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WEIGHTED FUNCTIOM ALGEBRAS ON GROUPS
AND SEMIGROUPS

For a locally compact topological group admitting a weight function,
we establish necessary and sufficient criteria for all the weighted
continuous functions to be weakly almost periodic. Among other
results, we show that weak almost periodicity of all w-weighted
continuous functions on a discrete semigroup S , can be very
different drom the phenomenon of regularity of multiplication in

the weighted algebra 21(S,w) .
1. Introduction

Let S be a locally compact topological semigroup, w« a continuous
weight function on S and C((S,w) the space of all continuous w-weighted
functions on S . When S 1is a group (and ® = 1), it is well known
that all functions in ((5,1) are weakly almost periodic if and only if
S is compact - see for example [1] or [3]. 1In this paper we establish
necessary and sufficient criteria for all functions in C(S,w) to be
weakly almost periodic for the case where S 1is a group or a cancellative
discrete semigroup.

When S is discrete, it is known that all functions in C((S,1) are
weakly almost periodic if and only if the algebra 21(S) has regular
multiplication - see for example [8] or [3, Theorem 4.5.5(ii)]. One may
ask whether a similar result holds for the corresponding weighted algebras.

We show that the situation for weighted algebras can be very different
Bmong other results, we also prove that, if S is a group, the
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weighted group algebra Ll(G,w) contains a weakly compact element if and
only if G 1is compact. This improves earlier results of Ghahramani

([5) ana (61).

In section 2 we introduce our notation and prove some elementary

properties of a weight function. Our main results are given in section 3.

2. Notation and some elementary properties of weight functions.

Throughout this paper, let S denote a topological semigroup. A

positive function w defined on S is called a weight function if

w(xy) < w(x) wly) for all x,y € 5.

It is interesting to note that measurable weight functions on locally
compact groups are bounded away from both zero and infinity on compact

sets. This is what our next result says.

PROPOSITION 2.1. Let K be a compact subset of a locally compact
group G and w a measurable weight function on G . Then there exists
a,b € R such that

0 <a<wlx)Xb forall x€K.

Proof. First we establish the existence of b . To this end, let A

be a Haar measure on (G and set Un ;= {x € G : w(x) <n} . Clearly
(o

U Un = G and each Un is measurable. Hence A(Um) > 0 for some

n=1
n =m . The interior of Um2 is non-empty - see for example ([3], pp. 17
and 18). let 2z € int(Umz) and set V := int(z_lUmz) , and note that

V is an open neighbourhood of the identity. By the compactness of K we

can find a finite number of points Ypoee-i¥y in KU K_l such that

1

UK - C U...u .
KUK Vyl Vyt
Let b := mzm(z-l).max{w(yi) :1<i<t). Then if € KU K1 we have
xz = vy, for some v€V and Z € {1,...,t} , and so
= 2 -1
wlx) = m(vyi) < w(v) w(yi) <muwlz )w(yi) <b.
Thus w(x) <b , for all x € KU k1 . (*)
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Next let a := inf{w(x) : x € K} and suppose a = O . Then there
exists a sequence {xn} in X such that w(mn) + 0 . Since
1< w(xn) m(xn-l) , we must have w(xn_l) -+ o , which contradicts (*).

Hence we must have a > 0 .

REMARK. Of course there are many measurable weight functions that
are not continuous. For example on the additive group IR with the usual

topology one may consider the weight function w given by
1 if x € [0,1]
wl(x) :=

2 elsewhere .

PROPOSITION 2.2. Let w be a weight function on S such that
{x €5 : w(x) < e} is finite for some e >0 . Then w(x) =21 , for all
x€S.

Proof. suppose w(x) <1 for some x € S . Choose p € N such

that w(F) < € . Then
w(@P) < 6w @ w@) < wE@@™) < w@) v <«

Thus {xp+n :n €N} is an infinite subset of {y € 5 : w(y) < e} -

contrary to the hypothesis. Thus the result follows.

COROLLARY 2.3. If w s a measurable weight function on a compact
topological group G , then w(x) 21 for all xz € G .

Proof. This follows trivially from Propositions 2.1 and 2.2.

