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1. Introduction

For any £ € R™ and a positive definite matrix A € R"*", let |{]4 := / (A, &),
where (-, ) denotes the Euclidean inner product on R™. Consider a second order
half-linear operator of the form

Quav () i= —div (|Vuly > AVu) + Viul~2u

defined in a domain Q@ C R”, n > 2, and assume that the equation @, a,v(u) =0
admits a positive solution in 2. We are interested to find an optimal weight func-
tion W 2 0 (see definition 2.29) such that the equation Qp a.v—_w(u) =0 admits
a positive solution in . Equivalently [19, theorem 4.3], we are interested to find
an optimal weight function W 2 0 such that the following Hardy-type inequality is
satisfied:

/ﬂvwz+vwmdx>/kvwwm:v¢ea$m» (L.1)
Q Q

In some definite sense, an optimal weight W = 0 is ‘as large as possible’ nonnegative
function such that (1.1) is satisfied for all nonnegative ¢ € C5°(92).

The search for Hardy-type inequalities with optimal weight function W was orig-
inally proposed by Agmon, who raised this problem in connection with his theory of
exponential decay of Schrodinger eigenfunctions [1, p. 6]. In the past four decades,
the problem of improving Hardy-type inequalities has engaged many authors. In
particular, Hardy-type inequalities were established for a vast class of operators
(e.g., elliptic operators, Schrodinger operators on graphs, fractional differential
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equations) with different types of boundary conditions, see [2-4, 6, 8-10, 14, 22].
In [9], Devyver and Pinchover studied the problem of optimal weights for the
operator @y a,v. However, they managed to find optimal weights only in the case
where A is the identity matrix and V' = 0. They proved (under certain assumptions)
that the p-Laplace operator, —div(|Vu|P~2Vu), admits an optimal Hardy-weight.
More specifically, it is proved that if 1 < p < n, then W = (ijl)p |%|p an opti-
mal Hardy-weight, where G is the associated positive minimal Green function with
singularity at 0. For p > n, several cases should be considered, depending on the
behaviour of a positive p-harmonic function with singularity at 0.

In the present paper we make a nontrivial progress towards the study of (1.1) in
the case where A is not necessarily the identity matrix, and V is a slowly growing
potential function. Our main result reads as follows.

THEOREM 1.1. Let Q CR"”, n > 2, be a domain and xo € Q. Let Qp a,v be a sub-
critical operator in § satisfying assumptions 2.8 in 2. Suppose that Qp a,v admits
a (nonnegative) Green potential, G, (x), in Q (see definition 2.22) satisfying

lim G, (x) =0; / VG, (x)P~ dz < 0; / V|G, ()P~ da < oo,
where 30 denotes the ideal point in the one-point compactification of ). Then
the operator Qp av/e, admits an optimal Hardy-weight in 2, where ¢, = (p/

(p—1)P"
As a corollary of the proof of theorem 1.1 we obtain the following result.

COROLLARY 1.2. Let Q CR", n > 2, be a domain and o € K € Q. Let Qp a,v be
a subcritical operator in 2 satisfying assumptions 2.8 with V< 0 in €. Suppose that
Qp,a,v admits a positive minimal Green function G(x) in Q\ {zo} (see definition
2.22) satisfying

r—00

lim G(x) =0, and / V|G (x)[P~ ' dz < oo, (1.2)
O\K

where 30 denotes the ideal point in the one-point compactification of Q. Then
the operator Qp av/c, admits an optimal Hardy-weight in Q, where c, = (p/

(p—1))

The paper is organized as follows. In § 2, we introduce the necessary notation and
recall some previously obtained results needed in the present paper. We proceed in
§ 3, with proving essential results needed for the proof of theorem 1.1, and then we
prove theorem 1.1 and corollary 1.2.

2. Preliminaries

Let Q@ C R™ be a domain, and let 1 < p < co. Throughout the paper we use the
following notation and conventions:

e For any R >0 and z € R", we denote by Br(z) the open ball of radius
R centred at z, and B} (0) = {z € Br(0) : z, > 0}.

https://doi.org/10.1017/prm.2021.85 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.85

Optimal Hardy-weights for the p,A-Laplacian with a potential term 291
e We write Q; € Qs if Qs is open in Q, the set Q is compact, and Q; C Q.
e (' refers to a positive constant which may vary from line to line.

e Let g1, g2 be two positive functions defined in 2. We use the notation g; < g
in Q if there exists a positive constant C' such that

Clga(z) < g1(w) < Cga(w) for all = € Q.

e Let g1, go be two positive functions defined in €2, and let zg € Q. We use the
notation g; ~ go near xg if there exists a positive constant C' such that

lim ()
T—x9 gz(q;)

e The gradient of a function f will be denoted by V f.
e \p denotes the characteristic function of a set B C R™.

