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Abstract

We study the one-dimensional random motion X = X (¢), ¢ > 0, which takes two different
velocities with two different alternating intensities. The closed-form formulae for the
density functions of X and for the moments of any order, as well as the distributions of
the first passage times, are obtained. The limit behaviour of the moments is analysed
under nonstandard Kac’s scaling.
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1. Introduction

The main subject of study in this paper is the mathematical description of noninteracting
particles moving in one dimension with alternating finite velocities; this is the so-called
telegraph (or telegrapher’s) stochastic process. Beginning with the 1956 lecture notes by Kac
[13], the telegraph processes and their numerous generalisations have been studied in great
detail; see, e.g. [2], [5], [4], [7], [17], [18], [19], [20], [24], with applications in physics [23],
biology [10], [11], ecology [16], and, more recently, in financial market modelling [21] (see
also the bibliographies in these papers).

In the symmetric case, where the particles move with symmetric velocities +c and switch
their directions with the intensity A, A > 0, the density function p = p(x,t) of particles’
positions satisfies the hyperbolic second-order differential equation

32p(x, t) Yy ap(x,t) _ 2 azp(x, t)
ot? ot ax2

known as the telegraph (or damped wave) equation; see [13]. Under a scaling condition on A
and ¢ such that ¢/ — o2 as A — 00, it was noticed by Kac that (1.1) converges to the heat
equation and that the dynamical particles’ distribution weakly converges to the diffusion with
the diffusion coefficient o2

If the velocities are different in different directions, the particles’ movement holds only
an additional drift. In this paper we assume that the movement is asymmetric not only with
respect to the velocities but also with respect to the distinct switching intensities. This type
of asymmetry of the movement is necessary in order to develop adequate applications of the
theory in science and technology, as well as in financial modelling. In the latter case the
asymmetry serves as a natural medium for the description of a risk-neutral measure; see [21].

) t >0, (1.1)
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570 0. LOPEZ AND N. RATANOV

In comparison with the classical case, the properties of the asymmetric telegraph processes are
less well known; see [2], [21], and, with symmetric switching intensities, [22]. Moreover, some
existing results are formulated with mistakes.

In order to describe the distribution of the telegraph process, we systematically exploit
a noninfinitesimal approach based on integral equations instead of the traditional differential
telegraph equation (1.1). We also derive moment generating functions and conditional densities,
given the initial direction and the number of switchings.

In the same manner we study some important functionals of the asymmetric telegraph
processes. We obtain explicit formulae for the distributions of first passage times and for
the moments. The distributions of the first passage times are described by using the Laplace
transforms and their inversions.

The moments of the telegraph processes in the homogeneous symmetric setting have been
described by Iacus and Yoshida, [12], in terms of modified Bessel functions; see also [14]. Our
approach produces expressions that are a bit more simple. In this paper we present a survey of
the explicit formulae of the moments in the asymmetric case by using confluent hypergeometric
functions.

We also analyse the limit behaviour of the moments under Kac’s scaling, when switching
intensities are ‘asymptotically’ similar. Surprisingly, the standard result under Kac’s condition
does not hold without some additional assumptions on the rate of this similarity. Moreover,
a very moderate difference in the asymptotic behaviour of switching intensities provides an
additional drift in the limiting diffusion. This result is in accordance with the authors’ previous
study of the asymptotical distributions of the inhomogeneous jump-telegraph processes [15].

The paper is organised as follows. Section 2 deals with the detailed description of the
distributions. We begin this section with the transition densities of telegraph processes, and then
we present the explicit formulae for the moment generating functions and for the conditional
distributions. Section 3 concerns the distributions of time 7 (x) when the particle hits the fixed
level x. In Section 4 we derive the formulae for the moments by using a similar technique in
terms of linear combination of Kummer functions. The asymptotical behaviour of the moments
under Kac’s condition is analysed in Section 5.

2. Asymmetric telegraph process and its transition densities

Let (2, §, {S:}s>0, P) be a filtered probability space. First, we consider a two-state Markov
process ¢ = (1), ¢e(¢t) € {0, 1}, + > 0, with alternating transition intensities A9 > 0 and
A1 > 0, such that the generator is defined by the matrix

(=2 Ao
A= < . —)»1)' 2.1
The process ¢ = ¢(t), t > 0, is assumed to be adapted to the filtration {§;};>0.
By definition, the point process of switching times 0 = 1y < 71 < 72 < --- of the Markov
process & has exponentially distributed and independent increments: for n = 0,1,2,...,

]P){fn—&-l — Ty > 1| 31’,1} = CXP(—ke(r,L)l)-

Let cp, c1 € (—00, 00) be two arbitrary real numbers, co > c1. Consider the processes
V(t) = cery and X (1) = fot V(s)ds,t > 0. The process X = X(¢),t > 0, is called the
inhomogeneous (or asymmetric) telegraph process with the alternating states (co, A9) and
(c1, A1). Note that process X starts at the origin, X (0) = 0.

