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CERTAIN INTEGRALS FOR CLASSES OF
P-VALENT MEROMORPHIC FUNCTIONS

VinoD KuMAR AND S.L. SHUKLA

In this paper we introduce two classes, namely Fp(m, M) and
Zp(m, M) , of functions
0 n

71 .. +an+p_lz + ...,

ﬂm=§+

regular and p-valent in D - {0} where D= {z : |z] <1} . We
show that, for suitable choices of real constants a, B and Y ,

the integral operators of the form

1l/a

2

F(z) = I:-Y(_ogei);z I tY+lf(t)ag(t)Bdt:l
2 0

map F;(p) x Pp(m, M) into F;(p) , where F;(p) is the class

of p-valent meromorphically starlike functions of order p ,
0<p<1l. For the classes Fp(m, M) and Zp(M, M) , we obtain

class preserving integral operators of the form
1l/a

3
F(z) = X—'P"‘—"II tYF(¢)*de ,
[2Y+l 0

with suitable restrictions on real constants & and Y .

Our results generalize almost all known results obtained so far

in this direction.
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1. Introduction
+
Let I denote the set of positive integers. We denote by I‘p .

+
p € I, the set of the functions

O+ +a n

EIEEE pap-1® T

flz) = & +
zp 2

regular and p-valent in D - {0} , where D = {3 : [zl <1} and
f'(z) # 0 there. A function f of I‘p is said to belong to I‘; , the

class of p-valent meromorphically starlike functions, if and only if

Re{z(f’(z)/f(z))} <0, 2 €D . A function f of I'p is said to belong
to F;(p) » the class of p-valent meromorphically starlike functions of
order p, 0 =p <1, if and only if Re{z(f'(2)/f(2))} <-pp, 2z €D .

A function f of Fp is said to belong to Zp(p) , the class of p-valent

meromorphically convex functions of order p , 0 =p <1 , if and only if
Re{1+z(f‘”(z)/f'(z))} <-pp , 2 €D . The class Zp of p-valent

meromorphically convex functions is identified by Zp = Zp(O) .

Now we define two subclasses, namely I‘p(m, M) and Zp(m, M) , of l";

and Zp respectively.

A function f of I'p belongs to the class I’p(m, M) if and only if
[2(f'(2)/f(2))+m| <M , z € D where

(m, M) €E, = {(m, ) : |m-p| <M =m} .

A function f of I‘p belongs to the class Zp(m, M) if and only if
|l+2(f"(2)/f'(z))+m| <M, =z €D, where

(m, M) € E, = {(m, M) : |m-p| <M=m}.
It is clear that rp(m, M) c I‘;((m-M)/p) c 1"5 c rp and

Zp(m, M) c Zp[(m-M)/p) c )_'.p c I‘p . Also, a function f belongs to

Zp(m’ M) if and only if 2zf'(2)/-p belongs to Fp(M, M) .

In [71], [2]1, (3], the integral operators of the forms
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1/B
2
Flz) = %J () Bg(4)Bae
0
and
1/a
$<4
F(z) = X%J tYr(t) %t ,
z 0

with suitable restrictions on the real constants o, B and Y , and for f
and g belonging to some favoured classes of meromorphic functions have
been studied. The purpose of this paper is to obtain the integral

operators that are more general and transform F;(p) x Fp(m, M) into
r# , I (m, M) into T (m, M) , and I (m, M) into I _(m, M) . Our
p(p) p( ) i p( ) , an 5 (M ) p(

results generalize almost all known results obtained so far in this
direction [1], [2], [3].

2. Preliminary lemmas

©

Let S(m, M) be the class of functions h(z) =z + anzn regular
n=2
and satisfying
h'(z) -
(2.1) 2505 - ™| < M in D,
where
(2.2) (my, M) €E={(m, M) :m>%, |m1| <M<sm}.

This class S(m, M) was introduced by Jakubowski [5]. It is worth
mentioning here that the requirement m > % in (2.2) is superfluous and
may be dropped since it follows directly from the inequality lm—ll <m in
(2.2).

