then for all H € m{®, Z; € mt,
(4.5) q 12| < llad HZ,|| < (2] Z4]]-
Define Cy as in (4.4).
Lemma 4.3 LetH € my8,Y € g(m),.
(i) ForallZ =Zy+ 7, Zy € m, Z; € m+,
1Z1] < ¢*C; [|ad Had V2"
(ii) Suppose c is large enough that g~ < q~*Cy. Then forall Z € t,,
I[H,exp(=2) - Y]||" = |[ad Had YZ||"".

Proof LetZ = Zy + Z1, Zy € m, Z; € m*. Thensince Y € g(m),adYZ =ad Y2, € mt.
Further, since H,Y € m;®, using (4.5)

|lad HadYZ||" = |[ad Had YZ,|| > q~*||Z1||.
Thus by (4.4)

121l < g¥|lad Had YZ||" < ¢*Cy'||ad Had YZ||"'.
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Now let k = expZ, Z = Zy + Z; € .. Then since [H,Y] = 0 and [H7 [—Z,Y]] =
ad HadYZ,wehave [H, k' - Y] =ad Had YZ + V where

1 k 1 k-
V= Z [ (—ad 2)'Y] = ZE[H,(fadZ) 1y, z]].
k>2 k>2
Let X € g, || X||’ < 1. Using Lemma 4.1, for each k > 2,
1 B 1 _ .
B(x, 5[, (—ad 21y, 21 )| < | | IXIIHI I )21 1Y 200 < a0
since

IHI Y, 21 = [HI Y, 200 < =Y 20 < 27020

But by the above,
g 12| < q9¢"°Cy |ladHad YZ||"" < |[ad Had YZ||"”
when q—¢ < q~*Cy. Thus for such c we have |[B(X, V)| < ||ad Had YZ||"’. Thus

IH, k™' -Y]|” = sup |B(X,[H,k™'-Y])
Xeg|IX]'<1

= sup |B(X,adHadYZ)+B(X,V)|=|adHadYZ|". m

Xeg,|IX]|'<1

Let d(m=) denote the dimension of m*. Normalize Haar measure dZ; on m= so that
{Z, € m* 1 ||Z1]| < 1} has volume one. Let V(K.M /M) denote the volume of K.M /M
with respect to the invariant measure dy* on G/M normalized as in (2.3).

Lemma4.4 Thereis Vi > 0sothatif ¢ < q~*7%C2 and |t| > q**°C; ", then for all
He m;’eg) Y e g(m)S) V(KCM/M)¢C(t2HaY) =

Vlt| =" (P B(H, Y)) / ¢(1/2B(Zi,ad Had YZ))) dZ,.

mL(H,Y)

Here
m(H,Y) = {Z, ¢ m* : ||[adHad YZ || < 1}.

Proof Fix ¢ > 0such that g=¢ < q~%~%C32. For H € m®,Y € g(m),, define t.(H,Y,t) =

{Z € t. : |ladHadYZ||"” < |t|"'}. Using Lemmas 4.2, 4.3, since ¢ > ¢y and g~ ¢ <
q~%Cy, forall t € F* such that |¢t| > g%, we have

¢ (PH,Y) = / ¢(t*BlexpZ - H,Y)) dZ,
t.(HY,t)

where dZ is the Haar measure on g for which f. has volume one.
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Let Z € {.(H,Y,t). Then
BlexpZ-H,Y)=B(H,Y)+B([Z,H],Y)+1/2B((ad Z)’H,Y) + b

where .
b= Z HB((ad 2)'H,Y).
k>3
ButB([Z,H],Y) = B(Z,[H,Y]) = 0and B((ad Z)’H,Y) = B(Z,ad Had YZ). Fixk > 3.
Then

‘%B((adZ)kH Y)‘ = %B((adz)k—1H, v,2)|.

Write Z = Zy + Z; where Z, € m, Z; € m~*. Then
1Z]|" = max{[|Zo ||, || 21},
so that || Zy|| < ¢ “and ||Z,| < g~ Now [Y, Z] = [V, Z;] € m+, and

(ad Z2)F"'H = Zad Z.,adZ.,---adZ, H

€k—1

where the sum is over multi-indices € = {ei}f;l, 6 €{0,1},1 <i<k-—11If¢g =0,
1 < i< k— 1, then this term is (ad Zo)* 'H € m, and

B((ad )" 'H, [Y,21]) = 0

since [Y, Z;] € m*. Thus

Ha [Y7ZI])|7

€k—1

1 - 1
EB((adZ)k 'H, [Y,Z])‘ < meax‘ﬁ‘ |B(ad Z,, - - -ad Z,

where the sum is over multi-indices € = {Ei}f;l for which at least one ¢; = 1. For each
such ¢, using Lemma 4.1 we have

€k—1

1 —c(k— —(c—co)(k—
|1B@dZ, - -ad Zy H, [V, Z0)| < || S IHI Y] 1212 < g~ 2]z

1
&
But by Lemma 4.3, for k > 3,

D2 < q g (ad Had YZ) ) < o]

for Z € t.(H,Y,t) since g ¢ < g~ *~%CZ. Thus |b| < [t|~2 so that ¢)(t*b) = 1 and

¢.("'H,Y) = ¢(£*B(H,Y)) /f ( )¢(t23(z, adHadYZ))dZ.
(H)Y,t

Write Z = Zy + Z, Zy € m, Z; € mt, and let m, = mNE, mt = m*t Ni. Let dZ,
denote the Haar measure on m for which m, has volume one. Now

1Z)|" = max{[|Zo||, | Z:]},  |lad Had YZ||"" = [|ad Had Y Z4|",
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sinceadYZ = adYZ,. Thusf, = m, @ m}, dZ = qfd('"L) dZydz,, and {,(H,Y,t) =
m, ¥ (H,Y,t) where t'(H,Y,t) = £.(H,Y,t) N m". Further,

B(Z() +Zl,adHad Y(Z() +Z1)) = B(Z() +Z1,adHad YZl) = B(Z],&dH&dYZl).

