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Abstract

Local uniqueness of solutions of the characteristic Cauchy problem is shown for operators which
are perturbations of operators which already have such a uniqueness.
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1. Introduction

This work is related to discrete phenomena in the local uniqueness of solu-
tions of the characteristic Cauchy problem for operators with double charac-
teristics at a point of the initial curve.

On this type of phenomena F. Treves [5] furnished an example, that is,
the Cauchy problem for the equation

(0,+10,)(0,—td )u—co,u=0

with data given in x = 0, and proved that for the problem in the upper half-
plane x > 0O there is uniqueness of solutions, if and only if ¢ #0, 2,4, ....

A. P. Bergamasco and H. S. Ribeiro [1] and A. Menikoff [3], extended this
study for operators of the form

1

0, +ar*8,)(@, - bi*a,) — ¢ o

X
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where k is an odd natural number. In [1], a = b <0 and c € R, while in
[3], a,b>0 and ceC.
We extend for operators of the form

P(c,, c,) = (8, + a1, + a,t*)(8, - b,{ 0, - b,t¥)
- cltk_lax - cztk_l
where k is an odd natural number, ¢,,c, €C, a,, b, >0, and a,, b, <0.

In Section 2 we prove, under suitable assumptions, the local uniqueness,
in the class C° , of solutions of the characteristic Cauchy problem for the
operators P(c,, ¢,). The essential point in the proof is getting an appropriate
Carleman inequality.

In Section 3, by using the results of Section 2 and a variation of concate-
nations in O. R. B. Oliveira [4], we prove that there is an integer m depend-
ing only on Re(c,) such that the local uniqueness of solutions in the class
C™ holds in the characteristic Cauchy problem for the operators P(c,, c,)
if Re(c,) # j(k +1)d,, Re(c,) # j(k+ 1), +6,, j=0,1,2,... and
d,=a,+b,.

If a,=b, =c, =0 then P(c,, c,) is the operator studied in [3].

We show also that the uniqueness for the operators P(c,, ¢,) holds (when
a,,b <0 and a,, b, > 0) if Re(c,) # —9d,[k+j(k+1)], Re(c)) # —d,(j +
1)(k + 1). This result contains part of [1, Theorem 3.1].

We observe also that the local uniqueness of solutions in the class of dis-
tributions holds for these operators (see [1] and B. Birkeland and J. Persson

[2D).

2. A Carleman inequality and uniqueness

In this section, we prove a Carleman inequality which is needed in order
to prove local uniqueness of solutions of the characteristic Cauchy problem
for operators of the form
(2.1) P=P(c,,c)=XY —c, 0, —cyt

x

k—1
where
X =8,+a,0, +a,t",
Y=0,- bltkc')x —bztk,
a,,b >0,a,,b,<0,

¢,, ¢, are complex numbers, k is an odd natural number and (¢, x) €
[-T,TI]xR, T>0.
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[3] The characteristic Cauchy problem 177

Since

P(c,,c,) =8} — ab,r 8} + (a, - b,){*8,8, — (c, + b,k){* "D

X
k—
— (ayb, + a,b )8 — (c, + k)"
+(a, - b8,

2%
- a,b,t

if t

f(0) = -% (a, - by)s" ds

0

and

u(t’ X) = CXp[f(t)] ¢ 'U(t, x)
we obtain
(2.2) P(c,, c,)u=exp[f(#)] - Qlcy, )
where

2 2% 52 k k—1
(23)Q=0Q(c,,¢,)) =08, —a,bt” 0, +(a, —b)t' 3,0, —(c, +bk)t" 9,
1 2%k k k-1

- f(al +b,)(a, + b))t 8, — [c2 + E(a2 + bz)] t
1 2.2k
- '4—(02 + bZ) t.
The purpose of introducing the integrating factor exp[f(¢)] was to obtain
a new operator, Q, in which the term (a, — bz)tk 0, is not present.
By using the formula (2.2), we can see that the local uniqueness of solutions
of the characteristic Cauchy problem holds for P if and only if it holds for
0.

