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ON SOME BANACH SPACE SEQUENCES

ROSHDI KHALIL

We introduce the Banach space of vector valued sequences

iP^iE) , 1 S p , (j < » , where E is a Banach space. Then we

study the relation between V'"(E) and the Schur multipliers of

1 ® E , where E is taken to be some I

0. Introduction

Let E be a Banach space. Cohen [3], used the spaces 1?{E), T?[E]

together with the space he introduced V( E) , to study p-summing

operators, and their dual ideal (see [H]). Apiola [1], studied the

duality relationships between the spaces V(E), V{E) and V< E) .

In this paper we introduce the space £"'"<£> , and find its dual.

Further, we investigate the relationship between such spaces and the Schur

multipliers [2], on discrete spaces.

Throughout the paper, if E and F are Banach spaces, then E ® F

and E ® F will denote the completion of the projective tensor product of

E with F , and the injective tensor product, respectively [4]. Let

<J> € E ® F ; then ||<J>|| designates the projective norm and ||<t>|| that of

the injective norm. The dual of E will be denoted by E* for any Banach

space E . The set of natural numbers is denoted by N , and the complex

numbers by C . Let V be the space of p-summable sequences,

1 5 p 5 °° .
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1. The space lp'q(E) and its dual

Let E be a Banach space. Then I(2?) will denote the space of all

00

functions f : N -*• E , such that £ |</("), x*)\P < « , x* i E* . The
n=l

space I {E) becomes a Banach space when one introduces the norm

= sup
x*

for all / € lP(E) , [3]. Grothendieck, [5], showed that lP(E) is

isometrically isomorphic to [V ® F) * , where F* = E , and

1/p + 1/p' = 1 .

Cohen, [3], introduced the space l"(E) to be the space of all

00

functions f : N •*• E such that £ K/(^), <7(i) H < 0' , for all

g £ lp (E*) . The norm of / is given by

II/IL,. n) = sup { E |</(i), g(i)>\, g € ZP'(£*) and \\g\\. M 5

The space ^P(ff) was shown to induce the injective norm on 1? ® E , [3],

and Cohen showed that l"(E) induces the projective norm on V ® E .

Further, Apiola, [J], showed that [lP(E>]* = lp'(E*) and

[lP{E))* = lp'(E*> .

Now we introduce the space l"'"(E) to be the space of all functions

00

f : N ->• E such that £ |< f(i), g(i)>\P < °° for all g € ̂ '(E*) . If

/ € lP'q(E) , then we define

where g Z lq (E*) and llffll£( f ) ^ 1 .
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LEMMA 1 . 1 . The function \\ \ \ . » is a norm on lp'q(E) .

Proof. It is enough to show that II/IL/ \ < °° for al l

f € lp'q(E> . The rest of the properties of the norm are easy to verify.

Let / € lP'q(E) . Define the bilinear form

f : lP> x lq'(E*) - C ,

00

f(a, g) = I a{i)(f{i), g(i)> .
i=l

It is not hard to check that / is separately continuous on

lP x 1$ (E*) . Hence, [2, p. 172], f is jointly continuous, and

consequently ||f||, _) < °° for all / € lP'q(E) .

THEOREM 1.2. The space lp*q(E) with the o(p, q) norm is a Banach

space.

00

Proof. Let / € lp'q<E) such that £ | | / || , > < °° . I t is
n n=X n ^P'q'

CO

enough to show that £ / < » , [12], We first prove this for the case

"n=l n"

p = 1 . Since E is a Banach space, then every absolutely summable

sequence in E is summable. It follows that for each natural number i ,
00

the serries £ / (i) is convergent in E . Define F : N •*• E by
n=X n

CO

Hi) = I fJi) .
n=l

Let g € lq (E*) and | | ^ | | e , , , 5 1 . We have t o prove t h a t

OO

Z \<F{i), gU)>\ < ~ . Now
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oo

