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Abstract

We establish new sampling representations for linear integral transforms associated with arbitrary general
Birkhoff regular boundary value problems. The new approach is developed in connection with the
analytical properties of Green’s function, and does not require the root functions to be a basis or complete.
Unlike most of the known sampling expansions associated with eigenvalue problems, the results obtained
are, generally speaking, of Hermite interpolation type.
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1. Introduction

Let A := {tk}}:i_ ~ b€ a sequence of distinct real numbers for which limy_ £o0 # =

Fo00. Suppose that the infinite product

i A A
GA) = —1) | |<1——) (1——) (1.1)
k=1 Ik

Ik

converges uniformly on bounded subsets of the complex plane. For k € Z and A € C
define the interpolating functions of Lagrange and Hermite types

G(r

L0 )= 0

(A — 1) G' (1)

where Ly (t;; A) = 1; and

' (GO (G =)/ GO D ()
Mok, u(; A) = E - -
s £) = -yl ul(m — p— j)!

El

wherem e Zt, u=0,1, ..., m.
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The sampling theory of signal analysis is concerned with the representation of
certain entire functions (signals) in terms of their values at a discrete sequence of
points. These points (nodes) are called the sampling points. Therefore the following
question is extensively studied. Under what conditions on an entire function f and on
the nodes A does any of the series

fO= Y7 F@)LiGs M), (1.2)
k=—00
or
fO =Y > fP @ Hnru: A, reC, (13)
k=—00 u=0

converge to f? Moreover, what is the type of convergence? As is indicated in
[24, 31, 32], further conditions must be imposed on the nodes as well as on the function
f to guarantee a convergence of (1.2) or (1.3). In general, the sampling points A are
assumed to be close to the integers in the sense that there is a positive constant § such
that

sup |ty — k| < 4, (1.4)

keZ
and the sampled (interpolated) functions are assumed to be in an appropriate
Paley—Wiener space, PWZ, p>1, o >0, the latter being the space of all L”(R)
entire functions of exponential type o. In [38] it is proved that if 6 =1/4, then
expansion (1.2) holds uniformly on compact subsets of R for functions of PW2 (see
also [34, 42]). More generally, Hinsen [31, 32] has proved thatif § < 1/4, 1 <p <2
or § <1/2p, 2 < p < oo, then the sampling series in (1.2) converges uniformly on
bounded sets of C to f € PWZ (see also [33]). Hinsen also proved in [32] that
if fe PW:(erl)’ §<1/4m+ 1)) when 1 <p<2and § <1/2p@m + 1)) when
2 < p < 0o, then expansion (1.3) converges uniformly on bounded sets of C to f.
Grozev and Rahman have investigated the absolute convergence of (1.3) in [24].
Expansion (1.2) is called a Lagrange interpolation expansion and (1.3) is called a
Hermite interpolation expansion. Other related references are [25, 30, 46, 47].

There are several papers that connect sampling theorems of Lagrange interpolation
type with eigenvalue problems for differential operators (see, for example, [1, 4, 14,
17, 18, 23, 49, 50]). To the best of our knowledge, except for the example given by
Higgins in [28], all known sampling theorems associated with eigenvalue problems
are of Lagrange interpolation type. So studies in sampling theory associated with
eigenvalue problems that lead to Hermite interpolation are rare. This paper is devoted
to this task. We derive sampling theorems associated with Birkhoff regular eigenvalue
problems. The resulting sampling formulae turn out to be of Hermite type interpolation
when the problem is neither selfadjoint nor strongly regular. If the problem is strongly
regular with simple eigenvalues, the associated sampling series becomes a Lagrange
interpolation (see, for example, [1, 8]). Basic definitions and a brief account of
sampling and strongly regular problems will be given in the next section. Section 3
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contains some auxiliary results. In particular, an expansion of Green’s function of
regular problems is given with uniform and absolute convergence. This expansion
plays a major role in the derivation of the sampling theorem of Section 4. These
sampling theorems are sampling theorems of Hermite-type interpolation for integral
transforms whose kernels are basically Green’s function of Birkhoff-regular problems.
The last section contains some illustrative examples.

2. Birkhoff regularity and sampling

In the previous notation, letting A = Z, expansion (1.2) turns out to be

sinmt (A — k)
f0) = kZ fO=— @.1)
=—00

with uniform convergence on both R and bounded subsets of C and with absolute
convergence on C for PWJ% functions. This result is the celebrated classical sampling
theorem of Whittaker, Kotel’nikov and Shannon (see, for example, [12, 13, 27]).
The space PWJ% is the space of all entire L*(R) functions with exponential type 7.
Equivalently (see, for example, [11, 42]), PWJ% is the space of all L2(R) functions
whose Fourier transforms vanish outside [—m, 7], thus f € PWJ% if and only if f is
of the form

b
f(k):/ g(x)exp(ixA) dx, g(x)eL*(—m, ), ireC. (2.2)

-7
Notice that the kernel of the Fourier transform (2.2) generates the orthogonal
L?>(—m, ) basis {exp(ikx)}rez consisting of eigenfunctions of the first order
boundary value problem

—iy' =iy, y(=m)=y(). (2.3)

See [15, 20, 26] for the connection between the Whittaker—Kotel’ nikov—Shannon
sampling theorem and first order eigenvalue problems. Kramer in [36] has given a
general sampling lemma where the Fourier kernel of the sampled integral transform
is replaced by a general one that generates an orthogonal L? basis. Since we are
interested in problems that are not necessarily selfadjoint, where the eigenfunctions
are not necessarily orthogonal, we will state the biorthogonal sampling result of
Higgins [27]. In the next sections the role of sampling points is always played by
eigenvalues and for convenience we will denote them by A, k € N.