Thus using the change of variables W; = tZ;, we have
/ ¢(t*1/2B(Z,ad Had YZ)) dZ
t.(HY,t)
= g / dZ, / ¢(t*1/2B(Z,,ad Had Y Z))) dZ,
m, fl (H,Y,t)
= ||~ gedm™) /w (1/2B(W,,ad Had YW))) dW,,

where the last integral is over {W, € m(H,Y) : |[Wy|| < q~|t|}. But recall from
Lemma 4.3, that
Wi < g°Cy'||ad Had YW,

Thus for [t| > ¢**C; ' and W, € mt(H, Y), we automatically have

Wil < q7Cq ' < q~“e].

Finally, V)y = V(K.M/M )qu("‘L) is independent of c. ]

For H € m'™8, define 74/,,(H) = detad H|,. = det Ty. Note that for Y € g(m), this
agrees with our definition in (2.2). Let

(4.6) A(m) = {(Y, H) € m" x ™ - [[Y[| [[H]| < [2[}.

Note that for Y, H € m™¢, ¢t € F*, (tY, H) € A(m) ifand only if (Y, tH) € A(m). Further,
forall s > 0, m;® x m;® C A(m). For (Y, H) € A(m), define

(4.7) c¢(m,Y,H) = VM|ng/m(H)|1/2|ng/m(y)|1/2/ ¥(1/2B(Z,ad Had YZ2)) dZ.
mL(H)Y)
Lemma 4.5 (i) c(m,Y, H) is locally constant for (Y, H) € A(m);

(ii) c(m,tY,H) = c(m,Y,tH) forallY,H € b, t € F*, such that (tY,H) € A(m);

(iii) |c(m,Y, H)| is non-zero and independent of (Y, H) € A(m);

(iv) c(m,Y,t?H) = c(m,Y,H) forall Y,H € m™8, t € FX, such that (Y,H) € A(m) and
(Y, t?H) € A(m).

Proof Parts (i) and (ii) are obvious from the definition. Let Z € m~'. Then

1Z|""=sup [B(Z,X)|= sup  [B(Z,W)]
Xeg x|’ <1 wemb |w| <1
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since if X = W+ W/, W € m-, W’ € m, then ||X||” = max{||W]||, [W'||}, and B(Z, X)
B(Z,W).

Fix (Y,H) € A(m), and for Z,W € m%, define g(Z,W) = B(Z,ad HadYW) =
B(Z, Ty TyW). Since Ty Ty is a nonsingular, self-adjoint linear transformation on mt, q1is
a non-degenerate symmetric bilinear form on m*. Let L = m*(H,Y). It is a lattice in m-~.
Define L = {W € m' : |q(W,Z)| < 1VZ € L}. Then

L={Wecm":|BW,adHadYZ)| <1VZ € m" with|[ad Had YZ||" < 1}
={W em": |BW,2)| < 1VZ € m* with || 2| < 1}

is independent of (Y, H) € A(m).
Suppose that W € L. Then |[ad Had YW ||" =

sup |B(X,adHadYW)| = sup |B(adHadYX,W)|
Xem®,||IX[|<1 Xemt ||Ix|I<1

< sup |B(X, W)|
Xemt X[ <[2|

= 2] sup |[B(X, W)|
Xem+, [ X[|<1

since for all X € m+,
lad Had Y]] < [2]IX]].

But for all X € m™ such that | X|| < 1, [|X||”” < ||X]| < 1 so that [B(X,W)| < 1. Thus
|ad Had YW||”” < |2| so that W € 2L. Thus L C 2L.
Define

I(L) = /w(l/zq(z, 2))dz = / ¢(1/2B(Z,ad Had YZ)) dZ.
L m-L(H,Y)

Then as in [W], |I(L)| = (m(L)m(I:))l/2 where m(L) and m(L) denote the measures of
L and L with respect to the Haar measure dZ on m*. But m(L) is a positive constant
independent of (Y, H) € A(m). Further, using the change of variables Z; = ad Had YZ,
we see that

mm:/ M:mMmHMMnP/ iz,
llad Had YZ||/' <1 Iz <1

Thus
[I(L)| = |9y (H)| ™21y (V)| 7/2C

where C > 0 is independent of (Y, H). This proves (iii) since

le(m, Y, H)| = V| ngjm ()| |1/ (V)2 I(L)| = ViC.
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Finally, let Y, H € m™8, ¢t € F*, such that (Y, H), (Y,t2H) € A(m). We may as well

assume that |t| < 1, since if |t| > 1, we can replace H by H' = t?H and t by t' = t . Now
c(m,Y,?H) =

[ (EED| 10 (V)] /2 / $(1/2B(Z,ad *Had YZ)) dZ

|[ad?Had YZ||"’ <1

= [ng/m (ED["* g/ (V)|'/2 / ¢(1/2B(Z,ad Had YZ)) dZ
llad Had YZ||/'<]t| !

using the change of variables Z’ = tZ, since
L
‘ng/m(tzH)P/z = Md(m )|77g/m(H)|1/2-

Thus for (iii) it suffices to prove that
1) = [ w(1/292.2) dz =10 = [ 6(1/20(2,2)) dz
L L

where L, = {Z ¢ m* : [[ad Had YZ||" < |t|7'} =t7'L. ButL, = tL C 2L C t'12L =
2L, since |t| < 1. Thus as above, we have

1(L)] = (m(L)m(T)" = (m ' DmeD)"? = (mLym@)"* = [1(D)].

