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STABILITY AND J-DEPTH OF EXPANSIONS

JEAN-CAMILLE BIRGET

In this paper I prove that if a semigroup S is stable then AL (S) and Ag(S) (the Rhodes
expansions), and A4 (S4) (the iteration of those expansions) are also stable. I also prove
that if S is stable and has a J-depth function then these expansions also have a J-depth
functon. More generally, if X —— S is a J*-surmorphism and if S is stable and has
a J-depth function then X has a J-depth function. All these results are needed for the
structure theory of semigroups which are stable and have a J-depth function.

The techniques used were originally developed by the author to prove that A4 {S4a)
is finite if S is finite (later Rhodes found a much more direct proof of that result).

1. INTRODUCTION

Stability and J-depth.

DEFINITION: A semigroup S is R-stable if and only if no J-class of S contains
strict R-chains (equivalently, if z =;y in S and z 2g y then ¢ =g y). In a similar
way one defines L-stable. A semigroup is stable if it is both R- and L-stable.

DEFINITION: Let s be a element of a semigroup S. The J-depth of s is the
length of the longest strictly ascending J-chain in S, starting with s. Equivalently,
J-depth(s) = max{n | 3s1,...,9n_1 € 5,8 <J sp_1-+- <J 81}. The J-depth of s
could be infinite.

A semigroup S is said to have a J-depth function if and only if for every s € S,
the J-depth of s is finite. (We will also say “the J-depth is defined in $7).

For terms not defined in this paper see texts on algebraic semigroup theory, for
example ((8, 15, 10]).
An important propety of stable semigroups is that for them J = D and Rees’

theorem holds for every regular D-class.
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Importance of the notions of stability and J-depth.

Stability is a condition in Rees’ theorem. The J-depth is needed for carrying out
decompositions of a semigroup (for example to prove global theorems in the style of
Krohn-Rhodes).

One can also view stability and existence of the J-depth function as a generalisation
of finiteness: many theorems about finite semigroups carry over nicely in this case.

Stability is a generalisation of torsion (every torsion semigroup is stable). Torsion
by itself is not a good enough generalisation of finite, being too much a local property.

Stability is a “local” property, in the sense that if refers only to each J-class sepa-
rately. On the other hand, existence of the J-depth function is a purely global property
of the J-order (which ignores the inside of the J-classes).

Semigroups that are stable and have a J-depth function arise for example as limits
of finite semigroups (see [12]). This approach might be useful in the study of models
of computation, especially parallel computation.

Structure theorem for semigroups that are stable and have a J-depth func-
tion.

Such semigroups have a structure theorem (generalising the case of finite semi-
groups) which combines Rees’ theorem and the Krohn-Rhodes theorem. In the finite
case that theorem was first stated and proved by Rhodes and Allen [14]. I proved a
stronger version, which generalises to semigroups that are stable and have a J-depth
function [3, 4]. The results of the present paper are used in [4].

Expansions.

Simply speaking, an expansion associates with every semigroup S a semigroup
Ez(S) such that S is a homomorphic image of Ez(S). A more precise definition can
be found in [6] or [1], but will not be needed here.

The Rhodes expansion Ar(S) and Agr(S) of a semigroup S are defined as follows
(we will give the definition of AL(S); that for Ag(S) is similar):

As a set AL(S) consists of all strict L-chains of elements of § (of the form s, <,
Sp—1 < -+ <[ 31, where n > 0 and 3,,...,8; € §). We define the multiplication in
AL(S) by:

(sn <p -+- < 81)(tk <p th—1 <p ---<r t1)
=red(spty <p ... < o1t <p te <p teoy < -0 < 1)

Here red(...) is a reduction operation which transforms non-strict L-chains into strict

ones, according to the rules

red(...<prz<gy<r...)=red(... g z) <pred(y <t ... ),
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and

red(...<pz=py<pz<y...)=red(...<pz< 2< ... )
In words: applying red to an <y-chain consists in reading the chain from right to left,
and in keeping those elements that appear just before a strict <z symbol. We also
assume that singleton chains are already reduced (that is for s € S: red(s) = (3)).