THEOREM 2.1 (Kramer’s lemma).Let I CR be a bounded interval and K (-, 1),
K*(-,A): I x C—> C be L*(I) functions for all » € C. Suppose that there are
sequences {Ai}ren, {AM}ken C C such that {K (x, Ai)}ken is a basis of L%(I) and
{K*(x, A{)}keN is a biorthogonal basis. Set

Vg = / K(x, M)K*(x, A}) dx.
1
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Then the integral transform

f(A):/g(x)K(x,A) dx, reC,geL*),
1

has the sampling representation
o0 1 -
fO=Y " FO0S0), S = " / K, WK*(x, A dx.  (24)
k=1 1
Dually the transform

X0 = / g)K*(x,\)dx, reC,gelL* ),
1

has the expansion
[e}e] 1 -
FF =) FFONSEm.  SEo) = = fl K*Ge, DK, A dx.  (2.5)
k=1

The sampling series (2.4) and (2.5) converge absolutely on C and uniformly on the
subsets of Cif || K (-, A)Ile(I) and | K*(-, M L2(ry are bounded, respectively.

A more general Kramer-type sampling principle is given in [29]. The point now
is in what setting one might find the kernels and the sampling points for which the
lemma is applicable and, furthermore, whether it is possible that Kramer expansions
are of Lagrange or Hermite interpolation type. Weiss, even before Kramer, in [48]
showed that kernels and sampling points can be extracted from selfadjoint second
order Sturm-Liouville problems with separate type boundary conditions. In this case
we have only one expansion. This is extended in [2, 3, 5, 19, 21, 50], where it is
also proved that the resulting Kramer expansions associated with regular or singular
second order boundary value problems turn out to be of Lagrange interpolation
type. Kramer also indicated that his orthogonal lemma could be applied using
general nth order selfadjoint problems without studying the nature of the expansion.
This is investigated and applied in [1, 14, 49] where Kramer expansions associated
with nth order selfadjoint boundary value problems are shown to be nothing but
Lagrange interpolation ones. As for the biorthogonal version, the prototype situation
where kernels and sampling points are found is nonselfadjoint problems. Since the
eigenfunctions of nonselfadjoint problems are not necessarily orthogonal or L? bases,
further conditions are imposed on the problems in this case as in [1, 4, 6, 7], where the
boundary value problem is assumed to be strongly regular with simple eigenvalues.
In other words, consider the boundary value problem that consists of the differential

equation
n—2 )
L) =iy )y piy =y =ip"y, 0s<x<l, (2.6)
j=0
and the boundary conditions
U(y) =Uw() +Un(y) =0, 1=<v=mn, 2.7
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where p;(x) € L(0, 1) and

ky—1

Sampling and Birkhoff regular problems

U () =y 0 + )y (0),

j=0
ky—1

Un () =Boy® () + Y By (D).

Jj=0

Without loss of generality (see [41]), we assume that the boundary conditions are

normalized, that is,

n—lzk k> >k,

ky > kyyo,

lajl + 181 >0,

l<j=<n.

We recall that boundary conditions (2.7) are called regular (or, more precisely, Birkhoff
regular) [10, 41, 44, 45], if certain numbers 6y, 6; for odd n and 6_1, 6; for even n
do not vanish. For the reader’s convenience we give the definition of the 6;. Let w,,
1 < v < n, be all nth roots of unity such that

Re(pw1) < Re(pwr) < --- <Re(pwy)

for a certain fixed p € C. Then the numbers 6; are defined via the identity

k1 ki
ajw, 1w,
k k
0w’ O‘Zw;f—l
6y + 015 =
kn kn
WON Apw,"

for odd n = 2u — 1, and by the identity

0_1
e + 6+ 615
ki ki ki
oo, o, (1 +sBwy
ko ko ko
o, W, (g + sBr)wy;
k, k k
)" anw, 'y (an +sBr)oy’

(ay + S,Bn)w,u

(@1 + B ok,

(@2 + Bk

kn

1
(011 + *ﬁ])
S
1
<!¥2 + *ﬁz)
S

1
(an + *ﬁn>
K

k1 k1
B @ Birwy
ko ko
ﬁZwM+1 Bawy
k, k,
:anﬂn+1 Brown"
k k k
a)ﬂl_i_l ,516()#1_’_2 Biowy'
K £ k:
a)MZ_H /32(1)#2_’_2 Bown’
k k,
wu"_,'_l Bnw p,n+2 Bnay"

for even n = 2u. The boundary conditions (2.7) are called strongly regular if they
are regular and if additionally 93 # 4610_1 for even n. Neither regularity nor strong
regularity of (2.7) depend on the choice of p. The eigenvalue problem (2.6), (2.7) is
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called regular (strongly regular) if its boundary conditions (2.7) are regular (strongly
regular). We mention that, in particular, according to [22, 40, 43] all selfadjoint
boundary value problems of the form (2.6), (2.7) are regular. The adjoint problem
to a (strongly) regular problem is also (strongly) regular (see, for example, [39]). It is
well known (see, for example, [9, 35, 39]) that the eigen- and associated functions
of strongly regular problems as well as those of the adjoint one are unconditional
(Riesz) biorthogonal bases of L?(a, b). Based on these facts, several sampling
expansions associated with strongly regular problems with simple eigenvalues were
given. Moreover, the sampling expansions are of Lagrange interpolation type (see,
for example, [I, 8] and the more the general settings studied in [4, 6, 7]). In the
following we investigate the general case. So it is assumed below that the eigenvalue
problem (2.6), (2.7) is regular and that n > 1. As will be seen in the next sections the
sampling theorems associated with regular nonselfadjoint problems are in general of
Hermite interpolation type. This is the first treatment in sampling theory.