Further, as in [W]
I(L)/[I(L)| = I(L)/|I(D)]. "

Remark 4.2 1t is possible to analyse the terms c¢(m, Y, H) further as in Section VIIL.5 of
[10].

Using Lemma 4.5 we can extend the definition of ¢(m) to g(m) x m’’ as follows. Let
(Y,H) € g(m) x m””. Then Y, H € m™8, and there is t € F* such that ||Y|| |2 H|| < |2],
so that (Y, t?H) € A(m). Now we define
(4.8) c(m,Y,H) = c(m, Y, t*H).

By Lemma 4.5 this is independent of the choice of t.
Proposition 4.6 Let w; be a compact subset of m’’ and let w, be a compact subset of g(m).
Then there is ¢ > 0 with the following property. For each ¢ > ¢, there is C(c) > 0 so that for
allH € wy, Y € wy, andt € F* such that |t| > C(c),

V(KM/M)$e(tH,Y) = |1 (tH)| 2|05 (Y)| /20 (B(tH, Y) ) e(m, Y, tH).

Here c(m) is a locally constant function on g(m) x m'’ satisfying
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(i) |c(m,Y, H)| is non-zero and independent of (Y, H) € g(m) x m’’;
(ii) c(m,Y,t?H) = c(m,Y, H) forallt € F*, (Y,H) € g(m) x m'’;
(iii) c(m,tY,H) = c(m,Y,tH) forallt € F*, (Y,H) € g(m) x m".

Proof The properties of the function c(m) follow immediately from Lemma 4.5 and the
definition (4.8).

Let w C m'’ be compact. We will prove that there is ¢; > 0 so that for ¢ > ¢ there is
C’(c) > O such that forall [t| > C'(c),H € w,Y € wy,

V(KM/M)G(t*H, Y) = [ H)| =21 m(V)| 729 (B H, Y) ) e(m, Y, £ H).
This is sufficient to prove the proposition, since given w; C m’/ compact,
w={ttH:Hcw,q ' <|t| <1}

is also a compact subset of m’’. Now suppose [t| > C(c) = C’(c)* and H € w;. Now we
can write tH = t7H, where Hy € w and |t;| > C'(c).

Let w; be a compact subset of m’ and w, be a compact subset of g(n). Since w; and w,
are compact, there is 1y such that forall H € wy,Y € w;,

Il < [21"2q", |H| < |2"q".

Write t) = w” and letw] = {tcH : H € w1}, wy = {tcY : Y € wp}. Then forall H' € wy,
Y' €wj,
Y| < 212, (1= <[22
Since w{ C M’ and w; C g(m) are compact, there is s, > 0 so that for all H' € w],
Y' € w;,
1T < g 1T < q°

Thus w{ C mg® and w) C g(m)y,.

Pick ¢; > 0 big enough that g=¢ < q_45°_”“C0_2, andletc > ¢;. Let H € wy, Y € wy,
€

t € Fsuch that |t| > C(c) = ¢*"*™C, ', ThentyH = H' € my%, tY = Y’ € g(m),,, and
1ty '] = g7 t] > ¢*Cy
Now combining Lemma 4.4, the definition of c(m, Y, H), Lemma 4.5 (ii) and (iv), and

the fact that |1, (t?H)| 7V/% = \t|’d<‘“L)|ng/m(H)|*1/2, we have
V(KM/M)¢:(t*H,Y) = V(K.M/M)o.((¢t5 ') ?H', Y")

= [ (1t V2H') [ g (Y )72 (11 2 B(H', Y1)

c(m, Y’ H")
= [ng/m(ty " CH) |72 ngm(tY)| "2 (P B(H, Y)) c(m, toY, toH)

= |1 /m (P H)| ™21/ (V)| V29 (2B(H, Y) ) c(m, Y, H). u
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5 Proof of Theorem 2.2

In this section we use Proposition 4.6 to prove Theorem 2.2.

Fix a reductive subalgebra m of g and a Cartan subalgebra ) of g, and define N(h, m) =
{y € G:y™'h C m}, W(h,m) = N(h,m)/M, as in Section 2. For Y € g(m), define
wY =y -Yifw=yM e W(H,m).

Lemma 5.1 Let O bean orbitingandY € g(m) N cl(O). Then w — wY gives a bijection
between W (h, m) and h N c1(O).

Proof Let Y’ € h N cl(O). Then thereis y € GsuchthatY' = y-Y. NowY € y~'hso
that y~!'h C gy = m. Thus y € N(h,m), and Y’ = wY where w = yM. Conversely, if
w = yM € W (), m), then y~1D is a Cartan subalgebra of m. Since Y is a central semsimple
elementinm, Y € y~'hso that wY = y - Y € D. Finally, the mapping is one-to one since
M = Gy. [ |

The following lemma is elementary.

