Canad. J. Math. Vol. 63 (4), 2011 pp. 755-797
doi:10.4153/CJM-2011-026-1 GQ%
(© Canadian Mathematical Society 2011

On the Geometry of the Moduli Space of
Real Binary Octics

Kenneth C. K. Chu

Abstract. The moduli space of smooth real binary octics has five connected components. They para-
metrize the real binary octics whose defining equations have 0, . . . , 4 complex-conjugate pairs of roots
respectively. We show that each of these five components has a real hyperbolic structure in the sense
that each is isomorphic as a real-analytic manifold to the quotient of an open dense subset of 5-
dimensional real hyperbolic space RH? by the action of an arithmetic subgroup of Isom(RHP). These
subgroups are commensurable to discrete hyperbolic reflection groups, and the Vinberg diagrams of
the latter are computed.

1 Introduction

A (complex) binary octic refers to a hypersurface of degree eight in the complex pro-
jective line CP'; in other words, it is the set of roots in CP' of a homogeneous poly-
nomial of degree eight in two variables with complex coefficients. One can think of
a binary octic as an 8-point configuration in CP', counting multiplicity. A binary
octic is said to be smooth if it is smooth as a hypersurface in CP'; equivalently, it
is smooth if the eight roots of any of its defining polynomials are pairwise distinct.
The GIT-stable (or more briefly, stable) binary octics are those with at worst triple-
point singularities. A real binary octic is a binary octic that is preserved by complex
conjugation on CP'.

Using periods of certain branched covers of CP', Deligne-Mostow [7], Terada
[16], [15], Matsumoto—Yoshida [[12] have described the arithmetic hyperbolic 5-ball
quotient structure of the moduli space M of stable complex binary octics. The use
of periods of curves is classical, for instance, in the construction of the moduli space
of elliptic curves and Picard curves [14]. Kondo6 [11]] produced the same description
of M; using periods of K3 surfaces.

Following the approach of Allcock—Carlson—Toledo in [3] for real cubic surfaces
and [2]] for real binary sextics, this article describes how the Deligne—-Mostow con-
struction of the moduli space of complex binary octics induces a real hyperbolic
structure on each connected component of the moduli space of smooth real binary
octics. This result is stated as Theorem Unlike in [3]] and [2]], the scalar ring
involved here is the Gaussian integers and the lattice involved is no longer unimod-
ular. These lead to considerable added computational complexities, as well as the
unforeseen semi-direct product structure of one of the monodromy groups.
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2 The Moduli Space of Complex Binary Octics as an Arithmetic
Quotient of CH®

2.1 The Fibration of Cyclic Covers Branched over Octics and the Hermitian
Structure of the Cohomology of its Fiber

Define
Xo={(p,[x0:x:y]) € PxP(1,1,2) | y* — p(x0,x1) = 0},

where P is the space of all binary octic forms and P(1, 1, 2) is the weighted projective
space of weights (1, 1, 2), which is defined as follows:

P(1,1,2) == (C — {0})/~,

where the equivalence relation ~ is given by: (x,x1,y) ~ (x§,x],y’) if and only
if there exists A\ € C — {0} such that (x},x],y’) = (A\xo, \x1, \2y). P(1,1,2) is a
projective variety isomorphic to the cone in CP® with apex [0 : 0 : 0 : 1] over a
conic plane curve in {[Zy : Z, : Z, : 0] € (CIP’s} & CP?. See [10], for example, for
this isomorphism. The cone point of P(1,1,2) is [0 : 0 : 1] € P(1,1,2) and it is the
unique singular point of P(1, 1, 2). The hypersurface X does not contain this singular
point.
Define the maps

o1 X = X: (p,[xo 31 1 y]) > (p, %0t 1 i),
II: X — P: (p, [x0 : %1 : y]) — p,
T X > CP': (p,[x0 221 2 y]) — [x0 : x1].

Let Py be the space of smooth binary octic forms (homogeneous binary polynomials
of degree eight). Let X, := I171(P,). Then for each p € P, the fiber

X, = O (p) = {lx0:x1 : y] €P(1,1,2) | y* — plx0, %) = 0}

is a (smooth) compact Riemann surface. The map o: X — X induces a cyclic action
on X of order 4. o preserves every fiber of II, hence restricts to a cyclic action of
order 4 on each fiber X, := II"'(p), p € Py. The map 7: X — CP! is well-defined
since [0 : 0 : 1] € P(1,1,2) — X. Observe that for each p € Py, the restricted
map 7|y, : X, — CP' is a cyclic cover of CP' of degree 4 branched over the eight
distinct roots of p(xy,x;) in CP', and it has exactly eight ramification points, each
with ramification index 4. By the Riemann—Hurwitz theorem, g(X,,) = hl*O(Xp) =9,

for each p € Py. Thus, X, I Py is a fibration whose fiber over each p € P is the
compact Riemann surface X, := II"!(p), which has genus 9 and is a cyclic covering
of CP' branched over the roots in CP' of the polynomial p(xy, x;).

For economy of notation, we denote also by o the restriction of o: X — X to the
fiber X, = II"!(p), for any p € Py. Similarly, we denote also by o the induced map
on the H'(X,, Z) or H'(X,, C).
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Lemma 2.1 Themapo: H' (X,,C) — H'(X,, C) preserves the Hodge decomposition
H'(X,C) = HY(X,) © H*'(X,), and

HY(X,) =H_(X,) ® H(X,) @ HY (X,),

where H},£71 (Xp), Hlﬁi(Xp), and H},ﬁ_i(Xp) are the (—1)-, (i)-, and (—1)-eigenspaces
ofo: HYO(X,) — H"(X,), respectively. Furthermore,

. 1,0
dimc H

o=

(X)) =3, dimcH%(X,) =5, and dimcH:

azfi(XP) =1
Proof Since X, 2, X, is holomorphic, H! (X5,0) SR H'(X,, C) preserves the Hodge
decomposition H'(X,,C) = H"*(X,) & H*!(X,). So restriction of o to H"*(X,)

yields a map H'(X,) % H"(X,). Since o|go(x,) still satisfies the identity o* — 1 =
0, and 1is not an eigenvalue of o (because H' (CPY,C) = {0}), itimmediately follows
that H*(X,) = H,° | (X,) @ H)%,(X,) @ H)? (X,).

To compute the indicated dimensions, it is sufficient to compute it for a polyno-
mial p(xo, x1) whose roots do not include 0 = [0 : 1],00 = [1:0] € CP! and such
that p(xo, 1) is 2 monic polynomial in xy. Such an X, is isomorphic to the comple-
tion X of the affine plane curve {(x, y) € C* | y* — p(x,1) = 0}. See [13] for this
completion process.

The Riemann surface X also has an order-four cyclic action, and the induced ac-
tion on the cohomology of X. We denote both these actions also by o. Straightfor-

. . 2 .
ward verifications show that 4%, £4% and £ dX define holomorphic 1-forms on X

and belong to the (—1)-eigenspace of the cyclic action ¢ on the cohomology of X.
dx xdx xdx xdx
),3 > ),3 > }’3 > yS

to the (+i)-eigenspace of o, and 9* defines a holomorphic 1-form on X belonging
to the (—i)-eigenspace of o. These nine holomorphic 1-forms are linearly inde-
pendent over C, and since dim¢ H'*(X) = dim¢ H"*(X,) = 9, we see that their
cohomology classes form a basis for H'°(X). Consequently, dim¢ H' | (X) = 3,

dime H? ,(X) = 5, and dim¢ H.°

o=—i

Similarly, , % define holomorphic 1-forms on X belonging

(X) = 1. Since X, and X are isomorphic as
cyclic branched covers of CP', the lemma follows. [ ]

Next, for each p € Py, define
AX,) ==Hp_ (Xp, 2) == {¢ € H'(X,,7) | 0*(¢) = —¢}.

Then o|ax,) satisfies o2 + 1 = 0. Consequently, if we define multiplication by —i in
A(X,) by
—i-¢:=0(9),

then A(X,) becomes a Z[i]-module. We need to define the action of ¢ to be multi-
plication by —i because we want to embed A(X,) into H'_ (X > ©). This is because
the (1,0)-summand of H},:A(Xp, () is 1-dimensional (see Lemma 2.1] or Proposi-
tion 2.3)), which will eventually yield a holomorphic complex period map into com-
plex hyperbolic space; see Section If we defined the action of o to be multipli-

cation by i, then A(X,) would be embedded into H,_;(X,, C), whose 1-dimensional
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summand under Hodge decomposition is its (0, 1)-summand. The resulting period
map into complex hyperbolic space would then be anti-holomorphic instead.

Proposition 2.2 With the above Z[i]-module structure, A(X,) becomes a free Z[i]-
module of rank 6.

Proof First, note that A(X),) is torsion-free as a Z-module, being a Z-submodule
of the free Z-module H 1(X[,, 7) = 7'8. And, elementary arguments show that, for
any element ¢ € A(X,), 0(¢) cannot be a Z-multiple of ¢. These two observations
together imply that A(X,) is torsion-free over Z[i]. Since Z[i] is a PID, A(X,) is a free
7Z[i]-module. Next, note that

1 1
ranky;) A(X,) = 3 rank; A(X,) = 3 - ranky H;zz,l(Xp,Z)
|
= E . dlm((j H(}—Z:71(Xpa (C)
1 . .
=5 {dimc H | (X,) + dimc HY. (X))}
1 . . .
=52 dime HY _[(X,) = dim¢ H%(X,) + dime HYY_,(X,)
= 6’
where Lemma[2.Jlwas used in the second last equality. ]

Consider the embedding A(X,) — H}

o=—1i

(Xp, C) induced by

H, (X0 H, (X)) ®RG H,  (XpR)®C — > H, (X0
A(Xp) H!__(X,,Q)@®H!_(X,,Q
H)_ (X, ©

That the above composition A(X,) — H}__;(X,, C) is indeed injective follows from
the fact that if V' is a real vector space with a complex structure J, then the projection
map V @ C — VOV: v y+i]J(v) maps V bijectively onto V!, where V©V is
the (—i)-eigenspace of the C-linear extension of J to V @y C.

Leth’: H.__;(X,,C) x H,__;(X,,C) — C be the Hermitian form given by

o=—1i o=—1i

h' _

(o, B) r—>2i/ aNp.
Xp

The above Hermitian form induces a Z[i]-lattice (i.e., a Z[i]-module equipped with a
Z[i]-valued Hermitian form) structure on A (X, ), as the following Proposition shows:
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Proposition 2.3

(i) k' is positive-definite on Hlﬁ_i(Xp, C) and negative-definite Ho’zl_i(Xp, C). Con-
e _1(Xp, ©), h ) is isometric to the standard Lorentzian—Hermitian
space C'» = C*°~,

(ii) Let h be the pullback to A(X,,) of the Lorentzian—Hermitian form
h:H._ (X, C) x H,

by the embedding A(X,) — H;:A(Xp,(C). Then h is in fact /Z[i]-valued on
A(X,) x A(X,), and it is a Z[i]-valued Hermitian form on A(X,) given by the
following formula:

h(&n) =Q(& o) +iQE,n), forany &, n e AX,),
where Q: H'(X,,7) x H (X,,7) — 7 is given by
Q(O{,ﬁ) = <Oé U 57 [Xp]>

(iii) The Lorentzian 1[i]-valued Hermitian quadratic form on A(X,) constructed as in
() is abstractly isometric to the following Z[i]-lattice:

(e [ -2 1+ -2 1+i 0 1+i
A'(Z[']’L—i —2}@[14 —2]@{14 OD
Proof

(i) Let z = x + iy be a local coordinate of the Riemann surface X,,, with real and
imaginary parts x and y, respectively. Then

sequently, (H

(X,,C) — C

dzAdz=dx+iy) Ad(x—iy)=—-idxAdy+idyAndx=-2idxAdy.

Hence, 2idz A dZ = 4dx A d y, which immediately shows that k' is positive-
definite on holomorphic 1-forms and negative-definite on antiholomorphic 1-

forms.