3. An expansion of Green’s function

In this section we derive an expansion of Green’s function of regular problems
and study its convergence properties. Let y1(x, A), ..., y,(x, A) be the fundamental
system of solutions of differential equation (2.6) satisfying the initial conditions

WO, =84, 1<jk<n

Then for every fixed x €[0, 1] the functions yj(x, A), ..., y,(x, A) are entire
with respect to A and the eigenvalues {Ag}ken (IAkl < |Akt1l, Ak #Aj for k # j)
of (2.6), (2.7) are the zeros of the characteristic determinant

AR :=det |U; ol g1

which is also an entire function of A. Moreover, one can split the sequence {1} of all
eigenvalues (counted with multiplicities) into two sequences {A;{}keN, {)»Z }ken With
the following asymptotics (see [41]):

X, = 2k )"(1+£+0(i)) A = (=2k )”(1+A—”+0<L)> 3.1
k= T k ke )’ k= T k ke ) )

where for the strongly regular case o« = 2, and otherwise, generally speaking, @ = 3/2
and A’, A” are constants. For the strongly regular case almost all (that is, all except
some finite number) eigenvalues are algebraically simple, while in the general regular
problems almost all eigenvalues have algebraic multiplicity m,( x) <2 (see [41]).
The geometric multiplicity mg(Ax) of Ay is determined as the number of linearly
independent eigenfunctions corresponding to Ag. Let yx j, 1 < j <m4(At), be one
of these eigenfunctions. Then the system of functions

Yk, j 1o+ o5 Ve, jip
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is called a chain of functions associated with the eigenfunction yy_ ;, if

Cyr, j1) = MYk, ji + Yk, ji—1, Uk, j)=0,1<v=<n,1<Il=<p,

where y j 0 = yx, ;. The value my; is called a multiplicity of the eigenfunction yi_ ;(x),
if the latter possesses a chain of associated functions consisting of m; — 1 functions
and no such chain of my; functions. It is known (see [41]) that

mg (M)

D mig = ma().

j=1

Now we define the class of integral transforms, for which sampling formulae will
be derived. As a kernel of the sampled transforms we use Green’s function multiplied
by the characteristic determinant, which gives a rich variety of such kernels. If A is
not an eigenvalue of (2.6), (2.7), then for any function f € L%(0, 1) the solution of the
boundary value problem

Ly)y=rxy+f, Uy(y)=0,1<v<n,

has the form (see [41])

1
y(x>=/0 Gl &, ) f(E)dE, 0<x <1,

where G(x, &, A) is Green’s function of (2.6), (2.7). It is known that G(x, &, A)
is a meromorphic function with respect to A for every fixed x, £ with poles at the
eigenvalues Ay and that the order of the pole A; does not exceed m,(Ag). Moreover,
the principal part of the power expansion of G (x, &, A) with respect to A in a vicinity
of A has the form (see [41])

mg(m my; mgj+1-v
(3.2)
where
Zk,j,05 Zhoji1s - o5 Zhojomgi—1, 1= J <mg(g),

is a system of eigen- and associated functions of the adjoint problem corresponding to
the eigenvalue A, which is appropriately normalized via the biorthogonality relation

1
'/0 Yk, joq (X)Zky, ji,q1 (X) dX = =8k &, 8, j1 8q-+q1,my;—1-
If the problem is selfadjoint, then mg(Ar) = m4(Ay) for all k € N, thus my; = 1 for all

k, j and G(x, &, A) has only simple poles (see [16, 41]).
Let p;; = Ax. Then the following assertion is valid (see [41]).
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LEMMA 3.1. Fix § > 0. In the domain Cs := {A : |p — px| > 8, k € N} the estimate

IG(x, &, M| = (3.3)

M
lp|n—!
holds.

Using the contour integral method and taking into account Lemma 3.1 together with
the analytical nature of Green’s function, one can easily prove the following known
result.

LEMMA 3.2. The following representation holds (for A £ A):

oo Mmg(Ar) myj myj+1-v

Gx, &, ) = Z Z Z = w D w1 Yk 1v1(x). (3.4)

=1

The series in (3.4) and all its termwise derivatives with respect to ). converge uniformly
for x, & €0, 1] and for A on bounded subsets of C.

PROOF. Let I'yy, N € N, be concentric circles in the A-plane with center the origin
and radii Ry — oo. Fix § > 0. According to (3.1), one can assume that I'y C Cs.
Consider the contour integral

_ G(x,§,¢) C) .
IN()»)-—zm.[FN pR: ¢, AeintTy.

The estimate (3.3) implies that / 1(\,”)()\) — 0 for every v >0 as N — oo uniformly
for x, £ € [0, 1] and for A on bounded subsets of C. On the other hand, the residue
theorem yields

Gx,§,7)

In() = —G(xsx)+2re;k g MEintTn\ (e,

where gy is the number of eigenvalues Ap, . .., Agy lying in int I'y. Thus, we obtain

o G060
Gx, €, 2) = oS0l
(x, & 3) ;{r:efk -

and, applying the representation (3.2), we arrive at (3.4). O

The previous lemma plays the major role in proving uniform convergence of
the sampling results obtained in this paper. Since we are also concerned with
absolute convergence, which in general needs special treatment and estimates (contrast
with [24]), we state and prove the following absolute convergence property of the
Green'’s function expansion.
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LEMMA 3.3. The series in (3.4) and all its termwise derivatives with respect to A
converge absolutely. Moreover,

|Ri1(x, E)| <C, |Rpa(x, &) < Ck" 1, (3.5)

where Ry (x, &) is the coefficient of (A — )™V in expansion (3.4) and C does not
dependonk, x, &.

PROOF. For sufficiently large k£ we have m,(Ar) <?2. Thus, it is sufficient to prove
the estimates (3.5). Put yx :={p:|p — pr| =6}. Then estimate (3.3) implies the
inequality

1
|Ri,1(x, &) = ‘—/ np"'G(x, £, p") d,o‘ <néM.
21 e

Furthermore,

1
|Rk,z(x,5)|='—/ np" (0" — MG (x, & p") dp| < nSM max |p" — il.
2 " PEVK

Using asymptotics (3.1) we obtain, for p € yy,
|p" = kel = O™

uniformly with respect to arg(p — pi), which together with the previous estimate gives
the second estimate in (3.5). O

4. The main results

This section contains the main results of the paper. We introduce sampling theorems
of Hermite interpolation type associated with problem (2.6), (2.7). First we define the
class of integral transforms for which the sampling formulae will be established. Let
us fix an arbitrary &y € [0, 1] and consider the function

p(x, 1) = AM)G(x, &, ). (4.1)
After removing the singularities the function ¢(x, 1) is entire with respect to A for

every fixed x € [0, 1]. Consider the set F of linear transforms F () of the form

1
F(A)z/ f)ex, ) dx, f(x)eL*O,1). (4.2)
0

REMARKS 4.1. Denote by S the set of all zeros of the eigenfunctions zj, jo(x) of
the adjoint problem. Obviously S is at most countable. If mg(d;) =1 for all k and
& €10, 1]\ S, then the transformation (4.2) is a bijection from L%, 1) to F.