Lemma 5.2  Let by, ... by denote a complete set of representatives for the M-conjugacy
classes of Cartan subalgebras of m which are G-conjugate to ). For each 1 < i < k, let
x; € Gsuch that x;b; = b. Then N(h,m) = {x;mm : m € M, n; € Ng(b;),1 < i <k}, and
W (b, m) = |J; xiNg(bi)/Nm(bi). In particular, W (h, m) is a finite set.

For each w € W(h, m), fix y,, € N(h,m) with w = y,M. We can assume that y,,
is chosen so that y, ' = b; for some 1 < i < k. Let v € g(m) and let w, be a compact
neighborhood of y in m. We can assume that w, is small enough that y,,, -w, Ny, -wy, = &
for all wi, w, € W (b, m) with w; # w», since y,,, ¥ # yu,7 in this case. Let U, be an M-
domain in msuch thaty C U, C wy which satisfies the conditions of Corollary 2.3 of [2].
In particular, we can assume that U, Nh; C w,, 1 <i <k, Cy(X) C mforall X € U,, and
for every compact subset Q of g there is a compact subset 2 of G such thatx - U, N Q # &
implies that x € QM. Let w,(y) = U, N g(m). Then w,(7) is a compact neighborhood
of v in g(m). Since for any compact w, C g(m), there are finitely many v;, 1 < i < r, in
w, such that w, C |J,<;<, w2(7i), it suffices to prove Theorem 2.2 when w; is of the form
wy = U, N g(m) for some v € g(m).

Fix vy € g(m) and let w = w,, U = U,, w, = U N g(m) as above. Define V.= UC.
By Corollary 2.4 of [2], V C w® and is a G-domain in g, that is an open and closed G-
invariant set. For any compact open subgroup K of G, define V(K) = {ky - X : k €
K,y € N(h,m),X € U}. Thus V(K) = @ if N(h,m) = &. For C > 0, we write
Ve={XeV:|X]| <C} Vc(K)=V(K)NVc.

Lemma 5.3 Lety € Gsuchthaty -UNb # @. Then y € N(h,m). Let K be a compact
open subgroup of G, and let X =Y + Z where Y € w, and Z € Ny. Then for x € G,
x+ X & V(K) unlessx € KN (b, m).

Proof Let y € GandY € U such that y - Y € b. Then y~'h C C4(Y) C m, so that
y € N(b, m).
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Let X =Y + ZwhereY € w, and Z € Ny;. Then Y is the semisimple part in the Jordan
decomposition of X. Let x € G such that x- X € V(K). Then thereare k € K, y € N(h, m)
so that y~'k~!x- X € U. Write g = x'ky. Now since U is an M-domain and g~! - Y is
the semisimple part in the Jordan decomposition for g=! - X € U, wehaveg™!' - Y € U.

Since the statement is trivial if N(h, m) = &, we may as well assume that N(h, m) # @.
Fix wy € W(b, m), and let yo = y,, € N(h, m) be our fixed representative for wy. Since
Y € w, C g(m), wehave yo-Y € hby Lemma 5.1. Now Y € gU sothat yy-Y € hN yogU.
By the first part of the lemma, this implies that there are w € W(h,m), m € M, such
that yog = y,,m. By assumption thereis 1 < i < kso that y,'h = b;. Now y, ly,Y €
y,,'h = b;. But since U is M-stableand m~ 'y ly,-Y € U,then y, 'y, - Y € UND; C w.
Thus yo - Y € yo - w Ny, - w. By our assumption on w, this implies that yo = y,, so that
gzyo_lywmeM. Thus x = kyg~! € KN(), m)M = KN(p, m). [ |

Lemma 5.4 Let K C GL(n,R) be a compact open subgroup of G and let wy be a compact
subset of h’. Then there are C > 0, C' > 0 such that forall H € wy, X € V,

(i) ¢x(tH,X) =0 forall |[t| > 1 unless X € V¢i;
(ii)) ¢x(tH,X) = 0 forall |t| > C unless X € V¢ (K).

Proof Suppose first that g is semisimple. Since V' C w® where w is compact, the eigen-
values of ad X, X € V N b are bounded. Thus there is C; > 0 so that || X|| < C; for all
X € hN V. Define S and v(X), X # 0 € g, as in the proof of Theorem 2.1. Let S; denote
the closure in S of

{w™MX: X eV, |X|| > Ci}.

It is a compact set, and as in Lemma 7.4 of [2], every element of S; is either nilpotent or is
of the form ="M X for some X € V, || X|| > C,.

Let X’ € S1,H € wy, and suppose that [k-H,X'] = 0forsomek € K. Thenk~!X’ € b,
so that X’ is semisimple, and hence of the form X’ = =¥ X for some X € V, || X|| > C;.
But then k~'X € hNV. But this can’t be because ||k ~' X|| = ||X|| > C;. Thus [k-H,X'] # 0
forallk € K, H € w;, X’ € S, and so by Lemma 3.1 there is C, > 0 so that ¢x (tH,X’) = 0
forall H € wy, X’ € S;,t € Fsuch that |t| > C,. Let C' = max{C;,C,},andletX € V,
|X|| > C',t € F,|t| > 1,and H € w;. Then X’ = w"@X € 8 and [tw"®| > C,, s0
that for all H € wy, ¢(tH, X) = ¢(tw”X H, X’) = 0. Thus

¢(tH,X) =0, Hewy, [t|>1,XeV, |X||>C".