2.4. let {£(S) be the set of all complex-valued continuous functions
on S, C(S) the space of all bounded functions in §(S) under the

supremum norm [ "S and w a continuous weight function on S . We

define the space of weighted continuous functions C((S,w) by

C(S,w) = {f € ES) : fu € C(9)}
with the norm given by ﬂfﬂm = ﬂfbﬂs
Let
WAP(S ,0) := {f € C(S,0) : {xf : x € S} is a relatively weakly
compact subset of C((S,w)}
and
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AP(S,w) := {f € C(S,w) : {xf : x € S} is a relatively norm
compact subset of C(C(S,w)} ,

where
xf(y) := f(xy) for all x,y €S .

When w = 1 we get the familiar spaces WAP(S) = WAP(S,1)
AP(S) = AP(S,1) and C(5) = C(5,1)

’

PROPOSITION 2.5. A function f belongs to WAP(S,w) <if and only if
{lf.u) : x €8} is a relatively weakly compact subset of C(S)

Proof. A standard argument (which we omit) shows that the map
f > fiw of C(S,0) into C(S) is weakly a topological homomorphism and
hence the result follows.

2.6. For a discrete semigroup S with weight function w , the set

ll(S,w) of all complex-valued functions f on S such that f.w € El(S) ’

is a Banach algebra with convolution as multiplication and norm given by

A = 1 ful 1
L7 (5)

If w is a measurable weight function on a locally compact topological
group G , we have the weighted convolution algebra Ll(G’,m) of

(equivalence classes of) all measurable complex-valued functions f on &

such that f.w € Ll(G) under the norm Ifl := lf. wl 1
L7(G)

2.7. The reader can easily note that our definitions for the spaces
WAP(S,w) and AP(S,w) contain the requirement that the functions
f € C(S,w) involved be such that xfe C(S,w) for all x € S . This is

related to the finiteness of §(x) where

Q(x) := sup {wL((xyy)_) :y € S}

for all x € S - see for example Lemma 3.1.

3. The main results

LEMMA 3.1. Let w be a continuous weight function on S . Then
xf € C(S,w) , forall fE€ CBS,w) and =zxz€ S, if and only if 0(x)
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18 finite.

Proof. To establish the necessary condition, we note that

wle C(S,w) and so if x € 5 we have xw-l € C(S,w) . Hence

m - L) -
> ﬂxm ﬂw— sup {w(xy) ] ES} Q(x) .

Conversely, suppose {(x) is finite, for all x € § , and let

f € C(S,w) . Thus, for all x,y €S , we have that

- - wl(y) <
| S @ v | = |f@ v@)] = [fay) o | J2y <1, 2w

and so
“:Lﬂlw < ® or .‘z:fe C(S,w)

COROLLARY 3.2. If w is a continuous weight function on a locally
compact topological group G , then :cf € C(G,w) for all f € C(G,w)

ad x € G .

Proof. For all x and y in G, we have

wy) _ w(x_lxy) < w(a:'l) wlxy) _ m(:z:_l)
w{xy) w{zy) w(xy)
and so Q(x) < m(x_l) . By 3.1 our result follows.

The reader is asked to bear the preceding result in mind throughout

the proof of our next theorem.

THEOREM 3.3. Let w be a continuous weight function on a locally
compact topological group G. Then, the following are equivalent

(i) WAP(G,w) = C(G,w) ;

(i1) either (a) G is compact

or (b) G is a countable discrete group such that
w(ym)
lim lim ——— = 0 , whenever {x.} and {y }
n m w(:cnym) n m

are sequences of distinct points of G .
Proof. suppose (i) holds and set Vk = {x €C: wx) <k} . we
claim that either Vk is finite (kK €EWN) or G is compact. To

establish our claim, suppose for some Xk (now fixed) Vk is infinite and
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G is not compact. Then, by an argument similar but simpler to that we

employed in ([4}), Theorem 7.3), there exist sequences {.’Cn} c Vk and
{ym} C G, and a positive function h in C(G) such that

0 if n<m

hix y ) =
nem 1 if n2m.
Then f := ho L is a function in C((G,w) and
h 0 if n <m
*) x f(ym) w(ym) = f(xnym) w(ym) = —(x_:)y(:;f;y_m—)_ = )
n nym Cn,m if n=2m ;

where

M(ym) > w(ym) 1 1

Cin,m := = = P .
wlzy )™ w@) uly,) o) %

So, by Grothendieck ([7], Theorem 6), equation (*) implies that

{xf.w : £ € G} is not relatively weakly compact. Recalling

Proposition 2.5 we have f € C(G,w) \ WAP(G,w) , which contradicts (i).