We fix the initial state £(0) =i € {0, 1}. Hence, the process X starts with the fixed velocity

c;; at time 1] = rl(') (which is exponentially distributed with the parameter A;) X (¢) takes the
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opposite state 1 —i with the velocity c;—; and the switching intensity A{_;. Thus, for any ¢ > 0,
we have the equality in distribution

X(t) 2 citlyogy + [cit1 + Xt — 1) oz (2.2)

Here the process X = X(t) is a telegraph process independent of X, driven by the same
parameters, but X starts from the opposite state 1 — i.
Throughout the paper, we use the notation

2¢ = ¢co — ¢, 2a = co + ¢, 28 = Xy — A1, 20 = Ap + Aq. 2.3)

2.1. Transition densities

Denote by P;{-} = P{- | ¢(0) =i} and E;{-} = E{- | €(0) = i} the conditional probabilities
and the conditional expectations respectively, given the initial state value £(0) = i for
i = 0,1. Denote by p;(x,t), i = 0, 1, the density functions of X (¢), t > 0: p;(x,?) =
P;{X(¢) € dx}/dx,i = 0, 1, which can be decomposed as

pix, 1) =Y pi(x,1;n). 2.4

n=0
Here
pi(x,t;n) :==Pi{X(t) € dx, N(t) =n}/dx,

where N(t), t > 0, is the inhomogeneous counting Poisson process related to the rates Ag
and Aq.
Applying (2.2), we immediately get the following two sets of integral equations:

t
po(x, 1) = e M §(x — cot) + / pi(x —cot, t — T)hoe 107 dx, (2.5a)
0
t
p1(x,t) = e*)‘"(S(x —cit) + / polx —cit,t — t))»wiAlr dr, (2.5b)
0
and
po(x,1:0) = e M8(x —cot),  pi(x,1;0) = e M8(x — 1), (2.62)
t
po(x,t;n) = / p1(x —cot, t —T;n — l))\oef)“” dr, n>1, (2.6b)
0
t
pl(x,t;n):/ polx —c1t,t —T;n — Daje M7 dr, n>1, (2.6¢)
0

where § is the Dirac §-function and the term e '8 (x —¢; 1) corresponds to the movement without
any change of the initial direction. Here, and everywhere below, we set f fooo Sd(x—ct)p(r)dr =
¢(x/c)/c for any continuous test function ¢.

Differentiating the integral equations of (2.5) and then integrating the result by parts, we
easily derive the equivalent Cauchy problem

9 9
%(x, 0+ Co%(x, 1) = —hopo(x. 1) + Aop1(x. 1), (2.7a)
opi p1

W(x, 1) +ci W(x, 1) = —=Api(x, ) + A polx,t), (2.7b)

fort > 0, with the initial conditions po(x, 0) = p1(x, 0) = §(x). Indeed, applying the operator
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d/dt + cod/dx to the first equation of (2.5) we have
0 ad — ot —Aot
5, Teog po(x, 1) = —roe” ""8(x — cot) + p1(x — cot, 0)Aoe™ "
X

t

3

— / —[p1(x — cot, t — T)]Aoe M dt
0 aT

= —oe M §(x — cot) + p1(x — cot, 0)Age 0"

— p1(x — cot, 0)roe " + Aopi(x, 1)
t
— AO/ pi(x —cot, t — T)hoe 0T dr
0
= —Aopo(x, 1) + Aopi(x, 1),

which produces (2.7a). The first equality here follows from

0 4l 5( H=0
or Oy ) T =R

d d 0
(5 +CO£)P1(X —CT, I —T) = —E[Pl(x —coT,t — 1)),

and the second equality, by integration by parts. Equation (2.7b) is derived similarly.
We express the solutions of (2.5) (and (2.7)) by means of the variables
x —cyt colt — x

and r—&=t—-£&@x,t) = .
co— C1 o —C1

§ =801 =

(2.8)

These expressions (see below Proposition 2.1) repeat the existing results from [21], but we
include them for completeness of presentation.

Note that 0 < &(x,¢t) < ¢, if x € (c1t, cot). Using this notation, we define the functions
qi(x,t;n),i =0, 1. For c1t < x < cot,

AR Al
qo(x,t;2n) = —CL_eng gyl gy, 2n) = —C L gl gt (2.9)
(n—1)!n! (n —Dln!
forn > 1, and
Vl+1)\‘n )\‘n)\‘n+1
qotx,t;2n+1) = 2L Len — &y, qie,n2n+1) = LS g — 6" (2.10)
(n!)2 (n!)?
forn > 0. Let .
O(x, 1) = ———e M5 MU0 oy (2.11)
co — Cq

Proposition 2.1. The set of integral equations (2.6) has the following solution:
pi(x,t;n) =gqi(x,t;n)0(x,1), n>1,i=0,1. (2.12)

Proof. Letn > 2. We substitute (2.12) and (2.9)—(2.11) directly into (2.6).
Note that, for 0 < 7 <t and c1t < x < cot, the following identities hold:

Ex —coT,t —T)=E(x,1) — T, Ex—cit,t — 1) =E(x, 1); (2.13)
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hence,
MTH+AE(x —ct, t —T) + At — T —&(x —cT, 1 — 1)) = Aob(x, 1) + A1 (F — &(x, 1)),
for i = 0, 1. The latter equality means that

e MT0(x — ot t — T) = 0(x, )izt 2.14)
C_MT@()C -1, t = 1) = 0(x, Hljrcr—£(x,1))-

To solve (2.6), first note that, owing to (2.13) and (2.14), the following identities are fulfilled:
form,k=0,1,2,...,

t
/ E(x —coT, 1 —T)"(t — T — E(x — cot, t — ) eTO(x — coT,t — 7)dT
0

E(x,1)
=9<x,t)<t—s<x,r>>"/ G, 1) — 7)™ dr
0
B B ké—()mt)m—i-l
= 60 00—t

and

t
/ Ex—cant—t)"t—1—-Ex —ciT,f — r))ke_k”@(x —cit,t —1)dt
0

t—&(x,1)
:9(x,t)$(x,t)m/ (t — 7 —&(x, 1)k dr
0

(t — &(x, 1))kH!

=6(x,DE, D" 1

With this to hand, we can easily see that the functions p; (x, ¢; n),i = 0, 1, which are defined
by (2.9)—(2.12), satisfy the integral equations in (2.6).