Since V- is compact, it follows from Corollary 2.3 of [2] that there is a compact subset
Q of Gso thatif x € Gsuch thatx-Y € V¢ forsomeY € U, then x € QM. Now there are
finitely many y; € G, 1 <i < r,s0 that QM C |J,;, KyiM. Thus Voo C <<, Ver (i)
where V(i) = {ky; - Y : k€ K,Y € U}, Vo (i) = V(i) N V. o

Let 1 < i < r, and suppose that V(i) N # @. Then there is y € Ky; such that
y-UNb# . Now by Lemma 5.3, y € N(bh, m), so that Ky;M = KyM C KN(b, m).
Thus in this case, V¢ (i) C V/(K) and we write C; = 1.

Suppose that V(i) N ) = &. Then [k- H,X] # Oforany k € K, H € wy, X € V¢ (i),
so that by Lemma 3.1 there is C; > 1 so that ¢(tH,X) = O forall H € w;, X € V¢/ (i),
|t| > C;.
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Now let C = max{C;,1 < i < r}. Let H € wy, |t| > C, and X € V such that
X & Vci(K). Then either ||X|| > C’, or X € V(i) for some 1 < i < r such that
V(i) Nh = @. In either case, we have ¢x (tH, X) = 0. This completes the proof in the case
that g is semisimple.

Let g be reductive, write g = 3+ g;, M, = MmN g, and use the notation from the proof of
Lemma 3.2. Then m = 3+ my, M; = M/Z, and g(m) = 3 + g,(m;). Let v € g(m). We can
assume that w, = wo + w; where wy is a compact neighborhood of 7y in 3 and w; = w-, isa
compact neighborhood of ~y, in m;. Then we could take U, = wy + U,,. Thus V' = wy + V;
where V, = U7G5. Let Cy > 0 so that ||Xo|| < Cy for all Xy € wy. Then for C' > Cy,
Ver = wy + (Vi)cr. Let K be a compact open subgroup of G. Then Ky = K/(ZNK) is a
compact open subgroup of G, and V(K) = wy + V(Kj).

Letw; C b’ be compact, and let C,C’ > 0 satisfy the conditions of the lemma for p(w;),
Vs, and K;. By making C’ larger if necessary, we can assume that C’ > Cy. Let H € wy,
t € F*,X € V. Then ¢x(tH,X) = ¢ (B(tHy, Xo)) ¢k, (tHs, X;). Thus ¢k (tH,X) = 0 for
all |t| > 1 unless X € V¢, and ¢x(tH,X) = 0 for all |¢| > C unless X € V¢, (K). [ |

Let p: g — m denote the projection corresponding to the decomposition g = m @ m-*.
For any £ € Zy, let ﬂ@f denote the Fourier transform of the orbital integral on m corre-
sponding to £ as in (2.5). Recall that for each w € W (b, m), we have fixed a representative
yw € N(b, m).

Lemma 5.5 There is a compact open subgroup Ky of G so that for all H € wy, k € Ko,
we W(H,m), plky,,! - H) € m’ and,&é\’l(tp(ky;l “H)) = [L?I(ty‘;l “H) forall € € Ey
andt € F*.

Proof The set =), of nilpotent orbits of m is finite, W (f), m) is finite, and for each £ € =y,
,ug/f is locally constant on m’. Now since w; is compact, p is continuous, and for each
H € w,we WOH,m), ply,' -H) = y,' - H € m, it is easy to see that we can chose
Ko small enough that for all H € w;, w € W(h,m), k € Ky, p(ky,! - H) € m’ and
i (p(ky, " - H)) = fid(y, " - H) forall € € Zyy.

Let £ € Zp and let t € F*. It follows from the discussion in 5.1 of [2] that there is
ce(t) > 0so that

i (£X) = ce (1) fupd (X)

forall X € m/, wheret§ = {tZ: Z € £} € Ep also. Now for H € wy, w € W(h, m), and
ke Ky,

e (tp(kyy - D) = ceing (plhyy, ' - H)) = cefifd (v, - H) = (' 0y, - H). g

Let w = yM € W(bh,m). Then for { € Zy, H € b, f1; (w™'H) = ﬂé”(y_l -H)is
independent of the representative chosen since ug” is an M-invariant function on m’. For
any compact open subgroup K of G, the coset KwM = KyM is also independent of the
coset representative. ForY € w,, Z € Ny, H € b, define Tx(Y, Z, H) are in (2.3). It
depends only on the orbit £ of Z, so we also write Tx (Y, &, H) = Tx(Y, Z,H), Z € &.
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Proposition 5.6  There is a compact open subgroup K; of G with the following property. If
K C K is a compact open subgroup of G, there is C > 0 so that for allY € w,, £ € Ejy,
Hew,l|t| >C,

Te(Y,&tH) = Y i (tw™ H)V (KwM /M) ¢k (tH, wY).
weW (h,m)

Here V(KwM /M) denotes the measure of KwM /M with respect to the measure dy* on G/M.