Our goal is to derive sampling representations for functions from F. We first study
the case when all eigenvalues have algebraic multiplicity not exceeding 2. Thus we
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assume that m, (Ar) < 2 and consequently m,(A;) < 2 for all k € N. Denote
={kkeN, mg(Ar) =1},
N3 = {k |k e N, mg(At) =2, mg(Ax) =2}

Then our standing assumption means that N; U N, U N3 = N. Moreover, (3.4) takes

the form
Ry ](X &)
Gx, & 2) = ZZ T (4.3)
where
Ri1(x, &) =zk,1,08)yi,1,0x), Rpa(x,8)=0, k € Ny,
Ri1(x, &) = 2k,1,08) i, 1,1 () + z,1,1(6) yk,1,0(x),
k e Nz,
Ri2(x,8) =zk1,06)yk,1.0(x),
Ri1(x, &) = 2k,1,008) Yk, 1,0(%) + 2x,2,0(8) yr,2,0(x), }
ke N3.
Ri2(x,8)=0,

THEOREM 4.2. For any function F()) of the form (4.2) the following sampling
representation holds:

AV
F) = Fpy)—————
*) k% e YI7¥y

2A(N) 2A" (M) A (L)
+ F( -
kZN( ( k){ (=20 ) 30— M) (A ()2 }

, AG) , 2A()
F _ F ==’
T E DG )Lk)A//()»k)) + 2 P0G =3 3w

keNj3
“4.4)

The series on the right-hand side of (4.4) and all its termwise derivatives converge
absolutely and uniformly on every bounded subset of C. Moreover,

Fo| e,

k

F () a1 ' F'Ou)  FOwA” () —C. keM 45)
AN |~ A (M) (A2 | T ' '
Foo|_ o keN
NG| >

where C is a positive constant which does not depend on k.
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PROOF. Substituting (4.1) and then (4.3) with £ = & into (4.2) gives

oo 2 A
Foy=Y Y —— Y f FOORy j(x, &) dx. (4.6)

k=1 j=I * -

Lemma 3.2 implies that the series on the right-hand side of (4.6) and all its termwise
derivatives converge absolutely and uniformly on every bounded subset of C. Let
k € Nj. Then taking A = X in (4.6), we obtain

Fu)

1
A’(A )’ /0 S@)Rr2(x, &) dx =0, keNj. (4.7)

/ FX) Ry 1(x, &) dx =

Differentiation in (4.6) with respect to A gives

o AAAA/—AAJIAA
FO) = ZZ (M) ( ) —j( k) ()

1
/0 F)Ry,j(x, &) dx.

4.8)
Further, let k € N,. For A = A, formula (4.6) takes the form
A Og) (!
F(hg) = fORe2(x, &) dx, k eNy. 4.9)
0
Taking A = A¢ in (4.8) we obtain, for k € Ny,
ANO\ ) 1
Fl(k) = === / FOO R 1 (x, &) dx
0
A/N()»k) 1
J ()R 2(x, &) dx. (4.10)
0

Solving the system of linear algebraic equations (4.9), (4.10), we find that

2F (At) 3 2A" (M) F (M)
A () 3(A" (Mx))?

k)

1
/0 SR 1(x, &) dx =

keN,.  (4.11)

2F (M)
A" ()’

1
/0 S@)Ri2(x, &) dx =

For k € N3 it is obvious that F(Ar) = 0. Moreover, formula (4.8) gives

: 2F'0u) (!
S ) Re1(x, &) dx = ————., f)Re2(x, &) dx =0, Kk eNs.
0 A" (k) 0
(4.12)
Substituting (4.7), (4.11) and (4.12) into (4.6) leads directly to (4.4). The estimates
(4.5) follow directly from (3.5), (4.7), (4.11) and (4.12). O
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Let us compare the sampling representation (4.4) with the expansions (1.2)
and (1.3). Obviously the first sum of (4.4) is of Lagrange interpolation type. To
make the comparison clearer, let us consider the Hermite interpolation formula (1.3)

when m = 1:
f) = ki (f@H1 k00 A) + [/t Hk1 (s A)), (4.13)
where 200
T = G 6w @19
and

G*(n 1 G
Hiro(s A) = *) <,\ _ (t")). (4.15)

=G @)?\ -1 G'(1)

For simplicity we assume that zero is not an eigenvalue. Using Hadamard’s
factorization theorem (see, for example, [11, 37]), the characteristic determinant A(X)
can be written as the product

20\ A2 A :
AR =CAL() AFAZG), 800 =[] <1 _ k—), j=1,2,3, (4.16)
keN; k

where C is a constant. Consequently expansion (4.4) becomes

F) =Y FOOLiW) + Y (FOOW1x0M) + F' )W 1)

keNj keN,
+ Y F @), 4.17)
k€N3
where ) )
ﬁk()") — AZZ()") A;()") A]()‘)/ , k c Nl
A5 () A(A) (A — A) Ay (k)
and
ATV AZ(L AZ(n
Vi k1(d) = 1) ;( ) A 3 5. k€N,
A1) AF(A) (A — Ar) (Ay(Ar))
Ar(L) AZ(n AZ(n
W1 0(0) = 1(A) ;( ) 2 ( )/ .
A1) A() (= i) (Ay(Ax))
y { [ A/Z(Xk) _ AT () _2A30»k) } ke N,
A=A AS(h)  A1(A) A3 (Ag)
2 AZ
Dy 1(A) = A1() 4;(4) 3% k € Ns.

A1) A3() (A= A) (A5 ()2
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Therefore the first expansion in (4.4) is of Lagrange interpolation type. Since L (A) is
not exactly like £ (A, A) in some of the literature, such an expansion is called a quasi-
Lagrange interpolation expansion (see, for example, [17]). The other sums in (4.4) lead
to what we may call a quasi-Hermite interpolation series.

