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Abstract

LetO<a<nl<p<g<ocowithl/p-1/g=a/n, we€A,,;, vE A, and let f be a locally integrable
function. In this paper, it is proved that f is in bounded mean oscillation BMO space if and only if

|ar/n

sup wp(B)l/p

f o) - fv3|qw(x)qu) <,

where w”(B) = fB w(x)? dx and f,p = (1/v(B)) fB f(y)v(y)dy. We also show that f belongs to Lipschitz
space Lip, if and only if

lq
¥ wﬂ(g)l/p f () - fvslqwu)qu) <o,

As applications, we characterize these spaces by the boundedness of commutators of some operators on
weighted Lebesgue spaces.
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1. Introduction

The space of functions with bounded mean oscillation BMO was introduced by John
and Nirenberg in [11] and plays a crucial role in harmonic analysis and partial
differential equations; see for example, [7, 15]. Recall that the space BMO consists
of all measurable functions f satisfying

1
1 llawo := sup — f GO = fildx < oo,
s |Bl Jp

where fp = (1/|B]) fB f(x)dx and the supremum is taken over all balls B. Some
characterizations of BMO are given as follows.
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A well-known immediate consequence of the John—Nirenberg inequality is the
following result.

o ~ sup (o7 f ) - fBV’dx) ,

for all 1 < p < co. Moreover, it can be proved that the above equivalence also holds
for 0 < p < 1 even though the right-hand side is not a norm in such a case (see [15]).

Another deep connection was made between Muckenhoupt weights and BMO in the
work of Muckenhoupt and Wheeden [13]. They proved that a function f is in BMO
if and only if f it is of BMO with respect to w for all w € A,,. That is, if, for each
w € A, we define BMO,, to be the collection of all w-locally integrable functions f
such that

Il fllzso,, = SUP

wB) j;lf(X) — foplw(x) dx < oo,

then BMO = BMO,, and
1A lamo = I fllzmo,, -

Here w(B) = [, w(x)dx and
1
fop= ) f fw(x)dx.

It was recently obtained by Hart and Torres [8] that, for 0 < p < o0 and w, v € A,

1 » 1/p
1A llBao = Sl;p(@ fB |f(x0) = fiplf w(x) dx) .

For v=1 and 1 < p < oo, the result above was obtained by Ho [9]. The aim of this
paper is to show that BMO space can be characterized by A, , weights. To state our
results, we first recall the definitions of A, and A, , weights.

For 1 < p < oo and a nonnegative locally integrable function w, we say that w is in
the Muckenhoupt A, class [12] if it satisfies the condition

-1
[wls, sup(ulgl f w(x)dx)(”; f w(x)*“/f’*”dx)p < oo,

A weight function w belongs to the class A; if

xeB

1 -
[wla, = B jl;w(x) dx(ess sup w(x) 1) < 0.

We write Aw = Uj<peco Ap-

Next, we recall the definition of A,, weight introduced by Muckenhoupt and
Wheeden [14]. For 1 < p,g < o and a nonnegative locally integrable function w,
we say that w is in the Muckenhoupt A, , class if it satisfies the condition

s.up(ulg| fw(x)qu)l/q(éﬁw(x)”/ dx)l/p/ < o0,
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A weight function w belongs to the class A 4 if there exists C > 0 such that, for every
ball B,

1 1/q
(ﬁ fB w(x)? dx) <C esxse%nf w(x).
Now we return to our first subject.
Tueorem 1.1. Let 0 <a<n, 1 <p<g<oo with 1/g=1/p—a/n, weA,, and

v € Aw. The following statements are equivalent.

(al) feBMO.
(a2) There exists a constant C > 0 such that

|B I"/”

If gm0 == P(B)”P

f ) — fvglqw(X)qu) "<c

where wP(B) = fB w(x)? dx.

Moreover, the norm || - ||pyo- is mutually equivalent to || - ||gpo-

Another subject of this paper is to consider the characterizations of Lipschitz
functions. For 0 < § < 1, the Lipschitz space Lipg is the set of functions f such that

M

1Alzip, ==
P x#y - )’PB

It is well known that

/q
i, =59 ([ 1o = il )

The equivalence can be found in [5, pages 14 and 38] for ¢ = 1 and in [10] for
1 < g < . Recently, we showed that the result holds for 0 < g < 1 in [16].
In this paper, we characterize Lipschitz spaces by A, , weights as follows.

