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OF EXCEEDANCE COUNTS

MICHAEL FALK * ** AND
DIANA TICHY,* *** University of Wiirzburg

Abstract

We investigate the asymptotic distribution of the number of exceedances among d
identically distributed but not necessarily independent random variables (RVs) above
a sequence of increasing thresholds, conditional on the assumption that there is at
least one exceedance. Our results enable the computation of the fragility index, which
represents the expected number of exceedances, given that there is at least one exceedance.
Computed from the first d RVs of a strictly stationary sequence, we show that, under
appropriate conditions, the reciprocal of the fragility index converges to the extremal
index corresponding to the stationary sequence as d increases.
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1. Introduction

Since the pioneering papers of Balkema and de Haan (1974) and Pickands (1975), it is well
known that the distribution of a random exceedance above a high threshold can be reasonably
approximated by a generalized Pareto distribution (GPD). This led to the peaks-over-threshold
approach (POT approach), where a GPD is fitted to the exceedances above a high threshold in
a given sample, which is by now quite common in statistical analyses; see, for example, Reiss
and Thomas (2007, Chapter 5), Beirlant et al. (2004, Chapter 5), and Embrechts et al. (1997,
Chapter 6).

Much less seems to be known about the (random) number of exceedances, unless the obser-
vations are independent and identically distributed, in which case the number of exceedances
above a high threshold obviously follows a binomial distribution with a small probability of
success and, thus, can be approximated by a Poisson distribution (see Barbour et al. (1992)).

We consider in this paper a random vector X = (X7q, ..., X4), whose components X; are
identically distributed but not necessarily independent. Keeping the dimension d fixed, we are
interested in the asymptotic conditional distribution of exceedance counts given that there is at
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least one exceedance (ACDEC). Specifically, choose a threshold s € R and denote by

d
Ny = Z l(s,oo)(Xi)
i=1

the number of exceedances among X1, ..., X;. We want to study the asymptotic conditional
distribution of N; as the threshold increases, i.e.

P(N; =k
pk:=1i51P(NS=k|Ns>0)=1im¥ 1<k<d,
N

s/ P(Ng > 0) ’

if it exists.
Note that we keep the number d fixed. If X1, ..., X is a block of random variables (RVs)
taken from a stationary process satisfying some mixing condition, and the block size d = d(n)
satisfies d(n) — oo and d(n)/n — 0 as n — oo, then the asymptotic cluster size distribution

Ty = ,,ILHQOP(NS(") =k | Ny > 0), keN,

exists under suitable regularity conditions (see Hsing et al. (1988, Theorems 4.1, 4.2)). We
refer the reader to Embrechts ef al. (1997, Section 8.1) for a discussion. An investigation
of the asymptotic distribution of general cluster functionals is provided in Yun (2000) and
Segers (2003), among others; we refer the reader to Beirlant et al. (2004, Section 10.3.2) for
an overview.

If the ACDEC actually exists then we can define the fragility index (FI) corresponding to
{X1, ..., X4} as the asymptotic expectation of the number of exceedances given that there is
at least one exceedance:

d
FI:= imE(N; | Ny > 0) = Y kpx.
Slr/n(sl s > 0) ];Pk

The fragility index was introduced in Geluk ez al. (2007) to measure the stability of the stochastic
system {X1, ..., X4}. The system is called stable if FI = 1, otherwise it is called fragile.
The collapse of a bank, symbolized by an exceedance X; > s, would be a typical example,
illustrating the fragility index as a measure of joint stability among a portfolio of d banks.

Using tools from multivariate extreme value theory, we show in this paper that the ACDEC
exists, if the copula of the random vector X is in the domain of attraction of a multivariate
extreme value distribution. In this case, the ACDEC can be represented in terms of a norm
onRR?. In particular, for the usual Lj-norm with A € [1, co], the ACDEC turns out to be quite
simple and, in addition, enables the computation of the asymprotic ACDEC with an increasing
dimension d. The asymptotic ACDEC is in this case the distribution of a stopping rule. This
will be done in Section 3. The fragility index will be computed under quite general conditions
in Section 4.

Computed from the first d RVs of a strictly stationary sequence (Xj)ieN, wWe show that,
under appropriate conditions, the reciprocal of the fragility index converges to the extremal
index associated with (X )cn as d increases. This will be shown in Section 5.

Our approach immediately enables the computation of the extended fragility index, defined as
the asymptotic expected number of exceedances, given that there are atleastm > 1 exceedances:

d
Zk:m kpk

v , 1<m<d.
Zk:m Pk

FI(m) := limE(N; | Ny > m) =
s/
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But now we encounter the problem that the denominator Zzzm Pk in the definition of FI(m)
may vanish, although the ACDEC exists.

Take, for example, independent components X1, ..., Xg. Then Ny follows a binomial
distribution B(d, p(s)) with p(s) = P(X;| > s) and, thus,

(P —pey=* il, k=1,

pr = lim , - =
Y (p)i( = ple)i

In this case the FI(m) would not be defined for m > 2, but FI = FI(1) = 1.
If, on the other hand, X| = - - - = X, almost surely then, clearly,

1, k=4,
PE=10, 1<k<d-—1.