Now we consider the general case. Denote

mp = max  {my;}.
1<j<mg(ht)

Thus, my is the maximal multiplicity of an eigenfunction corresponding to the
eigenvalue Ag.

THEOREM 4.3. For any function F () of the form (4.2) the following representation

holds:
0o ma(h)-1
F(h) = Z > FY008k 0, (4.18)
=1 v=mg(Ag)—my
where

1 mg (Ag)—v AL
Skp(A) = l Z:; Ck.j O — Ag)maGa)—vH1=j"

and the numbers Cy j, 1 < j <my, can be found from the triangular nonsingular
system of linear algebraic equations

) AmaP)+5s=1) (3,1
> C.j 1
: (ma (M) +5 = J)!

Jj=1

=85,1, 1 <s <my. (4.19)

The series in (4.18) and all its termwise derivatives converge absolutely and
uniformly on every bounded subset of C. Moreover, the estimates (4.5) remain valid.
In particular, they yield

C
- FO 0S| < o 120 (4.20)

v=mg(ry)—myg

‘ gl Maa)—l

for X\ from bounded subsets of C, where C; does not depend on k.

PROOF. We notice that formula (4.4) is a particular case of (4.18). Since m,(ry) <2
for almost all k, formula (4.18) differs from (4.4) in at most a finite number of terms.
Hence, estimate (4.20) follows from (4.5). Thus, the function

ma(Ar)—1

m)_z Yo FYS0)

=1 v=my(Ag)—my
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is entire and it remains to prove the equality F (1) = F (A). One can deduce that
FP0u) =0, 0<v<ma() —m — 1, (4.21)
for those k with m; < m,(A;). Let us show that

SO ) = 8108kpe 0= <ma(hp) — 1, maOu) —mp < v <ma(h) — 1,
(4.22)
where k, peN. Clearly, if p#k, then S (1,) =0, 0=/ <ma(1,) —1. We
prove (4.22) for p = k. Indeed, the lowest power of (A — Ax) in Sk, (A) is v. Thus, for

[=0,...,v—1,422)is valid. Forl=v, ..., mg(Ar) — 1, by differentiation we
get
| At ACGOH=—VHI=)) (1)
@) : k
Sy () = — E Cr.i , 1<l-— 1 <my.
v 30 =) S a0 1 —v iy ST UTIEm

j=1

Hence, using (4.19), we obtain S,Elz)()»k) =6—v+1,1 =081,v, and (4.22) is proved.
According to (4.21), (4.22), the function

F(L) — F(L)

YA = ACY

is, after removing the singularities, entire with respect to A. Moreover, y (1) is
bounded in Cs and consequently in C. Therefore Liouville’s theorem implies that
the function y(X) is constant. On the other hand, y(A) — 0 as A — oco. Thus,
F(\) = F (1) and the theorem is proved. O

REMARKS 4.4. The Hadamard factorization theorem [37] gives
5 ) 00 A mg (Ag)
A(L) = CAO0AMalt 1—— ,
(A k_ll"[ ( Ak)
= +80’)‘I

where C is a constant.

REMARKS 4.5. Formula (4.18) can be also derived by applying the contour integral
method directly to transform (4.2). According to (3.3), (4.1), (4.2),

F()) c
—_— < .
A | pr!

A e Cs. (4.23)

The residue theorem gives, for A € int 'y \ {Ax}kenN,

1 O FO) res{ F(©) }
2mi Joy AOG =0 T AG) = | A G —0) |

(4.24)

A €Eint T'y
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Let us calculate
{ F() }_ 1 ™! {(; —kk)’"kF@)}
res = lim
c=h [ AG)(A — ) (mg — DV e>ne dem=1 [ A —0)

1 . dm! F()
= lim
(mg — D! ¢ dgm™e=1 [ (§ — Ag)MaGo)=me

L€ —kk)m"(’\")}
AOMX—-0) )

Differentiating and passing to the limit, we arrive at

{ F(©) }
res | ——————
t=n | A)(A =)

Ml pma Q) =mitv) () MY i d_j{@ _)Lk)mu(kk)}

= — l1m -
= (ma(h) —my +v)! jgo Jle=ne dgl

A(Z)
1
X —V————
(A = Ag)me—v=J
_ Wla()»k)_] Fv(}\'k) l’l’la()-k)_v 1 hm d.]_l { (é- _ )\‘k)ma(kk) }
vemaGp-mg V! = U= Dleonodg/! A(2)
1

x (A — Ag)MaGO)—v+1—=j"

Substituting this into (4.24) and taking the limit as N — o0, taking account of (4.23),

we obtain
o0 mg (Ag)—1 mg(Ag)—v A(}\')
_ v _ )
where

Ag,j =

A7V (¢ — ag)man)
- lim . { }

(= D! e=h dgi™! A(%)

Comparing (4.18) with (4.25), it is easy to conclude that Cy ; = Ay ;.

5. Examples and open questions

In this section we give some examples illustrating the application of the theorems
derived. We discuss the relationship between the sampling expansions obtained and
the interpolation series stated in Section 2.
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EXAMPLE 5.1. Consider the regular boundary value problem

—y'=ky, 0=<x<l, y0)=y(©0) +y1)=0. (5.1
Then N
sin +/Ax
yi(x, A) =cos Vax, yo(x, A) = Nl
A =1 —cosVi=2]] (1 * )2 hie =72k — 1)
=—1—cosvA=— - —), =7 — D=
k=1 M ‘

Obviously, mq(Ag) =2, mg(Ay) =1 for all k € N. Hence, Ny = N. It is easy to show
that Green’s function of (5.1) has the form

sin v/Ax cos VA(l — &) _sin Vi(x — &)

& <x,
VAl + cos /1) N
G(x,§, )=
sin\/xx cos «/X(l—“;‘) £ >
> Xx.
«/X(l + cos \/X)
For simplicity we choose &y = 1; then
sin ﬁx
(x,\)=AMNG(x, 1,1) =— .
@ NG
Furthermore, it is easy to calculate
A" () = LS A" () = ==
4)\’]( b A‘]% .

