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Abstract

Let (2, F, P) be a probability space and Z = (Zg)ken a Bernoulli noise on (€2, F, P) which has the
chaotic representation property. In this paper, we investigate a special family of functionals of Z, which
we call the coherent states. First, with the help of Z, we construct a mapping ¢ from I2(N) to £2(Q2, F, P)
which is called the coherent mapping. We prove that ¢ has the continuity property and other properties
of operation. We then define functionals of the form ¢ (f) with f € [2(N) as the coherent states and
prove that all the coherent states are total in L2(Q2, F, P). We also show that ¢ can be used to factorize
L3(2, F,P). Finally we give an application of the coherent states to calculus of quantum Bernoulli
noise.
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1. Introduction

Bernoulli noise functionals play an important role in many problems such as
logarithmic Sobolev inequalities, deviation inequalities and option hedging in
mathematical finance (see, for example, [3] and references therein).

In recent years, there has been much interest in Bernoulli noise functionals. In 2001
Emery [1] considered the chaotic representation property of a class of discrete-time
stochastic processes including discrete-time Bernoulli noises. Years later, Privault [3]
surveyed the discrete-time chaotic calculus, which is a Malliavin-type theory of
stochastic calculus for Bernoulli noise functionals. Recently Wang ez al. [4] introduced
a notion of quantum Bernoulli noises and defined corresponding quantum stochastic
integrals, which are actually about operator processes acting on Bernoulli noise
functionals. More recently Wang et al. [5] have presented an alternative approach
to the discrete-time chaotic calculus.
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Let (2, F, P) be a probability space and Z = (Zg )ren an independent sequence
of Bernoulli random variables on (€2, F, P) which has the chaotic representation
property [1]. Naturally Z can be viewed as a Bernoulli noise (in discrete time) and
random variables on (€2, F, IP) can be interpreted as functionals of Z.

In this paper we investigate a special family of functionals of Z which we call the
coherent states. First, with the help of Z, we construct a mapping ¢ from /2(N) into
L£%(Q2, F, P) which is called the coherent mapping. We prove that ¢ has the continuity
property and other good properties of operation. We then define functionals of the
form ¢ (f) with f € [*(N) as the coherent states and prove that all the coherent states
are total in £2($2, F, P). We also show that ¢ can be used to factorize £2(2, F, P).
Finally, we give an application of the coherent states to calculus of quantum Bernoulli
noise.

Notation and conventions. Let N be the set of all nonnegative integers. We denote
by 1%(N) the usual space of square summable real-valued functions on N.
For a subset S C N, we define I'(S) as the finite power set of S, namely

I'(S)={o|o C Sand#o < o0}, (1.1)

where #o means the cardinality of o as a set. If S={0, 1, ..., k}, then we simply
write I'y; =T'(S). We set L1 =T'(9).
In the following, we write I' = I'(N) for brevity (I is clearly countable) and set

'™ ={o el |#0 =n} (1.2)

for n € N. By convention, [*(I") denotes the space of square summable real-valued
functions on I'. For a function on N, we can define a function £ ronT as

Er@)=]] fk). oel, (1.3)

keo

where () = 1. It can be shown that £ € [2(I") whenever f€ I2(N).

2. Bernoulli noise

We assume throughout that (2, F, P) is a probability space and Z = (Zy)jeN is an
independent sequence of random variables on (€2, F, IP) which satisfies

P{Zy =ar} = pr, P{Zr=—-1/ax}=qx, k€N, 2.1

with ax = +/qk/ Pk, gc =1 — pr and 0 < p; < 1 and, moreover, F is generated by the
sequence (Zi)keN, namely
F=0(Zy; keN). (2.2)

Such a sequence of random variables does exist (see, for example, [1, 3]). It can be
verified that the sequence Z = (Zy)ren satisfies the discrete structure equation

Zi=1+MmZr, keN, (2.3)
with A, = (1 = 2pi) /v/ pr(1 — pi).
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In the following, we set F_1 = {J, Q} and, for k € N, we denote by F; the o-field
generated by (Z;)o<j<«, namely

Fe=0(Zj;0=j=k). (2.4)

In this way, the sequence (Fi)r>—1 forms a filtration of o-fields over (2, F, P). By
convention, we use [E to mean the expectation operator with respect to PP.

REMARK 2.1. As will be seen seen, Z is actually a discrete-time Bernoulli stochastic
process. And if we put

n
Mn:ZZk, neN,
k=0

then (M,),cN is a martingale. Hence Z can be viewed as a (discrete-time) Bernoulli
noise. Owing to the relation described by (2.2), random variables on (€2, F, IP) can
also be interpreted as functionals of Z.