LEmMMA 2.1. Let Q(c,, c,) be given by (2.3). If Re[c, + (k/2)(a; + b))] <
0,Refc, + (k/2)(a, + b,)1 > 0 and Q, is the operator

Q, = exp(tx) - Q - exp(—1x)

then the following inequalities hold for all v € Cc3 (O; R) and for T > 1, where
Oc{(t,x)e R: |t| < T} is a nonempty bounded open subset of R.

I-1: Re< Qu, (0, —1)v >>ab, // t2k|v|2dtdx
0
where { , ) is the usual inner product of ]LZ(O; R).

I-2: // a1b1t2k exp(2tx)|v|2 dtdx < // exp(2tx)|Qu -8, v|dtdx.
0 0
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PROOF. Since
Qu= 8,2'0 - albltzk(ax - 1)2 + (a, - bl)t"a,(ax -1)— (¢, + blk)tk’l(ax - 1)
_ %(a1 +b,)(a, + b)) @, - 1) - [cz + g(% + bz)] !
(a2 + b2)212k

integrations by parts show that

Re(Q,v, (8, — 1)v)= ‘r// |6,v|2 dtdx +a1b1‘t// t2k(|6xv|2 +12|v|2)dtdx
0 0
_Re [cl +Ea+ bl)] //0 10,0 + o) de dx

_ %(al b)), + by) // (16 v + o) dt dx

+Re [cz 5(a,+b, ] // a 1|v] dtdx

+%(a2+b2) r//otz"|v| dtdx

>a,b, // tZklvlzdtdx.
o

The proof of 1 — 1 is complete.

We prove 1-— 2, as follows:
// albltZk exp(2'cx)|v|2 dtdx < Re(Q [exp(tx)v], (8, — T)[exp(Tx)v])
° = Re(exp(tx)Qv, exp(tx)d,v)
< //oexp(Z‘tx)|Qv -0 v|dtdx.

By using inequality I— 2 and following the proof of [6, Theorem 2.3], we
can prove
THEOREM 2.1. Let Q be given by (2.3) and assume that
Refc, + (k/2)(a, +b,)1 <0

and
Re[c, + (k/2)(a, + b,)]1 > 0.

Let F C QO be a closed subset such that
K=Fn{(¢t,x)ec0:x >0}
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is compact. Then there is an open neighborhood U of K such that any function
ueC 3((I); R) satisfying

Qu=0in0O;suppuctF

must vanish in U.

3. Concatenation and uniqueness

Theorem 2.1 guarantees local uniqueness for the operator Q(c,, ¢,) and
therefore for P(c,, c,) if Re(c, + (k/2)d,) <0 and Re(c, + (k/2)4,) > 0,
where d, = a, + b, and §, = a, + b,, that is, if Re(c,) is small and Re(c,)
is large.

To prove uniqueness when Re(c,) is large and any c,, we shall use the
method of concatenations.

Note that we have

(3.1) X, Y]=-ki'(8,8, +6,)
(3.2) [1(6,8, +6,), YX] = —(6,8,+6,)(X + )
(3.3) (16,0, +6,)Y , 7' (c,0, +¢,)]

= (k= 1){7'(6,8, + 8,)(c,0, + c,)
Since Y =X — tk(dlax +d,) , we have
(3.4) Y =XY - (5,0, +6,)Y.
We shall try to find operators
T=1t6,0,+0,)Y+(4,0,+B)), S=1t6,0,+9,)Y +(4,0,+B,))
so that

(3.5) TP(c,, ¢,) = P(c;, ¢;)S.
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By using (3.1)-(3.4) we have

k—la _ Cztk_l)

P4

TP(c,, c,) = [1(6,0, + 6,)Y + (4,0, + B)I(XY — ¢t

= 18,0, + 6,)YXY — (3,0, +8,)Y{* " (c,0, +¢,)

+(4,8, + B)XY — (4,8, + B){* ' (c,0,+¢,)
= — (8,0, + )XY — (6,0, +8,)Y’ + YXt(8,8, +6,)Y

— (13,8, +8,)Y, 171 (¢,8, + ¢,)]