Thus, according to Theorem 4.2, for any function F (1) of the form

sin \/Xx
Vi

1
F(x)=—/ f(x) dx, f(x)eL*0,1),
0

the representation

e 4(h + 1) (1 4 cos v/2) 8k (1 + cos V/A)
F(h) = <F(kk) + F'(M) )
]; (A — Ap)? A — A
holds, where A, = 72(2k — 1)2. We notice that in the notation of the previous section
> A
C=-2, AM=MW=1 A®m=[](1-+
k=1

Therefore the previously obtained expansion is of type (1.3) when m = 1.
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EXAMPLE 5.2. Now let us consider the regular eigenvalue problem
iYW =1y, n>1,
y0) +ayM (1) =0, a#0,0<v<n-—1.

It is easy to verify that its Green’s function has the form

_aX”:w exp(—ipwi (1 +x —§)) <k
— 1t a exp(—ipwy) -
G(x, & 1) =+ X
inp"1 z": exp(—ipwi(x — &)) .
1) , x>E.
k 1+ aexp(—ipwyg)

k=1

305

(5.2)
(5.3)

Problem (5.2), (5.3) is selfadjoint if and only if |a| = 1. One can easily prove that it is
strongly regular if and only if a 1 or n is odd. Moreover, A = 0 is an eigenvalue if
and only if the boundary conditions are periodic (@ = —1), and for the periodic case

m4(0) =1 holds.

For p # 0 the functions {exp(—iwy px)};_, form a fundamental system of solutions

of equation (5.2) and, for A # 0,
AQ) =C(p)A1(p), C(p)#0,

where

Ay (p) = det [|(—iwxp)' " (1 + a exp(—ioxp)II} 4

n
= (=ip)" " VPW [ [ +aexp(—iaxp)), W =det oy~ I} ,_;.

v=1

Hence, the eigenvalue problem (5.2), (5.3) has two sequences of eigenvalues (counted

with multiplicities)
M=Qrk+a), M=Qr(l-k+a)", keN,
where « = —i In(—a). Therefore,
~ ~ > A > A
AG)=CAQ), AQ) = ]—[<1 - 7) I1 (1 — 7)
k=1 k7 k=148, _, k
where C is a constant. Let us choose & € [0, 1] and put
AG) K wx explipwko) (

inp"—1 = 1+ aexp(—ipwy)
)

1
f(x) exp(—ipwx) dx
)

F(.) =

—a exp(—ipwg) f(x) exp(—ipwix) dx), fx)e LZ(O, 1).
0
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Denote Ag, k € N, the eigenvalues (Ag 7% A, for k # v) enumerated so that |Ar| <
[Ak+1]- Consider now all possible cases.

Case. Let n be even and let the boundary conditions (5.3) be periodic. Then
M= @Rk —1Dm)* and myu(Ar) =2 — 8k1, k€ N. Moreover, since the functions
exp(£2i(k — 1)mx) are eigenfunctions corresponding to Ay, then mg(Ar) =2 — ;.
According to Theorem 4.2, for any function F(A) of the form (5.4) the following
representation holds:

AN X, 2A)
F(\) = F(0) —— F' ) ———
W =030 +k; TRy

Case. Let n be even and let the boundary conditions (5.3) be anti-periodic (a = 1).
Then Ay = (2k — 1)"7" and m,(Ar) = mg(Ay) =2 for all k. Thus, we come to the

expansion
> 2A(A)
FO=Y F)———o—.
o A — A A" (Ak)
Case. If a # £1 or if n is odd, then there exist v € {0, ..., n — 1} and positive
integers ki, . . ., k, such that mq(Ai;) =mg(Ag;) = 2,1 <j<v,and my(Ag) =1 for
k € N\ {k1, ..., ky}. Thus, we obtain the representation

A(A) -, 2A(0)
F@)= FOu) o+ ) F'Ou; .
() kEN\{kzj}j_” ) G N ; ") G 58700

We now treat the example of Tamarkin [45] on the interval [0, 1].
EXAMPLE 5.3. Consider the regular eigenvalue problem
—y'=ky, O<x<1, 2y0)—y()=y©O) -y D=0 (55

Thus, we have the fundamental system of solutions

sin \/Xx
yi(x, A) =cos Vax, ya(x,r) = i
and the characteristic determinant
3.0 A2
AL =3(1 — cos V) = S ]1:[1<1 — W) . (5.6)

Thus, the eigenvalues have the form iy = 472k2, where k e Ny :=NU {0}. Here
mq(Ao) = 1 and for k € N we have m,(Ar) = 2, while mg(A;) = 1. We calculate

9
A"Op) = ——, keN. (5.7)

NGO =2, AGo) = ;
2 817

g
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Green’s function G (x, &, A) of (5.5) is equal to
(cos /A& 4 cos VA(E — 1)) (sin v/A(x — 1) — 2 sin v/Ax)
+ (2 sin V/AE + sin v/A(& — 1))(cos V/Ax — cos VA(x + 1))

| +3(1 — cos v/A) sin VA (E — x), £ <x,

20 A(h
A0 (cos v/AE + cos VA(E — 1)) (sin VA (x — 1) — 2 sin v/Ax)

+ (2 sin v/A€ + sin v/A(E — 1))(cos v/Ax — cos v/A(x + 1))
—3(1 = cos VA) sin VA(E — x), £>x.

Fix an arbitrary &y € [0, 1]. Then according to (5.6), (5.7) and Theorem 4.2, the
integral transform

1
F() = fo f@e&, Wdx,  f)eL*O, D),
has the Hermite-type sampling expansion

F(\) = 2(1+MF(0)

e 40 + A)(1 = cos /2) . 8ap(1 = cos /A
+;(F(Ak) TR + 00— )

Now we discuss some open questions concerning the above mentioned results.

