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ON SOME BANACH SPACE SEQUENCES

RosHpl KHALIL

We introduce the Banach space of vector valued sequences
P9 ) , 1=p, gq=<eo, where F 1is a Banach space. Then we
study the relation between Zp’q(E') and the Schur multipliers of

7P @ E , wvhere E 1is taken to be some T .

0. Introduction
Let E be a Banach space. Cohen [3], used the spaces IF(E), IP{E}

together with the space he introduced P , to study p-summing
operators, and their dual ideal (see [11]). Apiola [1], studied the

duality relationships between the spaces IP(E), P{E} ana IXE) .

In this paper we introduce the space P9 , and find its dual.
Further, we investigate the relationship between such spaces and the Schur

multipliers [Z], on discrete spaces.

Throughout the paper, if E and F are Banach spaces, then F é F
and £ é F will denote the completion of the projective tensor product of
E with F , and the injective tensor product, respectively [4]. Let
¢ €EEQF ; then ”¢"n designates the projective norm and l|¢|]€ that of

the injective norm. The dual of E will be denoted by E* for any Banach

space E . The set of natural numbers is denoted by N , and the complex
numbers by € . Let 7P ve the space of p-summable sequences,
l1=p =,
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1. The space P*%E) and its dual

Let F be a Banach space. Then Zp(E‘) will denote the space of all
(=]

functions f : N+ E , such that Y [(f(n), 2*)|P <o, x* € E* . The
n=1

space 1P(E) bvecomes a Banach space when one introduces the norm
p)}/P
(gl = sup {|¥ [(f(2), =*)| , llz*ll =1, =* € B4},
e(p) &

for all f € Zp(E') , [3]. Grothendieck, [5], showed that P(E) is
t A
isometrically isomorphic to (Zp ® F]* , where F* = F , and

i/p +1/p' =1 .

Cohen, [3], introduced the space (E) to be the space of all
[}

functions f : ¥ +E such that 3y [f(£), g(Z)?]| < =, for all
=1

g € Zp'(E’*) . The norm of f is given by
= - Y y p' * <
oy g = o {Z 150, 6@1, 6 € 2" ana Ml g,y =3} -

The space Zp(E') was shown to induce the injective norm on ¥ ® E , [3],
and Cohen showed that I’XE) induces the projective norm on I ® E .
'
Further, Apiola, []], showed that (I”(E))* = 7P (E*) and
!
(ZPg))* = PP cE®) .
Now we introduce the space P%E) to be the space of all functions

[+

!
f:N>E such that Y [(f(2), g(i)?|P <o for a11 g € 19 (E*) . 1r
i=1
f € P%p) , then we define

BV
lo(p, gy = 530 [igl [FONPEINL

1
where g € 9 (E*) and gl ry =1 .
e(q")
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LEMMA 1.1. The funetion || "o(p q) is a norm on 1P'UE) .
’

Proof. It is enough to show that ||fl| < @ for all

a(p,q)

f € P>UEY . The rest of the properties of the norm are easy to verify.
Let f € P*UE) . Define the bilinear form

7.2 %19 - ¢,

(2]

fla, g) = Y a(iXf(Z), g()) .
i=1
It is not hard to check that ? is separately continuous on
! ' ~
P x 19 (E*) . Hence, {2, p. 1721, f is jointly continuous, and

consequently |fll <o for all f € P9y

o(p,q)

THEOREM 1.2, The space IF'XE) with the olp, q) norm is a Banach

space.
Lo ]
. € P Up» <o, .
Proof. Let f €1 E) such that né& ”fh”c(p,q) w , Tt is

o0
enough to show that ” Y fh <w [12]. We first prove this for the case

n=1
p=1. Since E 1is a Banach space, then every absolutely summable

sequence in F is summable. It follows that for each natural number <= ,

(o]
the serries ) fh(i) is convergent in E . Define F : N+ E by
n=1

F(i) = Y £, .

n=1
r
Let g € 19 (E*) and Hg”e(q,) <1 . We have to prove that
Y IKF(2), g(i)] <= . Now
=1
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oo

¥ KF(E), g(a)]
1=1

L (S £, a0)

t‘l n=1

=y Y (f (2), g(i))l (since ¥ ||fn(i)|| <)
i=1 'n=1 n=1

=T L l5,00, ginl [sinee | T 5,00, gte))
‘i=1 n=1 n=1

If Vv 1is the counting measure on the set of natural numbers

Z Z |(f(t), g(in|

_]_ n=1
can be considered as
f Y r, (1), g(i)]dv(d) .
N n=1

As a consequence of the monotone convergence theorem we get

N

<o,

then

f T lef, (), gleplavis) = T f (£, (1), g(i)|av(i) .
N

N n=1 n=1

It follows that

o

Y [KF(2), g(i))]
i=1

=] (2] o

=y ¥ |(fn(i), g(2))| < » (since ni; s “0(1 q)