0, 2<k<d.

and FI(m) is defined for any 1 < m < d with FI(m) = d. In Section 6 we provide a precise
characterization of the case Zf:m pr = 01in terms of multivariate extreme value theory.

The mathematical results established in Section 6 enable the characterization of the case of
no exceedance P(Xy > s, k € K) = 0forasubset K C {1, ...,d}, although P(Xy > s) > 0,
k € K. This will be achieved in Section 7.

By Sklar’s theorem (see, for example, Nelson (2006, Theorem 2.10.9)) we can assume the
representation

(X1,..., Xg) = (F~ W), ..., F~'(Ua)),

where F is the (univariate) distribution function (DF) of X, and the random vector U =
Uy, ...,Uy) follows a copula on RY, i.e. each U; is distributed uniformly on (0, 1). By
F’l(q) = inf{r e R: F(t) > q}, q € (0, 1), we denote the generalized inverse of F.

From the equivalence F_l(q) >t qg>F(@), qe0,1),t € R, weobtain

d d
Ny = Z Ls.00 (F~(U) = Z Leps),1(U).

i=1 i=1

Throughout this paper, we therefore consider a random vector U following an arbitrary copula
C onR¢, denoted by U ~ C; 1 — ¢ < 1 will be a threshold converging to 1 and

d
Ni—c = Zl(l—c,l](Ui)

i=1

is the number of exceedances among Uy, ..., Uy above 1 — c.

2. Aucxiliary results and tools
It turns out that multivariate extreme value theory provides the tools to investigate the ACDEC

. . P (N 1—c = k)
pr =1imP(Ni_. =k | Ni—¢ > 0) =lim ———, 1<k<d.
cl0 cl0 P(Ni—¢ > 0)
In this section we compile several definitions and results from multivariate extreme value theory.
For the general theory, we refer the reader to the books de Haan and Ferreira (2006), Resnick
(1987), (2007), Beirlant ez al. (2004), and Falk et al. (2004), among others.
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A copula C on R is said to be in the domain of attraction of a multivariate extreme value
DF (EVDF) G, denoted by C € D(G), if and only if

C"<<1+x—l,...,1+ﬂ))—>G(x) asn — oo
n n

forany x = (x1,...,x4) <0 € RY. All operations on vectors are meant componentwise. The
EVDF G is characterized by its max-stability

G"(f) —G(kx), x<0cR% neN,
n

and it has standard negative exponential margins G(xe;) = exp(x), x <0, 1 <i < d, where
e; denotes the ith unit vector in R?. More precisely, there exists a norm || - ||p on R? with
leilp =1, 1 <i <d, such that

G(x) =exp(—[x[p). x=<0eR

see Falk et al. (2004, Section 4.3).
The following result, which essentially goes back to Deheuvels (1978), (1984), is established
in Aulbach et al. (2012).

Theorem 2.1. We have C € D(G) if and only if there exists a norm || - || p on RY such that

C(y)— (1 —|ly—1lp)
m =
y1 ly —1lp

0. 2.1

In this case G(x) = exp(—|lx|p), x <0 e R

Viewed as a function from [0, 00)¢ to [0, 00), ||-|| p is also known as the stable tail dependence
Sfunction (see Huang (1992), Drees and Huang (1998), and Beirlant ef al. (2004)).
In the bivariate case with x = (1, 1), the number 2 — ||(1, 1)||p is the tail dependence
parameter:
liir(}P(Uz >l—c|U >1-¢)=2—|, Dlp;
¢

see Reiss and Thomas (2007, Chapter 13) and Beirlant ez al. (2004, Section 8.3.2).
A D-norm || - || p is in general monotone, i.e.
lxlp < lIyllp.  0<x<y,
and always between the maximum norm and the L-norm, i.e.
Ixlloo = max(er, ..., xa) < Ixlp < ) lxil,  0<xeR%
i<d
see Falk et al. (2004, Section 4.3). A complete characterization of a D-norm and, thus, an

answer to the question of when an arbitrary norm is a D-norm is given in Hofmann (2009).
The following result is an immediate consequence of Theorem 2.1.

Corollary 2.1. Suppose that U ~ C € D(G). Then there exists a norm || - |p on RY such
that, for any nonempty subset K C {1, ...,d},

PUr<l—-c, keK)y=1—-c¢ + o(c)

D

>

keK

as ¢ | 0. In this case G(x) = exp(—||x||p), x <0 € R%
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Note that we have equality in the preceding result, i.e.

PU,<1—-c,keK)=1-c¢

e

keK
for ¢ close to 0 if C is a GPD copula, i.e. if C has the representation

Cw)=1-0—-up,....1—uallp (2.2)
foru € (0, 1] close to (1, ..., 1); we refer the reader to Aulbach ez al. (2012) for details.

’

D

3. Computation of the ACDEC

In this section we establish the ACDEC. By G(x) = exp(—||x|lp), x <0 € R4, we denote
an arbitrary EVDF on R¢ with standard exponential margins and corresponding D-norm | - || p;
U = (Ui, ..., Uy) denotes a random vector that follows a copula C on RY. In the next lemma
we compute the unconditional asymptotic distribution of exceedance counts.