e For any 1 < p < oo, p’ is the Holder conjugate exponent of p satisfying p’ = p/
(p—1).

e For 1 <p<n,p*:=np/(n—p)is its Sobolev critical exponent.

e For a real valued function W, we write W 20 in Q if W >0 in Q and
sup W > 0.
Q

e For a symmetric positive definite A € LS (2, R"*™), we denote A, s(u) :=

div(|Vul? *AVu) is the (p, A)-Laplace operator.
e For a real valued function u and 1 < p < oo, Z,,(u) := |u[P~2u.
e 0 denotes the ideal point in the one-point compactification of €.
e R, denotes the interval (0, co).
o dg = dist(-, 99) : Q@ — (0, c0) is the distance function to 0f2.
e diam(Q2) denotes the diameter of €.
e supp(u) denotes the support of the function w.

e 1!, 1 <1< n, denotes the [-dimensional Hausdorff measure on R™.

2.1. Gauss—Green formula

We continue with several definitions and results concerning the Gauss—Green
theorem [7].

DEFINITION 2.1. Let D C R"™ be an open set.

(i) We denote by M(D) the space of all signed Radon measures p on D such
that [ dlp| < oc.
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(ii) A wvector field F € L>°(D, R"™) is called a divergence measure field, written as
F € DM™(D), if div(F) = p € M(D), i.e., there exists i € M(D) such that

/qbdu:—/V(b-Fdx V¢ e C5O(D).
D D

(iii) We say that a vector field F € LgS.(D, R™) belongs to DM, (D) if for any

loc

open subset E € D, we have F € DM™(E).

DEFINITION 2.2 cf. [7. and [11, section 5] ] Let D C R™ be an open set. A function
f € LY(D) has a bounded variation in D if

sup {/ fdiv(¢)dz : ¢ € CH(D,R™),|¢| < 1} < .
D
Denote by BV (D) the space of all functions f € L*(D) having bounded variation.

DEFINITION 2.3. Let D C R™ be an open set. A measurable subset E C R™ is said
to be a set of finite perimeter in D if xg € BV(D).

PROPOSITION 2.4 [11, theorem 5.9, p. 212]. Let E € R™ and let 0 < f € BV(E) N
CY(E). Then, for a.e. t € [0, 00) the set {x € E : f(x) >t} has finite perimeter. In
particular, for a.e. 0 < t1 <ty the set {x € E : t1 < f(x) < ta} has finite perimeter.

We proceed with the following Gauss—Green theorem of divergence measure fields
over sets of finite perimeter (see [7, theorems 5.2 and 7.2] and [9, proposition 3.1]).

LEMMA 2.5. Let D CR™ be an open set. Suppose that F € DMS;. (D) with

loc

div(F) =p e M(D). Let E € D be a set of finite perimeter satisfying

e 9E = (|J D) UN,
keN

e for each k € N, Dy, is (n — 1)- dimensional C* surface, and H"~1(N) = 0.

Then,

/div(F)dm:/ FigdH" !,
E OFE

where 71 is a classical outer unit normal to OF which is defined H" '-a.e. on OF.

2.2. Local Morrey spaces
In the present subsection we introduce a certain class of Morrey spaces that

depend on the index p, where 1 < p < co.

DEFINITION 2.6. Let g € [1, o] and w @ R™. For a measurable, real valued function
f defined in w, we set

1
1flarey = sup —/ fld.
) Kﬁi:}(w) 9 JonB, ()

We write f € M}!

loc

() if for any w € Q we have || f||araw) < 0.
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Next, we define a special local Morrey space M (p; ) which depends on the
values of the exponent p.

DEFINITION 2.7. For p # n, we define

(p: Q) = {Mlqu(Q) with ¢ >n/p ifp<n

Mq
L, .(Q) if p>n,

loc

while forp =mn, f € M}

L o(n; Q) means that for some ¢ > n and any w € Q we have

oz, == sup  g(r) / 1flda < oo,
Yyew wNB.-(y)
r<diam(w)

where (1) := log(diam(w)/r)?™ and 0 < r < diam(w).

For the regularity theory of equations with coefficients in Morrey spaces we refer
the reader to [18, 19].

We associate to any domain 2 C R™ an exhaustion, i.e. a sequence of smooth,
precompact domains {Q;}32, such that Q; # 0, Q; € Q11 and J72, Q5 = Q.
2.3. Criticality theory for Qp a,v

Let 1 < p < oo, and consider the operator
prAvv(u) = _Ap,A(U) + VIp(u), (2.1)

defined on a domain © C R™, n > 2, where A, 4 := div(|Vul} *AVu) and Z, (u) :=
|u[P~2u. Unless otherwise stated, we always assume that the matrix A and the
potential function V satisfy the following regularity assumptions:

ASSUMPTION 2.8.

o A(z) = (a"(x))} ;=1 € C (2, R™) is a symmetric positive definite matrix
which is locally uniformly elliptic, that is, for any compact K & €2 there exists

Ok > 0 such that

0 Y e < Y di(a)6t; <Ok Y € VEER" and Vx € K.
i=1 ij=1 i—1

o Ve M (p;Q) is a real valued function.