Proof Write W = W (b, m), and define K; as in Lemma 5.5. By assumption, the sets y,, - w,
are disjoint for w € W. Thus we can choose a compact open subgroup K; C GL(n,R)
which is small enough that the sets K; y,, - w, are disjoint for w € W, and y,, 'Ky y,, C Ko
forall w € W. Let w;,w, € W, and suppose x € Kyw;M N Kyw,M. LetY € w,. Then
x-Y € Kyyw, w2 NK;yy,ws, so that wy = w,. Thus the cosets Ky wM are disjoint for w € W.

Suppose K C K;. By Lemma 5.4, there is C > 0 so thatfor H € wy, |[t| > C, X € V,
ox(tH,X) = Ounless X € V(K). FixY € wy, £ € Ep, H € wy,and ¢ € F*, |t| > C.
Pick Z € £. Then by Lemma 5.3, for y € G, m € M, ym - (Y + Z) € V(K) just in case
y € U,ew KywM. Let dk; denote normalized Haar measure on K.

Then since the sets Ky,,M, w € W, are disjoint,

Ti(Y, &, tH) = Y V(KwM/M)T,(Y, &, tH),
wew

where for eachw € W,

TW(Y,g,tH):// /w(tB(k~H,k1me-(Y+Z))) dk dm* dk; .
K JM/M; JK

Fix w € W. Using the change of variables k — k;k and the invariance of B, we can
eliminate the outer integral over K from T,,(Y, &, tH). Write K,, = y,, 'Ky, and let dk,,
denote normalized Haar measure on K,,. Then using the change of variables k — y 'ky,,
k € K, and the invariance of B, we have

T, (Y, &, tH) =/ / ¢(tB(kyy," - H,Y + m- Z)) dk, dm*.
M/My JK,
Write Ky = K, N M, and let dk; denote normalized Haar measure on Kj;. Then

Tw(Ya ga tH) =

/ / / w(tB(klkwy;l -H,Y+m-Z)) dk,, dk,dm*.
M/My JKy JK,
Letk; € Ky, k,, € K, m € M. Then

W (tBlikyyy - H,Y +m-2)) = (tB(kyyy ' - H, Y))z/z(tB(klp(kWy;l H),m- z)).
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Since K,, C Ky, by Lemma 5.5, p(k,y, ' - H) € m’. Now by Lemma 5.4 applied to M in
place of G, we can change the order of integration and write T,,(Y, £, tH) =

-

w

o (tB(ky,y;," - H,Y)) / / w(tB(klp(kwy;l H),m- Z)) dk, dm* dk,.
M/Mz JKu
But by Theorem 3 of [3] and Lemma 5.5, for all k,, € K,,,,
/ / w(tB(klp(kWyvjl ~H),m~Z)) dk, dm™ = ,aév[(tp(kwyvjl ~H))
M/Mz JKy
= [/g”(ty;l - H). Thus
T, (Y, & tH) = ﬂ?(ty;lH)/ ¢ (tB(kyy, ' - H,Y)) dk,
Ky

= p'(tw™'H) / ¢ (tB(k - H,wY)) dk. [
K

We are now ready to combine the results of this section with Proposition 4.6.

Proof of Theorem 2.2 Write W = W(h, m). By Proposition 5.6, we know that there is a
compact open subgroup K; of G with the following property. If K C K is a compact open
subgroup of G, there is C(K) > 0 so thatforallY € wy, £ € Ep, H € wy, [t] > C(K),

Tx(Y, &, tH) = Z fu! (tw™ " H)V (KwM /M) i (tH, wY ).
wew

Fix w € W, and write m,, = y,, - mand M,, = y,,My_'. Then g(m,,) = {wY : Y €

g(m)}. We normalize invariant measure dv* on G/M,, so that

fo-Vdy = [ f-wY)dv, Y egm), feCdg)

G/M G/M,,

Then for any compact open subgroup K, the volume of KwM /M with respect to dy* is
equal to the volume of KM,, / M,, with respect to dv*, so that V(KwM /M) = V(KM,,/M,,),
the volume of KM,,/M,, with respect to dv*. Further, h C m,, so thatw; C m,,Ng’ = m//.
Now applying Proposition 4.6 to nt,, and y,, - w, C g(m,,) in place of m and w,, there is
cw > 0 with the following property. For each ¢ > ¢, there is C,,(c) > 0 so that for all
H € w,Y €wy,andt € F* such that [¢t| > C,(c), V(KwM/M)p.(tH,wY) =

|0y (CHD | Y2109, (WY )|~/ 240 (B(tH, wY ) ) c(t,,, WY, tH).
But

V(B(tH,wY)) = (B(ty,, - H,Y)), ngm,(wY) = ng/m(Y)

ng/mw(tH) = ng/m(t)ﬂ;lH) = ng(t)/vle)nm(tJ’\;lH)il = ng(tH)nm(t)’ule)il-
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Now pick
¢ > max{c,,w € W}, C > max{C(K.),C,(c),w € W}.
Thenforall H € w;, Y € wp, £ € Epy, |t| > C,

(Y, &, tH) = ng(tH)["? |ng (V)| * Tk (Y, €, tH)

= |ty )2 (Bty, ' - H,Y)) i (tyy, " - H)e(m,, wY, tH)

wew
=Y ®(m,Y +& tw H)e(m,, wY, tH).

wew

In order to complete the proof of the theorem we must show that for all w € W,
c(m,Y,ty, ' - H) = c(m,,wY,tH). To do this we will use the notation from Section 1
and results from Section 6.