The proof of the following lemma is based on the lines of a result of
Sifverman [7, Theorem 11, the only difference is that in the definition of
S{m, M) Silverman [7] has taken equality also in (2.1) and restricted
m, M by the inequalities

(2.3) m+M=1, Msm<M+1

vhich are equivalent to the inequalities
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|m-1] =M =m.

However we follow the definition of S(m, M) given by Jakubowski [5].

LEMMA 2.1. The function h(z) =z + 3 anzn belongs to S(m, M)
n=2

if and only if there exists a function w(z) regular in D and satisfying
w(0) =0, |wz)] <1 for z in D, such that

h'(z) _ l+a'w(z)
(2.4) 2 308) - ibwiz) * Z €D,
where
2
(2.5) a'=w and b’=r%.

Proof. First suppose that %4 € S(m, M) . Then

h'(z) m
zW-M <1.

Let g(z) = z(h'(2)/M(2)) - m/M and

_ glz)-g(o) _ (n'(z)/h(z))-1
(2.6) w(z) = 1-g(0)g(z) M+((m-lz)/M){z[h'(zz)/h(z)J-m] :

Then w(0) =0 , |w(z)| <1 . Rearranging (2.6) and using (2.5) we get
(2.4).

Conversely, suppose that #(z) satisfies (2.4). Then

h'(z) oy L(-m)/M)+w(z)
(2.7) 2z "M H l+[(l-m)/M)u)(zz)

i

MG(z) , say.

In view of (2.2), |(1-m)/M|

A

1 . Thus the function

((1-m) /M) +w(z)

6(2) = 3 @om)/Mwl2)

satisfies [G(z)| <1 . From (2.7), it follows now that h € S(m, M) .
This completes the proof of the lemma.
LEMMA 2.2. The function f is in I‘p(m, M) if and only if there

exists a function w(z) regular and satisfying w(0) = 0, |w(z)| <1,
for =z in D such that
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'(z2) _ L+aw(z)
s s ey 2 €0
where a = [Me—mzi-mp)/Mp and b = (m-p)}/M .

Proof. Since f € I‘p(m, M) , z(f'(z)/f(z)] =.p+ ... . Let
(z(f'(2)/f(2))}/-p = 2(h'(3)/h(2)} =1 + ... , then from Lemma 2.1, for
|(m/p)-1| < M/p s m/p ,

2(f'(2)/f(z)) m| .

-p p

ISAES

if and only if

z(f'(2)/f(2)) _ 1+aw(z)
-p 1-bw(z)

where

_ (M/p)P=(m/p) 2+ (m/p) _ {mp)1
a = M/p and b = Mp

or, for |m—p| <M=m,

<M

zf_'(f%m

f

if and only if

F'(z) _ l+aw(z)
o fzz =P l—bw(:) ’

where
_MPrlemp o mep
Mp M
LEMMA 2.3, If the function w(z) is regular for |z| =r <1,
w(0) = 0 and |w(zl]| = mT.x lw(z)] , then
z|=r

zlw'(zl] = kw(zl] s k=z1.

A proof of Lemma 2.3, which is due to Jack, may be found in [4].
LEMMA 2.4. A function f belongs to I‘Z’;(p) s 0sp<1l1, if and

only if there exists a function w(z) regular and satisfying w(0) =0 ,
w(z)] <1 in D such that
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2 £'(z) _ _ 1+(2p-1)w(z)
f(z) P 1+w(z)

Proof. Let P(z) = ((z(f'(2)/f(2))/-p)-p)/(1-p) =1 + ... ; then
Re{P(z)} > 0 and hence by a well known result [6], P(z) can be written

as

1-w(z)

P(Z) = l'HA?(Z) E]

where w(z) is regular and w(0) =0 , |w(z)| <1, for 2z in D . Thus

(z(f'(2)/£(2))/~p)-p _ 1-w(z)
1-p . 1+w(z)

and hence the result follows.