It is easy to check that with this multiplication AL(S) is a semigroup. Moreover
the map (s, <p ...) € AL{S)— s, € § is a homomorphism.

The Rhodes expansion Ag(S) is defined similarly (replacing <; by 2g; it is
convenient to write R-chains in the descending direction 83 >g -+ >R 8, ).

For more information on the Rhodes expansion and its usefulness see [9, vol. B],
(17,11, 1, 6].

If S is generated by a set A C S then one can consider the subsemigroup Ap(S4)
of AL(S) generated by the set of singleton L-chains {(a) | a € A}. Usually AL(S4) is
smaller that Ap(S), but in any case S is a homomorphic image of AL(S,4) (since A
generates all of S). The semigroup Ap(S,4) is called “cutdown to generators”. Both
AL(S) and AL{Sa) were introduced by Rhodes.

One can apply AL and Agp repeatedly to a semigroup, producing Ag Ag (5),
AL AL (S), Ar AL AR(S) etcetera. It is especially useful to keep always the same set
of generators A of S and always to cut down to those. Then, one has:

THEOREM 1. (Tilson, see [1]). For every semigroup S (generated by A C S):
IAYAAY A (SA) o~ /\L(SA)
(where ~ denotes isomorphism).

THEOREM 2. (Birget [1]). If S is a finite semigroup (generated by A C S ) then
there exists n such that

n+1 times n times

ARAL ARAL .. .‘(SA) = '/\R AL AR AL .. .‘(SA)
that is applying more than n expansions to S (always cutting down to A ) does not
produce different semigroups.

The semigroup
n times

e e —
/\R/\L/\R/\L...(SA)
(for that n ) is denoted A4 (S4).

Even if S is infinite one can define A4 (S4) as a projective limit of all the iterated
expansions Ar, Ag... (cut down to a set A of generators of ).
One has:
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THEOREM 3. (Birget [1]): Ap Ay (Sa) 2 A4(Sa) AR A+ (S4).

The expansions AL(S4), Ar(Sa), A+(Sa) and their homomorphisms onto S have
interesting special properties. See [1, 11} for a more complete presentation; here we list

only what we need.

THEOREM 4. (Rhodes, see [1, 15]). The map Ap(S4) —— S (defined earlier) is

an R*-morphism.

By definition a surmorphism h: § —— T is R* if and only if for every regular
element t of T we have: h™!() is entirely included in one regular R-class of §. (This
implies that the inverse image of a regular R-class of T is equal to one regular R-class
of S.)

Similarly, one can define L* and J* morphisms. The definition of J*-morphisms
is more complicated (since a J-class may contain regular and non-regular elements
simultaneously). h: S —— T is J* if and only if for every regular element ¢ of
T, h=(t) consists of regular elements only and is entirely contained in one J-class.
The map Ar(Sa) —— S is L*. Every L*- (or R*-) morphism is also J* and the
composition of J*-morphisms (respectively L* or R*)is again J* (respectively L* or
R*). So the map A4+(S4) —— S is J*. See [1] and [15] for proofs and details. In this
paper J*-morphisms will be very important.

The main goal of this paper is to prove that: (1) If S is stable then the expanded
semigroups Ar(Sa), Ar(Sa), A+(S4) are also stable. (2) If S is stable and has a
J-depth function then AL(Sa4), ArR(Sa), A+(S4) also have J-depth functions. More
generally, if h: X —— 5 is a J*-surmorphism and S is stable and has a J-depth
function, then X also has a J-depth function.

Remark. Recently Rhodes [13] found a much simpler proof of Theorem 2 above (by
observing that Brown’s Lemma [7] can be applied to the morphism A4(S4) —— S
when S and A are finite).

2. STABILITY OF EXPANSIONS

THEOREM. If .S is stable then the expanded semigroups Ap(Sa), Ar(Sa) and
A4+(Sa) are also stable (where A is a set of generators of S ).
Moreover: If S is a regular semigroup then S is stable if and only if AL(S4) is stable
(and the same is true with AL(S54) replaced by Agr(Sa) or AL(Sa)).