Lemma 3.1. Suppose that C € D(G). Then we have

) PNie=0)=1-c| > e +o),
l<j<d "D
L fd— ]
(ii) P<N1c=k>=c2<—1)k—f“<k ’.) Y | De| to. 1sk=d
0<j<k ) i Vier 1D

\T|=d—j
asc | 0.

Proof. Corollary 2.1 immediately implies that

P(Ni_c=0)=PUj=l-c l=sj=d)=1-c

+ o(c)
D

d
D¢
j=1

for ¢ | 0. For 1 < k < d, we obtain, by the well-known additivity formula,

P(Ni—c =k)
= > PWU>l-cieS Usl-c jesb
Sc{l....d}
1S|=k
= > PWU>l-cieS|Usl—c jesHPU;<1-c, jesb
Scil,....d}
|S|=k
= Z [(1— Z (-1t ZP(Uifl—c,ieK | Ujfl—c,jeSB))
Sclfill!kd) 1SVS|S| |[I§\C—S<

xP(Ujgl—c,jeSC)}

; C
PWU;i<1l—-c,ieKUS
= E [(1_ E (_1)r+l E Ui = 61 ' 6 )>
SC|(SI|’;‘,;’d) 1<215] |[,§‘C_S‘ PUj<1—-c, jes®)

xP(Ujgl—c,jeSC)}
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- ¥ [P(Ujsl—c,jeSC)
sc{l....d}
IS|=%

- Y (=p! ZP(Uifl—c,ieKUSC)]

1=r=|S| Kcs
|K|=r

Corollary 2.1, together with the equality } ., _, o5/ (— 1)+ > kcs. |K|=r | = 1,now implies

that
P(Ni_. =k) = Z [1—c Ze,- + o(c)
e et 1P
> ! Z(l—c D e )}
1<r<|S| K jekust "D
= > |:c( DT EDTFEY DT e —HZe,- )-i—o(c)]
Sc‘fgl“:u];d] 1<r<|S| \§|C:Sr jeKUSt D jest D
= Y |:0(c)+c DTEDTEY D e ]
SC‘(Sl‘:].(,d} 0=<r<|S| \Q\C:Sr jekust D
— Z Z (— 1)’+IZ Z ejll +o().
Cl....d) 0<r<|S]| kes W icgust P

\ I= |K|=r

With a suitable index transformation we obtain

P(Ni_c=k) = Z Y = 1)”12' Yo e +o©
- ) _ D
S OSE
=e 2 U D 2 e T
O<r<k  Kc{l.., TOK ieT D
|K\:r |T|=r+d—k
=c 2 O 3L ) [ e @
O<r<k  Tcil.., kcr Vier D
\Tl r+d k |K|=r
+d—k
— -1 r+1 r .
DICTAND I (RN Dot e
O<r<k TC{l,...d} ieT
|T|=r+d—k
o fd—j
_ k—j+1 )
=c Z (—1)kJ (k_j> > Ze, D+o(c),
0<j<k Tc(l,..d} " jeT

IT|=d—j
which completes the proof of Lemma 3.1.

The next result is just a reformulation of Lemma 3.1.
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Corollary 3.1. Suppose that C € D(G). Then

ap = 1imP(Nl——C:k) _ Z (_l)k—j+1<d:]:>

0 c k
el 0<j<k

forl <k <d, and
. 1 =PWN1_=0)
ap :=lim ———M =
cl0 c

D€

l<j=d

Note that we have the equalities ay = P(N1_. = k)/c, 1 <k <d,anday = (1-P(Ni_, =
0))/c for ¢ close to 0 if C is a GPD copula as in (2.2).
The next resultis the main result of this section. Itis an obvious consequence of Corollary 3.1.

Theorem 3.1. (ACDEC.) Suppose that C € D(G). Then

D

o= lmP(N e =k | Mo >0) =% 1<k<d,
cl0 ap
defines a probability distribution on {1, ..., d}.
Take, for example, [x|p = Ilxllx = (X -y xil)* for 1 < A < oo and [x[e =

max;<g |x;|. Then, for 1 <k <d,

d o (k i\ 1/
=) e ()-3) e

0=j=<k

The Marshall-Olkin D-norm is the convex combination of the maximum norm and the
Li-norm:
Ixlmo = ?lxlh + (1 = D)lxleo. xR B €0, 1];

see Falk ef al. (2004, Example 4.3.2). In this case we obtain

vd 1-7

= = =0, 2<k<d-1.
dd+1—v Pd=Sa+1—v Pr

P1

In the particular case where the D-norm is the usual Lj-norm with A € [1, oo], we can
derive the limit

lim p; = lim pi(d) (3.2)
d— 00 d—o0
of the ACDEC as the dimension d increases. Since

1 ok=1,
PE=N0, 2<k <,

in the A = 1 case and
_ 0, 1<k=<d-1,
PE=11 k=a

in the A = oo case, the limit behavior of py in (3.2) is clear for A € {1, co}. We therefore
restrict ourselves in the following to A € (1, 00).
The following auxiliary result will be crucial. It can be shown by induction.
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Lemma 3.2. We have, fork € N,

0, 0<i<k-—1
—1)/ == ’
Z( D() {( DFk!, i = k.