For n = 1, (2.6) can be solved by inserting the initial functions into the equations. Thus,
from p;(x,t;0) = e %!§(x — ¢;t) we obtain pi(x,t; 1) = X;0(x, t) (see (2.10)—(2.12)).

By means of (2.4), summing up the results presented in (2.9)—(2.12) we obtain the solution
to the equations in (2.5) (as well as in (2.7)): fori =0, 1,

pi(x, 1) = e M18(x — cit) + [?»ilo(Z\/)»()MS(t —£))
1

t 1) 12y/RokiE (T = 5))]9@, .

where Iy and I; denote the modified Bessel functions, i.e. Io(z) = 22020(1/2)2” / (n)? and
1(z) = I)(2).

2.2. Moment generating functions and conditional distributions

+ )»0)»1(

Consider, for arbitrary z € (—o0, 00),
o

Vi(z, ;1) = Ei{e Oy y=n)) :/ e “pi(x,t;n)dx, n>1. (2.15)

—00
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Note that ;i (z,t;0) = exp{—t(X; + ciz)},i = 0, 1. The explicit formulae for ¥;(z, ¢; n),
n > 1, are given by Theorem 2.1 below.
Let ® = ®(a, b; z) = 1 F1(a, b; z) be the confluent hypergeometric Kummer function,

[e¢]

Ha)k
®(a,b;z) = , (2.16)
,; k\(b)

where (a)y =a(a+ 1)(@+2)---(a+k—1)and (a)g = 1 (see [1, Chapter 13]).

Theorem 2.1. For anyt > 0 and integer n > 1, the functions v;, i = 0, 1, have the form

12" ®(n, 2n + 1; 2(B + c2)t)

Yol(z, 15 2n) = AgA] G exp{—(ro + co2)t}, (2.17)
2n .

iz 1 2m) = a2 20 tzln’)' 26 DD ol + e12)8), 2.18)
=@ (n, 2n; 2

Voles1:2n — 1) = a1 (’ZZH”_ 1()’,3 T b0+ o), (2.19)
2n—1 .

Y1120 — 1) = an— ! Cb(”g”’ 12)5’3 D pl—Ou a1} (2.20)

n — !

Here 28 = Ao — A1 and 2¢c = ¢y — ¢ (see the notation given in (2.3)).
Proof. We express the integrals in (2.15) by means of (2.9)—(2.12). Define

o

st = [ e 070 - s 0O mik =0
—0o0

where (see (2.8)) £(x,t) = (x — c1t)/(2c),t — E(x,t) = (cot — x)/(2c), and 0 = O(x, 1) is

defined by (2.11). After the substitution x = ¢t + 2c£€, we have

t
Lni(z,t) = e*(01z+kl)t/ 672(cz+/3)§§m(t . f)k de.
0

Hence, by the integral representation of the confluent hypergeometric function (see 13.2.1
of [1])
r'—a)l(a)
L'(b)

the function /,, ¢ (z, t) is given by

1
®(a. b, 2) =f egel(] — g)ha-l g,
0

k!
I 1) = (ke lg—(azir Mg 1, k+2;-2 1).
m k(25 1) € kD! m+1,m+k+ (cz+ B)t)

From the equality ®(a, b, 7) = e*®(b — a, b, —z) (see 13.1.27 of [1]) we obtain

%!
Lz, 1) = " HFlem@otiol 2 gk 41 m 4k +2;2 ).
m (2, 1) e kT Dl (k+1,m+k +2;2(cz+ B)1)

With this to hand, by applying the explicit formulae (2.9)—(2.12) to (2.15) we derive (2.17)—
(2.20). This completes the proof.
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The moment generating functions ¥;(z,t) = IE,-{e_ZX (t)} fori = 0, 1, can be obtained by
summing up (2.17)—(2.20). We have the following result.

Corollary 2.1. Let ¥;(z, 1) = E;{e *X®},i =0, 1. Then

Yo(z, 1) = e PO 4 Wo(2(B + c2)t, 1) + roW1(2(B + c2)t, )],

e (2.21)
Vi(z, 1) = e TN 4+ Wo(=2(B + c2)t, 1) + A W1(=2(B + c2)t, 1)].
Here
00 2n 00 sn—1lyn—1.2n—1
ATt AT T
Wo(u, t) = 07l ®(n,2n + 1; u), Ui, )=y "L~ ®n,2nu).
o(u, 1) 2 "Gy (n,2n + 15 u) 1w, 1) 2 an 2 250

The noninfinitesimal approach allows us to simplify some known formulae (compare the
expression for the characteristic function from [2] (see (5.3) of [2]) with the detailed formulae
of (2.21) and with Remark 2.1 of the present paper).

Remark 2.1. Comparing (2.21) with (3.3) of [15], we can simplify the latter formulae, i.e.

Yo(z, 1) = e 10H <cosh(tD) + (- cz)Siflh#),
Yi(z, 1) = e AFaD (Cosh(tD) + O+ cZ)SiIm#),

where D = /(B + cz)? + AoA1 (here we use the notation given in ((2.3)). See also For-
mula (5.3) of [2] for the characteristic function.

Finally, we consider the conditional densities
filx,t;n) :=Pi{X () edx | N(t) = n}/dx, n>0,i=0,1.

In the symmetric case, where Ao = A1 = A, it is well known (see, e.g. [6]) that, if N(¢) = n,
the times {1z }Zzl can be viewed as the order statistics from the uniform distribution in [0, #]. In
this symmetric case P{N (t) = n} = e (A)"/n! and the conditional densities take the form

n!
(co — c)(AD)"
where the g; are defined by (2.9)—(2.10) with L,y = A; = A. Itis easy to see that the functions
f;ym(x, t;n), i =0, 1, do not depend on A.