In the following, we always write £2(Q2) = £L>(Q2, F, P), the space of square
integrable random variables on (€2, F, P). The inner product and norm of L£2()
are denoted (-, -) r2(q) and || - || 2(q), respectively.

Clearly {Z; | k e N} C L£2(€2). The next lemma shows that {Z; | k € N} also has the
chaotic representation property (see, for example, [4] for a proof).

LEMMA 2.2. Let Zg =1 and

Ze=]]%. o€l o#0. (2.5)

keo
Then the set {Zy | o € I'} forms a countable orthonormal basis for £*(S).

It is known that />(I") has an orthonormal basis {8, | o € I'}, where 8, is the Dirac
delta function on I". Hence we come to the next lemma.

LEMMA 2.3. There exists a unique isometric isomorphism J : I2(T) > L2(Q) such
that

INH =) f0)Zs, felPI), (2.6)

oel
where the series converges in the norm of £*(2).

DEFINITION 2.4 [5]. The isometric isomorphism J stated in Lemma 2.3 is referred to
as the full Wiener integral operator with respect to Z.

3. Coherent mapping

In the present section we will define a continuous mapping ¢ from /%(N) to £>(R2),
which is called the coherent mapping. We will also show basic properties of ¢.
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THEOREM 3.1. Let f €I1>(N). Then the following infinite product of random
variables converges in L*(Q):

o0

A+ fK) Zp). (3.1)
k=0

PROOF. First we note that ]_[,fio(l +f k)% converges as an infinite product of

positive numbers since
o0

| f ()] < oo.
k=0

Now let n, = ]_[2’20(1 + f(k)Zy), n > 0. Then n, € L£2(2), n > 0. And for any m,
n > 0 with m < n, by the independence of the sequence (Zy)ken,

17 = 1 723y = E[]‘[(l + Oz + [0+ fl0Zi)?
k=0 k=0

—2[Ja+rwzo* ] a +f(k)zk):|
k=0

k=m+1

=[[EQ+ ft0z)* + [ [EQ + £ (k) Z0)?
k=0 k=0

—2[[EQ+ fz0)* T] EQ+ f(0)Z0)
k=0

k=m+1

=[[a+1r®P = ]a+1r@P.
k=0 k=0

Thus the sequence 7, n > 0, converges in £2(£2), that is, (3.1) converges in £>(R2). O

DEFINITION 3.2. The coherent mapping ¢ is the one from [2(N) to £2(2) given by
o0
p(H =[]0+ r®z0. felPm. (3.2)
k=0

The next theorem shows some metric properties of the coherent mapping.

THEOREM 3.3. Let f, g € I*(N). Then

(@), d(@) 20y = [ [+ FWg0)). (3.3)
k=0
In particular,
16N N2eqy = [[A+ 17 (3.4)
k=0
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PROOF. We first note that the infinite product on the right-hand side of (3.3) absolutely

converges since
o0

|f(k)g(k)| < oo.
k=0

Now for f, g el*(N), by the continuity of the inner product as well as the
independence of the sequence (Zj)ren, We get

@) 92 = Jim <H<1 + flozo. [Ta+ g(k)zk)>
0 k=0

k= £2(%)

= 1im [TE0+ f®)Zk +g®) Zk + F (02K ZD)
k=0

o0

(I + f(k)g(k)).

k=0

This completes the proof. O

REMARK 3.4. From the above theorem and inequality In(1 +x2) <x% xeR, it
follows that
Il 2y <expG I flBgy)s  f €2, (3.5)
We note that the left-hand side of (3.5) can be strictly less than the right-hand side.
THEOREM 3.5. Let @ be the function on [*(N) x [>(N) defined by
D(f,8) = (D)) d @) 2y [ &€, (3.6)
Then @ is continuous.
PROOF. It follows from (3.3) that
o0
o(f.9) =[]0+ fRgk). £ gl
k=0
Now let f, g € ZZ(N) and f,, g, € IQ(N), n > 1, be two sequences satisfying
Tim N fo = fllegy =0, lim lign — gllzgy = 0.