1. The boundary value problem (5.5) of the last example was introduced by Tamarkin
in [45]. The only change is that he considered the interval [—m, 7] instead of [0, 1].
Let us consider his interval and the sampling treatment associated with this problem
introduced by Higgins in [28] in a different manner. Thus the eigenvalues will in
this case be Ay = k%, k € Ng. The algebraic multiplicity of all eigenvalues is 2 and
the geometric multiplicity is 1. Therefore every eigenfunction has one and only one
associated function. In the above notation [45],

Y0,0,0(x) =3x +m, yoro(x)=sinkx,keN, yoi1(x)=3x+m)cosnx.

Also the adjoint eigenvalue problem will have the system of eigen- and associated
functions

20.00x) =1, zoko(x)=coskx,keN, zor1(x)=—Bx —m)sinnx.

Higgins’s treatment depends on the fact that we can concretely find functions (kernels)
that generate all eigen- and associated functions. Therefore there is a possibility to
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define kernels K (x, 1) and K*(x, A) such that the biorthogonal version of Kramer’s
lemma is applicable, since the eigen- and associated functions of the problem and its
adjoint are biorthogonal Riesz bases. These kernels are

K(x, A) = cos 2(7[\/)_»/2) Bx +m) cos(«/Xx/Z)
+ sin2(rv/A/2) sin((v% + Dx/2),
K*(x, A) = sin 2(rv/A/2) (7 — 3x) sin((v/A + 1)x/2)
+ cos Z(n«/X/Z) cos(«/Xx/2).

The question now concerns the possibility of finding kernels in general nth (n > 2)
order regular problems which generate all eigen- and associated functions and for
which Kramer’s biorthogonal lemma is applicable. Even for strongly regular problems
this question has not been answered [1].

2. Our sampling nodes (the eigenvalues) do not satisfy relations like (1.4) above.
Instead, we have the asymptotics (3.1). Our second question is twofold. First assume
we have nodes which satisfy (3.1). Can we explicitly construct a regular eigenvalue
problem with these nodes as eigenvalues and derive the associated sampling results?
This part is connected to the inverse problem for differential operators. The second part
in concerned with the same point, but when the nodes satisfy (1.4) instead of (3.1).

3. Finally, is it possible to derive a sampling theorem associated with irregular
problems, and what type of sampling representations would be obtained?

References

[1] M. H. Annaby, ‘Interpolation expansions associated with nonselfadjoint problems’, Commun.
Appl. Anal. 3 (1999), 545-561.

[2] M. H. Annaby, ‘On sampling theory associated with the resolvents of singular Sturm-Liouville
problems’, Proc. Amer. Math. Soc. 131 (2003), 1803-1812.

[3] M. H. Annaby and P. L. Butzer, ‘On sampling associated with singular Sturm-Liouville eigenvalue
problems: the limit circle case’, Rocky Mountain J. Math. 32 (2002), 443—-466.

[4] M. H. Annaby and G. Freiling, ‘Sampling expansions associated with Kamke problems’, Math. Z.
234 (2000), 163-189.

[5] M. H. Annaby and G. Freiling, ‘Sampling integro-differential transforms arising from second order
differential operators’, Math. Nachr. 216 (2000), 25-43.

[6] M. H. Annaby and G. Freiling, ‘A sampling theorem for transforms with discontinuous kernels’,
Appl. Anal. 83 (2004), 1053-1075.

[71 M. H. Annaby, G. Freiling and A. I. Zayed, ‘Discontinuous boundary value problems: expansion
and sampling theorems’, J. Integral Equations Appl. 16 (2004), 1-23.

[8]1 M. H. Annaby and A. I. Zayed, ‘On the use of Green’s function in sampling theory’, J. Integral
Equations Appl. 10 (1998), 117-139.

[9] H.E. Benzinger, ‘Pointwise and norm convergence of a class of biorthonormal expansions’, Trans.
Amer. Math. Soc. 231 (1977), 259-271.

[10] G.D. Birkhoff, ‘Boundary value and expansion problems of ordinary linear differential equations’,
Trans. Amer. Math. Soc. 9 (1908), 373-395.
[11] R. P.Boas, Entire Functions (Academic Press, New York, 1954).

https://doi.org/10.1017/5144678870900024X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870900024X

[21]

(12]

[13]

[14]
[15]
[16]
[17]

(18]

[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]

[29]

(30]
[31]
(32]
[33]
[34]

[35]

Sampling and Birkhoff regular problems 309

P. L. Butzer, ‘A survey of the Whittaker—Shannon sampling theorem and some of its extensions’,
J. Math. Res. Exposition 3 (1983), 185-212.

P. L. Butzer, G. Schmeisser and R. L. Stens, ‘An introduction to sampling analysis’, in:
Nonuniform Sampling, Theory and Practice (ed. F. Marvesti) (Kluwer/Plenum, New York, 2001),
pp- 17-121.

P. L. Butzer and G. Schoéttler, ‘Sampling theorems associated with fourth and higher order
selfadjoint eigenvalue problems’, J. Comput. Appl. Math. 51 (1994), 159-177.

L. L. Campbell, ‘A comparison of the sampling theorems of Kramer and Whittaker’, SIAM J. Appl.
Math. 12 (1964), 117-130.

E. A. Coddington and N. Levinson, Theory of Ordinary Differential Equations (McGraw-Hill,
New York, 1955).

W. N. Everitt, A. G. Garcia and M. A. Herndndez-Medina, ‘On Lagrange interpolation series and
analytic Kramer kernels’, Results Math. 51(3-4) (2008), 215-228.

W. N. Everitt and G. Nasri-Roudsari, ‘Interpolation and sampling theories, and linear ordinary
boundary value problems’, in: Sampling Theory in Fourier and Signal Analysis: Advanced Topics
(eds. J. R. Higgins and R. L. Stens) (Oxford University Press, Oxford, 1999), pp. 96-129.

W. N. Everitt and G. Nasri-Roudsari, ‘Sturm-Liouville problems with coupled boundary
conditions and Lagrange interpolation series: II’, Rend. Mat. Roma 20 (2000), 199-238.

W. N. Everitt and A. Poulkou, ‘Kramer analytic kernels and first-order boundary value problems’,
J. Comput. Appl. Math. 148 (2002), 22—47.