FixY € w,, & = {0} € Ep, and for H € b/, define

fH) = " ¢(BH,wY))®(m, &, w™ H)e(m,, wY, H).
weW (h,m)

Then f € A(D), and by the above for H € wy, |t| > C, f(tH) = ®(Y,&,tH). Let yy €
N(bh, m) and let hy = yo_lf). Since (Y, &) is G-invariant, (Y, &y, H) = ®(Y, &, yo_l -H)
for all H € b’. Applying the above to by, there is C’ > 0 so that for all H € wy, |t| > C’,
(Y, &, yp ' - tH) =

Y Y(Blyg 'tH,v))B(m, &0 vyy - tH)e(my, VY, yy - tH)
veW (hy,m)

= > Y(BH,wY))®(m, &, w tH)c(yy 'y, g - wY, yy - tH),
weW (h,m)

since N(h, m) = {yoy : y € N(by, m)}. Define

fo(H) = > (BH,wY))®(m, &, w H)elyy 'my, y5 - wY, y5 " - H).
weW (h,m)

Then f, fo € A(D), and by the above, for H € wy, |t| > max{C, C’}, we have
foltH) = ®(Y, &, 5 'tH) = ®(Y, &, tH) = f(tH).

Thatis f ~y fo.
Now by Proposition 6.3, for allw € W(h, m), H € B/,

@(1n7£03W71H)C(mWaWY7 H) = (I)(magoawilH)C(y()_lmway()_l : WY7 }/()_1 ‘ H)
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But since § = {0}, forall H € b/, w € W(h, m),
‘b(m,fo’ WﬁlH) = |7]111(W71H)|1/2 7é 0,
so that
c(my,,wY,H) = c()/o_lmw,yo_1 . WY,)/O_1 -H).

In particular, if w = yoM, then
c(my,, wY, H) = c(m,Y, y; ' - H).

Thus ¢(m, Y, y; ' - H) depends only on the coset w = y,M of y, in W (b, m), and we have
c(m,,, wY, H) = c(m,Y,w~'H). This shows that the functions c(m) satisfy condition (iv)
of Theorem 2.2 and finishes the proof that forall H € w;, Y € wy, £ € Epy, |t| > C,

Y6 tH) = Y BmY +& tw He(m, Y, tw ™ H). m
weW (h,m)

6 Consequences of the Expansion at Infinity

In this section we will use Theorem 1.1 to prove Theorems 1.2, 1.3, 1.4 and Corollary 1.5.
The existence of the constant term in Theorems 1.2, 1.3 follows directly from Theorem 1.1
and (1.9). The first two lemmas in this section will allow us to establish the uniqueness of
the constant term in Theorems 1.2, 1.3.

Lemma 6.1 Assume that Ay, ..., \; € F are distinct, and let

k

f6) = a®pN), teF

i=1

where the c;: F — C are measureablefunctions satisfying ¢;(tit) = ci(t), t,t; € F*. Suppose
that there are § > 0, C > 0o that |t|°|f(t)| < C forallt € F. Then ¢;(t) = 0 forallt € F*,
1<i<k

Proof Fix1 < j < kand ty € F*. We must show that ¢;(ty) = 0. Let

k

F1(1) = Y(=Ajtto) f(ttg) = Y _ e/ (Y(EN))

i=1
where ¢/ (t) = ci(ttg), \| = to(Ai — Aj), 1 < i < k. Now f’ satisfies the same conditions

as our original function f, A J’ = 0, and c]‘ (1) = ¢j(to). Thus we may as well assume that
j=1,A\; = 0,and take t;, = 1.
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Since \; # 0,2 < i < k, thereisry > Osothat |\;| > g ™,2<i <k Letr >ry+1,
and let g, denote the characteristic function of the set U, = w =2 (1+P) = w2 + P2+,
Then U, C (F*)?,so that forallt € U,, ¢;(t) = ¢i(1), 1 < i < k. Thus

/F fg®)yde = > a(1) /F NG dt = D a(1)g-(N).

1<i<k 1<i<k

But
&N =" (@ T NPy (N), AEF
where ®,,_, denotes the characteristic function of P*~!. Thus ¢,(\;) = §,(0) = ¢},

and for 2 < i <k, ,(\;) = Osince |\;| > g~ > q~*"*'. Thus we have

/ fOg ) dt = ¢, (1).
F

But forall t € U, |t| = ¢*', so that | f(t)| < Cq~??. Further, U, has measure g*~'. Thus
forallr > ry + 1,

7 Ha)] = ‘/f(t)gr(t) dt’ < glcg.
F

Since § > 0, this implies that ¢;(1) = 0. [ |

Lemma 6.2  Assume that Ay, ..., \¢ € Faredistinctand d; > d, > --- > d, are real
numbers. Let

i=1

r k
@& =% jwr), teF
j=1

where the ¢;j: F — C are measureable functions satisfying cij(tlzt) = ¢(t), t,t; € F*.
Suppose there is C > 0 so that f(t) = 0 forallt € F, |t| > C. Then ¢;j(t) = 0 for allt € F*,
1<i<rnl<j<k