1=1 n=1

o

Hence Y [(F(i), g(i))| < = for all g € Zq'(E*) with ligll

=1

Consequently F € Zl’q( E) , and so Z f €1 ’q(E’) .
n=1

For general p , the result follows from the fact that

el = sup Z (LN f(2), g(£)] ,

olpsq) g o 115
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r 1
where 0 € 1P , g € 19 (E*) and ||9||p, =1, gl ) <1 . Hence the

elq

proof of the theorem is complete.

Let 17:1°(E*) be the set of all elements of the form a-f such that

r

a €1’ , Fei1®E*) and (a-f)2) = ali)-fli) .

THEOREM 1.3. A linear functional F on 1P*UE) is bounded if and

only if F 1is of the form a*f , for some a € Zp’ and f € Zq’(E*) .

REMARK, The space 1'% E) is just X E) in Cohen [3]. Apiola,
1
{11, proved that (Zl’q( E))* is isometrically isomorphic to 19 (%)

14
which is in turn isomorphic to 1719 (B%) .

’ !
Proof of Theorem 1.3. Let a € Z¥ and f € 19 (E*) . Consider the

linear functional F : IP°%E) ~ € defined by

o

F(g) = ¥ aliXf(Z), g()) .

=1
Then

1B(g)] = Nall, g gry-Nollgp gy -

F i = . .
Hence is bounded and | F| ”allp, "f”e(q')

Conversely, let F € (Zp’q( E'))* . Hence |F(£)| = r<lfll for

alp,q)

some constant A . Let e; be the natural embedding of E in P2 % p) .

1e)
[z, i=d,
e, (z)(j) = o
0, ©T#J
Put x}=Foe, . Clearly x} €E*., and if f ¢ P*UE) | then

F(f) = L (f(&), =) .
=1

14
Assume F to be of norm one; then there is an a € Zp such that
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lall_, =1 ana |A(NH]| =sup ¥ [a(D)¢AD), ()], gl
P g 1i=1 &(q)

[
-

Thus

Y f(), )| = sup T i), gt gl e ry
1=1 g 1=1 q

|
[

Now let D be the unit disc and 7D be the countable product of D
with itself. Since D is compact, then 7D is compact. Let Bl be the

' -,
unit ball of 1% (E*) . As a dual of I°%E) , [1], B is compact with

1
respect to the w*-topology, and so is the product space TD X Bl . Let
C(TTD X Bl) be the space of continuous functions on 1D X Bl . Consider
the map
v W%py>c(w =B,

Y(f) = G, where

o

G(8, u) = '21 a(2)8(z) f(2), u(<) ,
i=

for a1l f € >UE) ana 6 € ™ , and u € B . It follows that

(o]

G, = sup 1G(6, w)| = sup | ¥ a(f)6(L)f(2), u(i))
U 8,u 'i=1
=sup Y la(2)(f(%), u(i))]
u 1=1
Hence |F(f)| = IW(F)| . This implies that ker ¥ C ker F .

P>Up)y ————‘P—-—-yc m x B

%

This implies that there exists an F : C(mD x Bl) + € such that

F oy =F . The Riesz representation theorem implies that there exists a

regular Borel measure U on TD X B1 such that
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o«

F(f) = n(p(H) = ” T al2)8(iX f(2), u(2))du(e, )
ﬂDXBl =1

Let fh denote the function fh : N~>E,

fle), i=n,

£, (Z2) =
I {0 » T #En.,

Then

F(f,) = a(1) ” - 8(1)¢F(1), u(1)>dv(8, u) .
Ly
1

But F(f) = ¢f(1), &}) . It follows that

x{ = g(1) - Jj 8(1)-u(1)dv(8, u) ,
TTDXB1

where the integral here is the Pettis integral, [4]. Set

Z* = JJ 8(1)u(1)dv(8, u) .
TDXB

1
% o7 $mi % = qli)-2% ;= .
Hence a3 a(1) Zl . Similarly <! a(z) zr, i=2,3, It
remains to show that the function g : ¥ + E* | defined by g(z) = Z; , is
!

an element of 17 (E*) . To see that, consider

[€g(Z), =)| = JJ |0(E X u(Z), x|dule, u) (x €E, ||lx|| =1)

wDxB

1A

JJ [u(z), =*|du(e, u)
TrDXBl

1/q’