The associated energy functional for the operator @, 4,1 in € is defined by
004y (@)= [ Vol +VIoP)de o€ C(@).

DEFINITION 2.9. We say that u € Wllof(ﬂ) is a (weak) solution (resp. supersolution)
of Qp.av(u)=01in Q if for any ¢ € C§°(Q) (resp. 0 < ¢ € CF(N))

/ |Vul, > AVu - Vo da +/ V{u[P~2u¢ dz = 0 (resp. = 0).
Q Q
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It should be noted that the above definition makes sense due to the following
Morrey—Adams theorem (see, e.g., [19, theorem 2.4] and references therein).

THEOREM 2.10 Morrey—Adams theorem. Let w @ R™ and V € M%(p;w).

(i) There exists a constant C' = C(n, p, q) > 0 such that for any § >0

C n 1
/w |V‘|u|p dx < 6||VU||LP (w,R™) + WHVH%é(?Iw) ||uH:Zp(w) Yu € WO »P(w)'
(ii) For any w' € w with Lipschitz boundary, there exists a positive constant C =
C(n, p, ¢, W', w, 0, [V ara(p)) and do such that for 0 < < do

[ VIl do < 8190l oy + Cllly V€ W),

We denote the set of all positive solutions (resp., supersolutions) of Q, 4 v (u) =0
in Q by Cav(Q) (resp., K@ 4v(Q)). We say that the operator Q, 1y is
nonnegative (in short Q, 4y = 0) in Q if COrav £ ).

REMARK 2.11. A weak (super)solution of the equation —A, 4(u) =0 in  is said
to be a (p, A)-(super)harmonic function in €.

It is well known that under assumptions 2.8 any positive solution of the equation
Qp.a,v(u) =0 in Q belongs to C*(Q) (see, e.g. [19, remark 1.1]). Furthermore,
the following Harnack convergence principle holds true.

PROPOSITION 2.12 Harnack convergence principle [13, proposition 2.7]. Let
{Q%}ren be an ezhaustion of Q. Assume that {Ax}ren is a sequence of symmet-
ric and locally uniformly positive definite matrices such that the local ellipticity
constants do not depend on k, and {Ak}keN C LS (Qu, R"") converges weakly
in L32(Q, R™) to a matriz A € L(Q, R"). Assume further that {Vi}ren C
M (p; Q) converges weakly in M} (p;Q) to Ve M (p;Q). For each k, let vy,
be a positive solution of the equation Qp a, v, (u) =0 in Q such that vg(zg) = 1,
where xq is a fized reference point in Qq. Then there exists 0 < 3 < 1 such that, up
to a subsequence, {vg }ren converges weakly in WP (Q) and in Clﬁoc(Q) to a positive
weak solution v of the equation Qp a,v(u) =0 in L.

DEFINITION 2.13. Let Q@ C R"™ be a bounded Lipschitz domain. A principal eigen-
value of Qp A, v in Q is an eigenvalue X of the problem

Qp.av(u) = AulP~2u in Q,
u=20 on 082,

with a monzero nonnegative u which is called a principal eigenfunction.

PROPOSITION 2.14 [19, theorem 3.9]. Let Q@ C R™ be a bounded Lipschitz domain,
and assume that A is a uniformly elliptic, bounded matriz in 0, and V€ M2(p; Q).
Then, the operator Qp v admits a unique principal eigenvalue A (). Moreover,
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A1 is simple and its principal eigenfunction is the minimizer of the Rayleigh—Ritz

variational problem

QY 4 v (u
A(©) = min %‘/().
wewgm\{oy [[ullzs ()
The following well-known Allegretto—Piepenbrink theorem (in short, the AP

theorem) connects between the nonnegativity of @, 4,v and the nonnegativity of
its associated energy functional Qi}) A (19, theorem 4.3].

THEOREM 2.15 AP theorem. The following assertions are equivalent.
(i) Q2 4y(8) > 0 for all 6 € CF=(Q).
(i) COrav(Q) # 0.
(iii) KQrav(Q) # 0.
DEFINITION 2.16. Assume that Qp a,v = 0 in Q. We say that Qp a,v is subcritical
in Q if there exists 0 S W € M} (p; Q) such that Qp a,v—w = 0 in Q. We say that

Qp,a,v is critical in Q if for all0 S W € M} (p; Q) the equation Qp a,v—w(u) =0
does not admit a positive solution in 2.