In the asymmetric case, where Ao 7% A1, it is not so simple. Nevertheless, by definition, we
have

M, n) = qiCx, ;M Y errax<cory, i =0,1,

pi(x,t;n)
Pi{N(t) = n}
_ pi(x,1;n)
Lo Pi(y, ;) dy
_ pilx,t;n)
0, 15n)

filx,t;m) =

=0,1,
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where the functions p; and v; are defined by (2.9)—(2.12) and (2.17)—(2.20) respectively.
Therefore, forn > 1,

@mlg"@e—g"t e P

Joto 152 = 3 o i — DU (n, 20 + 1 280"
Ly CrET =) 26t
Sit iz = 2ct? (n—Din! ®(n,2n+1; =2p1)"
' R A e A
fox,t;2n—1) = 2ct2n—1 n)2 &, 2n; 2B1)
filx,t;2n—1) = Qn—1D1E"(1x — &) o—26¢

2ct?n=1 )2 d@n,2n; —281)
Here & = &(x, t) is defined by (2.8).

3. First passage time

In this section we study the distribution of the first passage time
T(x)=inf{t > 0: X(t) = x}, x>0,

assuming that cp > 0 > cy.
We compute the conditional distributions (if the initial state is fixed) in the form

Po{T (x) € dt} = e**o’sx/m(dt) + Qo(x, 1) dt, P {T (x) e dt} = Q1(x,t)dt, (3.1)

where 8y ¢, is the Dirac measure (of unit mass) at the point x /co corresponding to the motion
which does not change its positive initial velocity cg. Here the Q; = Q;(x,t), t > 0,i =0, 1,
are the absolutely continuous parts of the distributions. If # < x/cp then the particle does not
reach level x, and so Q;(x,t) =0 fori =0, 1.

We exploit again our usual notation (see (2.8) and (2.11)):

f=trn="—L ==

co — C| o —C1

and
O(x,1) = exp{—io& — A1 (t — &)} o<t <r)-

co — 1
Theorem 3.1. The conditional distribution densities Qo(x, t) and Q1(x, t) can be written as
follows:

_ AoA1x —
Qo(x, 1) = N L2/ 2or & — §))0(x, 1), (3.2a)
Qi(x,1) = [x10(2\/)»011$(t -8)— \/ﬁ 1/ 11 2/ 2oA18( — )}9(?6 f).

(3.2b)
Proof. Consider the following Laplace transform of the distribution of T (x):

di(x,s) =EeT®),  5>0,i=0,1.
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In view of (3.1), the functions ¢; can be treated as the Laplace transform of the densities Q;,
i=0,1:

do(x, s) =e—<*0+s>x/60+/oo e 1 Qo(x, 1) dr, d1(x,s) = /OO e 101 (x, 1) dr. (3.3)

x/co /co

Lett > x/co. Conditioning on the first velocity switching as in (2.5), we obtain the integral
equations for Qg and Q.
Firstly, assuming that the first change of velocity occurs at time 7, T < x/cg, we obtain

x/co
Qo(x, 1) = f Xoe T Q1 (x — cot, t — 1) dT. (3.4)
0

Secondly, Qi(x,t) is separately computed under the conditions of one and more than one
velocity switchings. Let 7 be the first switching time. If x — cjt < co(t — 1), ie. if
T < (cot —x)/2c =t — &(x, t), then the particle renews its movement (at time 7 from the
point ¢ t) with O-state, e(t) = 0. If x —c1T > co(t — 1), the particle never reaches the level x.
In the case of the strict equality x — c;T = co(¢f — 1) the particle makes the only one switching
at time 7 and continues the movement with the velocity co. Therefore,

+00
-t
O1(x,1) = / Me—xlre—xo(t—r)g(t X« )dr
0

co

1—£(x,1)
—i—/ re M7 Qo(x — 17T, t — 1) dr.
0

Note thatt — 7 — (x — c17)/co = (cot — x — 2c1)/co and

X —cCiT
-1

=0 ifandonlyif 7=1t—-E&(x,1).
co

Hence,
Arc 1—E(x,1)
01(x,1) = é—oeWS(’C”)*M(’*S(W” +/ e MTQ0(x — et t —1)dT. (3.5)
¢ 0

We obtain the following integral equations by using the Laplace transforms from (3.3), and
equations (3.4)—(3.5). By applying (3.4) to the first equation of (3.3), we obtain the equation
for ¢o:

Po(x, 5) = e~Goro/eo f

X

00 x/co
e ! dt/ roe T Q0 (x — cot, t — 1) dT
/co 0
x/co oo
= e~ Goto)x/eo 4 Ao/ g~HoT dr/ e MQ1(x —cot, t —T)dt
0 x/co
x/co 00
= e~ (oto)x/eo 4 ko/ e~ P07 g¢ / e "01(x — cot, 1) dt.
0 x/co

Hence, by the second equation of (3.3),

x/co
do(x, s) = e Rotox/co 4 5, f e 0TI (x — cor, 5) dr. (3.6)
0
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In view of (3.5), and following a calculation similar to that for (3.6), we obtain

$1(x,s) = foo e Q1 (x, 1) dt

/co
_ )»IC() o efstef)»()é(x,t)f)»](lfs(x,l)) dr + ]()C,S), (37)
2c x/co

where

00 1—£(x,1)
J(x,s) = / e ¥ dt/ re M7 Qo(x —crt, f — 1) dT.
X 0

/co
By Fubini’s theorem we have

o0 o0
J(x,s) = / Ape MTTST dr[ eI 00(x — i, t — 1) dr.
0

(x—c17)/co

Applying again the first equation of (3.3) we obtain
o oo
J(x,5) = Ay / e~ MFITh(x — 17, 8) dT — A f e~ MFNT=Cotx—am)/co g¢ - (3.8)
0 0