0<j<k
The next proposition provides the asymptotic ACDEC for the L -norm.

Proposition 3.1. (Asymptotic ACDEC.) Suppose that the underlying D-norm is the Lj-norm
with 1 < A < oo. Then we have, for k € N,
. . = 1
pr(A) = lim py = — 1——).
d—00 I

Ak i JA

Proof. Recall that
j 1/x
szpk(d)=<)2( D= ”1()( d) ,  l<k<d
0<j<k
Set f(x) := x* x> 0. Taylor’s expansion of length k implies that, for ¢ € (0, 1),

0 (1 )
f <>(_ N (S)

f—e=f0+ > (—e)k,

1<i<k-—1

where £ € (1 —¢, 1) and

FOx) = x1/A 1_[ (%—r).

0<r<i-—1

We thus obtain, for | < j <k <d withe = j/d,

.\ /A AN _
J _ J HOSrSifl(l/)“ r)
(1 - 5) =1+ D (_c_l> il

1/h—k (_l)kno<r<k—1(1/k —r)
d

k! ’
where &; € (1 — j/d, 1). This implies that, for fixed 1 <k < d,

5000

0<j<k

k+1 k—j+1 k _i A
D+ Y (=1 -2
1<j<k J

d o k ] il—l <r<i— (1/)»—7')
(e B Qe 2 (1

1<j<k J <i<
k
- n05r5k1(1/)~—r)}>
5 < d) k!

https://doi.org/10.1239/aap/1331216653 Published online by Cambridge University Press



https://doi.org/10.1239/aap/1331216653

278 M. FALK AND D. TICHY

:(i) Z (—1)k—j+1<l;){ Z <_§)in05r§i—;!(1/)»—l’)

1<j<k 1<i<k—1

k
1/h—k n0§r5k—1(1/)‘—7)}
re i (—g) T
d 1_[0<r<[ (1/)\' r)
B (k)1 21; 1 l (

e ()C4)
(et g2

1<j<k
1<j<k

The first term on the right-hand side of this equation vanishes by Lemma 3.2. For fixed k and
d — 00, the second term converges to

[To<r<k—1(1/2 =) . [To<r<k—1(1/2—1)
(k1)2 2. 17 1+1<> =D k!

1<j<k

by Lemma 3.2.

Note that p;/(A) = 1/(Ak) ]_[];;% (1 —=1/(j2r)), k € N, is the distribution of a stopping time.
Let X1, X5, ... be independent RVs with values in {0, 1}, and let

1
PX;=0)=1-—=1-P(X; =1, jeN
JA
Set
T(x) ;== min{j € N: X; = 1}.
Then, obviously,

k—1

1 1
P(t(h) = k) = Akl_[(l—ﬁ) =pin), kel

=1

Note that P(t(A) < o0) = 1, 1 < A < o0, whereas P(t(oc0) = oo) = 1, if we include
A € {1, oo} in our considerations.
Denote by P) the ACDEC on Nasin (3.1),1.e. Py(k) = px(d), k € N. Then Proposition 3.1

w
can be formulated as follows, where ‘—’ denotes weak convergence.

Proposition 3.2. We have, for A € [1, 00), as d — 00,
P (L.

4. Computation of the fragility index

In this section we compute the fragility index under the condition that C € D(G). The
following theorem is the main result of this section.
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Theorem 4.1. Suppose that C € D(G), G(x) =exp(—|x|p), x <0 e R4. Then
FI = d
” Zlgjgd €; ”D .

Proof. We have

d
E(N1—¢ | Ni¢ > 0) =Y E(lg_c1j(Up) | Ni—¢ > 0)
1

P
& PWi s 1-0)
_l.;l—P(NI_C:m
C
=N PN =0)
d
asc | 0

> g
12 iy eillp

by Corollary 3.1.

The number
s:i=| Y e =I0,....Dlpell,dl
I<j<d "D
measures the dependence structure of the margins of G, and we have in particular, by Takahashi’s
(1988) theorem,
e=1 <= |-Ip=1'llc <=  complete dependence of the margins
and
e=d <<= |‘lp=1I-lIi <=  independence of the margins.

The number ¢ was introduced in Smith (1990) as the extremal coefficient of G*, defined as
that constant which satisfies

G*(x,...,x) = F*(x), x €R, 4.1)

where G* is an arbitrary d-dimensional EVDF with identical margins G* = F, j < d.

‘We have thus established in Theorem 4.1 the fact that e /d € [1/d, 1] equals the reciprocal of
the fragility index. This is in complete accordance with the extremal coefficient for stationary
processes, which can be interpreted as the reciprocal of the mean cluster size of the limiting
compound Poisson process; we refer the reader to Embrechts et al. (1997, Section 8.1). In
Section 5 we will show that the reciprocal 1/FI actually converges to the extremal index, if
Uy, ..., Uy) is a clipping from a stationary process and d — oo.