DEFINITION 2.17. Let w be a bounded Lipschitz domain. We say that Qp av satis-
fies the (generalized) weak mazimum principle in w if for any u € WP (w) satisfying
Qpavu)=0inw andu >0 on dw, we have u > 0 in w.

We say that Q, a,v satisfies the strong mazimum principle in w if for any u €
WP (w) satisfying Qpav(u) =0 in w and u>0 on dw, either u=0, or u >0
inw.

LEMMA 2.18 [19, theorem 3.10]. Let Q be a bounded Lipschitz domain, and assume
that A is a uniformly elliptic, bounded matriz in Q, and V € M9(p;2). Then the
following assertions are equivalent.

(1) Qp.a,v satisfies the (generalized) weak maximum principle in ).
(ii) Qp,a,v satisfies the strong mazimum principle in 2.

(iii) The equation Q, av(u) = 0 admits a positive supersolution in W, " () which
is not a solution.

(iv) The equation Q, v (u) = 0 admits a positive supersolution in WP (Q) which
s not a solution.

(V) /\1(9) > 0.

(vi) For any OQQELPl(Q), there exists a unique nonnegative Ssolution in
1,
Wy () of Qp.av(u) =g.

COROLLARY 2.19. If there exists a weak positive (super)solution of Qp a,v(u) =0
in a domain Q C R™, then A\ () > 0 for any bounded Lipschitz subdomain Q' & Q.
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DEFINITION 2.20. Let Ky be a compact subset of Q. A positive solution u of
Qp.av(u) =0 in Q\ Ky is said to be a positive solution of minimal growth in
a neighbourhood of infinity in , and denoted by u € MGa va.k,, if for any
smooth compact subset K of Q with Ky € int(K), and any positive supersolution
ve CQ\K) of Qpayv(w)=0inQ\ K, we have

u<vondK = u<vinQ\K.
If u € MG 4 v, then u is called an Agmon ground state of Qp a,v in Q.

LEMMA 2.21 [13, proposition 3.17]. Let V € M} (p;), and suppose that Qp av =

loc

0 in Q. Then for any xo € Q the equation Qp a,v(w) = 0 admits a unique (up to a
multiplicative constant) solution u € MG A v.0{x0}-

DEFINITION 2.22. A function u € MG A v,0,{z,} having a nonremovable singularity
at xo is called a minimal positive Green function of Qp Ay in Q with singularity at
xo. We denote such a function by G%p (T, T0).

LEMMA 2.23 [19, theorem 5.9]. Suppose that Qpayv =0 in Q. Then Qp ay is
critical in Q if and only if the equation Qp a,v = 0 admits a ground state in 2.

DEFINITION 2.24. A sequence {¢p}treny C C3°(Q) is called a null-sequence with
respect to a nonnegative operator Qp av in Q if

(i) ¢x =0 for allk € N,
(ii) there exists a fived open set B € Q such that ||¢y||»(5y < 1 for all k € N,
(i) lim Q24 (6) =0.

LEMMA 2.25 [19, theorem 4.15]. A nonnegative operator Q, a,v is critical in § if
and only if Qp.a,v admits a null-sequence in Q.

The next lemma shows that the energy functional Q;z’ A,v 1s equivalent to a sim-
plified energy that does not explicitly depend on V' and contains only nonnegative
terms.

LEMMA 2.26 [20, lemma 3.4]. Let v € CR»4V(Q). Then, for any 0 < u € WP (Q)

loc
having compact support in , and such that w := u/v € LS (), we have

Q%4 () = Q% 4y (w) = / PVl (w]Vola + o[Vl 2 dr.  (22)

REMARK 2.27. Lemma 2.26 is proved in [20] for the case V € L2 (). However,

loc

the proof is purely algebraic and therefore, holds for Ve M (p; Q) as well.
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As a corollary of (2.2) and Holder’s inequality we obtain the following.

COROLLARY 2.28. Let v € COav(Q) N CL(Q) and let X (w) := Jo VP |Vwl’) d
and Y (w) = [, [w[’|Vv|} dz. Then, for any continuous function w e WP(Q)

having compact support in €, the following assertions hold true.
(1) Qz(},A,V(Uw) = ng,p,A,V(w>'

) CX(’LU) 1<p<2,
(i) Qlim,p, 4, v (W) < {qx@o + X(W)PY (w)F] p>2.

2.4. Optimal Hardy-weights

Let 36 denote the ideal point in the one-point compactification of 2. Let us define
the notion of an optimal Hardy-weight for the operator ) a,v.

DEFINITION 2.29 [9]. Suppose that Qp av is subcritical in Q. We say that 0 S
W is an optimal Hardy-weight of Qp a,v in Q if the following two assertions are
satisfied:

(i) Criticality: Q, a,v—w 1is critical in .