We compute the latter integral substituting T = (cot — x)/2¢ = t —&(x, t). Note that, under
this notation, (x — c¢17)/co = &(x, t). Hence,

> —(A1+s)T—(hots)(x—c17) Meo [ —(A+s)(1=§(x,1))—(Ao+s)E (x,1)
)\'1/ e 1+8)T 0+s)(x cﬂ/cgdr: / e 1+s E(x, o+s)E(x, dr
0 2c x/co

L R o N S N T
2¢ Jxje
With this to hand, the equation
—+00
$1(x.5) = 1y / eI (x — eyt 5) de (3.9)
0

follows from (3.7) and (3.8).
By differentiating (3.6) and (3.9) we obtain the system of ordinary differential equations

d¢o
COW(L 5) = —(Ao +8)Po(x, s) + Aod1(x, 5),

9 (3.10)
1
qg(x, s) = Ago(x, s) — (A1 + 5)@1(x, 5).
The boundary condition for ¢ follows from (3.6):
¢o(+0,s) =1, s > 0. (3.11)

Note that, by the definition of the first passage time, the functions ¢;, i = 0, 1, vanish at oo:
¢o(+00, 5) = ¢p1(+00,5) =0, s > 0. (3.12)
In vector form, system (3.10) reads

%(x, s) = AP(x,s), x >0, (3.13)
0x
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where the matrix 4 is defined by

A+ s Ao

— €0 €0
A = MM AM+s

C1l C1

and ¢ = (¢o. $1) .
Equation (3.13), with boundary conditions (3.11)—(3.12), is solved in the form

po(x.s) =™, dix.5) = (1 + 2 J;“C())e‘”, (3.14)
0
where o = «(s) is the negative eigenvalue of the matrix oA, i.e. the negative root of the equation,
det(ed —al) = coc1o® + 2(a 4+ as)a +s2r+s) =0.
Here we are using the notation given in (2.3) and a = (A1co + Xoc1)/2. Hence,

—a —as +d(s)
—_— <
cocl

a=a(s) =

0, (3.15)

where d(s) = /(@ + as)? — coc1s2A + 5).

The Laplace transforms ¢o and ¢ can be inverted, with the help of [1], to yield the densities
Qo and Q in terms of modified Bessel functions.

First, we consider Qg, defined in (3.2a):

_ AoA1X —
Qo(x, 1) = NI L2y or €@ —§))0(x, 7). (3.16)

Applying the notation of (2.8) and (2.11) we obtain

~AoA —(c
Qo(x, 1) = YAOMX XLt B e} ) ot =G = 18/ Lo e
JCot — 0 — D

where ¢ = (Ajco — Aoc1)/2. Here the following identities have been applied:

Mg+ aa - =T g S DG

Now, the Laplace transform of Q¢ can be computed by using the table; see 29.3.96 of [1]:

oo
k [T
/]; eislﬁll (av l2 — k2) dt = eik s?—a? — eiks.

By using the change of variables

/ _e(b/c);F(_>est dt = / ef(”*b)’F(t) dt
0o ¢ Cc 0

o0
/ e " Qo(x,t)dt = e** — e—(Ro+s)x/co
x/co

with « defined by (3.15), which is necessary to demonstrate, see (3.3) and (3.14).

we have
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To obtain the inverse Laplace transform of Q1, note that, with x — ¢t instead of x and with
t — 7 instead of 7, (3.16) becomes

Aori(x — 1TV 1 2/AOME([T — T — §))e s M I=T=5)
2c/AoMET —T — &) '

Here £ = £(x,t) = (x —c1t)/2c, and note that £(x — ¢y 7, t — 1) = £(x, t). Therefore, owing
to (3.5), we can write

Qo(x —cit,t — 1) =

AlC -
01 (x.1) = ;—coe—koé—*'“—a + 01(x, 1), (3.17)

where

O1(x,1) =

horje hoEh=E) /ff (= aDhQVihET—T—8)
T.
2c 0 rrEE—T —§)
By the change the variables z = 2/ oA 1&E(t — T — &) (or, equivalently, T = 7(z) =t — & —
22/(42011€)), and setting zo = 23/Zoh1E(7 — &), we obtain

~ Ape r0E—M =) rz0
Qi(x, 1) = —/ (x —at@)i(z)dz
X —cit 0

)Lle*koéf?nl(l*%“) 20 0122
= 1 — |/ dz.
x— et /0 WD g e n )1

Here we use the identity

c1z?

drori§’

x —c17(z) = cof +
Then
AicoeroE—r(=E)
2c

The latter two integrals can be easily computed:

ccre ME—A(=8)

2h0(x — c11)?

01, 1) = / () dz + / 21 () dz.
0 0

20 20
/ L(z)dz = Ip(z0) — 1, / 21 (z)dz = z%[z(zo);
0 0

see, e.g.9.6.27 and 11.3.25 of [1] for I(z) = I1(z) and foz tVI,_1(t)dt = z"1,(z), respectively.
Thus,

cot — x e _
I2(ZO)1|C ro—n1(1=8§)
—cyt

The first equation in 9.6.26 of [1] is I,—1(z) — I,+1(z) = (2v/z)I,(z), giving the identity
I>(z0) = Io(z0) — 211(z0)/z0. Hence,

- M
O1(x,1) = —[0010(20) —co+cy
2¢ X

cot —x

c1
Vrorr ¥V x —crt

O1(x,1) = M{ . [xlo(zo) — I (Zo)] — %}e“s““’. (3.18)

X —C]

By (3.17) and (3.18) we have
Al

€1 cot —x —hoE—A1 (1—§)
x1p(zp) — I1(zp) |[e 05 ~M . 3.19
x_cﬁ[ 0(zo) M‘/x—clt 1(0)} (3.19)

Therefore, (3.2b) follows from (3.19), thus completing the proof.