(ii) Write Z for the embedding A(X,) <> H!__,(X,,C). For an arbitrary £ €
AX,) C H;zz_l(Xp,(C) = H;:i(XP,(C) &) H;:_i(Xp,(C), write £ = &, + &,
where §, € H}_;(X,,C) and & € H)__;(X,,C). Of course, we then have
Z(§) = &. Now, note that

1

— 1
Xpﬁz/\fr,— Xp&,/\&—z/xp&/\&z prf,/\ﬁz

1 1 1 1
=LLaAa+L&aA@—LLaAa—2%aAa
1 1
s Jerana - [@rans

=5 ene-3 [ ens

1

) e -9
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Hence,

W (Z©),2) =2i | GAg=2i- % ENE—&) = [ ENGEL—ig)
X, X,

Xp

= [ En(a@)+a&) = | Ena(&)=Q(&a(9).
XP XP

So we now know that the quadratic form Q: A(X,) — (C associated with

h
the Hermitian form A(X,) x A(X,) — Cis in fact Z-valued and is given by
Q&) = Q(&,0(8). This immediately implies that the real part hgymm( -, +)
of h(+, ) = hymm(-, ) + ihgew(-, ) is also Z-valued and is given by
hsymm(ga 77) = Q(f» 0(77)) .
Next, recall that the real and imaginary parts of a general Hermitian form

H(E,m) = F(&,n) +iG(€, ) are related by: F(J(€),n) = —G(€,n), where
] is the pertinent complex structure. See, for example, [5, Section 7.2]. In our

context, ¢ = —J, since ¢ is multiplication by —i, and F(§, 1) = heymm(§, 1) =

Q(gao—(n)) Thus, we have 7hskew(§7n) = 7G(£777) = F(](f)»ﬂ) =
Q(*U(f),d(n)) = —Q(&,n), which implies

hskew(§7 T)) = 9(57 T])

We may now conclude that h: A(X,) x A(X,) — Cisin fact Z[i]-valued and it
is given by the following formula:

h(&,m) = Q& aln) +iQE ).

(iii) The inner product matrix of the Z[i]-lattice A(X,) with respect to the basis for
A(X,) chosen in Section 6 of [12] (pp. 273—274 thereof) is

0 0 0 0 0 —1+i
0 -2 —1+i 0 0 0
s | 0 -1-i -2 0 0 0
’ 0 0 0 -2 —1+1i 0
0 0 0 —-1-1i -2 0
—-1-—1i 0 0 0 0 0
This is readily seen to be equivalent over Z[i] to
-2 1+i 0 0 0 0
1—1i =2 0 0 0 0
A |00 2 1+i 0 0
T 0 0 1—1 -2 0 0
0 0 0 0 0 1+1i
0 0 0 0 1—1 0
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More precisely, let

O 0 0 0 10
0 -1 0 0 00
{1 0 0 0 00 ene
Mi=1o g o -1 o o S
0 0 1 0 00
0 0 0 0 0 i

Then det(M) = i; hence, M € GL(Z[i], 6). Furthermore, the following equality
holds:
A = M'BM.

This proves statement (ii1). [ ]

2.2 The Space of Framed Octic Forms

In this section, we describe the space of framed smooth octic forms and its Fox com-
pletion [8] over the stable octic forms; this Fox completion is called the space of
framed stable octic forms. These spaces of framed octic forms are the domains of the
period maps described in the subsequent sections. The complex ball quotient struc-
ture of M arises through these period maps. We omit all proofs, but refer to [1f],
which treats the analogous case of the complex cubic surfaces.

Definition 2.4 A framed smooth octic form over p € Py is a “projective equivalence

class” of an (abstract) isometry of A(X,) — A, where two such isometries are said
to be “projectively equivalent” if one is a /[i]-unit scalar multiple of the other.

Let A(Xy) be the sheaf over P associated with the presheaf

U H. (TT7'(V),7).
Proposition (@) implies that A(X,) is a sheaf over Py of Z[i]-valued Her-
mitian modules, with stalks isomorphic to the rank-six Z[i]-lattice A. Let
]P’Hom(A(%O), Py % A) be the sheaf of projective equivalence classes of sheaf ho-
momorphisms from A(X,) to Py x A.

Definition 2.5 The space Fy of framed smooth octic forms over Py is the subsheaf of
]P)Hom(A(%o), Py x A) consisting of projective equivalence classes of sheaf homo-
morphisms A(Xy) — Py x A that restrict to an isometry on each stalk.

Fo is a complex manifold and its stalks are the framed smooth octic forms, as

defined in Definition24 JF, can be alternatively described as the Galois covering of
Py associated with the kernel of the “projectivized monodromy representation”

Po: w1 (Po, po) — P Isom(A(Xpo)) = PIsom(A),
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which of course derives from the standard monodromy representation
p: w1 (Po, po) — Isom(A(Xpo)) ,

where py € Py is an arbitrary but fixed smooth octic. It is clear from this description
of ¥, as a Galois covering over a path-connected base space that it is connected.
The monodromy group—and the deck transformation group—p(m(ﬂ”o7 po)) -
P Isom(A) turns out to be all of PIsom(A). So, PI" := P Isom(A) acts on F; as
deck transformations, and PT'\Fy = P,.

Let G := GL(2,C)/(all eighth roots of unity). G acts naturally on P, (by linear
change of variables). This action extends to a free action on J via the induced action
on cohomology (see Sections (2.10) and (3.10) in [I]] for the analogous case of cubic
surfaces).

Next, let P, be the space of all stable binary octic forms and F; — P; be the Fox
completion (see [8]) of the covering Fy — Py over P;. F; is a branched covering of
P, with four-fold branching over A! C P, the locus in P; corresponding to octics
with one double point and no other singularities. Intuitively, F; coincides with
over Py, and, for a singular octic p € A!l, F; retains information about the vanishing
cohomology corresponding to the singularities of p. We call F; the space of framed
stable octic forms.

The actions of G and PI" on F, extend naturally to F;, and it can be shown that
PI\F, = P,

2.3 The Complex Period Map and the CH® Quotient Structure of M

The period map of interest to us is defined as follows:

Fo 5 CH® = CH(A Q5 C)
{A(XP)LA} — i(HY (X))

Note that PI" = P Isom(A) naturally acts on CH®> = CH(A ®z1i) €). The period
map p is holomorphic because the Hodge filtration varies holomorphically (see, for
example, [1, (2.16)]), invariant under the action of G on J, and it is equivariant
with respect to the actions of PT' = P Isom(A) on F and CH.

The period map p extends holomorphically to JF; to a (G ~ F;)-invariant and
IPT"-equivariant map, also denoted by p. The map p therefore descends to a map
p: F,/G — CH, which turns out to be an isomorphism of complex manifolds.
Furthermore, p maps J bijectively to (CH> — J), where

I U {(C]H[(rJ‘) c e risavectorin A of}
squared norm —2 |’

P
restricting also to an isomorphism of complex manifolds Fy/G — (CH> — ().

The results of Deligne—Mostow [7] and Matsumoto—Yoshida [12] show that M
and IPT"\CH are isomorphic as complex analytic (quasi-projective) varieties via the
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following series of isomorphisms:
M, := P(P,)/P GL(2,C) = P,/G = (PT'\F,)/G = PT'\(F,/G) = PT\CH.

We remark that M and PT'\CH’ are isomorphic only as complex analytic varieties,
but not as complex analytic orbifolds. That their orbifold structures are distinct can
be seen by the fact that the orbifold points of P(P;)/IP GL(2,C) correspond to oc-
tics with nontrivial authomorphisms, whereas the orbifold points of PT"\CH’ corre-
spond to singular octics.

3 The Allcock-Carlson-Toledo Construction of M

As shown in the last section, the moduli space M; of stable binary octics is isomor-
phic as a complex analytic variety to the ball quotient PT'\CH’. We shall show in
Section [3.3] that periods in CH® corresponding to real octics lie on a certain collec-
tion of copies of real hyperbolic 5-space RH" inside CH".

More precisely, complex conjugation x on CP' naturally induces a map on the
space P of complex octic forms by conjugating coefficients (see Definition[3.2)), and
real binary octic forms (i.e., those octic forms with only real coefficients) can be
characterized as fixed points of this induced map. This implies that, for a smooth
real binary octic form p, the complex conjugation x: CP' — CP' induces an anti-
holomorphic involution «,: X, — X,, which in turn induces an involutive anti-
isometry (see Definition /iI’J on H'_ (Xp, ©), which likewise restricts to an

—1
involutive anti-isometry on A(X,). Any isometry i: A(X,) = A will then in-
duce an involutive anti-isometry x,, on A, and x,, extends to an involutive anti-
isometry on C'° = A ®y};) C. In Section[3.5 we will show that the complex period
i(H(lfﬁ_i(Xp)) € CHP is a fixed point of the projective class [Xx,] of X, and that
the fixed point set of [, ] is isomorphic to real hyperbolic 5-space RHC. A copy of
RH® within CH® = CH(A ®y5) €) will be called an integral copy of RH if it is the
fixed point set of the projective class of an involutive anti-isometry A.

Thus, the complex periods of real binary octic forms all lie on integral copies of
RH? within the period domain CHP. Consequently, in order to locate all the periods
in CH’ corresponding to real binary octic forms, we first determine all the involu-
tive anti-isometries of A, and subsequently their fixed point sets. However, there
is a slight complication due to the fact that CP' admits two PGL(2, C)-conjugacy
classes of antiholomorphic involutions, represented by complex conjugation and the
antipodal map on CP* respectivelyﬂ The antipodal map will also induce involutive
anti-isometries on A. We will therefore need to separate the two kinds of involutive
anti-isometries of A and discard those induced by the antipodal map.

3.1 Complex Conjugation and the Antipodal Map on CP' and Their Related Maps

Definition 3.1 Define the maps x: €2 — €%, and a: C* — (? respectively by
K(xg, x1) := (X0, X1), and av(xo, x1) 1= (X1, —X).

Janos Kollar, Real forms, unpublished notes.
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Definition 3.2 Letv: C?> — C? be either x or « as in Definition[3.Jl We define the
action of v on the space P of complex binary octic forms as follows:

(v - p)xo, x1) = p(v(xo,x1)), forp € P.

Definition 3.3 We define an antilinear anti-involution on a complex vector space

v
V to be an antilinear map V' — V such that v? = —idy.

Note that an antilinear anti-involution has order four. We will use this notion in
the proof of Lemma[3.32

Remark 3.4 Themap x: C* — (C? is an antilinear involution, whereas o:: C*> — C?
is an antilinear anti-involution. x: C*> — C? descends to complex conjugation on
CP', whereas a: €2 — (C? descends to the antipodal map on CP'. We will also use
# to denote complex conjugation on CP' and « the antipodal map on CP'. Which
map is intended should be clear from the context.

Definition 3.5 A binary octic form is said to be real (respectively antipodal) if it is
preserved by complex conjugation C? Le (respectively the antipodal map C? 5
() via the action as in Definition[3.2} We denote by P& the set of smooth real binary
octic forms, and by P5™" the set of smooth antipodal binary octic forms. We denote

by F& and 3’"8mip the preimages of P and i]’gmip, respectively, under the covering map
F 0o — :PO.

Remark 3.6 There are smooth octics that are preserved by both complex conjuga-
tion and the antipodal map. In other words, Pi N P;™™" £ &, We also point out that,

unlike their complex counterparts, 3"}5{ and ?gmip are not connected; in fact, they have
infinitely many connected components. This will become clear in Lemma[3.32]

Notation 3.7 For p € P, we denote by r,: X, — X, the antiholomorphic invo-

antip
b

lution on X, induced by complex conjugation cp' 5 cp'. Similarly, for p € P,
we denote by o, : X, — X,, the antiholomorphic involution on X, induced by the

antipodal map CP! 2, CP'. Note that, for each octic p € Pk N Tgntip, both x, and
a, on X, are defined.

Definition 3.8 Let GL(2,C)’ be the group of all linear and antilinear automor-
phisms of C2; note that GL(2,C)’ = GL(2,C) x (k). Let every linear element
g € GL(2,C)’ and every antilinear element ¥ € GL(2,C)’ act on €’ respectively
by
g(x0,x1,y) := (glxo,x1),¥), and v(xg,x1,y) = (v(x0,%1),7).

We will also consider elements of GL(2,C)" as automorphisms of (1, 1,2) via the
representation GL(2, C)’ — Aut’ IP(1, 1, 2) corresponding to the action GL(2,C)" ~
(C? above, where Aut’ P(1, 1,2) is the automorphism group of (1, 1, 2) induced by
linear and antilinear automorphisms of C.
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Definition 3.9 Let G be the stabilizer in G of the set Pl with respect to the action
G ~ Py. Similarly, let G*P be the stabilizer in G of the set P with respect to the
same action G ~ Py.