Using the D-norm representation of an EVDEF, property (4.1) of ¢ can easily be seen as
follows. Transforming the margins of G* to the negative exponential distribution F(x) =
exp(x), x < 0, we can assume without loss of generality that G*(x) = exp(—|x|p),
x < 0 € RY. Then we have, for x < 0,

G*(x,...,x) =exp(—|(x,...,%)|p)
=exp(x||(1,..., Dlp)
= exp(x¢)
= exp(x)°.
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In the case where the D-norm is the L, -norm with A € [1, co], we have ¢ = d/* and, thus,
the fragility index is given by

Fr—g-h 2 A=t
d, A=o0.

Using Lemma 3.2, it is straightforward to also compute the variance corresponding to the
fragility index for a general D-norm:

o2(FI) == h?& E((Ni_¢ — FD)? | Ni_. > 0)
;

d d 2

=S = (L)

k=1 k=1

_2d2—d—221§,-¢,-5dnef+e,-nD( d )2
15 eillp 10 eillp

The variance vanishes, of course, for the L|-norm and the maximum norm.
For the Marshall-Olkin D-norm ||x||y = ?|x|[1 + (1 — ?)||x]c0, ¥ € [0, 1], we obtain
e=d—((1—-9)d—1)aswell as

d
d—(1—-9)d—-1)"

d(d — 1)2
d—(1—-9)d-1)’

FI(®) = o2 (FI(®)) = 9(1 — B)

5. Extremal index

In what follows we show that the reciprocal of the fragility index FI as a function of the
dimension d converges to the extremal index of a strictly stationary sequence. To adjust to
the common notation of stationary processes, we switch in this chapter from the uniformly on
(0, 1) distributed RV Uy to the initial X.

Let (X4)4en be a strictly stationary sequence of RVs, and let 6 be a number in [0, 1]. Assume
that, for every 7 > 0, there exists a sequence (#4)seN of numbers such that

lim d(1 — F(ug)) =1, 5.1
d— 00
where F is the DF of X, and
li P( X, < ) — exp(—67). 52
Am P max, Xi < ua ) = exp(~67) (5:2)

Then 6 is called the extremal index of the sequence (X4) cn. We refer the reader to Embrechts
et al. (1997, Section 8.1) for a discussion of the extremal index. It is in particular well known
(see Hsing er al. (1988)) that the extremal index is the reciprocal of the mean cluster size of
the limiting compound process associated with the point process of the exceedances among
X1, ..., Xqabove uy ford — oo.

The following result links the fragility index with the extremal index.

Theorem 5.1. Let (Xg)4eN be a strictly stationary sequence with extremal index 6. Suppose
that the copula C'?) associated with the vector XD = (X1, ..., Xq) satisfies the expansion

CD(y)y =1~ 11— yllpw +o(d|l -yl (5.3)
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withy = (y, ..., y) uniformly for y € [0, 1] and d € N, where || - || pw is a D-norm on R
Then the fragility index FI = FI9 exists for X9 for each d € N, i.e.

P
Il p

and we have 1

@
Note that condition (5.3) is derived from condition (2.1) in a natural way using the fact that
every D-norm is bounded above by the L-norm.

Proof of Theorem 5.1. We have

S

FI¥ — lsig'lkz_;E(l(s’oo)(Xk) ‘ II;lka;(d Xi > s)

: d(l — F(s))
= lim
s/ 1—=P(Xx <s,1<k=<d
d(1 = F(s))
= lim
s/ 1—CD(F(s),..., F(s))
_
1l pa

by condition (5.3). We have, moreover, by the same condition,

P( max X; < ud> = CD(F(uy), ... Fluy))
1<k<d

=1—( = Fua)|lllpa + od(l = F(ua)))
d(1 — F(uq))

—1— @ 4+ o(d(1 — F(uy))),

and, thus, by conditions (5.1) and (5.2),

T +o0(1)

=) +o(7)

exp(—0t) +o(l) =1—

as d — oo. This implies that

. 1 1 —exp(—0t) + o(7)
lim = .
d—00 FI(d) T

Letting t converge to 0 yields the assertion.

The preceding result enables a further interpretation of the extremal index. Take again
the Marshall-Olkin D-norm, i.e. the convex combination of the L- and the maximum norm,
which are the two extremal D-norms representing independence and complete dependence of
the margins of the associated EVDF:

I limo =21 - Il + A =D - Moo,

where ¢ € [0, 1] (see Section 4.3 of Falk et al. (2004)). Take an arbitrary D-norm || - || pw
on R?. Since every D-norm is bounded above by the Li-norm and bounded below by the
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maximum norm, there exists aunique ¥4 € [0, 1] suchthat ||1|| 5« coincides with the pertaining
Marshall-Olkin norm of 1, i.e.

11l pa@r = Valllllt + (A = 9a) 1o = 1 + (d — Da.

We thus find that the sequence of reciprocals ||1|| p«) /d of the fragility index FI9 converges
asd — ooifand only if limg_, o, ¥4 € [0, 1] exists. Theorem 5.1 now yields limy_, oo g = 6,
the extremal index.