Theorem 1.2. LetO<fB<1,1<p<g<ocowithl/qg=1/p-p/n,weA, ,andv € A.
The following statements are equivalent.

(bl) feLipg
(b2) There exists a constant C > 0 such that

1 llip; = s f () - va|qw(x)qu) "<c

p(B)l/p
Moreover, the norm || - ||Li,,/§ is mutually equivalent to || - ||Lip,-

ToeEorREM 1.3. Let 0 < <1, 0<a<n 1<p<g<oowithl/g=1/p—(a+p)/n
w €Ay, andv € Ay. The following statements are equivalent.
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(cl) fe€Lipg.
(c2) There exists a constant C > 0 such that

|B I‘”’1

”f”Llpﬁ . p p(B)l/p

/q
f £ () — vaI"w(X)"dx) <C.

Moreover, the norm || - IILi,,;* is mutually equivalent to || - ||Lip,-

There are a number of classical results that demonstrate that BMO functions
are the right collections for carrying out harmonic analysis on the boundedness of
commutators. A well-known result of Coifman et al. [3] states that the commutator

[0, T1(/)(x) = b)T(f)(x) = T(Df)(x)

is bounded on some L?, 1 < p < oo, if and only if b € BMO, where T is the classical
Calder6n—Zygmund operator. Chanillo [2] proved that, if b € BM O, the commutator

[b, 1 1(/)(x) = D)o (f)(x) = Lo (bf)(x)
is bounded from L” to L? with 1 < p <n/a and 1/g = 1/p — a/n, where

L()(x )—fl f(yl)

Moreover, if n — « is even, the reverse is also valid. Ding [6] showed that b is in BMO
if and only if the commutator [b, T] of the Calderén—Zygmund operator T is bounded
on Morrey spaces. During the last thirty years, the theory has been extended
and generalized in several directions. For instance, Bloom [1] investigated the
characterization of BMO spaces in the weighted setting.

As an application of Theorems 1.1, 1.2 and 1.3 in this paper, we will study the
characterization of BMO and Lipschitz spaces in terms of the boundedness of the
commutator of some operator on weighted Lebesgue spaces.

TheoREM 1.4. LetO<a<n 1 <p<g<oowithl/qg=1/p—a/nand w €A, , The
following statements are equivalent.

(d1) be BMO.
(d2) There exists a constant C such that
B, Lo (NI za(wry < CllfllLr(wr)-

Theorem 1.5. Let 0 < B <1, 1<p<g<oowithl/qg=1/p—p/nand w e A,, The
following statements are equivalent.

(el) be Lipg.
(€2) There exists a constant C such that

1D, TI( ey < CllfllLrwr)-

THeEOREM 1.6. LetO<B<1,0<a<n l<p<g<ocowithl/qg=1/p—(a+p)/nand
w € Ap 4. The following statements are equivalent.
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(f1) b€ Lipg.
(f2) There exists a constant C such that

1B, L )o@y < Cllf o wr)-

Throughout this paper, all cubes are assumed to have their sides parallel to the
coordinate axes. Given a Lebesgue measurable set E, y g will denote the characteristic
function of E and |E| is the Lebesgue measure of E. The letter C will be used for
various constants, and may change from one occurrence to another.

2. Proof of Theorems 1.1, 1.2 and 1.3

Proor oF THEoREM 1.1. (al) = (a2). In [13], Muckenhoupt and Wheeden proved the
John—Nirenberg inequality for BMO,. That is, there are two constants Cy, C; > 0 such
that, for any A > 0,

CrA

lfllzmo,

V(€ B11f(0 - fual > A1) < Crexp(- Ja).

Since w € Ap, 4, we have p := w? € A; C Aw. Then, for any ball B and any measurable
set E contained in B, there are positive constants Cy and € such that

% < co(%)f.