Straightforward calculations show that G* = GL(2,R)/(=£1) and

< 0 1 0 1
antip __ .o = .
G —{gEGL(Z,(C)‘ {_1 0] g=+g [_1 0”

_ 2] 2 2%2
- {L:zZ q:zl] €c

It is obvious that G® is also the stabilizer in G of the set F& with respect to the action
G ~ F; similarly, G® is also the stabilizer in G of the set ;""" with respect to the
action G ~ J. The exact roles played by G* and G*"'P in constructing the moduli

space of smooth real octics can be seen in Proposition [3.36]

|Z]|2 + |Zz|2 75 0} .

Definition 3.10 An anti-isometry on a Z[i]-lattice (V, (-, -)) (or a complex vector
space equipped with a Hermitian inner product) is a bijective antilinear map v: V —
V such that (v(x),v(y)) = (x,y), forallx, y € V.

Definition 3.11 Let F( be the space of all pairs (p, [i]), where p € Py, A(X,) LA
is either an isometry or an anti-isometry, and [7] is the projective equivalence class
of i. Let every linear element g € GL(2,C)’ and every antilinear element v €
GL(2,C)’ act on F{ respectively by

(p, i) -g:=(pog lio(g)™"]), and (p,[i])-v:=(pov,[io*) ).
Note that, for (xo : x; : y) € P(1,1,2), we have (xo : x1 : y) € Xpop <= yt =
p(l/(xo,xl)) = (Pt = p(l/(xo,xl)) = v (x,x1,y) == (V(xo,xl)j) € X,.

*y—1 .

v* ™) i
So, v(Xpaw) = Xp. Hence, A(X,) — A(Xpsp) and A(Xpsp) —— A(X,) — A

3.2 The Deformation Types of Real and Antipodal Smooth Octics and Forms

There are five distinct deformation types of smooth real binary octics, in the sense
that a real octic, of any fixed deformation type, cannot be deformed to a real octic
of a different type through the space O = PE/R* of smooth real octics (where
R* := R\ {0} acts by scalar multiplication on the real octic forms, as usual). In other
words, OF has five connected components, i.e.,

Of = 0 L OF L O L oY Lo,

where O](r)«,o, ceey Ol(P)M parametrize the five types of real binary octics according to

Table[3.1
On the other hand, every smooth antipodal octic can be deformed to every other
antip .

smooth antipodal octic through smooth antipodal octics. In other words, O,  is
connected and there is only one deformation type of smooth antipodal octics.
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components of Og{ Oi‘f’o o]ff"‘ O]g{ 2 o]})“ O]é“
# complex conjugate pairs 0 1 2 3 4
# real points 8 6 4 2 0

Table 3.1: Deformation types smooth real binary octics.

Definition 3.12 Let MY denote the moduli space of smooth real binary octics,
ie, ME == OF/PGL(2,R), and My*, M, ..., Mo* its five connected compo-
nents of M]g{, parametrizing octics in O:([f’o, OgR'l, ey Oi‘f"{ respectively. (Therefore,
ME = |_|?:O M?’i.) Let M’g““f’ denote the moduli space of smooth antipodal octics,

ie, MG™P = 05" / Stabparo.0) (05™F).
Remark 3.13 We do not claim that the definition for Mj™"* above is the “correct”
or “natural” notion for the moduli space of smooth antipodal octics. We make this
definition because the method we employ to give a description of each connected
component of MY := OF/PGL(2,R) as a real hyperbolic quotient will simultane-
ously yield, as a byproduct, a similar description for O™ / StaprL(Z’@)(Ogntlp ); see
Proposition

On the other hand, the quotient OF""" / Stabpgr(2.c)(95"F) may be regarded in
a sense as the “antipodal counterpart” of O /PGL(2,R) in light of the fact that
PGL(2, R) = StaprL(z_,(c)(O]([f).

As we just observed, it is easy to count the number of connected components of
O or M§. By contrast, in order to do the same for P}, we need to take into account
the fact that R* has two connected components. Write P for the preimage of O
under the projection P{ — OFf = PX/R*, i = 0,...,4. Consider a smooth real
binary octic in O](Ff’i, determined by say the roots of an octic form p(xg,x;) € fP]g{’i.
Then both p(xg,x;) and —p(xg, x;) descend to the same given octic (8-point config-
uration), but they may or may not belong to the same connected component of TP](I)R”‘.
It is now clear that each TE{’i, i =0,...,4, has either one or two connected compo-
nents, depending on whether or not any (hence every) element p(xg,x;) € iP]g{’i can

be deformed to its negative — p(x, x1) within fP]g{’i. We now prove the following:

R4 RO pR1 pR2
Lemma 3.14 P, has two connected componentsE whereas each of Py, Py, Py,

R,3 antip .
Py, and Py is connected.

Proof If we regard x; and x; as real variables, then each pair p(xo, x1), —p(xo,x1) €
f]’]g{’4 can be regarded as continuous R-valued nowhere vanishing functions of the
real variables xj, x; of opposite signs. Consequently, any continuous deformation
from p(xp,x1) to —p(xg,x1) through the space of continuous R-valued functions

must pass through one that admits zeroes, thereby passing outside (PJ([;{A, since every

2The author wishes to express his gratitude to Dr. Janos Kollar for pointing out the author’s earlier
overlooking of this fact in a private communication.
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smooth real binary octic form in Pg* has no real roots. This proves that Pg* has two
connected components.
Next, consider the following 1-parameter family of binary polynomials:

q3(x0, %13 0) := (x9 cos — x; sin 0)(xy sin @ + x; cos 6), 6 € [0,7/2].

Then g3(xg,x1;0) = xox;, whereas qs3(xo,x137/2) = —xox;. Let r(x9,x;) be any
smooth real binary sextic form with no real roots. Then

P(x07x1;9) = q3(x07x1;9)r(x07x1)7 9 S [0,7'1'/2]7
is a continuous path in fP]g{"z' such that p(xo, x150) = xox;1 - (X0, x1), while

pxo, x15m/2) = —xox1 - 7(X0, X1).

This proves that P is connected.

Similarly, we may define continuous paths in ?E*’i, i = 0,1,2, whose endpoints
are negatives of each other by using the following three families in place of gs:
q2(x0, x1502) 1= (xp cos 6, — x; sin 6,)(xp sin 0, + x; cos 6,)
X (xo cos(f, + m/4) — x; sin(6, + 7r/4))
X (xo sin(6, + w/4) + x; cos(6, + 77/4)) ,
2
q1(x0,x13601) := [] (xo cos(by + nw/6) — x; sin(6; + n7r/6))
n=0
X (xo sin(0; + nm/6) + x; cos(f; + n7r/6)) ,
3
qo(x0,x1560) := [] (xo cos(by + nm/8) — x; sin(fy + n7r/8))
n=0

X (xo sin(fy + nm/8) + x1 cos(fp + n7r/8)) ,

where 8, € [0,7/4],6, € [0,7/6],0y € [0,7/8]. Thus, ?Ef’“, ?Ej"l, and (P]g{'z are con-

antip

nected. Lastly, we conclude that P, is also connected by noting that go(xo, x1; 69)
is a family of antipodal octic forms (in addition to being real). ]

In summary, P§ has six connected components, i.e.,
RO pRI pR2 | pR3 | pRAT | | pRA—
P =Py UP UPH LR UPHH LUPT,

R4+ R4— R4
where P and P, are the two connected components of P".
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3.3 Each p € PX 1 P2™" Gives Rise to an Involutive Anti-isometry of A(X,)

Let p € PfU (Pgmip, and let v, be 5, or a), whichever is defined on X,,. Then the an-

Yp
tiholomorphic involution X, — X, induces an antilinear involution on H ! (X, C)
via

’

H'(X,,C) — H'(X,,C)
6 — ()" (9).

Lemma 3.15

(1) Theantilinear map v, preserves both the Hodge decomposition and the o -eigenspace
decomposition of H' (X, C).

(2) The map V; restricts to an involutive anti-isometry on Hl:sl(va ©C), which in turn
restricts to an involutive anti-isometry on the Z[i]-lattice on A(X,).

(3) The usual pullback v : H'(X,,2) — H'(X,, Z) induced by v,, preserves A(X,,) =
H!,__|(X,,7), and the restriction V;|A(xp) agrees with vy : A(Xp) — A(Xp).

Outline of Proof

(1) Since v, is antiholomorphic, the pullback v, : H '(X,,C) — H'(X,, C) switches
Hodge types of C-valued differential forms; similarly, complex conjugation on
C-valued differential forms switches Hodge types. Hence, v, preserves Hodge
types. To prove that v, preserves o-eigenspaces, we first state two facts: that
ooV, = v, o0’ and that the action of o* on C-valued differential forms
commutes with complex conjugation of differential forms. Both of these facts
can be verified with straightforward calculations. Using these two facts, another
straightforward calculation will show that v, preserves the o-eigenspace decom-
position of H'(X,, C).

(2) The second statement also follows from a direct computation.

(3) The equality o o v, = v, 0 o implies that v;: H'(X,,7) — H'(X,,Z) pre-
serves A(X,) = H!

voo_(Xp,Z). Tt is now immediate that 1/1;| A(x,) agrees with

vy A(X,) — A(X,), since complex conjugation on H I(Xp, C) acts identically
on H' (Xp,2). [ |

Remark 3.16 We will use the notation v, for v,[s(x,) to emphasize that the re-
striction V1§|A(Xp) is an endomorphism of the submodule A(X,) = Hj_zzfl(Xp, 7) of
H'(X,,Z), where complex conjugation on H' (X, C) acts identically.

Notation 3.17 We denote by IAI(A(X})) and TAI(A) the sets of all involutive anti-
isometries of A(X,) and A, respectively.

Definition 3.18 We define the map 7o(F5) L Wo(ﬁ"gmip) — PIAI(A)

[, )] — {“Off;oi—‘l, ifp e 7%,

. % antip
o
[ioa b

0i™!], ifpe®P, -,
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where p € PR U Tgmip, i: A(X,) — Ais an isometry, [i] stands for the projective
equivalence class of i (see Definition 2.4)), and [( ps [i])] stands for the connected

component of F or ?Smip containing (p, [i]).

Definition 3.19 We also define

7o(PR) LI o(PAP) — PIAI(A) /P Isom(A)

antip

o] liokyoi™l], ifpe PR, where i is any frame over p,
—
b oi '], ifp € Py""", where i is any frame over p.

[ioa

Remark 3.20 The occurrences of x, in Definitions .18 and [3.19 can be replaced
with /{1’,, since they agree on A(X,); see Lemma[3.T5land Remark[3.16l Similarly, the
occurrences of oy can be replaced with o I’,.

The maps in Definitions 3.18 and [3.19 are well-defined because i o 7} o i ~!and

ioayo i~! lie in the discrete subset IAI(A) of IAI(A ®zj; C) = IAI(C"®), and
hence remain constant as p and (p, [i]) vary within each connected component of

PR PP and FR L F2P respectively.

Remark 3.21 Recall that P§ N i]’gmlp # . It may thus appear unmotivated at
this point that we are working with the disjoint unions 7o(F&) U mo(F5™") and
mo(PR) U mo(P5™P) in Definitions B.I8 and 319 The significance of working with
the disjoint unions is that, for p € P& N P;™*, we would like to regard p as a real
octic form as distinct from p as an antipodal form. For sucha p € P& NP5, the
antiholomorphic involutions x,: X, — X, and a;: X, — X, will induce distinct
IP Isom(A)-conjugacy classes of involutive anti-isometries of A; see Lemmal[3.25 This
observation will allow us to single out the antipodal periods and discard them. We
mentioned this briefly in the opening paragraphs of the present section (Section [B]),
and this is more precisely elaborated in Remark[3.29

3.4 Integral Copies of RHP in CH’

It can be readily checked that, for each x € IAI(A), the metric on A restricts to a
metric on the Z-module Fix(y) = 7° of signature (1+,5—). Thus Fix(y) ®7 R =
R*>~, and

RH (Fix(x) ®7 R) RHP
N N
CH(A ®z5 C) = CW°

1

Hence, we may make the following definition.

Definition 3.22 A copy of RH> C CHP is said to be integral if it is of the form
RH (Fix(x) ®z R) for some x € IAI(A).
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3.5 “Real” Octics Have “Real” Periods; “Antipodal” Octics Have “Antipodal”
Periods

Recall that, for any smooth p € Py,

AXp) @73 C2 HY__(X,,C) = (X,,C) & (Xp, ).

