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POLYNOMIAL NEAR-RINGS IN &£ INDETERMINATES

ENocH K.S. LEE AND Nico J. GROENEWALD

Polynomial near-rings in k-commuting indeterminates are our object of study. We
illustrate our work for k = 2, that is, N[z,y] as an extension to N{z], while the case
for arbitrarily k follows easily. Our approach is different from the recursive definition
N[z]ly]. However, it can be shown that N[z,y] is isomorphic to N[z][y]. Several
important tools such as the degree, the least degree, et cetera are defined with respect
to N{zr,y}. We also clarify some notations involved in defining polynomial near-rings.

1. INTRODUCTION

Polynomial near-rings in one indeterminate have been defined by Bagley [1, 2] and
further developed by Farag [3, 4, 5] and Lee [6]. In view of its development, it is not
surprising to see that the object of polynomial near-rings shares many technical simi-
larities as well as difficulties with the object of matrix near-rings, since the notion of
polynomial near-rings evolves from that of matrix near-rings developed by Meldrum and
van der Walt [7]). It is well-known that in the ring case, polynomial rings of multiple
commuting indeterminates can be defined recursively from the single indeterminate no-
tion (that is, R[z,y] = R[z][y]). Moreover the matrix rings analog of this result can be
described as the following, namely the n x n matrix ring over the m x m matrix ring over
R is isomorphic to the mn x mn matrix ring over R, that is, Mpun(R) = M, (Mn(R)).
In 1997, Meyer [8] verifies this counterpart for matrix near-rings. The situation is not
exactly the same for polynomial near-rings however. There are two issues in studying
multiple commuting indeterminates polynomial near-rings. Firstly the meaning of the
object N[z, y] is not clear, at least it is not an immediate consequence from the definition
of polynomial near-rings. Secondly we need to illustrate that this notion is equivalent to
(N[z])[y] and hence (N[y])(z].

We investigate the meaning of polynomial near-rings of two commuting indeter-
minates and their representations, while the approach to arbitrarily finite number of
commuting indeterminates follows similarly. There are many important tools aiding the
investigation of polynomial near-rings (at least for the case of one commuting indetermi-
nate) as defined in [1, 2] such as the degree and the least degree of a polynomial, the
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ideal S[z] where S is a sequence of non-decreasing left ideals of N, the ideal I* where I
is an ideal of IV, and the symbolically zero polynomials and the associated ideal “sym,”.
As a final remark, we explore the extension of these concepts from one indeterminate to
multiple ones and re-define these important tools.

2. PRELIMINARIES

In the following, we use R to denote a generic ring with identity while N a right
zero-symmetric near-ring with identity. The reader should refer to [9, 10] for more about
near-rings. Let us begin with a polynomial near-ring in one indeterminate over N. Let
K be the set of non-negative integers. We denote NX the direct product of |K| copies of
the group (N, +). For simplicity, let

M(N¥) = {f:N¥ - N¥ | f(0) = 0}

(since we are considering zero-symmetric near-rings only). Furthermore we let L, be a
mapping from NX to N¥ for any a € N such that L,(co,c1,...) = (aco,ac;,...) . We
also let z : N¥ — N¥ such that z(cp,c1, ) = (0,¢0,¢1,-..), for all (cg,c1,...) € NX.
Obviously L, and z are in M(NX). Then we can define N[z] to be the subnear-ring
of M(N¥K) generated by {Ls}.en U {2%2!,...}. Note in [1], N[z] is defined to be the
subnear-ring of

My(N¥) = {f € M(N) | fpu = paf,Ya € N}

where p,(co, c1,-..) = (coa,c1a,...) for all (co,c1,...) € N¥. It is not difficult to verify
this definition is in fact equivalent to our simplified version. In other words, the centraliser
condition that fp, = p,f is redundant.

Since a near-ring polynomial is defined as a function on N¥| the extended structure
“(Nl[z])[y]” becomes quite complicated. Furthermore, it is not immediately clear that
(N[z])[y] could be identified as (N[y])[z], and hence “Nl[z,y]” (if this even makes sense)
as if in their ring counterpart.