There exist (non-regular) semigroups S for which Ap(S4) or Ag(S4) or AL(S4)
is stable (and has a J-depth function), although S itselt is not stable. (An example is
given.)

Let us now prove the theorem.
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FacT 1. If S is L-stable (thatis s <p t and s =; t implies s =1 t ) then AL(S54)
is also L-stable.

PROOF: Let s, € AL(Sa) be such that s =; ¢t and s < t. Then ¢t is of
the form ¢ = (g <p th—y <p---<gp t1). If we had s <y t then s would be of the
form 3 = (s, <p -+ <g 8k <L th—y <p -+ <z t1) with s, =1 t; (by definition of the
L-order). Hence s, <p .

Also, (by applying the morphism AL(S4) = — S to s=s1): s, =stx. Butif §
is L-stable we cannot have s, <y t; and s, =5 ;. n

In a similar way one proves that Ar(54) is R-stable.
The proof of the R-stability of AL(S4) (if S is stable) is a little harder.

FACT 2. Let X be any semigroup. Then: X is R-stable if and only if for all
z,y€ X: (e <ry and =z > y implies z =g y).

That is in the definition of R-stability “ ='; can be replaced by “ >{.

PRrROOF: Clearly, the left side of the “if and only if” implies the right side (since
z<py and = > y implies z =5 y).

Conversely, if s <gp t and s =; ¢, then ¢ = asb (for some a, b € SU {1}), so
s <pt<pas < 5. Hence s <g as, and s > as. Therefore (since we assume the
right side of the “if and only if”) s =g as. This implies (since s <gt <ras): s =gnt.
So X is H-stable. R

FacT 3. If S is R-stable then AL(S4) is R-stable.

PROOF: By Fact 2 we only have to show that for all 5,2 € AL(S4): s <gr 't and
8 2t implies s =g t.

If s<pt wehave s = t.u (for some u € AL(Sa)U{1}). Multiplying s >1 ¢ on
the right by u yields s.u >, t.u(= s), therefore (by induction) we have:

Forall n 2 0: s.u™ > s.

Let s = (s<psicy <z <ps1), 2 = (v <gup—1<g--<puy). Then su®
= red(s.u™ g 810" < ... Spsut Sput.. L S w? Spu <pugy <g o- <p )
> (s <1 8i—1 <g --- <[ 31)- This implies that the strict L-chain
red(u” <p w™ 1 €z ... <g w? €g u) has length at most |s| (=length of the L-chain
8), which is a number depending only on s (not on n). Indeed a general property of
the L-order of Ap(S4) is that z >p y implies [z]| < 'gl

It follows that in the L-chain w >y u® 2p ... 2p «"~! >; v 2 ... the >-
orders eventually all become = . Precisely, there exists m (depending only on s) such
that for all = > 0: «™*" = ™. Also, of course v™ =g u™*". Thus (by R-stability
of S): u™ =g u™*". So we have:
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There exists m > 0 such that for all n > 0: «™*" belongs to a fixed H-class of
S.

The element v = u™ satisfies v =gy v%. It follows that the H-class of u™ = v
is a group. Therefore, since the map Ar(S4) —— S is an R*-morphism (that is the
inverse image of a regular R-class of S is a regular R-class of AL(S4)) we obtain:

There exists m > 0 such that for all n > 0: ¥™*" belongs to a fixed R-class of
/\L(SA) .