O'*l 0'71

Cls=Cl*+5— (+) ( ,,,,, )

On the other hand, consider an ordered pair (p,v,), where either p € P and
Vp = Kp, OF P € PP and Vp = ap. Recall that V;: H'(X,,C) — H'(X,,C) pre-
serves both the Hodge decomposition and the o-eigenspace decomposition. Since
HU——I(XP7 (C) is complex one-dimensional, H, _ 1(XP7 ) € CH(A(X,) ® C) is fixed

by [ P| A ).(’7 =[] € P TAI(A(X,)). Hence, for a given framed smooth form

[A(X}) N A] over p e PR iPamip, and a fixed choice of v, (= &, or ), the
complex period 1( i 1(Xp, C)) € CH’ = CH(A ® Q) is fixed by the projective
class [x,,] = [iov;o i~!] € PIAI(A). It now makes sense to introduce the follow-

p
ing two definitions:

Definition 3.23 For each [x] € PIAI(A), define RH ?x]
[x] in CH(A ®zp; C€) = CHP, i.e., RH, | == {[v] € CH’ | [x

to be the fixed point set of

(D) = v}

Definition 3.24 An element x € CH” is called a real period if x € | R{JH[5 for some

Xr»p P
p € PE. An element x € CH is called an antipodal period if x € H[[X“p], for some

al’ltlp

p el

Let a representative x € [x] € PIAI(A) be fixed. It is straightforward to see that
we have the equality

]R{IH[?X] = {[v] € CH’ | Iv € [v] with x(v) = v}.

It is also easy to see that given any [v] € RH? D> the representative v € [v] that is
fixed by the given X is unique up to real scalar multiples. This gives an identification
between RH?, ; and RH ( Fix(x) ®z R) 2 RH. The fixed point set RH,, is therefore
an integral copy of Rl H® (hence its notation) and Stabp jom A(IR{JH ) is isomorphic to
a subgroup of Isom(RH). We see at once that the real and antlpodal periods lie on
integral copies of RH’ within CH?

Lemma 3.25 The images of mo(Py) and wo(ﬂ’gmip) under the map in Definition[3.19]
are disjoint in P IAI(A) /IP Isom(A).

Proof This follows from the observation that every octic form in P& can deform
within P} to a nodal octic (i.e., a singular octic with one double root and no other
singularities), whereas an octic in P3"" can only deform within 5" to singular
octics with at least two double points.
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Let p; € PX, and [x,] := [i; o Kp, © il_l] be its image in P TAI(A)/P Isom(A),
where 1, is any smooth frame over p;. Note that IR{]HI;E’(I = lR(JH[(Fix(Xl ) ®11R{) C CHP
contains periods of real octics of the same topological type as p;. Now recall that
periods of nodal octics lie on the collection 5 C CH® of hyperplanes which are
orthogonal complements of vectors in A of squared norm —2. (See Section[2.3]) By
the preceding observation, we see that the intersection of H and ]R{]H[;l must contain
some smooth points of H.
antip

On the other hand, let p, € P, and [x2] = [iz 0 azz o i;l] be its image in

IPIAI(A) /P Isom(A), where i, is any smooth frame over p,. Then
RHE, := RH(Fix(x,) ®2 R) € CH

contains periods of antipodal octics. By the preceding observation again, we see that
the intersection of 3 and ]R{JH[f<2 cannot contain any smooth point of .

Since the two intersection patterns described above are P Isom(A)-invariant, we
must have [x;] # [x2]. [ |

By Lemmal[3.25] it makes sense to introduce the following:

Definition 3.26 Let P TAI(A)® /P Isom(A) and ]P’_IAI(A)a“tip/IP’ Isom(A) be the im-
ages in PTAI(A)/IP Tsom(A) of m(P) and mo(P5™P), respectively, of the map

To(PR) LI 7o(PEP) — PIAI(A) /P Isom(A),

as in Corollary[3.33]

3.6 The Real Period Map and the Allcock-Carlson-Toledo Construction of MV}

The G-invariant complex period map p: F, — CH® was an important ingredient
towards constructing the CH? quotient structure for the moduli space M of stable
complex binary octics. We make use of it again to study the moduli space M of real
binary octics.

Definition 3.27 The real period map is the map
pi: FR L FP L, CHS x PTAI(A)
defined by
D (p. 1)) 1= {“’(1” D, oy oi™), i(p.liD €T,
(p(p, i), lioay 0i™']), if(p,[i]) € "™,

Remark 3.28 The codomain of the real period map p® can be regarded (see re-
marks following [3} Lemma 2.1] for the analogous result in the case real cubic sur-
faces) as:

— 5
Do:= || REG, — 30,
[x]EPIAI(A)
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recalling that H C CHP is the collection of hyperplanes orthogonal to vectors in A of
squared norm —2. Recall also that J{ is precisely the set of periods of singular octics
(see Section[Z3)). Hereinafter, we regard D as the codomain of p®. We also define

Df = || RHp,— %)
[x]EP IAI(A)R

Remark 3.29 We have observed in previous sections that real and antipodal periods
lie on integral copies of RH® within the period domain CH®. So, we restrict the
domain of the complex period map p: F, — CH? to the collection Tt U F3" of
framed smooth forms over smooth real and antipodal octic forms, and we restrict
the codomain to the collection [, cp s A)(R]H[5 — ) of integral copies of RIH’

in CH°. This extracts from the domain and codomain of the complex period map
points that correspond to smooth real and antipodal octics. Furthermore, we keep
track of the “topological type” of a real or antipodal octic form p by working with the
disjoint unions 5"}?{ L EFS"UP and D, instead. We stress again that, for a smooth octic
p € PR PP, this will differentiate p considered as a real octic from p considered
as an antipodal octic. The reason we want to keep track of this distinction is that we
will next discard & P from Domain(pR) = FhU ffamlp, we will also discard all the
integral copies of RH® in Dy = codomam(p“) corresponding to antipodal octics,
obtaining DY, the disjoint union of all integral copies of RH" corresponding to real
octics.
We now continue with the key properties of the real period map.

Definition 3.30 We let PT' = P Isom(A) act on CH® x PIAI(A) as follows: for
[v] € PT, and (x, [x]) € CH® x PIAI(A),

(V] (x, [xD) i= (v(x), [y o x o v 1]).
This induces an action of PI" on

codomain(p®) = D, = |_| (R{H[[X] H).
[x]EPIAI(A)

Lemma 3.31 The real period map is PI"-equivariant.

Proof Let [y] € PIsom(A). Let (p, [i]) € T U ?Snﬁp. Let v, be k, if (p, [i]) € FE
and let it be v, if (p, [i]) € F;""P. Then note that

(7 (0, D) = ¥ (@, [ro D) = (p(p [y o i), [(vo i) oy 0 (yoi) ™))
= (Gon(H2 (X)) [y iovy 0i ) or™]).
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On the other hand,

v, i) = (p(p, [i]), liovy 0i™h)

y.
(7 p(p, i), [yoiovyoi ) on™ 1])
( L0

y(i(H2 p))>,[fyo(i01/;oil)oyl])

(Woﬂ( H," (X)), [wo(iou;orl)ow]),

The two calculations above show p“(’y - (p, [i])) = ~ - p®(p, [i]), for arbitrary
[v] € PIsom(A) and (p, [i]) € FXUFE™P. Thus, p® is indeed PT-equivariance. M

Lemma 3.32 The real period map is G®-invariant with respect to the action of G®
on FX and it is G*™P-invariant with respect to the action on T3, In other words, it
descends to a map, also denoted by p®,

Pl (rfgz{ /GR) L (gggmip /GantiP) _ |_| ]R{]H[?X]
[x]EPIAI(A)

Furthermore, the real period map p® restricts to a PT -equivariant real-analytic diffeo-
morphism as follows:

pR: (?igk/GR) L (?Smip/GantiP) — Dy = I_l (]R{]H[fx] — ).
[X]EPIAI(A)

Proof Consider first (p, [i]) € F& and g € G*. Then

p*((p.li]) - g) =

where the third equality uses the fact that g € G* and k, commutes, and the fourth
equality uses the G-invariance of the complex period map. This shows that the real
period map p® is indeed G®-invariant with respect to the G®-action on FE. As for

antip

its G*"P-invariance with respect to the G*"%-action on F;"", simply replace F¥,

G", Kk, with FrP, Gante, v, respectively, in the above calculations, noting that each
element in G*P commutes with ap.
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The PT-equivariance of p follows immediately from Lemma[3.31] Next, observe
that the map p*: (FF/G®) U (F5"P/G*P) — Dy locally has rank 5 everywhere
since the complex period map p does. It therefore remains only to prove bijectivity.

We now prove the surjectivity of p®. Let [x] € PIAI(A), and x € RH},; — H. The
surjectivity of the complex period map implies that there exists (p, [i]) € Fy such
that p(p, [i]) = x.

Claim 1 There exists an antilinear involution or antilinear anti-involution v on C>
such that

e U - p = p;in other words, p(ll(xo,xl)) = p(xg,%1),
e v induces an antiholomorphic map on P(1, 1, 2) which preserves X, C P(1,1,2),

and
e " € TAI(A(X,)) coincides with i~! o x oi,up to Z[i]-unit scalars.
Recall that the action of v on (1, 1, 2) is induced by the following extended action
of v on C*:

v(xo, x1,7) 1= (v(%0,%1),7) .

A simple calculation shows that, under this action, the preservation of X, C
P(1,1,2) by P(1,1,2) 2 P(1,1,2) is an immediate consequence of the property
that p - v = p.

Granting Claim 1, we see, by Remark 3.4} that for such an antilinear C2 Z 2,

there exists g € GL(2, C) such that either g™ ovog = k,org ' ovog = a. In the
case g~ o v o g = K, it follows that

(k- (pog))(xo,x1) = (pog)(rlxe,x1)) = p(voglx,x))
=(v- P)(g(xovxl)) = (p o g)(x0,x1)-
Thus, k- (pog) = po g hence pog € PX, and

P ((FLi])-g) = (p((F, [i])-g),lio(g ") or*og oi'])
= (p(E[i]),lio(gorog ) oi ™))
=(x[iov*oi™l])
= (x, [x]).

antip

'ovog=a,wesimilarly have p o g € """, and

In the other case, i.e., g~

P(ELD-g) = (P(ELiD-g).lio(g™) ea"og 0i™])

— (B, liogoaog™) 0i )
=(x,[iov*oi™l])

= (%, [xD.
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The above argument therefore shows that Claim 1 implies the surjectivity of p®.

We now prove Claim 1. Apply LemmaA2lwith Y = &, y = (p,[i]), R = G/,
and L = PI"". Then! = x = p(y) = p(p,[i]) € CH’ —H = Y/R,and r =
p € Py = PI\F; = L\Y. Taking ¢ to be [x] € (PT'), = L, we therefore get,
by Lemma [A2] $ =R, = (G")p such that ¢ - (p, [i]) - b = (p, [i]). Since [x] is
antilinear, it interchanges the two connected components of F (each being a copy
of Fo). The preceding equality therefore implies that ¢ likewise must interchange the
components of F;. Hence, gb € G’ must be antilinear. Secondly, since [x] has order
two, so does ¢, since they are related by the anti-isomorphism PI"! = L, — R, = =G,
mentioned in Lemma[&2} Thus, ¢ € G' = GL(2,C)’/(eighth roots of unity) is
an antilinear involution. Let v € GL(2,C)’ be any lifting of ¢ € G’. Then v is
antilinear and ©?: C*> — €2 acts on C? as scalar multiplication by an eighth root of
unity. Lemma[AT]implies v? must be a real scalar. Thus v* = £id, i.e., v is either
an antilinear involution, or it is an antilinear anti-involution.

Lastly,

(Pl =¢-(p,[i)-d=[x]-(p.[i))- &
= (p,[xoi)-d=(podlxoio(@))
=p=po=pv,
and [i] = [xoio(¢*)!] <= [i"' o xoi] = [¢*] = [v*]. Thusv € GL(2,C)’
is an antilinear involution or antilinear anti-involution with the desired properties as

in Claim 1. This completes the proof of Claim 1 and the surjectivity of p*.
We next prove injectivity of p. First, for each [x] € PIAI(A), define

Forg =1, i) eFo| pe P lior;oi '] =[x},

Forw == {(p,[i) € Fo | p € Py, lio 0y 0i™'] = [x1}.