Hence each Vk is finite or ( is compact.

Next suppose G 1is not compact and choose p € N such that
w(l) < p . Then Vp is a finite neighbourhood of the identity, so G is

©

discrete. As G = U Vk we also have (G countable. Since each Vk is

k=1
finite, if {zn} a sequence of distinct points of G , then

(1) w(zn) > ® as n >

Now let {xn} and {yn} be any sequences of distinct points in G . The

function f := w1l is in C(G,w) and hence in WAP(G,w) . Let

w(ym)
d := Tin Tim fix,y,) o, = Iin lin s
n m n o m nm
(where d may be infinite). From (1), we get
w(ym)
(2) lim lim f(ym) wly,) = lim lim TEy - 1im 0 = 0
m n “n m n n7m m
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Since {xf.m : x € G} is relatively weakly compact (by (i) and

Proposition 2.5), Grothendieck ({71, Theorem 6) and (2) imply that d=20

Consequently

m(ym)
lim lim w—('x———T =0 .

Thus (i) implies (ii).
Now suppose (ii) (a) holds. Then
WAP(G) = C(G) = C(G,w)

and the map f » fiw of C(C(G) into C(G,w) 1is weakly continuocus. Hence
{xf.w : & € G} is a relatively weakly compact subset of C(G,w) , for all

f € C(G,w) . Thus WAP(G,w) = C(G,w) , by Proposition 2.5.

Next suppose (ii) (b) holds. 1ILet f be any non-negative function

in C(G,w) and set M := "fﬂw . Then if {xn} and {ym} are any

sequences, as specified in (ii) (b), we have

(3) 0< fly) wy) =Fflxy ) wEy) ww# <M ww#
x ~om m n'm n’m w(xnym) m(xnym)
and
4) 0 < w(; )y w(:(TZiz)y ) < wT;x?lT;yZ)) = wT;yZ))
n n n’m n nom nIm
Hence

lim lim z f(ym) w(ym) = 0 by condition (ii) (b) and (3).
n m ‘n

(4) and condition (ii) (b) imply that w(zn) +>0 as n »> o for any

sequence of distinct points {zn} . Consequently, this and (3) give

lim lim z f(ym) m(ym) =0
m n “n

Hence f € WAP(G,») by ([7], Theorem 6) and Proposition 2.5.

Thus (ii) implies (i), and our proof is complete.

A mild adjustment of our preceding proof yields the following result,
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on noting that §(x) 1is finite when either condition holds.

PROPOSITION 3.4. Let S be infinite, discrete and such that
x—l{y} and {y}x_:L are finite, for all x,y € 5. If w 1is a weight
function on S , then the following are equivalent :

(2) WAP(S,w) = C(S,w)

(i2) S 1is countable and

w(ym)
lim lim W—-)— =0
n m nym

for any sequences {xn} and {ym} of distinet points of S .

Proof. First we note that (i) implies that :Lf € ((S,n) whenever

fE€CB,w) and x €S , by our definition of WAP(S,w) . Now suppose
(ii) holds and, on the contrary, Q(z) = « , for some & € S . Then by

definition of Q(x) (see 2.7), there exists a sequence {ym} of distinct

points of S such that

w(ym)

—_— as m->w®

w(xym)
Since a_l{b}, {b}a_'1 are finite for all a,b € S , we can find a
sequence {an} C S such that a # .z whenever 7 # k . Let
z, := a & and note that {zn} is a sequence of distinct points and so

w(ym) w(ym)
0O = lim 1lim m—(-'z—-)-> lim lima(—a-)—w(-——)—=°°
n m m n o m n Y

- which is impossible! Hence (x) < and so lfe C(S,w) , for all

fFE€ECS,w) and x €S . The rest of the proof can now be modelled on
that of Theorem 3.3 .

The analogue of Theorem 3.3 for weighted almost periodic functions

yields the following stronger result.

THEOREM 3.5. Let w be a continuous weight function on a locally
compact topological group G . Then the following are equivalent:

() AP(G,0) = C(G,w)
(i1) G is compact.
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Proof. sSuppose (i) holds. By Theorem 3.3 ( is compact or

discrete. If G is discrete then Vk := {xt € G : w(x) < k} is finite,
for all k € N . since ﬂjﬂm 1= ﬂf.wﬂG <« , we must have f € C (G) for
all f € C(G,w)

By Proposition 2.2 we have w = 1 and so

ﬂﬂm>ﬂﬂc.