(ii) Nuwll-criticality with respect to W: fQ [ |PW da = oo, where 1 is the
Agmon) ground state of Q, A v_w in €.
(Ag g P.A,

REMARK 2.30. Let us discuss definition 2.29. Suppose that @, 4,1 is subcritical
in a domain § containing o, and let zy € K € . Then, for any 0 S W € C§°(Q2)
there exists 7 > 0 such that Qp a,v_-w is critical in Q (see, e.g. [21, proposition
4.4] and [19]). On the other hand, the ground state of Q, 4 v_rw, ¢, satisfies

QSXG% (x,20) in Q\ K.

p,A,V
Therefore, there are infinity many weight functions 0 S W € C§°(Q2) such that
Qp,a,v—w is critical in €. Obviously, for such a weight W, the operator Qp a4, v—w
is not null-critical with respect to W.

DEFINITION 2.31. We say that a Hardy-weight W is optimal at infinity in Q0 if for
any K € Q, we have

Sup{)\E]R|Qp,A7V_)\W >0 ZnQ\K}:l

REMARK 2.32. The definition of an optimal Hardy-weight in [8] includes the
requirement that W should be optimal at infinity. But, it is proved in [15] that
if @ — W is null-critical with respect to W in €, then @ — W is optimal at infinity.
The same proof applies under the assumptions considered in the present paper,
hence, in definition 2.29 we avoid the requirement of optimality at infinity.

The following coarea formula is a direct consequence of [9, proposition 3.1].
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LEMMA 2.33 Coarea formula. Let Q be a domain in R™, n > 2, and G € C%(Q)
is a positive (p, A)-harmonic function in Q* := Q\ {0}. Assume that for any 0 <
t) <ty < 00, the set A:={x € Q* | t; < G(x) < ta} is bounded. Let h € C?(0, o0)
be a positive function satisfying h'(s) > 0 for all s > 0, and denote v := h(G). Then
there exists C' > 0 such that for any locally bounded real measurable function f such
that f(v) has a compact support in Q*, we have

h(supg, G) F(7)
I

wnte ) (1Y @1 4T 23)

F)Iofide = C [

Q*

Proof. Since G € C1*(Q*) and 1 < p, then \lvaCi‘A € L .(2%) and we may use the

(classical) coarea formula ([7, theorem 2.32]) to obtain for v = h(Q)

VG
/f |W|pdx7/ F(h()|A( )|P||VG|A|VG|dx

1 (4\D |VG|A n— 1
[ sy /G e (2.4)

By (a generalized) Sard’s theorem for C1 functions [5, theorem 1.2],
H" L ({G =t} N Crit(G)) = 0.

The fact that G € C1'® and proposition 2.4 imply that (for a.e. t; < t3) the set A :=
{t1 < G < t2} has a finite perimeter. In particular, VG # 0 and 7 is well defined on
OA, H" t-ae. Let 0y = {r € A: G(z) =t} and 0_ = {x € A: G(z) = t1}. The
Gauss—Green theorem (lemma 2.5) implies that

—/div(|VG|€;2AVG) dm:/ +/ VG ?AVG - 7t dH™
A oy _

dHm ! / VG| 2AVG - VG g

_ VG
= [ VG5 ?AVG -
J,, rvets VGl

o4 il

IVGIA 1 / IVGIA 1
= dH"™ dH"™
/G 1 VG 6=t} VG

In particular, for any t > 0, f{G:t} \‘chgr dH" ! = C. By (2.4),

f@)IVolfide=C [ f(h(t)N (t)" dt.

Ry
The change of the variable h(t) = 7 then implies (2.3). O

The following theorem is proved in [9] for the case A = 1. However, it can be
easily checked that the validity of lemma 2.33 for a general matrix A satisfying
assumptions 2.8, gives rise to the following theorem.
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THEOREM 2.34 [9, theorem 1.5]. Let 30 denote the ideal point in the one point
compactification of 2. Suppose that —A, 4 is subcritical in 2, and admits a posi-
tive (p, A)-harmonic function G(z) in Q* := Q\ {0} satisfying one of the following
conditions (2.5),(2.6):

1<p<mn, limG(x)=oc0,and lim G(z) =0, (2.5)

x—0 r—00

p>n, limG(x)=~20,and lim G(z)=

x—0 r—00

(2.6)

oo ify=0,
0 ify>0.

Define a positive function v and a nonnegative weight W on Q* as follows:
(i) If either (2.5) is satisfied, or (2.6) is satisfied with v = 0, then

VG|

P
v:i=GP VP and W .= <p1> e

p

A
(i) If (2.6) is satisfied with v > 0, then v := [G(y — G)|P~D/P | and
—1\?
)
p

Then the following Hardy-type inequality holds in Q* :

[y = 2GIP*[2(p = 2)G(y = G) + 7).
A

VG
G(y-G)

/ Vol d > / WieP dz, ¥ ¢ € C(Q), (2.7)
Q* Q*

and W is an optimal Hardy-weight of —Ap, a4 in Q0. Moreover, up to a multiplicative
constant, v is the ground state of —Ap 4 — WI, in QF.