1A

[JJ [Cu(t), x’lq'du(e, u)
anBl

Hence
« ! «© 7
T i), @9 = T ” Ku(i), 2|9 due, u) .
1=1 =1 nDXBl

The monotone convergence theorem implies that
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©0

T Kg(i), 2|9 ” T Kuli), 2219 du(e, u)
=1 ‘n’D><B1 =1

1A

« ’
sup ¥ Wu(z), 29 -|u| ,

uéB:L 1=1

1A

'
where |u| is the total variation of u . Thus g € 19°(8*) . so

r [
F=ag, ac¢t ‘7P , g € 19 (E*) . This completes the proof of the

theorem.

2. Schur multipliers
Let p, g 21 . A bounded function ¢ on N X N is called a Schur

multiplier of ¥ @129 ir ¢-p € P @19 for a1l y € 1P ® 19 , where

¢+ denotes pointwise multiplication.

If X and Y are Banach spaces, then a bounded linear map 4 : X > Y
is called p-summing operator if
n n
Z ”Axi"p =g ¢ sup z |(x1:’ x*)lp >
=1 z* =1
for all Tys coes xn in X and some constant £ independent of n . The
supremum is taken over all elements x* in the unit ball of X* , [10].

Bennett [2] proved that a bounded function ¢ is a multiplier of
P &9 ; ; p* L 1° * :
¥ ® 1* if and only if ¢u®v ; ¥ -1 is q* summing operator for

all u®v €1 & 1P . For more about multipliers we refer to [23, 61,
[7] ana [3].

LEMMA 2.1. Let 4 : 1P + 1° be a bounded operator. If A 1is

q-summing, then A € 19°9 1Py .

'
Proof. Let f : N -+ 7’ be the function defined vy f(2) = Ai ,

where Ai(j) = A(Z, j) (considering A as an infinite matrix). If

g € Zq(lp) , then
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T lfa), gan|? = ¥ oKka,, gti)]?
=1 =1
© ® q
= ¥ | Y ali, §)g(i)(J)
i=1 |J=1
(=] @ q
= Y sup | 2 Ak, J)g(i)(J)
i=l k |j=1
= ¥ lafgen)®
1=1

sgsup ¥ [Kg(2), »¥|? (by assumption),
h <=1

where h is the unit ball of P . Hence f € 19°9¢1P'y . rLet

M(Zp ® 19) denote the space of all multipliers of 2 & 19 . Then:
THEOREM 2,2, Let ¢ be a bounded function on N x N . Then

o €u(P®19) if and only if ¢-1@u € 19 %P, for all u € 1P .

Proof. Let ¢ € M[Zp ® 29) . ‘Then by Bennett's result [2],
’
-1 @u : P+ s q'-suming for all wu € 7’ . Lemma 2.1 then

implies that ¢-1@ u € 29 *UP) .

Conversely, let ¢°1 @ u € Zq"q( Py for all u € P . It is enough
to show that ¢ € M(I9® 7P) . So let u®v € 19® 7P , and
P € quélp' . Then

Yo e, Hul)v(GwZ, )
i,5=1

Koou®v, P

.gl u(i)( ¢1:.v’ wi)l ’
where ¢i(j) = ¢(Z, §) and q)i(j) = P(Z, j) . Since Y € 9’ ® zp' it

!
follows that g : 2° + 1P  defined by g(i) = ¥, 1is an element of

19'(P) , [31. Hence
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o /q’
. < . q'
Ko @2, ¥2| = lull, i§1 [0, v, ¥,

"u“q.“q).l ® v”o(q',q).”w"dq') .

This completes the proof of the theorem.
" : P &4
LEMA 2.3, IFf 4 : 1P > 17 is q'-swmming, then A € M(¥ ® 19) .

'
Proof. It is enough to show that A 1®v : ¥ » 1" is q'~summing

operator for all v ¢ P , [2]. But

(o] v+

(ORI A N PICR A YA

i=1 i=1

1A

hod ’
T sup 3 |(v-f€, h)lq
h i=1

1A

T sup 3 |(f7l’ u-h)|q’
h i=1

1A

g '
C sup z I(f’l:’ k)lq
k =1

where h and k are in the unit ball of ¥ , and the lemma follows.
It follows from Lemmas 2.3 and 2.1 that the set of all ¢q’-summing

’ o A [
maps from " into 1° is contained in M(Zp ® Zq) n 19 2% 1P) , where

n denotes the intersection of the two sets.
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