3. Integral operators that map P;(p) x Fp(m, M) into F;(p)

THEOREM 3.1. rLet o, B and Y be real constants such that
a>0, B=20 and v - pla+B) +1 > -1,
If f € I‘l’;(p) and g € I‘p(m, M), (m, M) ¢ E’Z’; = {(m, M) : |m-p| <M = m*}

where m* = min{m, (m-p)+(ap(1-p)/28(y-pB-app+2))} , then

1l/a
2
_ |Y=plotB)+2 J Y+L 10, B _ 1
(3.1) F(z) [zv-p8+2 . t' Tf(e) gle) Tt > + ...
also belongs to I‘;(p) . In (3.1) all powers are principal ones.

Proof. Let us choose a function w(z) such that

F'(z) _ _-1+{2p-1)w(z)
z) P 1w(z)

(3.2) 3 w(0) =0 ,

and w(z) is either regular or meromorphic in D .

From (3.1) and (3.2), we have

pB f(2)® B _ 1+(£/8)w(z)
(3.3) z ﬁ(z—)ag(z) = —fm— s

where £ = Y + p{a-B) + 2(1-app) and 6 =y - p(a+B) + 2 .

Logarithmic differentiation of (3.3) yields
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'(z) _ 8 B '(2) 1+(2p-1)w(z)
Gy = 8« 8 ) - £ {s LA ) - p 2GR

. 2p(1-plzw’(z)
§{1+w(z) H1+(E/8)w(z)] ~

Let »r* be the distance from the origin of the pole of w{z) nearest

the origin. Then w(z) is regular in |[z]| < ry = min{r*, 1} . By Lemma
2.3, for |z| =r [r < PO) there is a point 2 such that
(3.5) : z'(z) = kofzp) , k=z1.
From (3.4) and (3.5) we have
' (z,)
{3.6) Re 2y F 2
B (mp) - B g'(z,) Re [{1+(20-1)w(z,) H1+w(z ] 1]
zZ = mp) - = |2 +m| -p
a a |0 glzoi ]lﬁd(zo)le
2p(1-p)kReEp(zO]{l+w]zoi}{1+(£/6)wlzol}]
+
811w (z) 12 [1+(E/8 )0 (2,) |2
1+2pRew (2., )+(2p-1) |w (2 ]|2
> & {(mp)-mt - p 2 >

1+2Rew (z)+|w (2,) |

2p(1—p)kReEn(zo)+(2{Y-pB-app+2}/6)Iw(zo)|2+(£/6)|w[zo]|2wlzolj

+
6[1+2Rew(zo]+|w(zo)|2][l+(2£/6)Rew(zo)+(£/6)2|w(z0)|2]
Now suppose that it were possible to have M(r, w) = me w(z)] =1
z|=r
for some r (r <pr = 1) . At the point =z where this occurred, we

0
would have |w(z)| =1 . Then, from (3.6),

0

Re{zo 7' (zg) } + —pp + 200PB-00p+2} [ (1-p)p+(28/6) {(m-p)-it) (y-pB-app+2) ]

0
f (30] [6%+26ERew (2 o) 2]

op(1-p)
2B(y-pB-app+2) *

> —-pp , provided M = (m-p) +

But this is contrary to the fact that f € F;(p) . So we cannot have

Mr,w) =1 . Thus |w(z)| #1 in |z| <»r Since w(0) =0 , |w(z)|

o -
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is continuous in |[z]| < r, and [w(z)| #1 there, w(z) can not have a

pole at |z| = ry - Therefore |w(z)| <1 and w(z) is regular in D .

Hence from (3.2) and Lemma 2.4, F € T;(p) .
REMARK, Taking p = 1 , the undermentioned results follow from
Theorem 3.1:

(i) for a =1, B=0, Y=0 and p=0, a result of
Bajpai [1];

(ii) for a =B =1, a result of Dwivedi [2];

(iii) for o = B , a result of Dwivedi, Bhargava and Shukla [3].

THEOREM 3.2. Let B and Y be real constants such that B = 0 and
y>0. If fEl"l’;(o) and 9€Fp(m,M),

(m, M) € E;* = {(m, M) : |m-p| < M =m*}

where
mt = min{m, (m-p) + 6 Yﬁ;?lzp) } .
Then
z
. Y+p(1+8)-1 iy B oL
(3.7) F(z) Rz jo t Flt)g(t) dt 7 + ...

also belongs to F;(p) . In (3.7) all powers are principal ones.