The following simple observation concerns the existence of optimal Hardy-weights
for a ‘small perturbation’ of an operator with a given optimal Hardy-weight.

LEMMA 2.35. Assume that Qp a,v is subcritical in ) and admits an optimal Hardy-
weight W in Q* := Q\ {0}. Let Vi € M (p; Q) satisfy Vi = —eW for some 0 < e <

1 and ¢ > n/p. Then W + V1 is an optimal Hardy-weight for Qp a viv, in Q*.
Proof. Consider the function W + V4. Then, Qp a,viv, — (W +WV1)Z, = Qpav —
W1, is a critical operator in 2*.

Obviously, W + V4 2 0, and the ground state ¢ of Qp a,v — WZ, in Q* is the
ground state of Qp a.v+v, — (W + V1)Z, in Q*. Moreover,

/ <W+v1>|w|de><1—s>/ WP de = oo,
Q* O*

implying that Q, 4 v4v,—(w4vy) is null-critical in Q* with respect to W + V;. In
particular, W + V; is an optimal Hardy-weight of Qp 4, v+v, in Q7. O
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3. Optimal Hardy-weights for indefinite potentials

Lemma 2.35 obviously applies when V; > 0. The main goal in the current section

is to obtain optimal Hardy-weights for a general subcritical operator @, 4,y in a

domain 2, without assuming V' = 0 in 2. In particular, we prove theorem 1.1.
First, we recall the following weak comparison principle [19, theorem 5.3].

LEMMA 3.1 Weak comparison principle. Let Q C R™ be a bounded Lipschitz domain.
Assume that A is a uniformly elliptic and bounded matriz in Q, V € M(p; Q)
and 0 < g € L™(Q). Assume further that A1(€2) > 0, where \1(Q) is the principal
eigenvalue of the operator Qp av. Let ug € WHP(Q) N C(Q) be a (weak) solution
of

Qp.av(uz) =g inQ,
ug >0 on 0.

If up € WHP(Q) N C(Q) satisfies

{Qp,A,V(m) < Qp,a,v(uz) in

U < Ug on 0N,
then uy < ug in Q.
In the following lemma we generalize the notion of Green potential for @, v .

LEMMA 3.2. Assume that Qp a,v is subcritical in Q, and let 0 S ¢ € C3°(2). Then
there exists a positive function G, € Wllo’cp(Q), such that G, is a positive solution

of minimal growth at infinity and satisfies Qp a,v(Gy,) = ¢ in Q.

Proof. /| Fix 0 < ¢ € C§°(92), and let {24 }ren be a smooth exhaustion of Q with
supp(y) € €. Lemma 2.18 implies that there exists a unique positive solution
G* € W1P(Qy) to the problem

—Ap a(w)+ (V+ %)|w|p_2w =¢ in Qy,
w =70 on 0.

By the weak comparison principle (lemma 3.1), {G*},cn is a monotone increas-
ing sequence of functions. Assume first that the sequence {G*}ren is not locally
uniformly bounded in €, and let z; € Q9 \ 7. By Harnack’s convergence principle
there exists a subsequence of {z () := G*(x)/G*(x1)}ren Which converges locally
uniformly to a positive solution G, of the equation @, 4 v (u) = 0 in Q. Therefore,
G is a positive solution of the equation @) 4 v (u) =0 in Q which clearly has min-
imal growth in a neighborhood of infinity in €, i.e., G is a ground state. This is a
contradiction to the subcriticality of the operator Q) 4,y in Q.

Consequently, Harnack inequality ([19, theorem 2.7]) implies that the sequence
{G*}1en is locally uniformly bounded in Q. By Harnack convergence principle and
the strong maximum principle, it converges locally uniformly (up to a subsequence)
to a positive solution, G, of the equation Qp 4,y (u) = ¢ in Q. In fact, [16, theorem
5.3] implies that there exists 0 < o < 1 such that G, € CL¥(Q). O

loc
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DEFINITION 3.3. Let0 S ¢ € C§°(R2). A positive solutionu € G, € MG A v,.0, supp ()
that satisfies Qp a,v(u) = ¢ in Q, is called a Green potential of Qp v in Q with a
density .

We proceed with the following technical proposition (cf. [9, lemma 2.10]).

PROPOSITION 3.4. Let f(t) € C*(Ry) satisfying f, f', —f" > 0. Then, for all 0 <
u e CHQ)

Qpav(f(w) = =AP ()W) Vully + (f (w)™!

ity )

in the weak sense. Here —ALPf(t) := —(|f'(t)[P~2f'(t))" is the one-dimensional
p-Laplacian.