Let v = u™. Then v =g v?, so for some y € AL(S4)U {1}: v = v2.y. Also
3 < s.u™(= s.v), by what was proved earlier. - -

Finally we can show that { <g
some z € AL(Sa)U {1}). S

. ¢
ot=z.3.2° Y- (since v=v g), hence t=zsvvy=_tvy
(since t = z.3.v). Now (since v = u

=u.u™"1) we obtain:
t = g.g.ym“ly = su™ 'y (since tu = g), which means: ¢ <r s. (Remark: if
m =1 we simply drop u™™!). ]
Similarly one proves that Ag(S4) is L-stable if S is L-stable.
From Facts 1 and 3 we obtain our theorem: if S is stable then AL(S4) is stable
(and similarly for Ag(S4)).
Let us finally prove that A (S4) is stable if S is stable. We will use the following
two properties (see [1]):
(1) A4(S4) is a finitary projective limit (of the semigroups ALAgAL ...(S4)).
(2) If < denotes any Green relation (< or <g etcetra) then we have:

(8n)nen < (tn),en between elements in a finitary projective limit if and only if for all
neN:s, <{,in §.

n times
s\,
Notice that for all n: Ap Ag AL ...(5,4) is stable if S is stable (by applying our
theorem for Ay and Agr inductively). Now the stability of A, (S4) (if S is stable)
follows from the following fact:

FAcT 4. A finitary projective limit of stable semigroups is a stable semigroup.

PROOF: (for L-stability, for example). If (sp),cn <L (tn)pen 20d (Sn),en =7
(tn)nen in the projective limit then (by the property of the Green relations in finitary
projective limits, stated above): s, < t, and s, =5 t, for all n € N. By the stability
of S this implies: s, = t, for all n € N. Thus (again by the property of the Green
relations of finitary projective limits) we have (s,),cny =L (fn),cn in the projective
limit.

Let us now deal with the case of regular semigroups, where the converse of our
theorem is true:
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FacT 5. If S is a regular semigroup and Ap(Sa) (or Ar(Sa) or AL(Sa)) is
stable, then S is stable.

PROOF: (assuming stability of A (S4), for example). Suppose s,t € S are such
that s =7 t and s < ¢t. Then there exists s, t € A4+(S4) such that s (respectively t)is
the image of s (respectively t) under A4(S4) > — §, and s <z t. Moreover since the
map A.(S4) »— S is J* and s and t are regular we also have s =;t. If A(S4)
is stable then this implies s = ¢, hence (applying the morphism A(S4) —— S):
s=gt. 1

The same proof yields the slightly more general results:

PROPOSITION. If S is unstable with respect to regular elements (that is there exist
regular elements s,t € S with s =;t, and s <p t or s <gt) then AL(Sa), Ar(S4)
and A4(Sa) are unstable.

For example, if S contains the bicyclic semigroup then Ar(Sa), Ar(Sa) and
A4(S4) are unstable, and actually also contain the bicyclic semigroup, because the
morphism A4(S4) —— S isin fact D*. See (1].

Examples of semigroups S which are unstable but for which A, (S4) is sta-
ble.

(By the above proposition these semigroups must be stable with respect to their
regular elements.)

Examples are found among the idempotent-free semigroups, for which the following

theorem holds:

THEOREM. (Rhodes and Birget, [11, 1]). S is idempotent-free if and only if
AL AR AL(S4) and Ag AL AR(S4) are isomorphic to the free semigroup A* .

The Baer-Levi semigroup (other examples can be found in 8, vol. 2]) is idempotent-
free and unstable, but its A--expansion is the free semigroup, hence stable.

I suspect that if S is stable with respect to its regular elements then A (S54) will
“usually” be stable. “Usually” means here that some additional natural condition on
S will suffice. For example I would guess that if S is stable with respect to its regular
elements and S has the J-depth function then A;(S4) is stable (for a proof attempt
use the null-regular layers, and the Falling Lemma, etcetera of the next two sections.)
Notice that in Ap Ag (S4) and Ag AL (S,4) the Falling Lemma holds, no matter what
S is; this is proved in [1].

Since we will not need these results at this point we leave the question here.
3. J-DEPTH FUNCTION OF EXPANSIONS

In this section we will prove:
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MAIN THEOREM. If h: X —— S is a J*-surmorphism, and if S is stable and has
a J-depth function, then X has a J-depth function.