Recall that 3% and F3" are the preimages of P& and P2"™ respectively under the
covering Fy — Py. Note the following equalities

I ti t:
g — U Fy, and TP = U gantip

0,[x]"
[X]EPIAI(A) [X]EPIAI(A)

Suppose P (py, [i1]) = p®(pa, [i2]). Recall that the real period map

)

p]R(: (Srg{/G]R{) L (:Tgntip/Gantip) — Dy = |_| (R) [X]

[x]EPIAI(A)

is induced from the following G*-invariant and G**"P-invariant map

W]y e 4 (PP LD Lo w5 0i711) i p, i) € 55
p(Pa[l])- {(p(P,[I]),[zoa 1]), if(p7[1~])€3~gnt1p.
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Next, observe that, for p;, p, € P&, the inequality [x;] := [i; o KZ;I o il_l] # [io

0iy '] =: [x2] would force p*(py, [i;]) and pR(p,, [i,]) to be unequal. Similarly,

H*
p2 -

for p1, p; € Tgmp, the inequality [x;] := [i; o ap, o 1'1_1] # [ipo ap, o 1'2_1] =: [x2]
would force p*(p1, [i1]) and p®(pa, [i2]) to be unequal. Lemma 3.25] implies that
for p; € Piand p, € Po™, [x1] := [i) o Ky © iv']and [i; o g, 0 i'] = [xa]
will be distinct. Thus, to prove injectivity of R it suffices to prove, for each fixed
[x] € PIAI(A), the injectivity of the restriction of p® to ?Ef[x] /G® when 3’}5{‘[)(] c IR,
or to ?Sf}iﬁ /G*P when ?gn[t;g c g,

For this, we appeal to Lemma [A3] as follows: Identify F, = F& U F2"P with
TR/ (k) UF; P /(). Let PT acton Y = TR/ (k) U F; ™" /{a) as follows:

(p, [y oil), if pe PRI ngmip, and + is linear,
v (p,[i]) =R (p-k,[yoiok*]), ifp € PX, and is antilinear,

antip

(p-a,[yoioa*]), ifpe P, 7,and isantilinear.

Let Y = JF, with JF; regarded as above. Let the group H in the statement of
Lemma be G := GL(2,C)/( all eighth roots of unity ). Let ¢ = [x] €
PTAI(A). It is straightforward to show that Y? = FyX. Consider first the case
where [x] is induced by . Then Z = G® and it follows from Lemma [A.3] that
3"([))‘]/ G® — Fy/G = (CH® — H) is injective. For the remaining case where [x] is
induced by a, we then have Z = G*"% and it follows from Lemma [A.3] again that
gl /Gnte 5, /G = (CH® — ) is injective. n

Corollary 3.33 The map defined in Definition[3.19
To(PR) L o (PAP) — PIAI(A) /P Isom(A)
is surjective. Consequently, the cardinality of P TAI(A) /P Isom(A) is at most seven.

Proof The surjectivity statement follows immediately from the proof of the last
statement of the preceding lemma. The cardinality bound then trivially follows
Lemma[3.14} '

ITo(PRY =6, and |mo(PyP)| = 1. [ ]

Lemma 3.34 The images of {Py"}, {Po'), {PE?), {PR), and {PRAT, PRA—)
(considered as subsets of o(PR)) under the map
To(PR) L o (PAP) — PIAI(A) /P Isom(A)

as in Definition[3.19 are pairwise distinct.

Proof Appendix[B.Ilexhibits five involutive anti-isometries of A. In Appendix[B.4] it
is shown that their fixed Z-lattices have pairwise distinct Vinberg diagrams. Hence,
they represent five distinct P Isom(A)-conjugacy classes in P TAI(A)/IP Isom(A). Ap-
pendices[B.5and [B.6 show that all five involutive anti-isometries are induced by real
octics and identify their deformation types. ]
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Remark 3.35 We stress that Lemmal[3.34 does not assert that Po*" and Py*™ in-
duce the same conjugacy class in P TAI(A) /P Isom(A); they may or may not. How-
ever, this ambiguity does not pose a problem since our goal is just to describe the
five connected components of ME as abstract real hyperbolic quotients: The com-
plex linear change of variables (xo, x1) —— (exp(iw /8)xo, exp(im/ 8)x1) maps every
p(xo,x1) € Py to —p(xg,x1). Consequently, even if the induced conjugacy classes in
PIAI(A)/PIsom(A) of Pi*" and Py* are different, the respective real hyperbolic
quotients will still be isomorphic.

Proposition 3.36 By further restricting the domain and codomain, and taking the
quotient by PT, the (PT-equivariant) real period map

PR (T /G UFP /G Dy = || (R — 3
[x]EPTAI(A)

descends to the following real-analytic manifold isomorphism:
MEUM® = P\ (T30 LI LTy U T U It /G U (T Gy
In particular,
MY = P\ (T U Ty LTy LT U T /Gh).

Combining Lemmas[3.321[3.251 [3.34] and Proposition[3.36, we get the following.

Corollary 3.37 Let X0, X1, X2, X3 be any representatives of the conjugacy classes in
PTAI(A)® /P Isom(A) induced by Tg«"o, iP]g{'l, iP]g{"z, TE{’3, respectively. Let x4 be any
representative from either the conjugacy class induced by ﬂ’]g{’ﬂ or that induced by iPE{A_.

Then
My =PI\ (RHE,, — 30, where PTF := Stabp gom(a) (RH, ).
Consequently,
4 } 4
My = vy =] | PrI\(RHE, ; — 30).
i=0 i=0

4 Relationship between Stabp 5, A(IR(]HIfX]) and P Stabyy,p, 2 (Fix x)

In this section, we need to work simultaneously with projective equivalence classes of
vectors, isometries and anti-isometries in various Z-lattices and Z[i]-lattices. For the
sake of clarity, we will use slightly more cumbersome notation such as [v]¢ € CH,
[Alg € PgIsom A or [A]z € Pz Isom(Fix x) to indicate that the projectivization is
done over C, § = Z[i] and Z, respectively.
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4.1 Characterization of Stabp, 1;om A (RHY, })
Let [x]g € Pg IAI(A) be fixed. Then
Stabpg om 4 (RHy)) := {[Alg € Pg Isom A | [A]g(RHY,;) € RHY,, }.

Furthermore, let a representative x € [x]g be fixed. Then for [A]g € Pg Isom(A),

For each A € [A]g, the following holds:
for each [v]¢ € ]R{]H[fx] and v € [v]c with
X(v) = v, Junique § € C* with || =1
and x(A(v)) = BAW).

[A]lg € StabpS IsomA(]RUH[?x]) =

Remark 4.1 The uniqueness (once the representatives A € [A]g and x € [x]g are
fixed) and unimodularity of 3 above are clear. Since both A and x preserve primi-
tiveness of lattice vectors, we see that [ is in fact a unit Gaussian integer whenever
v € Fix(x) is primitive in A. If v € Fix() is only primitive in the Z-lattice Fix(x),
but not in A, then v = (1 + i)w, for some w primitive in A. It can be readily shown
that X(A(v)) = [A(v) implies X(A(w)) = ifA(w). A-primitiveness of w then
again shows that 3 must be a unit Gaussian integer.

Lemma 4.2 Let x € IAI(A) be given. Let A € Isom(A) be such that [A]lg €
Stabp, IsomA(]R{]H[fX]). Then there exists a unique 0 € C* such that X(A(V)) = BA(v),
for all v € Fix(x) ®z R. Furthermore, 3 is in fact a unit Gaussian integer.

Proof From the preceding remark, we know that for each given v € Fix(x) ®z R,
there exists a unique unimodular 3 € C* such that x (A(v)) = [BA(v). Furthermore,
B is a unit Gaussian integer whenever v is primitive in the Z-lattice Fix(x). So, it
remains to show only that [ is in fact the same for all v € Fix(x) ®z R. For this, let
by, ..., bebeaZ-basis for Fix(x), andletry, ..., rs € Rbe six arbitrary real numbers.
Setv = by +- - -+r6bs. Then v € Fix(x) ®z R, and v is fixed by the extension of x to
Fix(x) ®z R, which we also denote by x. Note that there exist unit Gaussian integers
Bi, ..., B € Z[i] such that x (A(bx)) = BkA(by), unique foreachk = 1,..., 6. Also,
there exists unique unimodular 3 € C* such that x (A(v)) = BA(v). Now, recall that
Fix(x) ®z R is a maximal totally real subspace of C'*. In particular, b, ..., b are
linearly independent over C. Now, on the one hand,

6 6
X(Av) = By = BA( D nbe) = 3 nBA).

k=1 k=1
On the other hand,

6

6 6
X(Av) = x(A(Z rkbk) ) = nx(Ab) = nBrAlby).
k=1 k=1

k=1
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’ A(Fix x) H —A(Fix x) ‘ iA(Fix x) ‘ —iA(Fix x) ‘

Fix(x) Fix(x) Fix(—x) | Fix(—x)
Fix(—x) || Fix(=x) Fix(x) Fix(x)

Fix(iy) Fix(ix) Fix(—iy) | Fix(—iy)
Fix(—iyx) Fix(—ix) Fix(ix) Fix(iy)

Table 4.1: Recall that A(Fix x) = Fix(8x), where (3 is one the following four unit Gaussian
integers. This table summarizes how (3 determines —A(Fix x), iA(Fix x), and —iA(Fix x).
For example, the entry Fix(—x) in the third row and second column says that if 5 = —1
(equivalently, A(Fix x) = Fix(—x)), then —A(Fix x) = Fix(—x).

Hence,
6 6
D rBAb) = x(Av) = > rBAb),
k=1 k=1
which implies
(B —0k) =0, fork=1,...,6,and forarbitraryry,...,rs € R.
This implies that 8; = - - - = s =  and completes the proof. ]

Proposition 4.3 Suppose x € IAI(A) is an involutive anti-isometry, and let
[xlg € PgIAI(A) be a representative of x € I[xlg. Then, for each [Alg €
Stabp, 15om A(]RilH[f 1) exactly one of the following holds:

either JA € [Alg, unique up to sign, such thatA(Fix(X)) C Fix(x),

or JA € [A]g, unique up to sign, such thatA(Fix(X)) C Fix(iy).

Proof We already know that, for an arbitrary representative A € [A]g, we have
A(Fix x) = Fix(Bx), where 3 is one of the four unit Gaussian integers. The proposi-
tion thus trivially follows from observing what the other associates of A are doing to
Fix(x), as shown in Table[4.1}

For explicitness, we verify the entry in the third row and the second column of
Table [41l So, suppose A(Fix x) = Fix(—yx). We verify that we then indeed have
—A(Fixy) = Fix(—x). Let v € Fixy, ie, x(v) = v. Hence, —X( —A(v)) =

(=D (—=x)(Av) = —A(v), where the second equality follows immediately from the
assumption that A(Fix x) = Fix(—x). In other words, A(Fix x) = Fix(—x) implies
that —A(Fix x) C Fix(—x), hence —A(Fix x) = Fix(—Y), as required. ]

Remark 4.4 Note that if A(Fix x) = Fix(x), then A also preserves each of Fix(iy),
Fix(—x), Fix(—ix). On the other hand, if A(Fix x) = Fix(ix), then A maps Fix(ix)
to Fix(—yx), Fix(—x) to Fix(—iy), and Fix(—iy) to Fix(). Hence, we have the fol-
lowing.
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Proposition 4.5 Letx € [x]g be fixed. Then the stabilizer Stabp, 1om A(]R{IH[[SX]) can
be characterized as follows:

Stabp, IsomA(]R{]HI?X]) = P, Stabysom A (Fix(x) U Fix(ix) U Fix(—yx) U Fix(—1iy)) .

We seek an even more algebraically transparent expression for Stabpg 1som A (IR(]H[?X] )
in terms of P Stabyom A (Fix x).

Definition 4.6 [A]g € Stabpg som A(]RUHI‘FX]) is said to be of type I if there exists
A € [A]g € PgIsom A such that A(Fix x) C Fix(), and it is said to be of type II if
there exists A € [A]g € Pg Isom A such that A(Fix x) C Fix(iy).

Remark 4.7 Note that [A]g € Stabp, 15om A(]RUH[fX]) is either of type I or type II by
Proposition[£.3] Some simple calculations will furthermore show the following:

Lemma 4.8

(1) If two elements in Stabp, 150m A(]R{JHIfX]) are of the same type, then their composition
is an element of type L.