Proof. By [9, lemma 2.10] (which clearly holds for the (p, A)-Laplacian), we have:
= Apa(f(w) = =|f (@)~ [(p = 1) f" (@) |[Vuly + [ (u)Ap a(u)] (3.1)
in the weak sense. Since f € C2, f, f', —f"” > 0 we have
_ d _
PP~ D @)Vl = — 1 (1))l Tul = - AL (7)) V.
and together with (3.1) the proposition is proved. O

REMARK 3.5. We remark that if f(t) = ¢7 , then

- (52 1w () (55)

Lemma 3.2 and proposition 3.4 imply:

COROLLARY 3.6. Assume that Qp a.c,v is subcritical in Q. For 0 < ¢ € C§°(€),

let G, be a Green potential satisfying Qp a.c,v(Gy) = ¢ in Q, and let f(t) =t 7 .
Then,

Qp.av(f(Gy)) = =AP(N)(GR) VG + (F(G)' e 2 0. (3-2)

In particular, f(Gy) is a positive solution of the equation Qp v —w(v) = 0, where

_ Qpav(f(Gy)) _(p—1Y’
W= St e = (557)

The following lemma is a generalization of lemma 2.33 to the case V # 0.

P

in 2\ supp(¢p).
A

VG,
G‘P
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LEMMA 3.7. Assume that Qp a,v is subcritical in Q, and let G, € C’loc( ) be a
Green potential (with respect to 0 < ¢ € C§°(Q) ), and assume that

lim G, = 0; / VGY da < 0 / V|G, P~ do < o0 (3.3)
Q Q

T—00

Then, there exists 0 < My, < supG, such that for almost every 0 <t < M,,
satisfying .
supp(p) € Qy :={x € Q: Gy(x) > t},
there exists C > 0, independent of t, such that
c < / VG, |5 doa < C, (3.4)
Go=t

va
where doy = |IVC§"‘A dH™ L, H Lae.

Proof. The assumption lim G, =0, and proposition imply that for a.e. ¢t >0
xTr— 00

the set €; has finite perimeter. Furthermore, (3.3) implies that |[V|GZ™"
M(£). Finally, Sard’s theorem for C1®-functions implies that the condltlons in
Gauss—Green theorem (lemma 2.5) are satisfied in 2. Hence,

/Q (p — V|G,|P2G,) dz = —/Q div(|VG, 5 2AVG,) da
:—/m VG, |5 2AVG,, -7 dH" L.

The assumptions lim G, =0, and fQ VGS’;’ld:c < 0 imply that there exists a
sufficiently small M, > 0 such that for a.e 0 <t < M,

/ (¢ — VIG,|P2Gy) dz < / (p+|V]||GpP~ ") dz < C. (3.5)
Q Q
Moreover, the assumption supp(¢) € Q; implies

C'_lé/ggoda::/Q gpdxé/ﬂ (¢ — VIG,[P2Gy) da.

Consequently,
/ (o VIG,IP2G,) dz = C,
Q

and C does not depend on ¢. Sard’s theorem for C® functions implies that for
H lae. x €9, |[VG(x)| # 0. Furthermore, the definition of €' implies that

G, >t in @, and hence, 7 = ;G i for H" '-a.e. x € 9. Therefore,
G
—/ |VG¢|§(2AVG¢~fidH"‘1=/ VG, 1VGela yym1 _
o, 09, VG|
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REMARK 3.8. Th e assumption [, VG{;_l dx < 0in lemma 3.7 is needed for arguing
(3.5). In particular, the lemma still holds once assuming instead that V' < 0 in Q.

We proceed with the following lemma.

LEMMA 3.9 cf. [9, propositions 5.1 and 5.5]. Let 05 ¢ € C3°(Q2), and assume
that Qp a,c,v is subcritical in §2. Let G, € C}OS(Q) be a Green potential satisfying
Qp,ac,v(Gy) =¢ inQ, and assume that

lim G, = 0; /xmg*dm<o;/ﬁvwﬁw*dx<al
Q Q

Tr—00
Consider the function f(t) = tpTTI, and let

Qi (f(Gy)
S (AT

Then Qp.a,v—w is critical in Q, with a ground state f(G,) and [, W f(G,)P dx =
oo. Hence, W is an optimal Hardy-weight for Qp a,v in €.

Proof. Criticality: Notice that ¢, > 1. and therefore, Q) a,v is subcritical in Q [19,
Corollary 4.17]. Let M, be given by lemma 3.7, and let K € Q be a precompact
smooth subdomain satisfying supp ¢ € K, Igrzl\aéc Gy, <M, and G, <1 for all z €

O\ K. Assume without loss of generality that i%f G, > 1.