COROLLARY. If S is stable and has a J-depth function then the expansions
AL(Sa), Ar(Sa) and A4(S4) also have J-depth functions.

We will give examples showing that if S is not stable or does not have a J-depth
function then Ar(S4) (or Ar(Sa) or A4(S4)) does not necessarily have a J-depth
function. '

Recall that h: X —— S is a J*-morphism if and only if for every regular element
t € S the set h~'(t) consists only of regular elements of X , and is entirely contained
in one J-class of X .

In order to prove this theorem I will use a technique that I introduced in [1]; part of
that technique will have to be generalised a little to work here. The technique consists
of (1) the Falling Lemna, (2) the Null-Regular Layers of a semigroup.

The Falling Lemma.
The following property (introduced in [1]) is very useful and holds in many semi-

groups:

DEFINITION: A semigroup S has the falling property if and only if for all z, y € S
with y <; ¢ we have:

if y and = are both non-regular, and there is no regular element J-inbetween y
and z (that is no regular element r of S satisfies y <; r <y z), then zy < y and
yz <g y (that is the products zy and yz fall below y).

In {1] I proved:

Fact 1. The following semigroups have the falling property:

(1) all finite semigroups;

(2) all semigroups that are finite-J-above (that is which satisfy: forall s€ S,
the set {z € S|z > s} is finite);

(3) all torsion semigroups;
(Remark: (1) is of course a special case of (2) and of (3))

(4) all semigroups of the form AL AR (Sa) or AR AL (Sa), where S is any
semigroup (that is for any semigroup whatsoever, applying two Rhodes

expansions ArAp or Agphy yields a semigroup which has the falling
property).

Here we will generalise this result a little. The falling property is useful because it
gives important information about the non-regular elements of a semigroup.
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DEFINITION: Let s be an element of S. The left-stabiliser of s, denoted S, , is
the subsemigroup {z € S| zs = s}. The right-stabiliser of s is ,§ = {z € S| 3z = s}.

DEFINITION: A semigroup X is torsion modulo regular if and only if every element

z of X has a power z™ (for some n > 0) which is regular.

LEMMA 2. Suppose S is such that the left-stabiliser and the right-stabiliser of
every non-regular element is torsion modulo regular. Then S has the falling property.

PROOF: Suppose y, ¢ € S with y <7 z and no regular element if S is J-inbetween
y and z. Let us prove that =y <1 y (the proof that yz <g y is similiar).

Assume on the contrary that zy =7 y. So for some v € SU {1}: uzy = y, hence
uz belongs to the left-stabiliser of y. Then, by assumption, some power (uz)" is
regular. Now however y = (uz)"y < (uz)™ < = which means that the regular element

(uz)™ is J-inbetween y and x. ]

From this lemma we derive a more interesting fact:
Fact 3. If S is stable and has a J-depth function then S has the falling property.

PRrROOF: Let us show that the left-stabiliser of any non-regular element of § is
torsion modulo regular (the proof for right-stabilisers is similar).

Let s be non-regular and suppose that s = 3. We must show that z™ is regular,
for some n > 0. In S we have the J-chain z >;2? >; ... 252 >; ... 2525 = s.
Since S has a J-depth function we have: there exists m such that forall n > 0: 2™ =,
z™*" (otherwise there would be no bound on the length of J-chains ascending from
3).

Next, by stability we have: there exists m such that for all n > 0: 2™ =g ™",
Let v =z™. Then v =g v?. This implies that the H-class of ™ = v is regular (indeed
if v =g v? then v = av? = v2b for some a, b € SU {1}, hence v? = v-v = v2bav?, so

v? is regular). L

Remark. Examples of semigroups that do not have the falling property are the Baer-
Levi semigroup (see (8, vol. 2| for a definition), or the extension of the semigroup
{z, z* = 0} by the natural integers.