(i) If two elements in Stabp 15om A(]R{]H[fx]) are of different types, then their composition
in either order is of type II.

(iii) Taking inverses in Stabpg 1som A(]R{JHI‘E’X]) preserves types.

It is already clear that either

Stabp.. rsom A (RH?, 1)
5 N\ _ . S X’/ ~
Stabpg 1som A (RH ;) = Pz Stabom A (Fix x), or P, Stabrom a (Fix y) 7/27.

We will next show, under the further assumption that IP; Stabysom 4 (Fix x) is a reflec-
tion group, that the following short exact sequence

1 — Pz Stabigom A (Fix x) — Stabp, 1om A (RHY, ) — Z/2Z — 1

is split (Proposition [4.1T]). We start with the following general result.

Proposition 4.9 Let G be a discrete subgroup of Isom(RH"). Suppose that H is a
normal subgroup of G which is generated by reflections. (H need not be the full reflection
subgroup of G.) Fix a fundamental domain P of H, and letK := {g € G| g- P = P}.
Then G = H x K, where the action of K on H is, as usual, by conjugation.

Proof Since every non-identity element of H maps P to a translate of P, we see that
HNK = {1}. So, H x K C G. It remains to prove the reverse inclusion, which is
equivalent to the set equality G = HK. We now make the following statement.

Claim Every element of G preserves the union of the mirrors of the reflections in H.

Consequently, every element of G preserves the complement of this union of mirrors;
in particular, it maps every fundamental domain of H to a fundamental domain of H.
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Proof of Claim Let ¢ € G and R, € H be the reflection in the space-like vector
x € R Then g o Ry 0 g7' = Ry(y is the reflection in g(x) € R"", and g maps
the mirror of R, to that of Ry(y). It therefore remains only to prove that R,y is an
element of H, but this is immediate by the hypothesis that H is normal in G. The
claim is proved.

Now, let ¢ € G. By the preceding claim, ¢ maps P to a translate of P by some
element h € H,ie,g-P = h- P; hence (h"!g) - P = P. Thus, g = hk, where
k:=h~'g € K C G. This completes the proof of this Proposition. ]

Remark 4.10 K in Proposition is a subgroup of the symmetry group of the
fundamental domain P. K may be trivial even if the symmetry group of P is not.
Obviously, if K is trivial, then G = H.

Recall that P7 Stabysom A (Fix ) is a normal subgroup of Stabpg 1som A(IR{]HIfX]) of
index two or one, depending on whether or not there are elements of type II. Using
Proposition we now obtain the following expression for Stabp, 1som A(]R{]H[fx]) in
terms of Pz Stabysom A (Fix x):

Proposition 4.11 Suppose Pz Stabisom A (Fix X) is generated by reflections. Then ex-
actly one of the following holds:

* Stabpg 5om A(]R{JH[fX]) has no elements of type II, in which case,
Stabpg 1som A (RHE, ) = Pz Stabysom A (Fix x),

* Stabpg 150m A(]R{]H[fx]) contains elements of type I, in which case, the fundamental do-
main of the group action Pz Stabyom A (Fix x) ™ RH® admits a (2/22)-symmetry,
and via its norm-preserving action on the roots of Pz Stabysom A (Fix x), this (Z/27)-

symmetry induces an order-two element [T] € Stabpg 1yom A(]R{]H[?X]) of type 1I such
that

Stablp)g Isom A(]RUH[?X]) = ]P)] Stablsom A(FIX X) X <[T]>
& P, Stabgeom A (Fix x) X (Z,/27).

Remark 4.12 Anyrepresentative T € Isom(A) of the type IT and order-two element
[T] € Stabp, 1om A(IR{]HI‘E’X]) maps Fix(x) to Fix(iy), rather than back to Fix() itself.

T induces an action on ]R{]H[t[3 N ]R{IH[( Fix(x) ®Z]R{) by identifying IR{]HI(FiX(ix) ®,71R{)

with RIH ( Fix(x) ®z IR{) via scalar multiplication by (1 — i)/ v/2; more explicitly,
RH (Fix(ix) ®, R)  —  RH(Fix(x) ®z R)

(w] — %w .

This identification is canonical due to the following observation:

ixiw) =w<— (E) (Lﬂ>x(w):w<:>)<(l_iw> = (1_i>w
V27N V2 V2 V2
We emphasize that while T preserves the R-span of Fix() via the above canonical
induced action, it fails to preserve the Z-lattice Fix() itself due to the occurrence of

the 1/+/2 factor above.
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4.2 A Sufficient Condition for the Nonexistence of Isometries of Type Il

Note that Pz Stabyoma(Fixx) is merely the subgroup of the isometry group
Pz Isom(Fix x) of the abstract Z-lattice Fix(x) consisting of elements that extend to
an action on the whole 7Z[i]-lattice A. In the case where P; Stabgom A (Fix x) is a re-
flection group and Stabp,; 1om A (IR{]HIFX] ) contains type II elements, we see that we have
the following commutative diagram:

P Stabigom A (Fix x) &> P Stabisom 4 (Fix x) % ([T]) = Stabpg om o (RH,)

l l

Pz Isom(Fix ) = Pz Isom(Fix ) x ([T])

where [T] € Stabpg 1som A(]R{JHI‘E’X]) is an element of type II and order two. Proposi-
tion 4.9 therefore implies the following:

Corollary 4.13 Suppose Py Isom(Fix x) is generated by reflections, and suppose one
of the following conditions holds:

* The fundamental domain of Pz Isom(Fix x) admits no (Z,/27)-symmetries.
e It admits (7,/27)-symmetries, but none of them induces an order-two element of
Stabps IsomA(]RUHI?X]) oftype 1I.

Then Stabp, 1om A(IR{]HI‘FX]) in fact has no elements of type 11, and
Stabpg 1som A (RH, ) = P Stabggom 4 (Fix x).

Remark 4.14 In the author’s thesis [4], Stabp,; 1om A(IR{]H[fX]) was mistakenly identi-
fied with Pz Stabysom A (Fix X), which need not be the case in general, as we saw in this
section. The main results stated there are nonetheless correct, since for the specific
cases therein (i.e., X = Xo, X1, X2, X4)> the above equality indeed holds.

5 Distinguishing the Deformation Types

In this section, we describe a strategy to identify the deformation types of the real
octics that give rise to the involutive anti-isometries of A.

5.1 The Isomorphism O(A/(1+1i)A,q) = Ss

Let h be the Z[i]-valued inner product of A and Q be the associated Z-valued
quadratic form. Q is “even-valued,” and %Q is thus a well-defined 7Z-valued func-
tion on A. On the other hand, Z[i] /(1 +1)Z[i] & IF,, as rings (hence as fields), where
IF, denotes the field with two elements. V' := A/(1 + i)A is a six-dimensional IF,-

q
vector space. The IF,-valued function g on V defined by x —— %Q(x) mod(1 + 1) is
an IF,-valued quadratic form on V. It turns out that the orthogonal group O(V, gq) is
isomorphic to Sg, the symmetric group on eight objects.

https://doi.org/10.4153/CJM-2011-026-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-026-1

Moduli Space of Real Binary Octics 783

We will not give complete proofs of the above assertions but refer the reader to
[4] and [6]. However, we give an intuitive description of the isomorphism between
O(V, q) and Ss.

Since dimy, (V) = 6, we immediately see that the cardinality of V is 2° = 64. Let
Pg:={1,...,8}. It turns out that, as a set, V is in one-to-one correspondence with

W := {even-cardinality subsets of Pg}/{B ~ complement of Bin Ps}.

Each element of W can be considered as a pair of even-cardinality subsets of Pg, where
the two subsets in each such pair are complements of each other. The cardinality of W
is also 64. The IF,-valued quadratic form on V' corresponds to the IF,-valued function
on W given by:

W — ]Fz
1 A
s 3 (cardinality of s) mod 2.

Furthermore, elements of O(V, q) correspond to maps from Py to itself which pre-
serve the cardinality of every even-cardinality subset of Pg. Such a map is just a
permutation of Pg, namely, an element of the symmetric group Sg. It turns out (see
[6]) that this map O(V, gq) — Ss is an isomorphism of groups. We denote its inverse
by @: Sg — O(V, g).

5.2 Two Invariants of Involutions in S; Which Can Distinguish Cycle Structures

In this section, we introduce two integer invariants for the conjugacy classes in Sg
which can be used to distinguish these classes by their cycle structures. These invari-
ants are explained in the following paragraphs and their values are shown in the third
and fourth columns in Table[5.2] We then explain how these invariants will be used
to distinguish the deformation types of real binary octics by their induced involutive
anti-isometries.

Recall that the eight distinct roots of a smooth real binary octic are preserved as a
set by complex conjugation  on CP'. The collection Py of roots comprises a number
2n € {0,2,4,6,8} of real points (lying on RP' = RU {co} C CP') together with
a number (8 — 2n)/2 of complex conjugate pairs. The number 2n determines the
deformation type of a real binary octic.

On the other hand, note that when & is restricted to the collection Py of the eight
distinct roots of a real binary octic, it becomes an order-two permutation on Ps.
Table shows the one-to-one correspondence between the deformation types of
octics and the cycle structures of |p,.

Of course the cycle structure of k|p, determines a conjugacy class in Sg. Now we
make the following observations:

* k induces an involutive antiholomorphic diffeomorphism x: X, — X, on the 4-
sheeted cyclic cover X, — CP' branched over the roots of a smooth real binary
octic form p. « in turn induces an involutive anti-isometry on the 7Z[i]-lattice
A(X,) = A.
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ofTZIc) teic 2n | cycle structure of k|p,
0 8 | (D2)B)H)(5)(6)(7)(8)
1 6 | (1)(2)3)(4)(5)(6)(78)
2 4 | (1D)R2)(3)(4)(56)(78)
3 2 (1)(2)(34)(56)(78)
4 0 (12)(34)(56)(78)
Table 5.1

e (V,q):= (A/(1+i)A,q) isan orthogonal space over Z[i] /(1 +1) = I, such that
O(V, q) = Sg.

e The above “abstract” isomorphism O(V, q) = Sg is geometrically realized by the
permutation of the eight ramification points of the branched cover of X — CP".
This fact is an immediate consequence of the fact that the monodromy group
PT" = PIsom(A) is generated by transposing pairs of roots by “continuous half
turns”. See [12]].

* An involutive anti-isometry of A descends to an involutive isometry of (V,q)
(because complex conjugation on Z[i] descends to the identity on Z[i] /(1 +1)7Z[i]
~F,).

The above observations show the following: Given x € IAI(A), we can determine
the deformation type of the real binary octic that gives rise to x in the first place by
determining the element (or conjugacy class) in Sg = O(V, q) that x descends to. In
order to do this, it is sufficient to examine two invariants:

Lemma 5.1 Let ®: Sg — O(V,q) be the isomorphism (unique up to conjugacy)
constructed earlier. Then the invariants dimp, FiX(‘P(T,’)) and the number of norm-
one vectors in Fix( CD(T,')) of the various cycle structures are as shown in Table[5.2)

Outline of Proof Let Py = {1,2,...,8}. Recall that norm-one vectors in V corre-
spond to cardinality-two subsets of Pg. The computations for all the cases are simi-
lar; we show only those for 75: The number of even-cardinality subsets of Pg fixed by

Type cycle structure of |p, dimy, Fix( <I>(T,~)) szzie:ﬂoﬁg{o(rg(—ir)z;
0 |7 =(1)2)B)4)(5)(6)(7)(8) 6 28
1 | 7%= 12)B3)#)(5)(6)(78) 5 16
2 | = 12)B)4)(56)(78) 4 8
3 T = (1)(2)(34)(56)(78) 3 4
4 To = (12)(34)(56)(78) 4 4

Table 5.2
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76 = (1)(2)(3)(4)(5)(6)(78) is given by

(6)+ )+ ()
2 X + + + =2x(1+15+15+1) =2 x 32.
0 2 4 6

2 x 32

Hence, dimy, Fix(®(7)) = log, ( ) = log,(2°) = 5,and

the number of the number of
s the number of all
norm-one cardinality-two .
= =1+ cardinality-two
vectors subsets bsets of {1 6}
subsets o .
in Fix( <I>(T6)) preserved by 76 B