For each k € N, consider the function ¢4 (f(G,)), where f(t) = "% and

0 0<t< 5,
logt 1 1
2+logk¢ k:izgtgg’
dr(t) =<1 T <t<k,
logt 2
2 jotp k<St<E,
0 t> k2

We claim that ux, = ¢x(f(Gy))f(G,) is a null-sequence of Q) 4 v—_w in Q. Indeed,
by (2.2), Qsim(w) < Q(wf(G,)) = Q(u), where

Qu) = / (IVul?y + (V = W)lul?) dz,
Q
and
Qsim(w) = /Qf(GW)Q‘Vu)L%‘ (W|V(f(Gy))|a + f(G¢)|Vw|A)p72 da.

Moreover, by corollary 2.28 we have

CX(w) 1<p<2,

Quim(w) < {O [X(w) +X(w)2/py(w)pp;2 p > 2,
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where
/ IVl f(G,)P de, / WPV (G da.
By the (classical) coarea formula ([7, theorem 2.32]),
Xu(F(Ca) = [ FOIILSCPIFCNING,fyda

- / BEC e at [ wepta
= o k pla doA-

Go=t

By lemma 3.7, for a.e. 0 <t < gl\ax G, we have fG . |VG@|f’4’1doA = 1. Moreover,
K =

f(gl\z?gGw) |S¢;§(s)|p q

[ soraorrera=co | )
[ e ()

)P~1. By a similar calculation,

B

Consequently, X (¢, (f(Gy))) < (@

1
Y (0x(f(G,))) = /Q PGP T@IVC I e < / Ge(FENPF (1P dt =

f(1) d 1/k 1 1 1 1 1 1
/ |¢k(s)|pﬁ:/ <2+ Ogs>d5+/ fdsx/ Z ds = log k.
0 s 1/k2 logk /) s 1k S 1k S

It follows that Quim(wi) = Qsim(dk(f(Gy))) — 0 as k — oo, and therefore,

Qur) = Qor(f(Gy)f(Gy))) — 0 as k — oc.

Let us specialize g9 > 0 such that the set B={zx € Q:e0/2 < f(Gy) < &0} is
nonempty, bounded, and contained in Q \ K. Therefore,

[ o= [ o@D 1) do =1, (3.6)

Thus, the sequence {uy} is a null-sequence, and in light of lemma 2.25, Q, a,v—w
is critical in €.

Null-criticality: Let K & €2 be a precompact smooth subdomain as in the first
part of the proof.
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For almost every 0 < 7 < 1 we consider theset Q, :={z € Q|7 < G, < m}%n G}
which has finite perimeter. Recall that

p—1 p\VGQOVZ‘ .
W = < > in Q.
D GY ¢

By the (classical) coarea formula and (3.4),

| w6y - (= 1)p /| VGLa (G da

p GG
-1 P p m};n Gy p
= (2= / 1) dt/ VG |5 doa = c/ FON g,
p R+ t G<p:t T t
By letting 7 — 0 we obtain that fQ\K W f(Gy)P dz = oc. O

REMARK 3.10. Remark 3.8 implies that lemma 3.9 still holds if one assumes V' < 0
in Q instead of the assumption fQ VGf;’l dz < 0.

Proof of theorem 1.1. Notice that ¢, > 1, and hence Q) a,v/., 1s subcritical in .
Let G, be the Green potential of @, 4,v, given by lemma 3.2. By lemma 3.9, the
operator Q) 4,v/c, admits an optimal Hardy-weight in €. U

Proof of corollary 1.2. Notice that ¢, > 1, and hence @, a,v/., is subcritical in Q.
Let G, be the Green potential of @, 4,v, given by lemma 3.2. By the minimal
growth property of G, for any zo € K € Q, G, < CG in Q\ K, and in particular,

lim G, =0, / V|G P da < oo,
Tr— 00 Q

By lemma 3.9 and remark 3.10, the operator (), a,v/., admits an optimal Hardy-
weight in €. O

Corollary 1.2 and the following remark give rise to new optimal Hardy-type
inequalities in the smooth case.

REMARK 3.11. Let 2 C R™ be a domain and let ), 4, be a subcritical operator in
Q) satisfying assumptions 2.8. Assume further that V' < 0 in €. Then, there exists
K € Qand zg € intK € (Q, such that the operator @), 4,y admits a positive solution
G(z) in Q\ {zo} satisfying (1.2) in each of the following cases :

e Aisa constant, symmetric, positive definite matrix; V' € L (£); Q is a bounded
C1H* domain and A\ (Q) > 0 [17].

e A is a constant, symmetric, positive definite matrix; V' € C§°(R"); @ = R"™ [12,
13].

In particular, theorem 1.1 can be applied in each of the latter cases.

REMARK 3.12. Combining oheorem 1.1 and lemma 2.35, we obtain optimal Hardy-
weights for a wide family of operators @) 4, with indefinite potentials V.
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