Notice that (N([z])[y] is the subnear-ring of M ((N [a:])K) generated by {L}senz

and {¢°y',...}. For any (ho,hy,...) € (N[z])K, we have

Ly(ho, ha,...) = (fho, fha,-..), and yi(ho, ha,...) = (0,.;.,0,h0,h1,...).
In the ring case, usually one can identify L, € N[z] as ¢ € N. However one runs into
trouble when discussing (N([z])[y]. Similarly, the function z behaves quite differently
under different contexts, namely in N|[z] orin (N[z])[y]. In order to make our discussion
precisely, we distinguish elements of N, N[z, and (N[z])[y], and denote the elements
differently until stated otherwise.
The following table indicates our terminology and should be self-explanatory.
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N(z] (V=) ]
L, Aa(=Ly,)
f (for example z) | Ly (for example L;)
F (for example y)

Q

Let us review some basic properties of some near-ring polynomials.
(1) In N[z], Ls(co, c1,---) = (aco,acy,...), where a € N and (co, ¢y, ...) € NK.
(2) In Nz, z(co,1,---) = (0,cq,€1,--.), where a € N and (cp,cy,...) € NX.
(3) In(Nzl)y), Ls(fo, fr,.-.) = (ffo, f fu,--.), where f € Nz} and (fo, fy,...)
€ (N[a:])K. In particular, we have A\ (fo, fi,.-.) = (Lafo, Laf1,...),a € N
and L;(fo, f1,...) = (zfo, zf1,...).
(4) In (N[z))[y], y(fo, fis---) = (0, fo, fi, - - ), where (fo, f1,...) € (N[z])*.
It is well-known that N{z| = Ngpie[z] where Ngpite[z] is the subnear-ring generated
by {La}taenU{z? z!,...} of M(NE..) and NX.  is the direct sum of |K| copies of (N, +),
that is, = {€ € NX | ¢ has finitely many non-zero entries}. We shall use this equivalence in
our discussion. To further facilitate our discussion, we introduce the following notations.
For convenience, we denote an element of N£:,, by an infinite square matrix such as [c;;};;
or just [c;;] for ¢;; € N and 4,j € K, where only finitely many ¢;;’s are non-zero. Let

By = {Ba: Nffie > NiSiue |0 € N such that £, ([cis]) = [acy;]}.

Let X = {Z' | ¢ € K} where T : N&;,, — NK, such that Z([c;;]) = [di;] and dyp = 0,
di1 = cio, diz = ¢i1, ... . Similarly let Y = {7 | i € K} where 7 : NK;,, — NK:_such that
7(lei;]) = [dij] and doj = 0, dyj = coj, daj = ¢yj,... . Clearly By UX UY C M(NK.,).
Now let Ngnite|T, 7] be a subnear-ring of M(NK, ) generated by By UX UY. It should
be noted that the notion of T and 7 are symmetric to each other, therefore, the use of
the notation Ngaie[Z, 7] makes sense. Furthermore, denote by g, = (1,0,0,...) € N, ..
Note that the cardinality of K and K? are of course equal, one can actually use K to
define the object Ngnie[T,7) instead of K? with a different set of generating functions
in our quest, yet yielding the same results. However the choice of K2 here makes our
discussion more transparent and more coherent to that of N[z]. The object N[Z,7] is
defined similarly by using N¥” instead of N,

We remark the following observation about N[z]. Note that N{z] is a (left) N-
module. A tedious however routine argument shows that N{z] is indeed a left N-
submodule of M(N*) generated by {Ly}aen U {z% z!,...}. Using this fact, one can
obtain all polynomials by the following construction method. (A more detailed account
on this construction method can be found in [6].) Let C be a subset of N[z] such that

(1) {La}eenu{z%2',...} CC;
(2) afeCifa€e Nand f €C;
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3) f+geCiffandgeC.

The collection, C, of polynomials yielded by the above method is actually N|z]
itself. This simple yet useful observation provides some sort of “standardised” polynomial
representation, although not quite yet a unique representation as for ring polynomials.
We shall use this observation in the sequel.