Null and Regular Layers of a semigroup.
Let S be a semigroup that is stable and has a J-depth function. S can be parti-
tioned into null (=non-regular) and regular layers as follows (see 1] for more details):
The first regular layer is
Regl = {3 € S| s is regular, and = >; s = = is regular }.
The first null layer is
Nulll = {s € S — Regl | s is null, and Vz € S — Regl: ¢ >; s = z is null}.
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More generally: Regk = {s € § — UickNulli — Ui<xRegi | 3 is regular, and Vz €
S — UjexNulli — U; g Regi: £ >5 s = « is regular }.
Nullk = {s € S — UickNulli — U;gtRegi | sisnull,and Vo € § — U;jcpNulli —
UigkRegi: 2 >5 3 = x is null }.

It is clear that if S is stable and has a J-depth function then every element of S
belongs to one and only one Null or Regular layer.

Proof of the Main Theorem.

Let us restate the theorem in a slightly stronger form.

THEOREM. If h: X —— S is a J*-surmorphism and if S is stable and has a
J-depth function, then there exists an increasing function f: N — {0} — N such that
forall ¢ € X :

J-depth(z) in X < f(J-depth(h(z)) in S).

(That is, the J-depth of = is bounded by a function which depends only on h(z).)

This theorem is a generalisation of Proposition 4.7 of [1], which said: If h: X ——
S is a J*-surmorphism and if § is finite, then X has a J-depth function; moreover
the J-depth function of X is bounded by a number depending only on the maximal
J-depth in §.

The proof of the generalised theorem is similiar to the proof of the old Proposition

4.7 (of [1]), and goes by induction on the null-regular layers.

Although we yet have to prove that (under the conditions of the theorem) X has
a J-depth function it is clear from the definition of J*-morphisms that the definitions
of Null and Regular layers make sense for X, and that the k-th Null (respectively
Regular) layer of X equals A~1 of the k-th Null (respectively Regular) layer of S. See
also Section 2.7 of [1]. More precisely we have the following two facts:

Facr. If h: X —— S is a J*-surmorphism and if S is stable then every J-class
of X consists either only of regular elements or only of non-regular elements.

PROOF: Suppose z, y € X are such that  =; y and suppose (by contradiction)
that = is regular and y is non-regular. Since h is a J*-surmorphism h{z) must be
regular and h(y) must be non-regular, but also h{z) =; h{y) in S. This is however
impossible in a stable semigroup. ]

Fact. If h: X —— S is a J*-surmorphism and if S is stable and has a J-depth
function, then X has well-defined Null and Regular layers, that is, every element of X
belongs to one and only one Null or Regular layer. Moreover:

(1) Regyxk = h™!(Regsk), Reggk = h(Regxk), and
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(2) Nullxk = A~} (Nullsk), Nullgk = h(Nullxk).
(where Regxk denotes the k-th regular layer of X, etc.)

ProOF: The proof of Proposition 2.18 (of [1]) goes through without any

changes. |

Let us now go to the actual proof that X has a J-depth function. The proof uses
induction on null-regular layers (of S or X ).

For an element z of Regl of X we have J-depthy(z) = J-depthg(h(z)), because
Regl of X and Regl of S have isomorphic J-orders (since h is J*). So all ele-
ments of Regl of X have a well defined J-depth, and J-depth () depends only on
J-depthg(h(z)). The function f of the theorem is the identity function for z € Regy1.

Assume now inductively that J-depthy is defined on ReglU---UNull(i —~ 1)URegi
of X and that in addition J-depthy(z) is bounded by a function of J-depthg(h(z)) on
these layers. More precisely, an increasing f: N — {0} — N has been found such that
for all z € Regl U--- U Null(¢ — 1) U Regi of X: J-depthy(z) < f(J-depthg(h(z))).
We must prove that this inductive hypothesis can be extended to Null:.

Let z € Nullt of X and consider a < j-chain z <jz,_1 <j--- <7 z9 <y Yp <y
-+ <JY1,wherez,_y,...,x9 € Nullx: and yp,...,y; € ReglU---UNull(i — 1)URegi
of X. We will prove that the numbers p and n are bounded by a number depending
only on J-depthg(h(z)).