Q1(x,1) =
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For the symmetric motion, where co = —c; = cand A9 = A1 = X, (3.2a) and (3.2b) become
Axe M

A
- 0212 — 42
212 — 52 Il(c o )
re M A c fet—x_ (A
Qi(x,1) = [xl()(— c2t2—x2>+x 11( ‘/cztz_xz)],

X +ct c X + ct c

Qolx, 1) =

which coincides with Equations (14) and (25) of [9].

Remark 3.1. For arbitrary velocity values cg, ¢, with ¢ > 0 > ¢y, the conditional density
of T'(x), given €(0) = 0, is known (see [8], [9], and [19] for symmetric motion, and [22] in the
general case). In [22] an equation similar to (3.5) is derived (see (5.6) of [22]), but, to the best
of our knowledge, if the initial velocity is negative (and x > 0) then the explicit form of first
passage time distributions Q1 is heretofore unknown (see [22, Remark 5.1]).

For cp > ¢; > 0, the distribution of 7 (x) can be easily obtained. As observed in [22], the
process X = X (¢), t > 0, has strictly increasing sample paths and

PAT (x) >t} =P;{X () < x}.

4. Moments

In this section we study the moments of X (¢), ¢ > 0. The explicit formulae for the moments
can be obtained by differentiating the moment generating function ¥, (z, t), but it is rather
cumbersome. Instead, we use an alternative approach based on the partial differential equations
2.7).

For any ¢ > 0, consider the moments of X (¢):

o0

Mfli)(t):Ei{X(t)"}:f x" pi(x, 1) dx, i=0,1,n>0. 4.1)

—00

Obviously, ,ug)(t) =1fort>0andi =0, 1.
Firstly, we obtain a recursive relation for u,, () = (uﬁ,o) ), u,ﬂl) ()", n > 1. We can do this
using the following notation. Consider the matrices

_(A1co Aocy _{ Xoco — AQC1
A= ()»16’() )MOCI) ’ B = (—klco A Cl ) ’ 4.2)
Let £ and C be the integral operators defined as follows. For f € C[0, 00),

t t
If=4f@) = / f(s)ds, Cf=Cf@t):= / e M=% £(s) ds. 4.3)
0 0

We use the same notation for the integral operators on C[0, o) x C[0, oo) that are applied to
vectors (by entries).
The following representation holds.

Theorem 4.1. For arbitrary n > 1, the moments pn(t) = (u ), uV ()T satisfy the
recursive relation n
mn(t) = ﬁ(lA +CB)pp—1(1), 4.4)

where 2). = Ay + A1 (see the notation given in (2.3)).
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Proof. Applying the equations of (2.7), with subsequent integration by parts, to

o0
9
/ ";”(x Ndx, =01,

—00

we obtain

(l)(t) 00 00 00
—nCi/ X”_lpi(x,t)dx—/\i/ x”pi(x,t)dx+ki/ x"pi—i(x, 1) dx.
—00

dt —00 —00
This is equivalent to the system of ordinary differential equations

dp, (1)
dr

with the initial condltlons n,(0) = 0,n > 1, and uo(r) = (1, DT. Here Rpo1(t) =
(cou (t) clun l(t))—r and the matrix A is defined by (2.1).

The Cauchy problem for (4.5), with initial condition 0, is equivalent to the recursive set of
the integral equations

= Apn(t) +npn—1 (1), n=l, 4.5

pn(t) =n f t=9A g1 (s)ds, n=>1. (4.6)
0
The exponential of A can be easily calculated:

1 — e72kt _ L <)\1 + )\.06_2M )\'0(1 _ e—2)»t)>

eh =1
22X Ml —e M) hg+ re M

t > 0.

Substituting this into (4.6) we verify the integral equations (4.4), thus completing the proof.

We now derive the explicit solution of system (4.4).
Let operators J and C be as defined by (4.3). Note that the product of 4 and € is commutative.
Let Up,0 = Up,0(¢) = 1. We define the functions U, ,, = Uy (), where n,m > 0 and ¢ > 0,

by
Up.m (1) := C" 1" Up,o(1). 4.7
Note that Up_, = 4" U0 = ¢ /m! and
o k —-n
o (21) (21)
Uy o(t) = C"Up o(t) = (21) e = ,2M1),
n.0(t) 00() = 21" ;; e AR

where y (n, -) is the incomplete gamma function, y (n, x) := f Y e~t"~1 d¢ (see Formula 6.5.13
of [1]).

Applying the series expansion of the incomplete gamma function (see 6.5.29 of [1]) we
obtain, forn > 1,

Qr)" i(—l)k(zmm " i (—2x0)k
(n =DV = kln+k) (n— D! =K+ k)

Furthermore, U, ,, can be expressed by means of the confluent hypergeometric Kummer
functions ® = ®(a, b; z); see (2.16). In particular, by Formula 6.5.12 of [1], we have U, o (t) =
@"/n)®(n,n 4+ 1; —2At). Moreover, repeatedly integrating equality (4.8), we obtain, for
n,m=>0,

Un,o(1) = (4.8)

n—+m

t
Upm@®) = 3"U, 0(t) = ———P(n,n +m + 1; =2A1). 4.9)
’ ’ (n 4+ m)!
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It is easy to see that the functions U, ,, = Uy, ,(¢),n,m > 0, are linearly independent.
The moments /,L,(, (t) can be viewed as a linear combination of U, ,, and, consequently, of the
Kummer functions; see (2.16).