We need to show that @ ( f;,, g,) = @(f, g) asn — oo.
Since Z/?io | f(k)g(k)| < oo, we can take kg > 1 such that | f(k)g(k)| < 1/4 for
all k > ko. We can also take ng > 1 such that

cllfu = Fllgy + 1 flpaylign — gliegy < 5 n=no,

where ¢ = sup,,- | ||g,,||lz(N). Thus for all n > ng and all k > ko,

| fa®)gn | < atll fu — Fllzay + 1 12 lgn — gllzay + 1 )g®)] < 3.
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It is well known that
IIn(1 +x) —In(1 + y)| <2|x —y| forallx, y € [—4, +00).
Thus, for all j > 0,

DIl + fing()gjn ()] = Y In[l + f(k)g (k)]

k=ko k=ko

< > Il + Fiyng(K)gj4no ()] = In[1 + £ (k) g (K)]|
k=ko

o0
<23 1m0 j4ne k) — FR)g (K|
k=ko
=2 fjtno — Flleany 18 j+no l2ay + 20 Fll2 oy 18 j4+n0 — &ll2vy)-
This implies that

Jlim D Il + fingK)gjn (1= Inll + f(k)g(k)].
k=ko k=ko

On the other hand, for all j > 0, we see that

ko—1

D (fitngs &jng) = | [ L1+ FinyK)gjtn (k)]
k=0

X exp{ Z ln[l + fj+no(k)gj+n0(k)]}-

k=ko

This, together with the continuity of exponential function, implies that

ko—1
Jim S (ftng: 85m0) = [T0+ fog)
k=0
x exp{ > Infl+ f(k)g(k)]} =o(f. 8.
k=ko
Thus @ (fu, gn) = @(f, g) as n — oo. This completes the proof. O

THEOREM 3.6. The coherent mapping ¢ : I2(N) = L2(R) is continuous.

PROOF. Let f € I*?(N) and f,, € I>(N), n > 1, be a sequence converging to f in the
norm. Then

l6(f) = S22y = P fo) =20 (fur )+ P, ) n= 1.

Thus by Theorem 3.5 we get im0 | (fn) — @ (f)ll2() = 0. This verifies the
continuity of ¢. O
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Recall that if f € [2(N), then £; € [*(T") (see (1.3) for the definition of £f). The
next theorem shows the relationship between ¢ () and Ey.

THEOREM 3.7. Let f € 12(N). Then J(&r) = @ (f), where ] is the full Wiener integral
operator.

PROOF. Foreachn >0,
n
[Ja+rwzy=">Y" &)z
k=0 UEF,,J

Then, by letting n — oo, we get

[Ja+ roz=>" &r(0) 2,
k=0

oel
thatis, ¢ (f) = J(Ey). a
For § C N with S # ), we define Fgs as the o-field generated by (Zy)kes:
Fs=0(Z; k €S). (3.7)

As usual, E[-|Fs] denotes the conditional expectation given Fg. The next theorem
shows an interesting link between the coherent mapping and the conditional
expectation operator.

THEOREM 3.8. Let S C N with S # (. Then
El¢ (N Fsl=o(fls). [fel’M), (3.8)

where 1g stands for the indicator of S.

PrROOF. For f € I2(N), we can show that

o(H=[]a+rmz0 ] 0+ f0Z0).

kes keN\S

which, together with the independence of the sequence (Zj)ren, implies (3.8). O

4. Coherent states

In this section, we will show the totality of the set {¢(f) | f € [2(N)} in £2(Q) and
other related results. We first make some preparations. Let § be the symmetric Fock
space over [%(N), namely

F=pram. (4.1)
n=0

where I2(N°) =R and 12(N") = {F € I>(N") | F is symmetric} for n > 1. It is well
known that {e(f) | f € [?(N)} is a total subset of §, where e( f) is the exponential
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vector defined by
o
1
e(f)=EP —=r*". (4.2)
neo V1!

See, for example, [2] for general theory of Fock space.

DEFINITION 4.1. For f € I2(N), we call ¢(f) the coherent state corresponding to f,
where ¢ is the coherent mapping (see Definition 3.2).

THEOREM 4.2. The coherent state set {¢p(f) | f € 1>(N)} is total in L*().

PROOF. Let £ € {¢(f) | f € [>(N)}-. Then there exists F € [>(I') such that & =
J(F), where J is the full Wiener integral operator (see (2.6) for its definition).
Define Fy = F () and for n > 1 define a function F,, on N" as

1
~ —F{k1, ko, ...,k ki, ka, ..., k Aps
Fn(k], k2, el kn) — \/; ({ 1, K2, ’ n})’ ( 1, K2, ’ n) € n»

Oy (kl, k27"'9kn)€Nn\Anv
where A, = {(k1, ko, ..., ky) e N | k; #kjfori # j, 1 <i, j <n}. Then we have
~ Oo ~
Fz@Fn eg.
n=0
On the other hand, for each f €I?(N), in view of J(&r) =¢(f) and J(F) =&,

we get
(e(f), F)g=(Ef, F)pry = (& (), €) 20 =0.

This, together with the totality of {e(f) | f € I2(N)} in §, yields F =0, that is,

F,=0, n=>0,

which implies that ' = 0. Thus § = J(F) = 0. This completes the proof. O

As an immediate consequence of Theorems 3.6 and 4.2, we have the next useful
corollary.