Proof for p: since yp ¢ Nulli, p is bounded by f(J-depthg(h(yp))), by induction.
Moreover, J-depthg(h(yp)) < J-depthg(h(z)), and f is an increasing function, hence
p < f(J-depthg(h(z))). This holds, independently of the element yp, as long as we
keep z fixed. Notice that we have not assumed that ¢ € X has finite J-depth, but
only that h(z) € S has finite J-depth.

Proof that n (= length of any <j-chain in X ascending from z, and entirely
situated in Nulli of X ) is bounded by a function of J-depthg(h(z)):

For the chain z <j Zn-1 <y -+ <j Zj41 <7 z; <J --- <7 TH we may have
h(zjy1) <s h(z;) in S or h(zj41) =5 h(z;) in S. Certainly the case “A(xjy1) <s
h(z;)” cannot occur more than J-depthg(h(z)) times, so to bound n we still have to
bound the length of chains in Null: of S of the form z, <j Tm_1 <y --- <J o with
hMzwm) =7 h(tmo1) =g - =5 h{zo) in S.

For each such z; <; z4_; with h(zx) =7 h(zr_y) we have ¢ = apwi_ b for
some ag, b € X U {1}, and we can write either:

(1) =z <p T_; (here by =1), 0or

(2) =zx <gr zi_y (here ar = 1), or

(3) zx <R uk <g Tk—1 (where ur = arzi—_1), or
(4) zk <L ur <r Tk—1 (where ug = zr_1bi).
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The cases = <[ ur =g Tr_1 and zr <p ur =L Ti_1 can be ignored; if they occur we
simply replace zx_3 by ui as representative of that J-class.

In any case we obtain the follawing L-chain and R-chain:

Also Ty = ap...a1xoby...bg for k=1,...,m.

CLAIM 1.

length of (x,, <y «-+ <y &y <J Tg)
< 1+ length of redp(e¢m@m_1...a1 € .- ... <L a1)
+ length of redp(by 2R - ..... 2R bi.. . bm_1by)

(where redp, respectively redr, denote then reductions as defined for the Rhodes

expansions AL(S) respectively Ar(S))

PRrooF of CLAIM 1: We show that if z; <y zr_1 or zx <p ux < Tr_3 then
arak_1-..a1 < Qk—y..-a1. Indeed, suppose arax..;...a; =p ax_y...a;. Multiply-
ing this L-equivalence on the right by zpby ...bx_3 yields arar—1...a320b; ... bg-y =1
ar_1...01Tgb1 ... br_y. Therefore, if by = 1 (so zr = ur <g Th—1) weget T =1 Tr-1
(a contradiction), and otherwise (when zx <g ux <z Tk-1) we get ug = i1 (again
a contradiction).

In a similiar way one proves that if ¢, <gp @3 or zx < ur <p Tg-1 then
by ...bx_1 >nm by ---bk—lbk-

The claim follows immediately from that. [ ]

CLAIM 2. If h(zm) =5 --- =5 Mzy) =5 h(zo) belongs to Nulli of S then
{ak...a1 | k= 1,...,m} and {by...bx | k£ = 1,...,m} belong to higher layers of
X (that is Regl U--.UNull(z — 1) U Regi of X, excluding Nulli itself).

PROOF OF CLAIM 2: We will use the fact that S has the Falling Property. Sup-
pose, by contradiction, that at...a; € Nullxi, hence (since h is J*) h(ar...ay) €
Nullsi. Also h(zi) =5 h(wobi...b) =5 h(ze) belong to Nullsi. Now, since
h{ak ...a1) and h(zob;...b;) belong to Nullsi there is no regular element .J-between
them, hence (Falling Property of §, by Fact 3): h(ar...ay) - h{weby...b) <y
h(zoby ...bx) =5 h(xo). But this means h(xy) <;j h(xo), contradicting our assumption
that h(zi) =5 h(zo) for k =1,...,m. ]

Since (by Claim 2) a,,...a; and b;...b, belong to Regl U ... U Null(: -1) U
Regi of X they have a well defined finite J-depth in X (by induction hypoth-
esis), and, moreover J-depthy(am...e¢;) and J-depthy(b;...b,) are bounded by
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f(J-depthg(h(am ...a1))) and f(J-depthg(h(b;...bn))) respectively. Since f is in-
creasing and since z,, <j @ ...a; and T, < by ...b, we have: J-depthy(an...q;)
and J-depthy (b, ...b,;) are bounded by f(J-depthg(h(zm))).