3. MULTIPLE INDETERMINATES

We want to show (N(z])[y] and Ngnie[Z, 7] are isomorphic to each other. Define
a mapping ¢ : (N[z])[y] - M(NX®) such that ¢(F)([cij]) = [dij] € N¥° where
F € (Nz])ly), [ey) € NEie with di; = 7;fi(%) and f; = WrF(Zl Leyz', 30, Loy )
where [ € K. Since [c;;] € NK},., we have ¥, L., z* actually a finite sum, hence belongs
to N[z]. Furthermore the sequence {z, Lci,z'}_ contains only finitely many non-zero
terms. Therefore ¢ is indeed a well-defined mapp;ng from ¢ : (N[z])[y] to M(NE,,).

Before we proceed, let us examine the images of some polynomials under ¢. Suppose

[Cl]] €N, ﬁmte
(1) Let F =X, € (N[z])[y],a € N. By definition, we have:

fi=mA (Z Le, 7', Z L,z ) =L, Zt L = Zl Lo,z

This implies that 7, fi(Z9) = aci;. Thus ¢(Aa)([qj]) = [acy;].
(2) Let F = L,. Then we have:

fi=mL (Z Ley, 2, Z L*,. ) = ﬂi(le L%,z’,le LCl,x‘,...) = Zl L. z'*!
This implies

0, ifj<1,
Cij—1, Otherwise.

$(Ls)([cis]) = 7 fi(Eo) = m; (Z, Lcuzl“)(go) =7;(0, ¢, ...) = {
(3) Let F =y. Thus we have:

fi= Wiy(zl Lz, ZLcl,z’, .. ) = (0, Zl L,z Zz Lz, .. )
1

This implies
0 ifi <1,
ci-1; otherwise.

¢(y)([qJ]) = 7;fi(€o) = {

From these examples, we see at once that ¢(A;) = 8o, d(L:) = Z,6(y) = 7. Ina
moment, we show ¢ is a bijective mapping and also it preserves addition and multipli-
cation. As a consequence ¢ maps (N[z])[y] onto Nanite[T, 7] C M(NL:,.) and is actually
an isomorphism.

The following technical result is essential to our quest.
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LEMMA 1. Let (go,61,-..) € (N[z]) and [c;;] € N, such that there exists
de NE..., for which g;(d d) = (cio, Cir, . ..) for any i € K. Then for any F € (N[z])[y], we
have

75 (mF (g0, 91, ) (@ = ( (F(, Leas Y L', )))(a,),w, i€ K.

PROOF: We use the construction technique remarked at the end of the last section
to prove this lemma. Let FF = y™, m € K. We have

0 ifi<m
. M { ] =) = )
g (7r1,y (Xl: Lcmr ) Z, Lcux 3. )) (50) { Ciom i otherwise.

However m;(m:y™(go, 91, - - -))(d) = 7 (gi—m(d)) = 0 ifi< n.z, This shows the
Ci—m,j Otherwise.

claim for F = y™. Now suppose F' = Ly, f € N[z]. We have
] (WiLf(go,gl, .. ~))((_i) = 71'j(7fi(fgo, fai, - -))(3) = ijgi(a) = ‘”jf(cio,cu, o)

However,

7 (mLf(Z Loy, Y Leyat,. )) - 7r,( (Z Loz ))(Eo) = m;f(cio, e, - . .).

Thus the claim is also true for F = L, f € Nlz]. It is quite easy to see that F + G also
satisfies the claim if both F and G € (N[z])[y] satisfy the claim.

It remains to show that if F' € (N([z])[y] satisfies the claim and f € N(z], then L;F
satisfies the claim. In fact, we have

i (i (L F (90, 91,--)) ) @) = w5 (F(M:F (90, 91, ) ) @ = 73 (f (o, B, ),

where hy = m (mF(go,gl, .. .))(E_) € N. However, by the assumption that F satisfies
the claim, we have hy = (wiF(Z, Ly, > Ley 2ty - )) (Zo). Therefore this implies

that =; (m(L;F(go,gl,...)))(E) and m, f (m (Z, Lo, Y Loy ..))(Eo) are equal
to each other. Hence L F satisfies the claim and the lemma follows. g
We are ready to prove our main result.
THEOREM 2. (N[z])[y] = Nanie[Z, 7] (and hence = (Ngnite[z]),,,,. [v])-