= X
i=l

00

oo

0 0

oo

w = l

oo

. « ( « )

( s i
M=l

n=l "

If v is the counting measure on the set of natural numbers N , then

I I \<fnU), 9d)>\
i=\ n=l

can be considered as

JW n = l "

As a consequence of the monotone convergence theorem we get

r OO OO 0

I \<'fji), g(i)>\dv(i) = I I</M(*). 0(t)
JiV n = l " n = l JA? n

It follows that

oo

Z |<F(i)

OO 00

(since
?1

Hence i ) , g(i)>\ < °° for a l l g t lq (£*) with

Consequently F i , and so [ f

For general p , the result follows from the fact that

II/IL = sup
e>9'
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where 9 € lP' , g € lq'(E*) and ||B|| , 5 1 , Ili?!!̂ ,) £ 1 • Hence the

proof of the theorem is complete.

Let lr-ls(E*) he the set of all elements of the form a-f such that

a € lP , f € f{E*) and (a-f)(i) = a{i)-f{i) .

THEOREM 1.3. 4 linear functional F on lp'q<E) is bounded if and

only if F is of the form a-f } for some a € T? and f € lq {E*) .

REMARK. The space l1>CkE> is just lq< E) in Cohen [3]. Apiola,

CH, proved that (l1>q<E))* is isometrically isomorphic to lq (E*)

which is in turn isomorphic to I 'I {E*) .

Proof of Theorem 1.3. Let a € lP and f (. lq {E*) . Consider the

linear functional F : lP'q(E) •* C defined by

OO

F(g) = £
i=\

Then

Hence F i s bounded and ||F|| < ||<z||p»'llfll£.( ( ) •

Conve r se ly , l e t F € [lP>q{E))* . Hence \F(f)\ < \-\\f\\. , for

some constant X . Let e. be the natural embedding of E in lp'q(E) ,

so

x , ^ - 3 ,
e.(x)U) = i

[0 , i* 3 •

Put x*. = F o e. . Clearly x*. € ff* ., and if / € lP'q(E> , then

-- L <fd), x*.) .
i=l

Assume F to be of norm one; then there is an a € lP such that
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IN| , S l and | F ( / ) | < s u p T \a(i)<f[i), £rU) >l ,
f g i=l

I < f ( i ) , x1> 5 s u p I \ai<f(i), g{i))\ , \\g\\z{ql) 5

Thus

Now let D be the unit disc and be the countable product of D

with itself. Since D is compact, then W is compact. Let B be the

unit ball of lq (E*) . As a dual of i1>t?<ff> , [J], fl^ is compact with

respect to the W*-topology, and so is the product space 1\D x B . Let

C[w * B ) be the space of continuous functions on TTD X B . Consider

the map

Hf) = G , where

a(i)9(i) /(i),

for a l l / 6 lP'q<E> and 6 € TTD , and w € ^ . I t follows tha t

||C|L= sup |G(6, u)\ = sup

oo

= sup I |a(i)</(i), «(i)>| .

i), u(i) >

Hence | < . This implies that ker i|) c ker F .

x S

This implies that there exists an F : C{W x B ) -»• C such that

F o ty = F . The Riesz representation theorem implies that there exists a

regular Borel measure y on vD x B such that
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F(f) = y(*(f)) = ff Z a(i)8(i)</(i), u(i)
^ 1 t '~

Let / denote the function f : N •*• E ,

\f{i) , i = n ,

[O , i # n .