Let us now again consider an arbitrary < j-chainin Nullxi¢ ascending from z: = <;
Zp_1 <y ++- <y zTg. The number of places ©;43 <y z; in the chain where h(ziy1) <y
h(z;) is bounded by J-depthg(h(zx)), as remarked earlier. Also we proved that every
subchain of the form z, <y --- <y z; with kh(z,,) =7 --- =5 h(z;) in S has length
bounded by (in the notation of Claim 1) 1+ J-depthx(am ...a;) + J-depthy(b;...bym)
which is in turn bounded (as observed above) by 1 + f(J-depthg(h(zm)))
+ f(J-depthgh(z,,)). Since of course ¢ < ©,, the length of the chain z,, <s--- <y ;
is bounded by 1 + 2. f(J-depthg(h(z))), which depends only on h(z). So, fi-
nally n + 1 (=length of chain z <; ,_1 <y --- <s %o in Nulli) is bounded by
J-depthgh(z)-(1 + 2 - f(J-depthgh(z))). This enables us then to extend f to Nulli of
X.

Finally, to complete the inductive proof, assume that J-depthy is defined on
Regl U -.- U Regi U Nulli, (and also that f is defined up to Nulli of X ), and let
us show that J-depthy is also defined on Reg(i + 1) on X (that is, extend f to the
next regular layer).

Again consider = € Reg(i+1) of X and a chain ¢ <j zn_y <y +++ <J Zo <J
yp <g -+ <Jyi, where z, z,_1,...,29 € Regy(¢ +1) and yp,...,y; € ReglU-.-U
Regi UNullt of X . By the same reasoning as before p is bounded by f(J-depthgh(z)).
Bounding n here is easy: it follows immediately from the fact that h is J* and the
fact that =, £,_1,...,%o are regular (so the chain h(z) <j h(zn_1) <y --- <J h(zo)
in S is also strict), hence n < J-depthg(h(z)). |

Counterexamples.
The following examples show that the assumptions on S (namely that S is stable
and that it has a J-depth function) are not redundant.

Example of a semigroup S which has a J-depth function but is not stable and for
which AL(S54) does not have a J-depth function.

Let S be an extension of a regular stable simple semigroup D by a Baer-Levi
semigroup B (see [8, vol. 2] for the definition of Baer-Levi semigroups); let B act as
the identity on D (that is,if s € B and t € D then st = ts = t). Then clearly S is
not stable but has a J-depth function.

Then Ap(Sa) will be an extension of a regular stable simple semigroup D' by the
free semigroup ApLBnp, since Rhodes proved [11] that Ay Banp is free. (Here A is
any set of generators of 5, and AN B is a set of generators of B.) Recall that in the
map Ar(S4) —— S the inverse image of a regular J-class D is one regular J-class
D', and the null-regular layer is preserved. Clearly now the elements of D' C AL(S4)
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have infinite J-depth.

The same reasoning works for A4 (54).

Example of a semigroup S which is stable but does not have a J-depth function,
and for which AL(S4), Ar(Sa) and A;(S4) do not have a J-depth function.

Let S be the extension of a regular stable simple semigroup D by a free semigroup
F, with identity action. Clearly S is stable but elements in D have infinite J-depth.

Then AL(Sa) is again the extension of a regular simple semigroup D' by a free
semigroup F' (since in the map Az(S4) —— S the inverse image of a regular J-class is
one regular J-class). But again, in Ar(S4) the elements of D' have infinite J-depth.
The same reasoning works for Ar(S4) and A4(S4).
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