6 |
e (8) e

Remark 5.2 The antipodal map CP' = op! permutes the roots of a smooth an-

tipodal octic in the same way as complex conjugation CP" Z, CP" does the roots of
a smooth real octic of type 4 (i.e., the roots are four complex conjugate pairs). The
cycle structure for both is (12)(34)(56)(78). Hence, Lemma[5.]is insufficient to dis-
tinguish an antipodal octic from a real octic of type 4. To achieve this, we will need
the idea of the proof of Lemma[3.25]instead. See section[B.6

6 The Main Theorem

Theorem 6.1 4
(i) Under the real period map as in Proposition[3.36] the moduli space Mﬁ“’ of smooth
real binary octics of type i = 0, . .., 4 is isomorphic as a real-analytic manifold to

P\ (RHS,,, — F0),

where Xo, X1> X2» X3» X4 € IAI(A) are defined as in equation (BI), and PT® :=
Stabp 1som A (RHS,,,)), where

P StablsomA(Fixx,-), 1= 07 1, 2, 4

6.1 Stabp 1som A (RH?, 1) 22
(6.1) P som A (RHy, ) {lP’StabIsomA(FixXi)><1(Z/27L), i—3

(ii) Foreachi =0,...,4, P Stabim o (Fix x;) is isomorphic to the following subgroup
of PIsom(L;):

]P)({M € Isom(L;) | B; - M - %:1 c Z[i]ﬁxﬁ}) 7

where L; is a 7Z-lattice given in Appendix[B3} and B; € Z[i]®*® is given in Ap-
pendix Each P Stabysom A (Fix x;), i = 0,...,4, is thus an arithmetic sub-
group of Isom(RHP). Hence, each has finite co-volume and is isomorphic to a
finite-index subgroup of P Isom(L;). In particular, each P Stabisom A (Fix x;) is
commensurable with P Isom(L;).
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(iii) Each PIsom(L;), i = 0,...,4, is a discrete reflection subgroup of Isom(RH")
with Vinberg diagram given as in Appendix[B.4l

Proof First, we prove statement (). Each IPIsom(L;) is a discrete subgroup of
Isom(RHP) since each L; is a Z-lattice of signature (+, —, —, —, —). Standard com-
putations (see [17]) show that the Vinberg algorithm terminates after finitely many
iterations for each of P Isom(L;). See Appendix[B.4lfor the results of these computa-
tions and the Vinberg diagrams of the fundamental domains in RH® of IP Isom(L;),
i = 0,...,4. The termination after finitely many iterations of the Vinberg algo-
rithm implies that the reflection subgroup of each of I? Isom(L;) has finite index in
P Isom(L;), and that P Isom(L;) is a semidirect product of its reflection subgroup
with a subgroup of the symmetry group of its fundamental domain; see [[17]. The
fact that each of the Vinberg diagrams has no symmetries (taking norms of roots
into account) implies that each P Isom(L;) in fact equals its own reflection subgroup;
hence, each IP Isom(L;) is a discrete reflection subgroup of Isom(RH®). This proves
statement ().

Next, we establish statement (). It is straightforward to verify that xo, X1, X2,
X3, and x4 are involutive anti-isometries of A. Obviously, for x = xo,..-, X4
IP Stabysom A (Fix x) is the subgroup of P Isom(Fix x) consisting of elements that ex-
tend back to isometries of the full Z[i]-lattice A. Since Fix(;) & L; as Z-lattices, we
see that, fori = 0,...,4,

P Stabrsom 4 (Fix x;) 2 P({M € Tsom(L;) | ;- M- 8" € Z[i]**°}),

where each B; is given in Appendix[B.2l Since P Stabysom A (Fix ;) is defined by alge-
braic equations with coefficients in 7Z[i], it is an arithmetic subgroup of Isom(RHP).
Each therefore has finite co-volume and is isomorphic to a finite-index subgroup
of PIsom(L;). In particularly, each P Stabjom a(Fix x;) is commensurable with
IP Isom(L;). This proves statement ().

Lastly, we prove statement (). Let ¢y,..., ¢, be the induced maps on V. =
A/(1 + 1)A of xo, ..., Xs respectively. Then ¢y,..., ¢4 € O(V,q) = Ss. By the
surjectivity statement in Corollary we know that each of yy, ..., x4 must be
induced by either real binary octics or antipodal ones. The values of dimy, (Fix((b,-))
and the numbers of norm-one vectors in Fix(¢;), i = 0, ..., 4, are tabulated in Ta-
ble BIl Comparison between Table 5.1l and Table [B.I] now shows that xo, X1, X2>
X3 are induced by smooth real octics of types 0, 1, 2, and 3, respectively. The same
comparison also shows that x4 is induced either by real binary octics of type 4 or
by antipodal octics. However, one of the nodes in the Vinberg diagram of the Z-
lattice Fix(x4) is of the form (1 + i)w, where w is a primitive vector in A of squared
norm —2. The orthogonal complement of w in CH® is thus one of the constituent hy-
perplanes in the hyperplane arrangement 3 (see Section[2.3]). This shows that octics
parametrized by R]H[fxd can deform to singular octics with exactly one node. This
in turn shows that x4 is induced by real binary octics since smooth antipodal octics
cannot deform to singular octics with just one node. Comparison of the last rows of
Table 5.Iland Table[B.Ilnow shows that x4 is induced by real binary octics of type 4.
(See also Appendix[B.6l) Corollary[3.37 now implies that the real period map gives
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the following isomorphism of real-analytic manifolds:

My =PI\ (RHY,,| — 50),

where PR := Stabp IsomA(IR{JH[?XJ), fori=0,...,4.
We now prove the formula (6.1)). Since, for eachi = 0, ..., 4, P Stabysom A (Fix x;)

is a subgroup of the reflection group P Isom(L;), P Stabsom A (Fix ;) is itself a reflec-
tion group. Hence, Proposition[dIT]applies for eachi = 0, ..., 4, and we have

Stabp om A (RHE, ) 2 IP Stabrsom 4 (Fix x;) % (Z/2Z) or P Stabysom 4 (Fix x;),

according to whether Stabp 1som A URUH[?X{] ) contains elements of type II. Since the Vin-
berg diagram of P Isom(Ly), P Isom(L;) and P Isom(L,) have no (Z/2)-symmetries,
Corollary[4.T3immediately implies that

Stabp 1som A (RH?, ;) = IP Stabyeom a (Fix x;), fori =0,1,4.

The computations in Appendix [B.7] show that Stabp 1som A(]R{IH[fXZ]) contains no
elements of type II, whereas the computations in Appendix [B.8] show that
Stabp 1som A(]R(]H[?XS]) does contain elements of type II. Consequently,

P Stabisom A (Fix Xi), 2,
Stabp jsom o (RHS, 1) = )amoA(g&) %7
P Stabygem A (Fix x;) % (Z/27), i=3.

This completes the proof of as well as that of the theorem. [ |

A Technical Lemmas

Lemma A.1 Let¢: C" — C" be an antilinear map such that $* acts on C* by multi-
plication of some scalar o € C. Then v in fact must be real. ]

Proof Note that ¢? = « - idc» implies that trace(¢?) = n - .. So, it suffices to prove
that trace(¢?) is real. Since ¢ is antilinear, there exists some A € C"*" such that
d(v) = A -7, forallv € C". Hence ¢?(v) = A - A - v and trace(¢?) = trace(A - A).
Now, recall that for any two complex square matrices C, D of the same dimensions,
we have trace(C - D) = trace(D - C). Thus,

trace(A - A) = trace(A - A) = trace(A - A) = trace(A - A) = trace(A-A) € R.

This completes the proof of the lemma. ]
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Lemma A.2 LetY be a set, L a group with a free left action on Y and R a group
with a free right action on Y such that the two actions commute. Let y € Y, and
l:=y-ReY/Randr:=L-y € L\Y. Then for every element ¢ € L preserving
I, there exists a unique element ¢ € R such that ¢ - y - ¢ = y. Furthermore, the map
L; — R,: ¢ — ¢ is an anti-isomorphism of the two stabilizer groups.

Proof Immediate. [ |

Lemma A.3 Let H be a group acting freely on a set Y, ¢ be a permutation on Y
normalizing H, and Z the centralizer of ¢ in H (considering both ¢ and H as contained
in the symmetric group on'Y ). Denote the set of fixed points of ¢ by Y. Then the natural

R
map Y®/Z — Y /H is injective.

Proof Let yy, y, € Y besuch that W(Z - y,) = ¥(Z- y,). We want to show Z - y; =
Z -y, i.e., there exists some z € Z such thatz- y; = y,. Now, since ¥(Z-y,) = H- y;
and ¥(Z - y,) = H - y;, the hypothesis ¥(Z - y1) = U(Z - y,) is equivalent to
H -y, = H- y,, i.e., there exists some g € H such that g - y; = y,. We claim that
in fact ¢ € Z, which will complete the proof. For the claim, note that y;,y, € Y?
implies the following:

(g 'ogplogod)(y)=(g 0 o)) =(g ' o () =g ' (12) = 1.

Since ¢ normalizes H, ¢! o0 g o ¢ is an element of H; hence, soisg™ ' o ¢~ o go ¢h.
Freeness of the action of H on X now implies that g~ !o¢~!ogo¢ = idy; equivalently,
gop=¢og,ie,g€Z u

B Computational Results used in the Proof of Theorem

In this appendix, we collect and elaborate the computational arguments used in the
proof of Theorem

We define five involutive anti-isometries of A in[B.Jl We show that they are in-
duced by the five deformation types of real binary octics by determining the cycle
structures of their induced maps in O(A/(1 +1i)A, q) = S5 inB5and[B.6 We give
explicit descriptions of Stabp 5o, A(RHE),1=0,...,4, in[B4[B7} and[B.8
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B.1 The Five Involutive Anti-isometries

Define the map x,: A — A by

Z1 V4)
53 zZ1
Z3 |z
X 2 o 23
Zs5 —IE
Z6 3
Then y, € IAI(A). Next, define
[0 —i 0 0 0 0] [1 0 0 0 0 0]
1 0 0 0 0 O 01 0 0 0 O
0O 0 0 —-i 0 O 0 0 0 —i 0 O
A() = ! ) Al - ' )
0O 0 1 0 0 O 0O 01 0 0 O
0O 0 0 O 1 O 0O 0 0 0 1 0
0 0 0 0 0 1 000 0 0 1
(1 0 0 0 0 O] 1 0 0 0 0]
01 0 0 0 O 0 1 0 0 0
0 01 0 0 O 0 0 O — i 0
Az = s A3 = ' ' ’
0 0 01 0 O 0 0 1 0 0 0
0 0 0 0 1 0 0 0 O 1 0
0 000 0 1] 0 0 i —1—i 1 1]
0o —-i o0 o0 i 0]
1 0 0 0 0 0
0O 0 0 —i i o0
A4 =
0 0 1 0 0 0
0 0 0 0 1 0
i —1—1i i —-1—i 2 1]
Consider Ay, . . ., Ay, as Z[i]-linear endomorphisms on A, via v — A; - v. Define

(B.1) xo0:=Ag0X2, X1 :=A10X2, X2 := A20X2 = X2, X3 := A30X2, X4 := A40X2-

It is straightforward to verify that Ay, ..., A4 € Isom(A), and xo, ..., xa € IAI(A).
As the notation suggests, Xo, . . ., x4 shall correspond to real binary octics of types
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0,...,4 respectively, as will be shown in this appendix. Appealing to the theory de-
veloped in the preceding sections, we now present a series of straightforward com-
putational results which will establish this correspondence (see also Proof of Theo-
rem [6.1)). We will omit the details of these computations due to their routine but
tedious nature.