Then

1 J J ^

But F{f ) = < / ( l ) , x*> . I t follows that

r* = a(l) • ff e(l)-w(l)dv(0, u) ,

where the integral here is the Pettis integral, [4]. Set

Z* = ff e(l)u(l)dv(9, u) .
1

Hence x" = a(l)-Z* . Similarly x*. = a(i)'Z* , i = 2, 3, ... . It

remains to show that the function g : N -*• E* , defined by g{i) = Z*.

an element of l" {E*) . To see that, consider

i), x)| — |Q(i)( u{i), x)|cfy(9, u) (x € £",

< ff |<u(i), x>|du(e, u)

Hence

oo • *

< Z \\\\ , u)
i=X i=l ''WxB

The monotone convergence theorem implies that

https://doi.org/10.1017/S0004972700005244 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700005244


238 Roshdi KhaIiI

< II Y. l<«(i)t x)\q'dv(Q, u)

00

^ sup J* |(u("£),x)| *|lM »

where |u| is the total variation of u . Thus g € l^ (£*) . So

F = a-g , a £ 'lP , g € l' (ff*) . This completes the proof of the

theorem.

2. Schur multipliers

Let p, q > 1 . A bounded function <(> on N * N is called a Schur

multiplier of lP ® lq if <i>'i|> € lP ® ^ for all ty £ lP ® lq , where

<j)*ij> denotes pointwise multiplication.

If X and Y are Banach spaces, then a hounded linear map 4 : X -*• Y

is called p-summing operator if

I \\Ax,f < ? • sup I |<x., x*>|P ,
^=l x" ^=l

for all x , ..., x in AT and some constant C independent of n . The

supremum is taken over all elements x* in the unit hall of X* , [.102.

Bennett [2] proved that a bounded function <(> is a multiplier of

V ® I if and only if <J>*M ® v : Tp -*• I is q* summing operator for

all u ® v € I ® 1? . For more about multipliers we refer to CZ], [6],

[7] and [3].

LEMMA 2.1. Let A : T? -*• I be a bounded operator. If A is

q-swnming, then A € l"'" < iF > .

Proof. Let f : N + lP be the function defined by /(£) = A. ,

where A.{j) = A{it j) (considering A as an infinite matrix). If
"I

g € lq{lP) , then
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I | < f ( i ) , g ( i ) > \ q = I \<A g { i ) ) \ q

i i l

- I
£=1 3=1

1=1 k 3=1
. o)g(i)U)

5 C sup £
h i=l

(by assumption),

where ft is the unit ball of Tp . Hence / € lq'q < lP > . Let

W(i^ ® Z )̂ denote the space of a l l multipliers of 1? ® lq . Then:

THEOREM 2.2. Let if be a bounded function on N * N . Then

<t> € M[lp ® l^) if and only if H ® « € ^'> < ?< ^P> , for all u € Zp .

Proof. Let 4) 6 tf(Zp ® i^) . Then by Bennet t ' s r e s u l t [ 2 ] ,

<J>-1 ® u : Z^ * Z. i s q'-summing for a l l u € T? . Lemma 2 .1 then

implies t h a t ((el ® u 6 Z<?''9<ZP> .

Conversely, l e t <()'l ® u € lq''q<lP> for a l l u € ZP . I t i s enough

t o shov t h a t (f> € M{lq ® lP) . So l e t w ® v € Z? ® lP , and

4) € lq> (§ Z P ' . Then

»3=1

where ^ ( j ) = <(>(£, j ) and ^ ( j ) = \\){i, j) • Since ty i lq> ® lp> i t

follows t h a t g : Z -»• Z^ defined by ^ U ) = i|i. i s an element of

lq'[lP') , [ 3 ] . Hence
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This completes the proof of the theorem.

LEMMA 2.3. If A : lp> + f is q'-swming, then A € M[lp ® lq) .

Proof. It is enough to show that H ® » : f •+ I is q '-summing

operator for all v € 1? , [2J. But

5 c sup I |<f., yft)!'7

ft i=l l

5 ? sup I \(f., k>\q>

k i=l t'

where ft and k are in the unit ball of V , and the lemma follows.

It follows from Lemmas 2.3 and 2.1 that the set of all q '-summing

maps from 1? into Z°° is contained in M{1? ® lq) n ^ ><7< Jp> , where

n denotes the intersection of the two sets.
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