Since v € A, there exists a constant N such that v € Ay. Then

ENY _ v(E)
() <c

) =@y
This implies that "
WE) . (WE)\
(B = CO(V(B))
and
u(lx € B:1f() — fusl > ) < Cexp (—%) (B)
BMO,

For any ball B,
If = fus sl = a f X p((x € B 1f(x) ~ fugl > ) dA
0

0 Cre/N - A
<C f 297 exp (—L)u(f})da
0 lfllzmo,

< Cllfllpmo, u(B).

By the Holder inequality,

IQIS(Lw(x)pdx)l/p(wi(x)_Pl dx)l/p,.
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Then it follows from w € A, , that

B)\/a|pje/n Va o\
B PIBIT |B|”P*'/q”( f w(x)! dx) ( f W)™ d")

wP(B)!/p
1 . ” 1/p
< (_|B| fcu(x) dx |B| fw(x) dx

<C,
and thus f € BMO, implies that

Ba/n
wL(lB)l,,, flf(X) vaIqw(x)‘ldx) < Cllf llmo, -

That (al) = (a2) follows from the equivalence of BMO and BMO,,.
(a2) = (al). Now we prove that if there exists a constant C such that, for any ball B,

p(B)]/p f |f(x) fVqu(,l)(X)q dx) < C|B|_a/"

then f € BMO.
When p > 1, the Holder inequality gives us that

f |f(x) = f.8ldx
B

1/q , 1/p'
<1 fB 00 = Frgllao(x)f dx) ( fB w(x)" dx)

SC||f||BM0*(wa(x)_pf dx)l/p,(wa(x)”dx)l/p

, /r 1 1/q
< Cllfllsor |BI(|BI f wx)? dx) (ﬁ fB w(x)qu)

< Clfllawor 1B
When p =1,
1
f () = fugldix < f GO = Fopleo() dix - \—XB
B B w Lo
g |1
< f )~ fuallaot dx) \—XB Bl
B w L>®

< Cllfllpmor|BI.

We can conclude that f € BMO from the result of Hart and Torres [8, Theorem 5.2]
with v = 1: that is, f € BMO if and only if

sup

, 1/p
B f 0= fral’v(yd) < oo

forv,ve A, and 0 < p < co. O
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Proor oF TueorREM 1.2. (b2) = (b1). Let x,y be two fixed points. Take B = B(x, r)
with < |x — y| and U = B(x, 2|x — y|), and define B = B(x, 2*r) for 0 < k < k, where
k is the first integer such that 2kr > |x —yl.

Notice that, for any balls, R; = B(x}, 1), Ry = B(xp, ;) with Ry C Ry and rp < 2r;.
When p > 1, then w € A, ;, and the Holder inequality shows that

|fR1 - fv,R2|

1
|lelf(Z) frr,ldz

) |RCzI( 7@ - vazI”w(z)PdZ) p( fR w(@)™” dZ)l/p,

.\
=ik, |1 ~Bin f /(@) - vazlqw(z)qdz) ( fR W) dz)

2

- C”f”Ltpﬂ(f ( )Fd )l/P(f ( )—p’ J )l/p,
S T w(X X w(Z V4
|R2|1_ﬁ/n Rz RZ

< CllFlluigy -

When p =1,

|fR1 - fV,Rz < If(z) - fV,Rzl dz

< —
IR1| Jg,

O fnotod: ‘—XRZ

- IRzI

1
|R |1 —Bin f If(2) = fur,[Tw(2)? dz .HZXRZ

C”f”szﬁ
< Wf w(x)dx-

L®

’ —XR,
w L

1

l/q
w(x)? dx) “Nl—=xr,
W I

/n
< Clflligy RoF (IR |

< Cllflleipy ;-
By the same argument as for |fg, — f,.z,|, we also have

o = ool < Clfllipy 75

which implies that

i, = frol <Ufiey = Fmol + furs = frol < Cllflligy -
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This shows that

k-1
\fs = ful < ) fse = Foenl + |, = ful
k=0
k-1
< Cliflliipy Y 5rP"™ < Cllfllipglx = yP.
k=0

A similar argument can be made for the point y with B’ = B(x,r’) and
V = B(y, 3|x — y|). We conclude that

\fe = forl < 1fs = ful + |fu = vl + 1 fv = forl < Clifllip;lx — .

Consider x, y as in the Lebesgue difference theorem: that is,

f@)dz= f(x).