The map f > f of C(G,») into CO(G) is thus (norm) continuous.
Hence AP(G,w) € AP(G) and AP(G) contains a non-zero element of CO(G).
The latter implies that G 1is compact. Thus (i) implies (ii).

By a standard argument the reader can easily verify that (ii)

implies (i).

We recall that multiplication in a Banach algebra is said to be
regular if the two Arens products on its bidual coincide. 1If they do not

coincide, we have irregular multiplication. For a weighted semigroup

algebra Rl(S,w) , Craw and Young (see for example [Z7] or Theorem 1.2 in
Chapter 6 of [3]) obtained the following partial characterization of

regular multiplication.

PROPQSITION 3.6. Let w be a weight function on a cancellative
semigroup S . Then the following are equivalent:

(7) ll(S,w) has irregular multiplication
(i1) there exist sequences {xn} and {ym} of distinet points of S

o @ Y

w(z,) w Yy, n,m

such that the double sequence has a non-zero repeated
limit.

The phenomena of weak almost periodicity of all functions in ((S,w)
and regularity of multiplication in zl(S,m) are independent, even for

discrete cancellative S . This is the message of our next theorem.

THEOREM 3.7. Let S be a free semigroup generated by an infinite
countable set, endowed with the discrete topology. Then

(1) S admits a weight function w such that WAP(S,w) = C(s,w)
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but JLl(S',w) has irregular multiplication

(i) S admits a weight function p such that WAP(S,p) # C(S,p)
but zl(S,p) has regular multiplication.

Proof. (i) Let D := {dk : KEWN} be an enumeration of a free
generating set for S . Every point x in S can be uniquely expressed
in the form <z = dk . dk and we define

1 p
w(x) := exp(kl + ...+ kp) .
Clearly w(xy) = w(x) wly) (x,y € S5) and w(xn) + » for any sequence
{xn} of distinct points of S . In particular, if {ym} is another

sequence of distinct points of S , then

w (ym)
(5) lim lim ——————= lim = 0
n m (xnym) ne @ (xn)
and
© (xnym)

(6) —_—— = ]
w(xn) w(ym)

From (5) and Proposition 3.4, we have that WAP(S,w) = C(S,w); while from
(6) and Proposition 3.6, we have that multiplication in Ql(S,w) is

irregular.

(ii) From ([2], page 353), S admits a weight function p
such that Zl(S,p) has regular multiplication, p(xn) > ® as n » o for
any sequence of distinct points of S, and plaxy) =p(x) + ply) -1 for

for all z,y €S . so if {y,} is another sequence of distinct points of

S , we get
p(ym) p(ym)
(7) lim lim ————— = lim lim — =1
n o m p(xnym) n o m p(xn) * p(ym) 1

From (7) and Proposition 3.4, it follows that WAP(S,p) # C(S,p)

Iet w be a continuous weight function on a locally compact
topological group G . 1In [6], the author raised the following two

questions: Is every right compact element of Ll(G,w) a left compact
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element? Does the existence of a non-xero right compact element imply

that all elements of Ll(G,w) are right compact? Affirmative answers to
both guestions follow trivially (or from standard results) as a

consequence of the following extension of the main result of [5) and [6].

THEQOREM 3.8. Let w be a continuous weight function on a locally
compact topological group G. Then the following are equivalent:

(1) there exists a (non-zero) weakly compact right rultiplier of
Ll(le) H
(i7) G <is compact .

Proof. suppose (i) holds. Then ([6], Theorem 3.1) says that the

function

x> flx) = J 2 g | are)

defined on G , for some non-zero ¢ € Ll(G,w) , vanishes at infinity;

where )\ denotes Haar measure. But

wiry) _ _ wlzy) o __ wlmy) —ug H 0 weo

w(x) w (xy y_l) wlxy) w(y-l)

and so
-1,-1
flx) = J wy Y T gy Ay >0 (x €6 .
Hence f(x) wvanishing at\}nfinity can only happen when ( is compact.
That (ii) implies (i) is evident (see for example [6]).

REMARKS. 1In fact the conclusion of Theorem 3.8 holds more generally
for the case where w®w is any measurable weight function, on noting that
with the assistance of Proposition 2.1 one can similarly obtain the

result ((6], Theorem 3.1) for such w .

For a comprehensive study of convolution measure algebras on

topological semigroups, we refer the interested reader to our book [3].
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