The extremal index can therefore be considered as the ‘proportion of tail independence’
contained in the vector X@ for large d, as the L-norm represents the case of independence of
the margins of the limiting extreme value distribution GD(x) = exp(—lxllpw), x <0 € R,
of the copula C'?® associated with X @,

Example 5.1. (GPD process.) Let (Z;)r € N be a strictly stationary process with0 < Z; < ¢
almost surely for some ¢ > 1 and E(Z;) = 1. Let U be a uniformly on (0, 1) distributed RV,
which is independent of the process (Zj)ren, and set

U
Xpi=1——, k € N.
Z

Then the process (X )ren is @ GPD process (see Buishand et al. (2008)). It is obviously strictly
stationary and the copula C® corresponding to (X1, ..., X4) is a GPD copula.

We show in the following that C @) satisfies condition (5.3) and that the extremal index
corresponding to (X )gen is O.

Note that we have, for 1 — 1/c < x; <1, k <d,

P(Xpy <xp, 1l <k=d)=1- f max (1 —x)ze) (P+(Z1. ... Z4))(dz)

=1 ‘E(l?,f‘;‘d(“ —xk>zk>)
=1 — (I =x1se e T —x) pi,

where

— d
Iyl pa = E(élkagd(lyklzk)), yeRY,
defines a D-norm on R for each d € N. Condition (5.3) is therefore automatically satisfied.
Next we show that the extremal index of (X )ken exists and that it is equal to 0. Withd = 1
we obtain, for I — 1/c <x <1,
P(X; <x)=1—-(1-x)E(Z1) =x,
and, thus, with uy := 1 —1/d, T > 0, we have

d(1 -PX1 =uq)) =t

for large d.
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Finally, we obtain

P( max Xj < u,1> = C(d)(ud, L., ug)

1<k=<d
= 1 - ||(1 _udv Tt 1 —Md)”D(d)
T
=1—-—ld, ... Dlpw
— 1
d— o0
= exp(—ef)y
as||(1,..., Dl pw = E(maxj<k<q Zx) < c and, thus, the extremal index of (Xj)en is € = 0.

6. The extended fragility index

The extended fragility index Fl(m) is the obvious extension of the fragility index by the
condition that there are at least m exceedances, i.e.

: S kpi
FIl(m) ;= limE(N{_¢ | Ni_¢c > m) = d——’"
v0 Zk:m Pk
form € {1,...,d} and py = lim; o P(Ni_c = k| Ni_. > 0), 1 < k < d, if these limits

exist.

We call the system {U1, ..., Uy} m-stable if F1(m) = m and fragile if FI(m) > m.

We now encounter the problem that we might divide by O in the definition of FI(m) for
m > 2, 1.e. ZZ:m pr = 0, which is, for example, the case for the L-norm; see the discussion
after Theorem 3.1. When does this occur in general? In this section we develop a precise
characterization.

This characterization will be formulated in terms of multivariate extreme value theory. The
following well-known representations of an EVDF G on R? with standard negative exponential
margins G(xe;) = exp(x), x <0, 1 <i <d, will be crucial. We have, forx <0 € RY,

G(x) = exp(—|lx|lp) (Hofmann)
= exp(— max(—u; x;) ,u(du)) (Pickands—de Haan—Resnick)
Sa

= exp(—v([—oo, x]c)) (Balkema—Resnick),

where p is the angular measure on the unit simplex Sy = {u € [0, 174 Zi<d u; = 1},
satisfying u(Sy) = d and de ui(du) =1, 1 <i < d, and v is the o -finite exponent measure
on [—o0, O]d\{oo}; for details, see Falk er al. (2004).

The following auxiliary result is of interest in its own right. It implies in particular the
general inequality

Y =Y "xie| =0, x<0eR‘orx>0eR”
@£Tc{l,....d) ieT D
Lemma 6.1. Let G be an EVDF on R? with corresponding D-norm | - ||p and exponent

measure v. Then we have, forx <0 € RY,

v(x, 0] = Z (=plTi=1
)

GATCH],....d

E Xi€j

ieT

D
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Proof. Since v is o-finite, there exists a sequence of measurable subsets By C By C --- of
Q:=[—00, 0]\ {—o0} with UneN B, =Qand v(B,) =: b, <00, n € N.
Set
v (+) :=v(-N By), n e N.

Then v,, n € N, defines a sequence of finite measures on 2, v,(2) = by, n € N, with

linolo v, (B) = v(B)

for any measurable subset B of <.
The A-monotonicity of an arbitrary finite measure implies that

v yl= Y (—l)dZif"”’-"w([—oo,Zy,f""x,-l_m"eiD20

me{0,1}4 i=d

for any —oo < x < y < 0, and, thus, switching to complements,

C
Z (_l)d*ngdmj <bn _ vn<|:—oo, Zyl{nixilmiei] ))

Vn(xs y] =
mef0,1}4 i<d
C
= X (—1)"“‘Zf<dm"’"([‘°°’zyf" "xfl_mie’})
mef0,1}4 i<d

for any n € N; note that

DI e DL SRR YR =k§0(‘”k<k>=0

me(0,1}4 me(0,1}4
and that
1 H ' C
m; _1—m; m; _1—m;
i<d i<d
m; _1—m;
= | 2o e
D

i<d
‘We thus obtain

v(x, y] znlizgovﬂ(xs y]