W. N. Everitt, G. Schéttler and P. L. Butzer, ‘Sturm-Liouville boundary value problems and
Lagrange interplation series’, Rend. Mat. Roma (14) 7 (1994), 87-126.

H. Fiedler, ‘Zur Regularitit selbstadjungierter Randwertaufgaben’, Manuskripta Math. 7 (1972),
185-196.

A. G. Garcia and M. A. Hernindez-Medina, ‘A general sampling theorem associated with
differential operators’, J. Comput. Anal. Appl. 1(3) (1999), 147-161.

G. R. Grozev and Q. I. Rahman, ‘Reconstruction of entire functions from irregular spaced sampled
points’, Canad. J. Math. 48(4) (1996), 777-793.

G. R. Grozev and Q. I. Rahman, ‘Hermite interpolation and an inequality for entire functions of
exponential type’, J. Inequal. Appl. 1 (1997), 149-164.

A. Haddad, K. Yao and J. Thomas, ‘General methods for the derivation of the sampling theorem’,
IEEE Trans. Inform. Theory IT-13 (1967), 227-230.

J. R. Higgins, Sampling Theory in Fourier and Signal Analysis: Foundations (Oxford University
Press, Oxford, 1996).

J. R. Higgins, ‘Notes on the derivation of sampling theorems from non-selfadjoint boundary value
problems’, SAMPTA’99, Loen, Norway, August 11-14 (1999), pp. 221-226.

J. R. Higgins, ‘A sampling principle associated with Saitoh’s fundamental theory of linear
transformations’, in: Analytic Extension Formulas and their Applications (Fukuoka, 1999/Kyoto,
2000), International Society for Analysis, Applications and Computation, 9 (Kluwer Academic
Publishers, Dordrecht, 2001), pp. 73-86.

J. R. Higgins, G. Schmeisser and J. J. Voss, ‘The sampling theorem and several equivalent results
in analysis’, J. Comput. Anal. Appl. 2 (2000), 333-371.

G. Hinsen, ‘Abtastsdtze mit unregelméfBigen Rekonstruktionsformeln, Konvergenzaussagen und
Fehlerbetrachtungen’, PhD Thesis, Aachen, 1993.

G. Hinsen, ‘Irregular sampling of bandlimited L?-functions’, J. Approx. Theory 72 (1993),
346-364.

G. Hinsen and D. Klosters, ‘The sampling series as a limiting case of Lagrange interpolation’,
Appl. Anal. 72 (1993), 346-364.

M. 1. Kadec, ‘The exact value of the Paley—Wiener constant’, Soviet Math. Dokl. 5 (1964),
559-561.

G. M. Kesel’man, ‘On the unconditional convergence of eigenfunction expansions of certain
differential operators’, Izv. Vyss. Ucebn. Zaved. Mat. 39 (1964), 82-93 (in Russian).

https://doi.org/10.1017/5144678870900024X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870900024X

[48]

[49]

[50]

M. H. Annaby, S. A. Buterin and G. Freiling [22]

H. P. Kramer, ‘A generalized sampling theorem’, J. Math. Phys. 38 (1959), 68-72.

B. Levin, Distribution of Zeros of Entire Functions (American Mathematical Society, Providence,
RI, 1964).

N. Levinson, Gap and Density Theorems (American Mathematical Society, Providence, RI, 1940).
V. P. Mikhailov, ‘On Riesz bases in L2(0, 1)’, Soviet Math. Dokl. 3 (1962), 851-855.

A. Minkin, ‘Odd and even cases of Birkhoff-regularity’, Math. Nachr. 174 (1995), 219-230.

M. A. Naimark, Linear Differential Operators. Part I: Elementary Theory of Linear Differential
Operators (Frederick Ungar, New York, 1967).

R. Paley and N. Wiener, Fourier Transforms in the Complex Domain, American Mathematical
Society Colloquium Publications, 19 (American Mathematical Society, Providence, RI, 1934).

S. Salaff, ‘Regular boundary conditions for ordinary differential operators’, Trans. Amer. Math.
Soc. 134(2) (1968), 355-373.

J. D. Tamarkin, ‘On some general problems of the theory of ordinary equations’, Petrograd,
1917 (in Russian).

J. D. Tamarkin, ‘Some general problems of the theory of ordinary linear differential equations and
expansion of an arbitrary function in series of fundamental functions’, Math. Z. 27 (1927), 1-54.
J. J. Voss, ‘Irregulires Abtasten: Fehleranalyse, Anwendungen und Erweiterungen’, PhD thesis,
Erlangen, 1999.

J. J. Voss, ‘Error analysis for nonuniform sampling expansions’, Proceedings of the
1999 International Workshop on Sampling Theory and Applications (Loen, Norway, 1999),
pp- 227-233.

P. Weiss, ‘Sampling theorems associated with Sturm-Liouville systems’, Bull. Amer. Math. Soc.
63 (1957), 242.

A. 1. Zayed, M. A. El-Sayed and M. H. Annaby, ‘On Lagrange interpolations and Kramer’s
sampling theorem associated with selfadjoint boundary value problems’, J. Math. Anal. Appl. 158
(1991), 269-284.

A. 1. Zayed, G. Hinsen and P. L. Butzer, ‘On Lagrange interpolation and Kramer-type sampling
theorem associated Sturm—Liouville problems’, SIAM J. Appl. Math. 50 (1990), 893-909.

M. H. ANNABY, Department of Mathematics, Faculty of Science, Cairo University,
Giza, Egypt
e-mail: mannaby@qu.edu.qa, mhannaby @yahoo.com

and

Current address: Department of Mathematics and Physics, Qatar University,
PO Box 2713 Doha, Qatar

S. A. BUTERIN, Department of Mathematics, Saratov State University,
Astrakhanskaya str. 83, 410012 Saratov, Russia
e-mail: buterinsa@info.sgu.ru

G. FREILING, Fachbereich Mathematik, Universitdt Duisburg-Essen,
D-47057 Duisburg, Germany
e-mail: freiling@math.uni-duisburg.de

https://doi.org/10.1017/5144678870900024X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870900024X