— 1 Y(c,8, +¢,)1(8,8, +6,)Y

+ (4,0, + B)XY — (4,8, + B){* '(c,0, +¢,)
=[-2(3,0, +8,) + (4,0, + B)IXY + (8,8, +8,)1* (8,8, +8,)Y

+(XY = [X, YI)1(8,8, +5,)Y

— (k= 1)f*71(8,8, +8,)(c,8, +¢,)

— 7,8, + ¢,)1(8,0, + 8,)Y — (4,8, + B){* ' (c,8, +¢,)
= XY1(5,0, +6,)Y + ki " (8,8, + 8,)t(3,0, +6,)Y

—[-2(d,0, +J,) + (4,0, + B,))]XY

+07(58,0, +6,)1(5,0, + 8,)Y

— (k= 1) (6,0, + 8,)(c,0, +¢,)

~ 7 (c,0, + ¢)1(8,0, +6,)Y — (4,8, + B)){* ' (c,0, + ¢;)
= (XY = *7"[(c,0, +¢,) — (k = 1)(8,8, + 8,)1}

o[t(d,0, +6,)Y — 2(6,0, +6,) + (4,0, + B,)}

+ 07 (e,0, + ¢,) — (k +1)(8,8, +6,)]

—[-2(8,0, +6,) + (4,0, + B))]

— (k= 1){*7'(6,8, +6,)(c,8, +¢,) — (4,8, B)* " (c,0,+¢,).

If we choose 4, = 24, —c, and B, = 24, — ¢, , we obtain (3.5), that is,

[1(5,0, + 6,)Y +2(8,8, +6,) — (6,8, + XY — 7,8, +¢,)]
= {XY = 7 '[(c,0, +¢,) — (k + 1)(6,0, + 6,)]}
o [t(,0, +6,)Y — (¢,0, +¢,)].

Now, we shall try to find operators Q@ and R so that

(3.6) gS + RP(c,, ¢;)) = (¢,0, +¢,))[(6,0, +6,) — (¢,0, + ¢,)].
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To obtain (3.6) write
XS =X[,0, +3,)Y —(c,8, +¢c,)] = Xt(3,0, +6,)Y — X(c,0, +¢,)
= (8,0, +06,)Y +1(9,0, +3,)XY —(c,0, +¢,)X.
Then
XS —1(6,9, +3,)P(c,, c,)
= XS - 1(5,0,+ 8,)XY + (8,0, +8,)t ' (¢,8, +¢,)
= (8,0, +8,)Y — (¢,8, +¢,)X +1°(8,8, +8,)(c,0, + ).
Since X - Y = tk(élax +J,) we have
XS —1(0,0, +6,)P(c,, ¢;) =[(,0, + 6,) — (¢,8, +¢,)]Y
and therefore
[£(,0, + 3,)X + (¢, 0, + ¢,) — (6,0, + J,)1S — t2(618x + 62)2P(cl , C5)
= (¢,0, + ,)[(6,0, +9,) — (¢,0, +¢,)].
Then (3.6) holds with
Q=43,0,+3,)X +(c, 0, +¢,) — (6,9, +6,)

and 2 2
R=-1t7(4,0,+3,) .
The computations above yield the following result.

LemMa 3.1. For j,1=0,1,2,..., let
¢ =¢ —Jjlk+1),, ¢y =¢,— Ik +1)d,
T, = 10,0, +0,)Y +2(6,0, + 9,) — (cljax +¢,;)
Sj’, =1d,0, +0,)Y — (cljax +¢y)
k-1
P(cy;, ) =XY =t (c;0, +¢y)
Q= t(d,0, +3,) X + (c,jax +¢y) — (6,0, +9,).
Then
3.7) T; (P(cyj, c) = PCy ji1s €,040)S)
and we can find operators Q il such that
(3.8) Q; ;S; |+ RP(c);, cy) = (c;0, + ey)l(6,0, +6,) — (¢);0, + 3]
Consider the statement,
A;.",I : Every u € C™(Q) which satisfies P(clj , C;)u =0 in @ with suppu C

F must vanish in Q, where Q is an open neighborhood of K. (Here, Q, F
and K are as in Theorem 2.1 and m > 3).
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LemMA 3.2. If ¢;; # 0 and c ; # 0, then A;."H,,H implies A;."”;Z.