C
d+1— i< P i 1—- i,.
= 3 e ([ ] )

me{0,1}4 i<d

c
=Y (—1)"“Zf<dmfu<[—oo,Zy,-m"xil_m"ei} )

me{0,1}4 i<d

_ Z (_l)d'H_ngd’"j Zyimixil—miei

me{0,1}4 i<d

D
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Setting y = 0 and replacing m; by 1 — m; we obtain

U(x, 0] — Z (_1)d+1_2j§d m; Zomixil—miei
me{0,1)4 i<d b
_ Z (_1)1+Z_,-5d mj Zol—m,-ximiei
mef0, 1) i<d D
= 2 DI e
@£TC{l,...,d) ieT D
The following characterization is the main result of this section.
Proposition 6.1. Suppose that the random vector U = (Uy, ..., Uy) follows a copula C €
D(G). Choose m € {2,...,d}. Then we have, for the ACDEC, Zi:m pr = 0if and only if
we have, for any subset K C {1, ..., d} with at least m elements,
. PUxr>1—-c, keK)
lim =0
cl0 C
= D> DT> xiei| =0 forallx>=0eR? (6.1)
TCK ieT D
= D DY e =0 (6.2)
TCK ier D
— /L({u € S;: minu; > 0}) =0 (6.3)
ieK
— v( x (—00,0] x [—o0, 0]) =0, (6.4)
kek igK

i.e. the projection vk := v * (;, i € K) of the exponent measure v onto its componentsi € K
is the null measure on (—oo, 0]/K1.

Proof. We have, by Corollary 3.1,

d
> =0
k=m

— liiBlP(N],C >m | Ni—>0)=0
c
o1
& lim-P U (Ux >1—c, keK})=0
Clo ¢ Kc{l,...d}
|K|=m

1
— liﬁ)l—P(Uk>1—c,k€K)=0, Kc{l,...,d}, |K|>=m
c Cc
<= condition (6.1) is satisfied,

where the final equivalence is an immediate consequence of Corollary 2.1 and the well-known
additivity formula.
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Note that i := u/d defines a probability measure on Sy, and let T = (71, ..., Ty) be a
random vector with values in Sz, whose distribution is fi. Set Z = (Z1, ..., Z4) :=dT. Then
we have

Zielo,dl, i<di ) Zi=d) Ti=di E@Z)=dEM) =1 i=d.

i<d i<d
Let V be an RV that is independent of Z and uniformly on (0,1) distributed, and set

1
0=(01,....0q) = v

Note that 1/V follows a standard Pareto distribution on [1, 00).
We have, forx > (d,...,d) € Rd,

1 1
P<—Z < x) = P(V > max—Zi)
\% i<d X;
dri \ .
= PV > max — |u(dt)
Sy i<d X;

de; \ .
1—/ PV <max — |a(dt)
Sy i<d Xxj

dt; .
=1- max — it (dt)
Sy isd Xj

t.
=1- max — p(dt)
Sy i=d X

il ()

From the well-known additivity formula, for y; < 1/d, k € K, we obtain

1 1

P —, keK|=1-P < —
(00 5 ker)=1-r(Ufec= )
=1- > (—1)|T|_1P<Q,~§—,ieT)

1
G£TCK Vi

=1- > (—1>'T'—1<1— > viei )
@G£ATCK ieT D
= Z (—!TI=! Zyiei
D

@+TCK ieT

as Y gurex (DT =1
Choosing identical yy = y < 1/d, k € K, we obtain

P<Qk > % ke K> =0 < Y (-pr!

TCK

=0
D

e

ieT

and, thus, the equivalence of condition (6.1) and (6.2).
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Moreover, condition (6.1) is satisfied if and only if P(Qy > x¢, k € K) =0 forall x; > d,
keK,ie.

1 ! 1
0=P(Qk > xx, keK):P<V<min—Zk> :/ P<v<min—Zk>dv
keK Xj 0 keK Xj

1
— P(min—Zk>v>=O, O<v<l
keK Xj

1
— P(min—Zk = O) =1
keK Xi

< PminZ,=0)=1
keK
— u({ueSd:minuk=O})=d,
keK

which is condition (6.3).

Denote by mg: [—o0, 019 3 x > (xp)rex € [—00, 01Kl the projection of a vector in
[—o0, O]d onto the vector of its coordinates given by the subset K C {1,...,d}. Then the
measure induced by the exponent measure v and the projection g is the angular measure of
the EVDF G, defined as the marginal distribution of G given by K with |K| = m:

GkOts--ym) = G(Z J’ikek)

keK

= exp<‘”((kex,([‘°°’ AR s O]d_m>c)>
= exp(—(v * 711()((51[_007 yi])c))

m C
= eXp(—VK((xl[—oo, )’i]> )) Yisooos ym < 0.
1=
From Lemma 6.1, it follows that condition (6.1) is equivalent to vg ((y,0]) = 0, y € R™,

which is condition (6.4).