Theorem 4.2. The moments ju,(t) can be expressed by means of a linear combination of the
Kummer functions © (-, n + 1; —2At), see (2.16), where 2A = Ao + Aq:

P
() = o > @k @k, n+ 1; =211). (4.10)
k=0
Here the coefficients a,, , = (a,%, a,(,l,)n)T are defined by the relations
apo=(1,DT, (4.11a)
aom = Aaom—1,  ano = Bay—1, (4.11b)
an.m = Aan,m—l + Ban—l,ms (4~] IC)

form > 1andn > 1, where the matrices A and B are introduced by (4.2).

Proof. Note that (4.10) is equivalent to

P (1) = Zak n—k Uk n—k (0); (4.12)

(2K)”

see (4.9). Since ,u(o) = u(()l) = 1and Up = 1, for n = 0, equality (4.12) holds with ap o =
1,

Inserting (4.12) into the recursive integral relation (4.4) we have, forn > 1,

n—1

Zakn KUknk(t) = LA+ CB) Y arn1 4 Ukn-1-x(0).

k=0 k=0
By (4.7),
JUkn-1-k(t) = Uk n—k(t) and  CUgp—1-k(t) = Us1,n-1-k(1).
Hence,
n—1 n—1
Zakn KUk k() =D At 1 1Uknk() + Y Bagn-1 kUrs1.0-1-1(0)
k=0 k=0 k=0
n—1
=> At 1Un- k(t)+ZBak Ln—kUk,n—k (1).
k=0 k=1

Now, the equalities of (4.11) follow from the linear independence of Uy, p,.

Remark 4.1. The recursive formulae (4.11) can be made closed. Note that

ap, = A"a,0, a,0= B"agy, m,n > 1.
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Set @ = Tr(A) = tico + rocy and B = Tr(B) = Aocog + Aicy. Since det(A) = 0 and
det(B) = 0, the Cayley—Hamilton theorem yields A> = oA and B> = BB. Therefore,
A" = "1 A and B" = ,3"_18 form,n > 1. Thus,

al), = af, = Gaco+roc)",  m =0, (4.13)

and

a;(q(,)()) = Ao(co — c1)(hoco + A1), “.14)
| - .
ally = —ri(co—c)(oco + i)™, n= L

After some cumbersome algebra we obtain the closed expressions for a, ,,,, with arbitrary
n>1landm > 0:

a®), = dym — 20c1dn_tm. @), = dym — 20c0dn_1m. 4.15)

n,m

Here
ak—n ﬁk—m (_y)n+m—kk!

dn,m = Z (k =)k —m)!(n +m — k)!’

k: max{n,m}<k<n+m

(4.16)

with y = 4c¢ociA%. This gives us the closed formulae for the moments; see (4.10).

Remark 4.2. For the symmetric telegraph process, (4.10) becomes more simple. If we have
M =M = Xrandcy = —cy =: cthena = Tr(A) = 0,8 =Tr(B) =0,and y = —4¢2)\2.
Owing to (4.16) we obtain d, , = 0, if n # m, and d, , = (4¢2A2)". Hence, (4.10) can be
easily simplified to

() 1N (201 . @.17)
Moyt (1) = (=1 (ct) d(n+1,2n 4+ 2; =2xt).

Formulae for the moments of the symmetric telegraph processes are presented in [12] and
[14] in terms of modified Bessel functions, but they are not as concise as (4.17).

For |z| — o00,Rez < 0, the Kummer function has the following asymptotics (see 13.1.5
of [1]):

P(a, b; z) = &(—Z)_a[l +0(lzI™ M1 (4.18)
r'ee—a)

Applying (4.18) to (4.17) we obtain the limits under Kac’s rescaling: if ¢ and A — oo are

such that ¢?/A — o2, then

u @) - @*0"@en— DY, w0 -0,  i=01. (4.19)

These limits coincide with moments of Brownian motion with diffusion coefficient o2.
It corresponds to the classical result by Kac [13].

5. Kac’s scaling

In this section we generalise to the asymmetrical situation the limits obtained in (4.19) for the
symmetric case. Assume that the switching intensities are large, but comparable, i.e. Ao, A1 —
o0 and

2502 1be, ). 5.1
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The Kac condition is assumed for both of the states separately, i.e. co — +00, c; — —00, and

Lo, A1 — +00 such that
co c1

— % 0‘01 —
VAo VAL

where o9, o1 > 0. From (5.1)—(5.2), it follows that the velocities are comparable as well:

o _ CO/\/_\/— VUO.

— —01, 5.2)

c1 o cr/A/A
We also assume that Y
O TR 5, (5.3)
A1+ Ao
The latter limit relation is equivalent to
co/c1 + do/r 5
14+ Ao/A '

Hence, co/c1 + Ao/A1 — O0and v = oy /01. So, condition (5.3) reads as the rate of ‘similarity’
between Ag/A1 and cp/cy at co. More precisely,

A
el (C—O + —°> = 8(14+v?).
c1 MM

Note that (5.1) and (5.2) have the following consequences:

c(z) vzag o(‘)‘ c% 012 014
— = s g = s
Ao+ A 1+v? og+0]2 Ao+ A 1+ v? 002—{—012 (5.4)
coC1 Voo 0'020'12 .
- - 2= T3 3
Ao+ A I1+v oy + o
Therefore,
2 2 2 2\2
co—¢C co+c¢ (o]
o—c)” — ol +o and (coten” | (% ) (5.5)
Ao+ A Ao+ Aq of +o}

Note that if v £ 1 then the scaling conditions (5.1)—(5.3) lead to cg + ¢; — oo (see (5.5)).
Certainly, ¢ — c¢; — 0.