Proof Suppose not. Then we may as well assume that there is 1 < j < k so that ¢;; is not
identically zero. Let C > 1 so that f(r) = O forall |t| > C. Letd = d; — d, > 0. Write
[tI7 £(6) = [e fi(2) + fol#) where

k r k
A®) =D e, A= [{H DS i (0p).
j=1 i=2 j=1
Since each c;; takes on only finitely many values, there is C; > 0 so that |¢;;(¢)| < C, for all

1<i<r1<j<k Forlt|<C,

k
PIAM] < CIHiE] < CD lajt)] < CkCr.

j=1
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For [t| > C, |[t| fi(t) = — fo(t) since [¢t|~"*° f(t) = 0. Further,d; —d, +6 = d; — d, <0
for2 < i < r,so that [t|~4*0 < I for|t| > C > 1. Thus

r k
P AO] = 1AO] <303 Jai(0)] < rkCi.

i=2 j=1

Thus |t|°| fi(t)| is bounded, so that by Lemma 6.1, aj(t) =0forallt € F¥,1 < j <k
|

Let h be a Cartan subalgebra of g, and define C(b,d), d > 0, and A(b) as in (1.13),
(1.14).

Proposition 6.3 Let f € A(D), and expand f asin (1.14) as

fH) = w(B(Y, H)) fr.a(H).

Yd
Then if f = 0, we have fy 4 = 0 for all Y, d. Further, suppose that f ~y 0. Then f = 0.

Proof Write ;
FH) =Y W (B(Yi, H)) fy, a(H)

i=1 d=0
where the Y;, 1 < i < k, are distinct and fy,4 € €(h,d), 1 <i <k 0<d <r Leth”
denote the set of all H € )’ such that B(Y;, H) # B(Y;,H) for 1 <i # j < k. Itis a dense
open subset of ’.
Fix H € )/, and for t € F, write fy(¢t) = f(tH),

N = B(Y;, H), ca(t) = |t| " fyr,a(tH), 1<i<k 0<d<r

Then ¢;4(t*ty) = cia(ty),t, to € FX, and

k r
fu® =Y [P \it)aa(t), t€F

i=1 d=0

Suppose first that f = 0. Then fy = 0, so that by Lemma 6.2, ¢;4(t) = 0 forall t € F*,
i,d. In particular, fy, 4(H) = ¢;4(1) = 0 for all i, d. But since b’/ is dense in b, this implies
that fy, 4(H) = O0foralli,d,and H € b’.

Now suppose that f ~y 0, and fix H € b’/ as above. Then there is C > 0 so that
f(tH) = 0 for all |t| > C. Thus fy(t) = f(tH) = 0 for all |[f| > C. Now by Lemma 6.2,
cia(t) =0foralli,d,t € F*. Thus fy, 4(H) = 0 for all i, d, so that f(H) = 0. But as above
this implies that f(H) =0 forall H € §'. [ ]

The following immediate corollary of Proposition 6.3 establishes the uniqueness result
in Theorems 1.2, 1.3.
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Corollary 6.4 Let F: i) — C be a measureable function which is locally constant on !, and
suppose that there are fi, f, € A(Y) such that F ~y f;, i = 1,2. Then f; = f.

Proof of Theorem 1.4 Let T € T(g), and write T asin (1.17) as

T=> cr(0)2(g,0),

Oel

where I is the finite set of orbits such that c7(O) # 0. For any semisimple element Y of
g, let I(Y) = {0 € I : Y € cl(0)}. Then by definition, S(T) is the set of all semisimple
elements Y such that I(Y) # @.

Let b be a Cartan subalgebra of g. We can assume that invariant measures on the orbits
are consistently normalized as in Section 2 so that the functions ¢y, Y € b, are independent
of the orbit O € I(Y). Now if Y € h N cl(O) for some O € I, thenY € S(T) N'h. Thus

O(T,5) = > cr(0)®(g, b, 0)

Oel

= er(0) > (B, H))ey (H)®(ay, & (0), H)

o€l Yehncl(O)

= > Y(BE,H)er(H) > cr(0)®(ay, & (0), H).

Yes(T)nb Oel(Y)

In particular, this shows that X(T,5) C S(T) N b, so that Ub X(T,b) C S(T).
Suppose that Y € S(T), butY ¢ Ub X(T,h), and let b be a Cartan subalgebra of gy.
Thenssince Y € S(T) Nh, butY & X(T, D), by the above we have

cr(H) Y er(0)®(ay,&(0),H) =0

OeI(Y)

forall H € b’. But by Theorem 1.1 ¢y (H) # 0 for all H € §’. Thus

> cr(0)®(oy,v(0),H) =0, He.

0eIy)

But since this is true for every Cartan subalgebra §) of gy, and gy N g’ is dense in gy, this
implies that
> cr(0)®(ay, & (0),X) =0
O€I(y)

for all X € g;. Butby [2], O — & (0O) is an injective map from I(Y) into the set of
nilpotent orbits in gy. Since the nilpotent orbital integrals are linearly independent by
[2], this implies that ¢7(Q) = 0 for all O € I(Y). This contradiction shows that S(T) C
Ub X(T,D). [ |

Proof of Corollary 1.5 Suppose that T # 0. Then there is an orbit O of g such that
cr(0) # 0. But there is a semisimple element Y of g such that Y € cl(O). Now Y € S(T),
so that by Theorem 1.4 there is a Cartan subalgebra [) of g such that Y € X(T,0). Thus
®(T,h) # 0and so T 7y 0. [ |
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