Proof. Let us choose a function w(z) such that

F'(z) _ 1+(20-1)w(z)
(3.8) 2 Fa) = - To(2) R

w(0) =0,

w(z) is either regular or meromorphic in D .

From (3.7) and (3.8), we have

PPriz)g(2)® | 1+ ({y+op(1-p)) /y)wiz)
F(z) 1+w(z) :

(3.9)

logarithmic differentiation of (3.9) yields
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(3.10) =z f'(:)) = _pB - Bz g'((Z)) _p l+(§f;](.il§(2)
2p(1-p)aw'(z)

Tz v+ ly+2p(1-p) u(z)]

Let r* be the distance from the origin of the pole of w(z) nearest

the origin. Then w(z) is regular in |z| < ry = min{r*, 1} . By Lemma
2.3, for lzl =r (r < ro) there is a point 24 such that

' = >
(3.11) a4 (zo) kw(zo) , k=1.

From (3.10) and (3.11), we have

' (z,) g’ (z,)
o-—-(——J— z B(m-p) - B|z

%o gz,

Re [{1+(2p-1)w(z) }{1+u7(§0—ﬂ]
|1+ (z,) 12

2p(1-p)kRe[w( ){Y+[Y+2p(1—p)]w (z,] 1 {1+fw(zO] H
|10 (2,) |% [y+{y+2p(1-0) o (z,) |2

+ml -p

k4

or
(3.12)
' (z,) 1+2pRew (2. )+(2p-1) Jw(z,) |°
mzofz°}>-ﬁmmwn—p 0 2
0’ j 1+2Rew(z,)+ |w(z) |
2p(1-p)kRe [y (2 ) +2{y+p(1-p) } [u(5,) | +{Y+2p(l-p)}[w |2wlz ]
+ .
[i+2rew () + 0 (2,) 12] [yP+2y{y+2p(1-p) }Rew (2,)+{y+2p(1-0) }2 o (2,) | 12
Now suppose that it were possible to have M(r, w) = max |w(z)| =1
z|=r
for some r [r < ro] . At the point 2 where this occurred we would

have lw(zo)l =1 . Then, from (3.12),

f'(zo)} 20y+p(1-p)} [p(1-0) -2B{M(m-p) Hy+p(1-p) )]
Relz > —pp + 20p(1-p))ipt1-p)-2BIM-(m-p)Hv+p(1-p)
{ 0 f{zo] [Y2+2Y{Y+2p(l—p)}Rew [zo)+{y+2p(1—p)}2]

_ - < (1-p)
> -pp , provided M = (m-p) + 2B lv+p(1-0)T

But this is contrary to the fact that f ¢ I‘;(p) . So we can not have

Mr,w)=1. Thus |w(z)| #1 in |z]| < ry . Since [|w(0)] =
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|w(z)] is continuous in |z| < r. and |w(z)| # 1 there, w(z) can not

0
have a pole at |z| = ry, - Therefore |w(z)] <1 and w(z) is regular in
D .
Hence from (3.8) and Lemma 2.4, F € P;(p) .
4. Class preserving integral operators for I‘p(m, M) and Zp(m, M)
THEOREM 4.1. 1f f ¢ Fp(m, M) and F(z) is defined by
1/a
(4.1) F(z) = |[1RL Jz re)ae| =+
. 1, P

o>0. Then F ¢ Fp(m, M) if v > max{(pa(1+a)+b-1}/(1-b), po-i} .

In (4.1) all powers are principal ones.