Theorem 5.1. Under the scaling conditions (5.1)—(5.3), the moments (i, )(t) defined by (4.1)
converge as
(/2] sn—2k .2k yn—k

(l)(l) — n! Z m, (5.6)

where k* = (70 o /(U0 + 012) and [n /2] denotes the integer part of the number n /2.
Proof. We begin with the limits
a®
A n—k
@ )»)”*k ’

A =1lim <k<n,

where 2A = Ao + A1. Here lim denotes the limit under the scaling conditions (5.1)—(5.3), and
a,ﬁ’) _, are defined by (4.11); see (4.13)—(4.15) as well.
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First, on the boundary, i.e. for k = 0 and k = n, owing to (4.13) and (4.14) the limits AD

@) 0,n
and A, are given by
. . A A n
A =limal), = lim<%> =8, n=0,i=01, (5.7)
and
@)
() — lim “n.0
n,n (2)\’)2;1
o (hoco + Ape)" !
= (—l)l lim A; (co — C])W
. A — A A n—1
— (1) Tim 2 tim S iy B0 A1)
2) 2) (21)2n=2
=0, n>1,i=0,1. (5.8)
We applied here (5.3) for (5.7), and (5.1), (5.3), and (5.5) for (5.8).
In general, we prove that the limits Akl’n = Ak, 0 <k < n, are independent of i and
Apn = (” ;k) 8"k if k< [n)21], (5.9)
Arn =0 ifk > [n/2], (5.10)

where (5.9) uses the binomial coefficient. We proceed by induction on r.
Forn =0andn =1, (5.9)—(5.10) are given by (5.7) and (5.8).
Let us begin the proof with n = 2. The limits Ag> = 8% and Az = 0 are given by (5.7)
and (5.8). For A", = lim(a{} /(21)%), note that (4.15) and (4.16) give
aY,)l _ du ciido
@0 @en3 @2n?
ol (A1co + Aoct) (boco +A1c1) — c1-i(Aico + Aoct)
2 4)3 472

Owing to (5.4), the first term converges to «2 and the rest vanish by (5.3) and (5.2). Thus,
A(ll’)2 = k2, which is in accordance with (5.9).
We continue by induction. Owing to (4.11), for any n > 3 and 0 < k < n, we have the
identities
a,ﬁ’}l_k )»1coa,£?,)l_l_k + )LOCIa]Sr)l_l_k Iy
(2)»)”'“‘ - (2)\)n+k +(=D

0 1
Ai (coalg—)l,n—k - Clal&—)l,n—k)

(2)\)n+k

for i = 0, 1. The latter term vanishes, i.e.

(] (1) 0) )
Mi(Co_y g = ClO g i) A [Co Gk €1 Bk } 0

(n)rtk ~ 2|2 (2x)ntk=2 T o (1) k=2

since the limits o
1
Ai . Y-k

lim—, llmm, l':O,L

https://doi.org/10.1239/jap/1402578644 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1402578644

Asymmetric telegraph processes 587

are finite (the second limiﬁ is finite by the induction hypotheses) and, by (5.2), lim(c; /21) = 0.
Therefore, the limit of agh o/ (2)»)”“‘ is independent of i. Furthermore, we have

1
. 1?11 k . alﬁ,r),—l—k()‘ICO"‘)‘OCl) . )‘ICO(“kn 1—k akn 1—k)
lim ——— = lim + lim . (5.11)
(2k)11+k (2)\)n+k (2k)11+k

By (4.15) (or directly by (4.11)) we obtain

) (1) _ ©) (€8]
gy = A p1—p = 2MC00 2 g — ClO g g _g)-

Hence (see (5.4)),
(O] (1)

im)‘ICO(akn 1k ~ Yen—1-k)
(2)»)”‘”‘
(0) (1)
_ Aco(Coay_y g = C1& | y_i—g)
- (2)\)n+k—1
. M. . €0l
= lim — | lim =2 — lim — Ap_1n-2
2\ 2A 2\
S i
= k—1,n-2
P e e g
2 .2
70% k—1 2
2 2 —Ln=
oy + 0o

Finally, passing to the limit in (5.11), we obtain the following equation:
Ak = 8Agn—t1 + K> Ag_1n—2. (5.12)

By induction using the ‘boundary conditions’ (5.7)—(5.8) we prove that the recursive
equation (5.12) has the (unique) solution defined by (5.9)—(5.10).

To complete the proof of Theorem 5.1, we apply the asymptotics (4.18) of the Kummer
function and the limits calculated by (5.9)—(5.10) to (4.10):

n

l’l
(i) :
nd () = W akfn_kq>(k, n+1; =2a1)

" iai’i,k C(n+ 1)

- @) = @F T —k+ 1)

Ak ntn —k

— n! Z =0
[n/2] ik
_ n—2k 2k _°*
=" Z ( )8 ST

["/2] §n—2k 2k n—k

K\(n — 2k)!

=n!
k=0
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Corollary 5.1. Under the scaling conditions (5.1)—(5.3), the marginal distributions of the
telegraph process converge to the distributions of a diffusion:

X(t) = ow, +8t, t>0. (5.13)

Here w, ~ N (0, t) and
o =kv2= o091

,/(o§+of)/2'

Proof. As is easy to see, the limits in (5.6) coincide with the moments of the diffusion
ow; + 8t,t > 0, with o = k~/2. The convergence in distribution (5.13) follows from [3,
Theorem 30.2].
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