PROOF. Let u € C'"+2(®) so that Pley;, ¢ =0 in QO and suppu CF.
Since

T; (Plcy;, cy) = Pey jyys c2,,+1)Sj,,(see 3.7)
we have
P(cl’j+1 , cz,,H)(Sj’,u) =0in Q.

Since Sj’ ; is a second order linear operator we have Sj’ JUE C™(0) and

therefore by hypothesis
Sj’,u =0in Q.
By (3.8) there are operators Q i and R such that
Qj,ISj,,u + RP(clj , G U = (cljax + )0, — clj)ax + (0, —¢y))]u
and therefore
(€05 + (0 — €);)8, + (8, —¢y))Ju =0 in Q.

Since ¢, ;#0 we have local uniqueness of solutions of the noncharacter-
istic Cauchy problem for the operator ¢, O ey and therefore

(6, - )0, + (0,—¢))Ju=0 inW,

where W is an open neighborhood of K.

Now, since by the hypothesis ¢, j # 0, , the uniqueness for the operator
(6,—¢, j)6x+(52—c21) implies # = 0 in U, where U is an open neighborhood
of K.

THEOREM 3.1. Suppose that ¢, # j(k +1)6, and ¢, # j(k +1)6, + 96,
Jj=0,1,2,... and c,€C. Let O, F and K be as in Theorem 2.1. Then
there is an integer m depending only on Re(c,) and an open neighborhood
U of K such that every u € C™(Q, R) with support in F which satisfies

Plc,,c)u=0 inO

must vanish in U.

PROOF. Let ¢;, ¢, €C and c| = ¢, + (k/2)d,, ¢; = ¢, + (k/2)3, .

If Re(c'l) <0 and Re(c;) > 0 then Theorem 2.1 guarantees for the oper-
ator Q(c,, ¢,), and therefore for P(c,, c,), the uniqueness result stated in
Theorem 3.1 with m =3,

If Re(c;) < 0 and Re(c;) < 0, let /, be the smallest natural number
such that Re[c,, + (k/2)d,] > 0 where Cypy = € — ly(k + 1)6,. Thus,
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Re[cuo + (k/2)6,] < O where iy = €~ lo(k + 1)6, and therefore as in

the preceding case, A130,10 holds.

We apply Lemma 3.2 l0 times and conclude that Agj“glf’ holds; in this case

m=3+2l.

If Re(c;) > 0 and Re(c;) < 0, let j, and /, be the smallest natural
numbers such that Re[c, it (k/2)6,1<0 and Re[czlo +(k/2)0,] > 0.

If j, <[, we have Re[c, , (k/2)d,]1 < 0 and therefore as in the first case,

A,30’ I holds. We apply Lemma 3.2, /, times and conclude that Agfgl" holds;
in this case m =3 + 2/,.

If j, > [, we have Relc, it (k/2)d,] > 0 and as in the preceding case,
Agfgj" holds; in this case m = 3 +2j,.

If Re(c|) > 0 and Re(c;) >0, let j, be the smallest natural number such
that Re[cU.0 +(k/2)0,]1 < 0. Thus, Re[czj0 + (k/2)d,] > 0 and therefore as
in the preceding case, A;Té’b
complete.

holds; in this case m = 3 + 2j;. The proof is

REMARK 3.1. Now consider the operator P(c,, ¢,) with q,, b, <0 and
a,, b, > 0. We can write

P(c,, ¢c,) = (0, + altkax + aztk)({), - b,tkax - bztk) - cltk“lax -yt
=18, + (=b)f*d, + (=b,){1[8, — (~a,){ 8, — (—a,){"]
— (¢, + k)70, — (¢, + kb )l

If Re(c,) # —4,[k +j(k +1)] and Re(c)) # -6,(j+ 1)k +1), j =
0,1,2,..., then Theorem 3.1 ensures local uniqueness for the operator
Plc,, c).

In the case that @, = b, = ¢, = 0 and b, = q, we obtain part of [1,
Theorem 3.1].

REMARK 3.2. As the operator P(c,, c,) belongs to the class of operators
considered in [1, Theorem 4.1], this ensures its uniqueness in the class of
distributions.

k—1
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