Proof. From (L4.1) we have

[ i o
(4.2) oz iﬂis) + (y+1) = (Y—pa+1){FE:)} )

Let us choose a function w®w(2) such that

(4.3) 2 E;((:)) - p 2@l o) =0,
and w(2) is either regular or meromorphic in D . From (L4.2) and (4.3),
we have
F(2)1% _ (y-po+l)-(aap+b+by)w(z)
(h.4) (o) () - T-Tu(z) :

Logarithmic differentiation of (L4.k4) yields

- [(m—p)K«{(m—p)9+(qp+bm)K}w(z)+(ap+bm)6w2(z)-(a+b)pzw'(z)]
[k={aop+b(2-pa ) +2by (2 ) +bow>(2) )

wvhere K=Y -pa+1 and © =aop + b + by .
Let r* be the distance of the pole of w(z) nearest the origin.

Then w(2) 1is regular in |[z] < ry = min{r*, 1} . By Lemma 2.3, for
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|z| =r (P < ro) , there is a point 2, such that

(4.6) zow’(zo] = km[zo] , k=1.

From (4.5) and (4.6), we have

£'(z4) N(z,)
(L.7) 24 szJ +m=D(zO) .

where

N[zo] = (m-p)(y-po+l) - {(m—p)(aap+b+by)+(ap+bm)(Y-pa+1)+(a+b)pk}w[zo]

+ {(ap+bm)(aop+b+by) ho? (zo]

and
2
D(zo) = (y-po+l) - {aap+b(2-pa)+2by}w(zo) + b(aop+b+bY )w [zo)
Now suppose that it were possible to have M(r, w) = mell.x lw(z)| for
z|=r
some r (r < ro) . At the point 2, where this occurred we would have

Iw(zo]| =1 . Then we have

(4.8) W(2g) 1% - 19 |D(2,)|° = 4 - 2B Refw(z,)} ,
where
A = kp(a+b) [kp(a+b)+2M(y-po+l)+2Mb (aop+b+bY) ]
and
B = kp(a+b)Mlaop+b(2-pu)+2by] .
From (4.8), we have

(.9) (=) 12 - #1D(20) 1% > 0,

provided A*2B > 0 .
Now

A + 2B

kp(a+b) [kp(a+b)+2M(1+b) {y(1+Db)+(1-pa+b+apo)}]
>0

provided Y = (-apo-b+pa-1)/(1+b) and
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A - 2B = kp(a+b)[kp(a+b)+2M(1-b){y(1-b)+(1-pa-b-apa)}]
>0,

provided Y = (apat+b+pa-1)/(1-b) .

Thus from {(4.7) and (4.9), it follows that

£ (z,)
0 . ap(l+a)+b-1
zofzo +m| >M, if Yy = b .

But this is contrary to the fact that f € T _(m, M) . So we can not
p

have M(r, w) =1 . Thus |w(z)| #1 in |z] < r, . Since w(o)| =0,
[w(z)| 4is continuous and |w(z)| #1 in |z} < Ty > w{z) can not have
a pole at |z| = r, - Therefore w(z) is regular and |w(z)| <1 , for
z in D .

Hence from (4.3) and Lemma 2.2, F € I‘p(m, M) .

REMARK. Taking p = 1 , the undermentioned results follow from

Theorem L.1:

(i) for a=yYy=1, m=M and m > = , a result of Bajpai

[13;
(ii) for o =1 , a result of Dwivedi [2];
(iii) a result of Dwivedi, Bhargava and Shukla [3].

THEOREM 4.2. If 7f ¢ Zp(m, M) and F(z) <is defined by

a
(4.10) Pa) = BB [ Opto)as = Los
2Y 0 2

Then F € Zp(m, M) if v > max{(p(1+a)+b-1}/(1-b), p-1} .

In (4.10) all powers are principal ones.

Proof. We can write (L.10) as

2
(4.11) 2F'(z) = Y:f{lij Ve (e)de .
F 0

Since f € Zp(m, M) if and only if zf'(z)/-p € I‘p(m, M) and hence from
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Theorem 4.1, and (4.11), we get =2F'(z)/-p belongs to Fp(m, M) . So

F(z) belongs to Zp(m, M) .

REMARK. Taking p =1 , the undermentioned results follow from
Theorem 4.2:

(i) for m=M and m > = , a result of Bajpai [1].

(ii) a result of Dwivedi [Z2].
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