B.2 Z-bases for the Fixed Lattices of x, ..., x4

The column vectors of the following matrices form respectively Z-bases for the fixed

Z-lattices of the anti-involutions xo, . . . , X4:
[ 0 0 1—-i 0 0]
1 0 1 0 0
0 1—i 0 0 0
%0:: ! s
-1 0 0 1 1
1—i 0 0 —1+i 0
10 0 0 —1]
0 1 o0 0 0 1—1i]
0 1 0 0 0 1+i
0 0 1—i 0 0 0
%122 )
-1 0 1 1 0
1—i 0 0 —14i 0
10 -1 0 0 |
B! 0 0 1—i 0 ]
0 1 0 0 1+i 0
-1 0 1 1 0 1-i
%22: . 5
-1 0 1 1 0 1+i
1—-i 0 —1+i 0 0 0
10 0 -1 0 1]
) 0 1 1—i 0 0 |
0 0 1 1+4i 0 0
0 0 1—-i 1-—
%3:: 1 1 1 1 7
0 0 0 0 2 0
1—i 1—-i 0 0 0
1 0 0 0 0 —1-i
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1—i 0 0 i 0 0]
2 2 -1 0 0 2
B, = 0 1—1 O i 0 0
0 0 1 0 0 0
0 0 1—i 0 0
| 0 0 0 1 i

B.3 The Induced Integral Quadratic Forms on Fix(xo), . . ., Fix(x4)
These are determined by inner product matrices of By, . .., By, which are given re-
spectively by
Ly := diag(+2, -2, -2, —-2,—-2,-2), L;:=diag(+2,—2,—-2,—-2, -2, —4),
L, := diag(+2, =2, —2, -2, —4, —4), Ls:= diag(+2, -2, —2, —4, —4, —4),

-4 -4 2 0 0 —4
-4 —12 6 0 0 -8
Ly = 2 6 -4 0 0 4
0 0 0 -4 2 =2
0 0 0 2 0 O
-4 -8 4 -2 0 -8

B.4 The Vinberg Diagrams

The Vinberg diagrams [17] of the reflection subgroups of the (integral) isometry
groups P Isom(Ly), ..., P Isom(Ly) are shown in Figure[B.Il In these diagrams, the
following convention is used: No bond between two nodes means the two corre-
sponding hyperplanes meet orthogonally; a single bond means they meet with inte-
rior angle 7 /3; a double bond means the interior angle is 7 /4; a bond marked with oo
means the two hyperplanes are parallel; a dotted bond means they are ultraparallel.

The number of subdivisions within each node is minus one-half of the squared
norm of the corresponding root. Equivalently, the squared norm of a root is equal
to —2 times the number of subdivisions in its corresponding node in the Vinberg
diagram. For example, consider the Vinberg diagram of L,. The node r4 has four
subdivisions, which indicates that the corresponding root has norm —8 = —2 x 4.
Similarly, the roots corresponding to ry, 13, 13, 5, 76, and r; have norms —4, —4, —2,
—4, —4, and —4, respectively.

The labeling of the nodes of the diagrams for L, and L3 will be used in Sections[B.7]
and [B.8l The common labeling of these two sets of nodes is for economy of nota-
tion; the two sets otherwise have no relation to each other. Each of these five Vin-
berg diagrams has no symmetries, when norms of roots are taken into account. This
implies that each of P Isom(Ly), ... ,IPIsom(Ly) is a discrete reflection subgroup of
Isom(RH?). Hence, Corollary@I3]applies to each of them.

Ignoring norms of roots, only the Vinberg diagrams of I’ Isom(L,) and I Isom(Ls)
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L
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6 3

L O0—O0O—0O—0——®

r7 3 r Lo} 6 T4 s

L p—O—0D—0DO—0D—F—0

Figure B.1

. . number of norm-one
dln‘l][:2 (FIX()) vectors in Fix(+)
bo 6 28
b1 5 16
2 4 3
¢s 3 4
on 4 4

Table B.1

have a (7,/27)-symmetry, which implies (by Corollary[£.13) that

Stabp rom A(IR{JH[fX]) =P StablsomA(FiX X)a for X = X05 X1 Xa-

B.5 The Invariants of the Induced Isometrieson V = A /(1 +i)A

Let ¢y, ..., ¢4 € O(V,q) be the involutive isometries on V. = A/(1 + i) A induced
by Xo,- - ., xa respectively. Then straightforward computations show that the two
invariants mentioned in Lemma[5.dlof ¢y, . . . , ¢4 are as tabulated in Table[B.1l

We show the explicit verification for ¢,. Now,

¢ € O(V,q) = O(A/(1 +1)A,q)
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is induced by x, € IAI(A), and x; is defined by

2] 22
b3 zZy
z3 Z4
X2 |~ %
Zs5 —iZS
Z6 Zs

Next, observe that the endomorphism £ —— i- £ on Z[i] descends to the identity
map on IF, = Z[i]/(1 + )Z[i], sincei = 1 +1i- (1 +1i) = 1 mod(1l +i). Similarly,
the endomorphism £ — —¢& on Z[i] also descends to the identity map on IF,, since
—(m+in) = (m+in)—2-(m+in) = (m+in)—(1+i)(1—1)(m+in) = m+in mod(1+i).
As a result, complex conjugation on 7Z[i] descends to the identity map on I, as well,
since m +in = m — in = m + inmod(1 + i). Hence, ¢, is explicitly given by

& &

& &

G _ | &

A

& &

&6 &6

Consequently, the vectors
1 0 0 0
1 0 0 0
0 1 0 0
V1 = 0 ) V2 = 1 3 V3 = ol V4 = 0 ev

0 0 1 0
0 0 0 1

form a basis for Fix(¢,), and we see that
dim]FZ FIX(¢2) = 4.

Next, we count the norm-one vectors in Fix(¢,): Since v, v», v3, v4 form a basis
for Fix(¢,), we see that Fix(¢,) contains exactly 16 vectors and the general form of a
vector in Fix(¢,) is ¢; vy + V2 +c3v3 +c4vy, where ¢y, . .., ¢4 € Fp. Thenorm g(v) € IF,
ofavectorv € V.= A/(1+i)A is defined in Section[5.Tland can be readily calculated.
The sixteen vectors in Fix(¢,) and their norms are tabulated in Table[B.2] from which
it is immediate that Fix(¢,) contains exactly eight vectors of norm one.

Remark B.1 Comparing Table [5.2] with Table [B.I} we may conclude that xo, X1,
X2, and x3 correspond to real binary octics of types 0, 1, 2, and 3 respectively. By
Remark[5.2] it is furthermore clear that x4 is induced by either real binary octics of
type 4 or antipodal binary octics. We show that x4 is in fact induced by real binary
octics in Section[B.6l

https://doi.org/10.4153/CJM-2011-026-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-026-1

794 K. C.K. Chu

o 6 o v=antontovtan | q) |
0 0 0 0 (000000)” 0
0 0 0 1 (000001)T 0
0 0 1 o0 (000010)T 0
0 0 1 1 (000011)7 1
0 1 0 0 (001100)7 1
0 1 0 1 (oo1101)7" 1
0 1 1 0 (001110)7 1
0 1 1 1 (0011117 0
1 0 0 0 (110000)T 1
1 0 0 1 (110001)" 1
1 0 1 0 (110010)" 1
1 0 1 1 (110011)7T 0
1 1 0 0 (111100)T 0
1 1 0 1 (1111017 0
1 1 1 o0 (111110)7 0
1 1 1 1 (11111’ 1

Table B.2: All sixteen vectors in Fix(¢,) and their norms. The superscript T denotes transpo-
sition.

B.6 x4 is Induced by Real Binary Octics of Type 4

We can determine that x4 is induced by real binary octics of type 4 (rather than by
antipodal binary octics) by the following observations:

e Recall that the collection 3 of discriminant hyperplanes in CH? consists of or-
thogonal complements of vectors in A of squared norm —2, and that the smooth
points of H correspond to nodal binary octics, i.e., singular binary octics with one
double point and no other singularities.

¢ One of the roots of L, is of the form (1 + i)w, where w is a primitive vector in A
of squared norm —2. The fundamental domain of P Isom(L,) therefore has one
discriminant wall, and octics parametrized by lR{JH[fX4] can deform to nodal ones.

* Antipodal octics can only deform to octics which are more singular than the nodal
ones. (See the proof of Lemmal[3.25])

It is now clear that x4 is induced by real binary octics of type 4.
Remark B.2 As already mentioned in subsection[B.4] we have
Stab]P’ Isom A(IR{]H[[X]) =P StablsomA(FiX X)) for X = X0, X15 X4-

It remains to determine, for x = X3, X3, whether Stabp som A(]R{JH[‘E’X]) is equal to
IP Stabysom A (Fix X), or is isomorphic to P Stabysem 4 (Fix x) X (Z/27).
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B.7 Comparing Stabp jsom o (RH(y,]) and P Stabisom  (Fix x2)
Recall that the Vinberg diagram for P’ Isom(Fix x) is

7 3 n n e T4 s
where the roots ry,1,,...,r; are labeled according to order of appearance in the

Vinberg Algorithm. The above diagram has only one symmetry (ignoring norms
of roots): it is the (Z/27)-symmetry determined by exchanging the following 1-
dimensional subspaces:

R-rp«—R-1ry, Rrp—R-15, R-r3—R-1q, R:-r5— R-1.

Recall also that the natural identification map (induced by projectivizing over C)
from Fix(iy,) ®zR back to Fix(x,) ®z R is given by scalar multiplication by 1—i. Tak-
ing all the above observations into account, we see that the group Stabp 5om /\(R]H[fm] )
admits elements of type II if and only if the following conditions define an element
T € Isom(A) such that [T] is a type II element of Stabp j4om A(]R{IH[fX2 1)

(B.2) A-1)T(n) = :I:\/Erla

(B.3) (1 —1D)T(r) = £V2rs, (1 —1)T(rs) = £v2n,,
(B.4) (1-DT(rs) = i%m, (1—DT(r) = £2v/2n,,
(B.5) (1 —1)T(rs) = £V2r;, (1 =) T(ry) = £V2r,

where the signs of the right-hand-sides must be either all positive or all negative.
Either case leads to a contradiction, which shows that Stabp 1gom A(]R{JH[fXZ]) has no
type II elements. We derive the contradiction for only the first case, the other case
being completely analogous. We now make the following:

Claim There exists no such T € Isom(A).

When expressed in the “standard” basis of A, the roots ry, . . ., 7 are given, respec-
tively from left to right, by the column vectors of the following matrix:

-1 0 0 —1+i 0 1 2-i
-1 0 0 —-1-i 0 1 2+i
1 0 -1 1-i —-1+4i 1 -1
1 0 -1 1+i —-1-i 1 -1

—-1+i 1—-i O 0 0 0 1—-i
0 -1 1 0 0 0 1

Note that r; = r, + 2r; — ry — 15 + 1. Hence, condition (B.5)) implies
V2rs = (1 —i)T(r;) = (1 —i)T(r, + 2rs — 14 — 15 + 76)

= \/ETG + \/57'4 — 2\/57'3 — \/57'7 + \[27'27
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which yields this alternative expression for r7: r; = r, — 2r3 4+ 14 — 5 + 1. Comparing
with the original expression for r; in terms of r5, . . . , 76, we see that

ry+2r3—ry—rs+trg=1;=1,—2r3+ry—1rs+rs = 213 =1y,

which is a contradiction, since r; and ry are linearly independent over Z[i], in par-
ticular, over Z. The claim is proved. By Corollary 413l we may now conclude
that Stabp om A (RHS, ;) has no elements of type II, and Stabp iom A (RHS,,)) =
IP Stabrsom A (Fix x2).

B.8 Comparing Stabp jom A (RHy,}) and P Stabjsom A (Fix x3)

Recall the Vinberg diagram in this case from Figure[B.Il Again, the rootsry,7p,...,73
are labeled according to order of appearance in the Vinberg Algorithm. In terms of
the “standard” basis for A, these roots are given, respectively from left to right, by the
column vectors of the following matrix:

[ 1 -1 —1+i 0 0 1—i 1 1—i]
1 -1 —-1—-i 0 0 1+i 1 1+i
-i 0 1-i 0 —1+i 2i 2i 2
0 0 -2 0 0 0 2

—14+i 0 0 0 2-2i 2—-2i 2—-2

e 0 0 —1—i 1+i 1 1 1—1 |

The only symmetry (ignoring norms of roots) here is the (7Z/27)-symmetry deter-
mined by exchanging the following 1-dimensional subspaces:

R-rp«—R-rq, Rpe—R-15, R-r3—R-1r5, R-17—R-13.
Therefore, Stabp rom A (RH,,]) has elements of type II if and only if the follow-
ing conditions define an element T € Isom(A) such that [T] is an element of

Stabp IsomA(]RJH[[X3]) of type 1I:

(1—=D)T(r) =ry, A=D)T(r)) =715, (1 =1)T(r3) =15, (1 —-1)T(r7) = 13,
(1 =1)T(ry) =211, (1 =1)T(rs5) =2r,, (1 —=1)T(rg) =2r3, (1 —1)T(rg) = 215.

Straightforward calculations now show that the above (overdetermined) set of con-
ditions indeed defines such a T' € Isom(A) and we conclude that

Stabp rgom A (RHy,)) = IP Stabysom  (Fix x3) % ([T]) 22 P Stabyeom A (Fix x3) % (Z,/27).
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