PRroOF: We show the function ¢ defined earlier is the desired isomorphism. Firstly,

we show ¢ preserves addition and multiplication.
It is quite obvious that it is true for the “addition” case, that is, ¢(F + G) = ¢(F)
#(G). We proceed to verify the “multiplication” case. Suppose ¢(FG)([c;;]) = [d;].
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By definition, we have

dij = 7; (7r,-(FG) (3 Leas', Y Lt ) ) (&)
= m;(miF (g0, 91, - -.)) (Fo), where gi = ka(El Leyx', >0 Ley 2t - )

If gx(Z0) = (bko, bx1, - - .), then by the previous lemma we have

Ad,‘j =Ty (ﬂiF( Zl meIl, El Lbu.’l:l, .. )) (-E-o).

Therefore ¢(FG) = ¢(F)([b;]). However ¢(G)([cij]) = [mj9i(E0)] = [bi;]. Hence
$(FG) = ¢(F)¢(G).

From the remark that precedes the previous lemma and the fact that ¢ preserves
addition and multiplication, we see that the mapping ¢ from (N[z])[y] to N[z, 7] is an
onto homomorphism. Hence it remains to show ¢ is injective. However to show it is
injective, one just has to notice the following equivalence (in sequence) by applying the
previous lemma:

(1) ¢(F)=0.
(2) = (7r,~F<Z, Leyz', > Ly, .))(Eo) =0,V [cae) € NX*and 4,5 € K.
(3) mi(miF (g0, 91,--.))(d) =0,Y (90, 91,-..) € (N[:c])K and d € NX.
(4) F=0.
As a consequence, ¢ is an isomorphism. 0

As seen so far, we have shown that (N(z])[y] 2 Nanite[Z, 7). Therefore we can identify
z and y with T and ¥, respectively. Hence we can use the notation Ngnie[z,y] without
creating any confusion. Moreover it can be shown that we can drop the subscript “finite”.
We begin our verification by introducing the following useful notation and result.

Suppose [c;;] and [d;;] € NK?*_ For any pair m,n € K, we define a relation on NX*
such that [¢;j]~(mn)|di;] if and only if ¢;; = d;;,V0 < i < m, 0 < j < n. Note that this is
an obvious extension to ~, introduced in [1, 2] for N[z].

Furthermore, we write mhe[ci;] = cax Where cpi is the (h, k)-entry of [c;;]. Then a
routine computation shows the following.

LEMMA 3. Suppose F € Niz,y]. If [cij]~(mmldij], then F([cij])~(mmF ([dij])-
THEOREM 4. Nlz,y] is isomorphic to NgpitelZ, ]

PROOF: Define a mapping ¢ : N{z, y] = Ngnite[Z, y] such that ¢)(F) = the restriction
of F on Nﬁ’fﬂzte. Clearly the mapping 9 is well-defined. Furthermore, by definition, ¢
preserves addition and multiplication. It remains to show the mapping is one-to-one and
onto. :
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Suppose Y(F) = 0. We have F([c;]) = 0 for any [cij] € NK},,. We want to show
F = 0. Assume F([c;;]) # O for some [c;;] € N¥*. There exist m,n € K such that
TmnF ([ci;]) # 0. Let us define [dy;] such that

d = ¢ f0<i<mand0<j<n,
b 0 otherwise.

In fact [di;] € NG and [cij]~(mm[di;]. Hence we have F([cij])~(mn)F([d;]). But
F([d;;]) = ¥(F)([di;]) = 0 by assumption. Thus 0 = mmaF([di;]) = TmnF([ci;]) # 0, a
contradiction. In other words, 1 is injective. Finally observe that ¢ maps 3,, z, and y of
N[z,y] onto fB,, z, and y of Ngnite[z, y] naturally. Since 9 is a homomorphism, we have
1 a surjective mapping, hence an isomorphism. 0

Hereby we shall not distinguish N[z, y] from Nguice[z,y]. As a final remark in this
section, we note that N[z, y] can be viewed as an N-submodule of M(N¥?) generated by
By U XuY.