P 1B oy
Let B; = B(x,r;), B;. = B(y, r}) with j > 1 be two sequence balls with r;, r;. — 0(j — o0).
We obtain
lf(x) - fl < ,ILI?O [/, = for] < CllfllLip|x = .

(b1) = (b2). For any ball B = B(xo, r),

P(B)l/p f /(@) = frplfw(@)? dz)

1 q 1/q
= wp(B)l/p(fB w(B) L'f(z) B f(ZI)IV(Z/)dZ/) w(z)! dz)
< Cll fNliin, | B w9(B) 9™ (B)' 7'

< Cl|fllzip,-
Which implies that

ol [0 - bt ) < Ul

We complete the proof of Theorem 1.2. O

Proor oF THEOREM 1.3. (c2) = (c1). We modify the proof of Theorem 1.2. We need
only to check the estimates

|fR1 - fV,R2|

R, d
_|R1I If(z) Jor,ldz

la RNV
_|R|‘Tﬁ>/" f 1f(2) - vazlqw(Z)qdz) ( fR w(@)? dz)

2

C”f”Llp/j 1/p , 4
< —( f w(x)’ dx) ( f w(2)" dz)
|R2|1—ﬁ/l’l Rz RZ

< Cll iy 7}
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and
|le _fVR2
Va 1
W flf(z) vaz|qw(Z)qu 'HZXRz B
C”f“LlpB ,
|R|1—ﬁ/"f,;2 w(x)dx - ‘Z)(Rz .
< C”f”Lip;*Vlf.

(c1) = (¢2). For any ball B = B(xo, r),

”(B)l/p f If (@) = fvslqw(z)qdz)

1 , , N\ g 1/q
= wp(B)l/p(fB ¥(B) L'f(z) — @)z )dz) w(2) dz)

B (B) 4
< Cllfllzipg W

< ClIfllLip, 1Bl

This implies that

|B|a/n

wr(B)P flf(z) va|qa)(Z)qu) < Cllfllzip,-

The proof of Theorem 1.3 is complete. O

3. Proof of Theorems 1.4, 1.5 and 1.6

ProoF OF THEOREM 1.4. (d2) = (d1). For any point zg # 0, let 6 = (|z0|/2 v/n) and
Qo(z0,0) denote the open cube centered at zo with side length 26. Then, for x €
Q0(z0,0), |x|"~* has an absolutely convergent Fourier series

|x|nfa — Z ameiv,,,-x

with ) |a,,| < oo, where the exact form of the vectors v, is unrelated. Taking z; =
(z0/6), we have the expansion

|x|n—a — 6—n+a|6x|n—a — 5t Z ameivm'(sx for |x - Zl| < \/E
Given cubes Q = Q(xp,r) and Q" = Q(xg — rz1, 1), if x € Q and y € Q’, then

7y _ W) |z

r ol

N 'y — (xo — (rz0/9)) <
r

r
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This gives
1
b~ bo = o [ (b0 - boN dy
10l Jor
_ L[ P - b)) =y
= y
9l Jo Ix—=yI" r
o [ O) = b)) o
:| | a/nf lvm (xyr)d
Q . —yre Z Y
- (b(x) - b(y) SP) vy
= 0| a//nf eV &) =i S/T) g
Q , |)C yln a Z y
Set

Tn() = ey 0, (),
gm(x) = Qe OINTy b (x).

Then, for any cube Q and x € Q,

(6 = bolo( = | 3 anlb, L} ) (g
<107 > lanlllb, L1 ().

From the boundedness of [b, I,] from LP(w?”) to LI(w?) for w € A, 4, it follows that

gt z 106 Ll
gl o0 poltottas) " < € 3w e

W)

By the definitions of Q and Q’, there exists a constant ¢y = co(|zo|, #) such that
0’ C ¢9Q. Then

WP _ (@I 11\
— <C|l—= <C <C,
ba) <) ““loa)
where u := w” € A,. For any Q,
||/
LL)P(Q)I/P

We obtain that b € BMO by Theorem 1.1.
The proof of (d1) = (d2) follows from [4]. Theorem 1.4 is proved. O

1/q
(f |b(x) — bolw(x)? dx) <C.
9]

The proofs of Theorems 1.5 and 1.6 use very similar arguments, and hence we omit
the details.
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