COROLLARY 4.3. If D is a dense subset of [*(N), then the set {¢(f) | f € D}
remains total in L%(Q).

Two functions f, g € I2(N) are called strongly orthogonal if f(k)g(k) = 0 for all
k eN.

THEOREM 4.4. If f, g € [>(N) are strongly orthogonal, then

o(f +8) =0(f)e(). (4.3)
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PROOF. For each n > 0, by the strongly orthogonal property of f and g,

n

[0+ +gtnzi =]+ r®zo []A + gk Zk).
k=0 k=0

k=0

Note that the left-hand side of this equality converges to ¢ (f + g) in £2(2), while
the right-hand side converges to ¢ (f)¢(g) in £(2). Thus, by letting n — oo, we
get (4.3). O

For k e N, we simply write 1z} = 1j0.4] and, similarly, 1jx = 1j 400), Which are
indicators of [0, k] and [k, +00), respectively. If S1, S» C EZ(Q) are nonempty, then
we define their algebraic product §15; as

S1S ={n & €S, ne s}, (4.4)

which is a subset of £ () in general. However, we have the next result, which follows
immediately from Theorem 4.4.

COROLLARY 4.5. Let D = {¢(f) | f € I*(N)} be the set of all coherent states. Then,
foreachk € N,
D =Dy Dij+1, 4.5)

where Dy = {¢ (1)) | f € *(N)} and D1 = (¢ (fLp41) | [ € PN}

THEOREM 4.6. Let S C Nwith S # 0. Then {¢p(f1s) | f € I*(N)} is a total subset of
L2(Q, Fs, P), where 15 stands for the indicator of S and Fg is defined by (3.7).

PROOF. By (3.8), we immediately find that
B(fls) | f €P(N)} C LX(Q, Fs, P).
Now let & € £2(Q, Fs, P) be such that & L {¢(f1g) | f € [2(N)}. Then for each
f € >(N), in view of £ = E[£|Fs],
(&, ¢() = (EIE|Fs], ¢ () = (&, El@(NIFs]) = (&, ¢(f1s5)) =0,

where (-, -) means (-, ) z2(q). Thus, by the totality of {¢(f) | f € I2(N)} in £%(S2), we
know that £ =0. O

5. Application

In this final section, we show an application of the coherent states to calculus of
quantum Bernoulli noise [4]. We first make some preparations. For k € N, we write
for brevity

Hi=L(Q, Fu, P),  Hy = LX(Q, Fi, P, (5.1)

where Fy) = Fi (see (2.4) for the definition) and Fjy =0(Z;; k < j <o0). Itis
known [4] that the algebraic product HijHx+1 is a dense subset of L2(Q) for
each k e N. According to Theorem 4.6, if f € 2(N) then ¢ (f1x)) € Hy) and
& (f1k) € Hix.
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By an operator process we mean a sequence of bounded linear operators on £2(£2).
An operator process L = (Ly)ken is called semi-adapted if, for each k € N, L leaves
‘Hy) invariant. A semi-adapted operator process L = (L )ken is called adapted if, for
each k € N, L further satisfies

Li(En) = (Li&)n, & € Hiy, 0 € Hikt- (5.2)

In [4], the authors characterized adapted operator processes in terms of quantum
Bernoulli noise. Here, as an application of the coherent states, we present another
characterization of adapted operator processes.

THEOREM 5.1. A semi-adapted operator process L = (Ly)keN is adapted if only if,
Joreach k € N, Ly satisfies

Lip(f) = [Lid (FLDId (flpgn),  f €PN, (5.3)

where Py stands for the orthogonal projection onto Hy,.

PROOF. Obviously, (5.2) implies (5.3). Below we show that (5.3) also implies (5.2).

Let Diy = {¢(f 1) | f € >(N)} and Dpgey1 = {¢(f1e41) | £ €2(N)}. Then, by
Theorem 4.6, we know that Dy and Dy are total in Hy) and H[x41, respectively.
Let & € Hy) and n € H{x+1 be such that

=Y sio(file), n=Y_ t;p(glpr),
i=1

j=1

where s;, t; are real numbers and f;, g; € [?(N). Then it follows from Theorem 4.4
that

£n= Z Z sitjd (filig + 8 lr1)-

i=1 j=1
Thus, by (5.3),

LiEm) =Y > sitj[Led (file)le (g lks1)

i=1 j=1

Ms

siLeg (filiy) Z 16 (giliks1)

i=1 j=1
= (Lk&)n.
For general £ € Hy and n € H[k+1, by using the usual method of approximation, we
can also get Li(€n) = (Li&)n. This completes the proof. d
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