4. REMARKS ON DEGREE, LEAST DEGREE, ET CETERA

In the previous section, we define the object N{z,y] and identify it with (N[z])[y].
There are many basic tools to facilitate the investigation of polynomial near-rings such as
the degree, the least degree, the symbolically zero ideal “sym,”, I*, et cetera. Since the
notion of N(z,y] does not come from a straightforward iterative definition of (N[z})[y],
it does not allow us to import the various important tools simply from one indeterminate
to multiple indeterminates without careful examinations. In this section, we explore the
equivalent concepts of some important tools. It is beneficial to “re-define” some of the
important tools for the record. However most of the verifications can be obtained by
appropriated modifications of the original ones.

(1) Least Degree: Let f € N[z, y]. We denote the least degree of f by

min{h+k [ mhief ([cij]) # 0 for some [c;;] € NKZ}.

A routine computation shows this notion is consistent with the one defined for N[z| by
Bagley [1]. In fact the least degree of g € N[z] and that of the natural correspondence
in N{z,y] are equal as expected.

(2) S[z,y): An important type of structure for polynomial near-rings is

S[.’L‘,y] = {f € N[CE, y] I V[C,'j] € NKz,ﬂ'hkf([Cihj]) € Shk; Vh,,k € K}

where § = {S;; | 1,7 € K} is a collection of left ideals of N with S;; C Syx whenever
i < h and j < k. It follows that Sz, y] is indeed an ideal of N{z,y].

Of particular interest is S, = {S;; | S;j = 0if i +j < n and S;;j = N other-
wise } for n > 0. Clearly we have So[z,y] = N{z,y]. Furthermore S,[z,y] = I, where
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I, = {f € Nlz,y] | least degree of f > n}. In fact, if f € I,, we have mn(f[ci;]) = 0 if
h+ k < n, and then f € S,[z,y]. That is I, C S,[z,y]. Hence I, = S,[z, y] follows from
the definition.

(3) symg: The symbolically zero polynomials and the associated ideal “sym,’

'y

are
important and useful tools. The ideal sym, can be defined as follows.

Let W = {z'y’ | 0 < i,j}. For simplicity, we can write W = {w; | 0 < [} where
w, = z'y? and | = ((¢+7)(¢+j—1))/2+ j. From basic number theory, we know [
and the pair (i,7) are in a one-to-one correspondence. Let P(n) denote the set of all

permutations of {0,...,n}. We can now define sym, as the ideal of N[z, y] generated by
the set
{a(bowo + bywy + -+ + bawn) — absn)Wo(n) — - -+ — aby(0)Wo(0) | V0

<n,Vo€P(n) and a,b; € N}.

As an immediate consequence we have:

THEOREM 5. Suppose f € N{z,y|. There exist fy, f1,-+-, fa € N forsomen > 0
such that f = fowg + fiwy + -+ + faw, (mod symy).
" (4)" The ideal I": Let I be an ideal of N. Then

' ={f € Niz,y] | mn(lcis)) € 1,¥h,k and V]es;]}

is an ideal of N(z,y]. We have N{z,y]/I* = (N/I)[z,y]. If D(N) denotes the distributor
ideal of NV, then it can be easily proved that D(N|[z,y]) = (D(N))".

(5) Degree: The last concept we explore is the notion of the degree of a polynomial.
First of all, for ¢ = [c;;] € N,’f:,-,-te, we let [€] = max{i+j | ¢;; # 0}. The degree of
f € Niz,y] is defined as the max{] f@|-lelfce Nf{f,izte”. Following the convention,
the degree of f = 0 is negative infinity. One can check that this notion is well-defined,
namely each 0 # f € N[z,y] has a degree < oo. Furthermore it is not difficult to show
that the degree of a non-zero polynomial is non-negative, that is, for some ¢ we have
|f()| > |e| if f # 0. Assume for purpose of contradiction that |f(€)| < ||, VE. Therefore
for all n > 0 if |¢| = n, we have 74 f(€) =0 for h+ k = n. In other words, we have that
ifd e N ¥ and h4+ k = n > 0 there'is ac € NK},_ with d ~(hk) € with [¢| = n. Since
f(@d) ~@nx f(©), we have 0 = mui f(d) = mui f(€) whenever h + k = n. Note this is true
for all n > 0 and d, hence f = 0 a contradiction to our assumption.
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