To summarize, the preceding considerations imply that, for an arbitrary copula C in the
domain of attraction of an EVDF G(x) = exp(—||x||p), x <0 € R, the index

m* :=max{l <m < d: Fl(m) is well defined}

exists, providing the maximum range {1, ..., m*} on which the extended FI(m) is defined:
d
_k

Fl(m) = im BNy | Ny_¢ > 0) = k=m0 o e
cl0 Zk:m Pk
Moreover,
d
m*:max{lfmfd: Zpk>0}
k=m
=maxy1l <m <d: thereexists K C {l,...,d}, |[K|=m:
Yo EDTEY e > 0}
GATCK ier D
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:max{l <m <d: thereexists K C {1,...,d}, |K|=m:
> =TS "xie >0f0rallx>0€]Rd}
GATCK ieT D
:max{l <m <d: thereexists K C {1,...,d}, |K|=m:
St mi 0}) > o}
u({ue dt minug > >
=max{l <m <d: thereexists K C {l,...,d}, |K| =m : vg((—o0,0]") > 0}.

For the Marshall-Olkin D-norm || - ||y = @ - [loc + (1 — )|l - I1, we obtain, for example,

FI = FI(1) = Film)=d, 2<m <d.

d—dd—1)
7. No exceedance above a high threshold

The considerations in Section 6 also enable the characterization of those copulas C such that
P(U > ¢p) = 0 for some ¢y € (0, 1), where the random vector U follows the copula C, i.e.
there will be no exceedance above a high threshold.

Let U be uniformly on (0, 1) distributed, and set U := (U, Uz) := (U, 1 — U). Then U
follows a bivariate copula and satisfies Uy 4+ U, = 1, i.e.

P(U >¢) =0, c=(c1,c2) €0, D% ¢c1+c > 1,

which is illustrated in Figure 1.
Note that

PU <eo)=1—(1—c1,1=c)lh, O0<cir,o<l,c1+c =1,
i.e. U follows a bivariate GPD copula whose D-norm is the L-norm.

0,1) (1,1)

¢ =(c;,09)

U=U,1-0)

(0,0) (1,0)

FIGURE 1: Support line of the random vector U = (U, 1 — U).
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Now let U = (Uj, U,) follow an arbitrary bivariate copula C such that P(U > ¢p) for some
co € (0, 1)2. Then we obtain, for cg < ¢ < (1, 1),
0=PWU; > c1, Uy > )
=1-FPUWU Z=c1)+PWUsr =) —PWUy Zc1, Uz < ¢2))
=1—-c1—c2+C(o),
and, thus,
Cle)=1—[(T=c1,1=c)l1,

i.e. in the bivariate case we have no exceedance above a high threshold if and only if the
underlying copula is a GPD copula, whose D-norm is the L{-norm.
Also, in higher dimensions, a GPD copula

Co=1—-|d—=c1,.... 1 =ca)l1, co<c<(,....,1)eRY,

whose D-norm is the L-norm yields no exceedance P(U > u) = 0 above a high threshold u
closeto (1, ..., 1). This is immediate from the additivity formula.

In dimension d > 3, however, the Li-norm is no longer the only D-norm that entails no
exceedance above a high threshold. Take, for example, the angular measure . which puts equal
weight 1 on each of the set of d points

1 1 1 1
0,—io.—— oo [——.....——.0
{( d—1 d—1> <d—1 d—1 )}

1
Z{ﬁ Z ej,lfigd}csd.

J=d, j#i

The corresponding D-norm is

x|l p =/ max (| xg |ug) u(du)
Sy k<d

-y f max(xg g 2 (0

i<q YAA/@=1) 35y i €j) ¥

1
= max_ x|
= d—1j<d j#i
1 d
=77 (.max_|xj|>, x e R,
i J=d, j#i
Notethat || - [lp =1l -l & d=2.
Now choose a random vector U that follows the above GPD copula C(u) = 1 — ||[1 — u||p,
upy<u<le R?. Then we obtain, for u = u Ziim e; € lup, (1,...,1)],
PWU >u) =1 —P(U{Y,- < u})
i<m
- Y e
@£TC{l,....d)} ieT D
=0,

where the final equation is established by induction.
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From the fact that

PU,<l—-c, keK)y=1-c¢

D e

keK

D

for ¢ close to 0, if U = (Uy, ..., Uy) follows an arbitrary GPD copula with D-norm | - || p,
we find that the characterization of Zzzm pr = 0 in Proposition 6.1 provides the following
characterization of the case of no exceedance among Uy, k € K C {1, ..., d} above a high
threshold. Simply repeat its proof. By u and v, we denote the angular and exponent measures
corresponding to || - || p.

Proposition 7.1. Suppose that the random vector U = (Uy, ..., Uy) follows a GPD copula
C with corresponding D-norm || - || p. Then we have, for an arbitrary subset K C {1, ...,d}
with at least two elements,

P(Ur>1—c, ke K)=0 forsomec closetoQ

= D> =D xie

=0 forallx >0eR?

TCK ieT D
= D> DY e =0
TCK ier D
— /L({u € S;: minu; > 0}) =0
iekK
= v( X (—00,0] x [—oo,O]) —0,
kek igK

i.e. the projection v := v * (m;, i € K) of the exponent measure v onto its components i € K
is the null measure on (—o0, 01!kl
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