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For examining the steady-state distribution of asteroids in the direction 
perpendicular to the ecliptic plane (the z distribution), we shall assume all 
orbits to be circular. This assumption is incompatible with the north-south 
asymmetry found by Nairn (1965); but Kresak (1967) has shown that the 
asymmetry is caused by a combination of cosmic and human factors and is 
present only among fainter asteroids, B(a, 0 )> 16, where the discovery is 
grossly incomplete. There is another perhaps even more cogent reason for using 
only the brighter asteroids: The easily understandable practice of confining 
asteroid hunting close to the ecliptic plane has meant that among the fainter 
objects, orbits with high inclinations are underrepresented (Kiang, 1966). 
Actually, in the range 14<B(a, 0 ) < 15 where, I estimate, the discovery is 95 
percent complete, the sample of inclinations may already be somewhat biased 
in the same sense. One has to balance this risk, however, with the advantage of 
a much greater data size; and I shall use all the numbered asteroids with 
B(a, 0 )< 15 as given in the 1962 Ephemeris volume (excluding 13 that are 
regarded as "lost"). 

A very welcome new set of data is provided by the Palomar-Leiden survey 
(PLS) (van Houten et al., 1970). In this case, important selection effects should 
and can easily be made. According to the authors (van Houten et al., 1970, p. 
360), the area searched extends to a height of 5°9 from the ecliptic. Consider 
all the orbits with the same radius a; for these, the search extends to a 
heliocentric latitude of b = 5°9(a- l)/a. Although an orbit with inclination 
Kb lies entirely within the latitudes ±b, an orbit with i>b has only the 
fraction 

f\ =f\(), a) = — arcsin sin / sin —— - (1) 

lying in the same range. Hence, as far as the shape of the distribution of/ at a 
given a (in practice, within a small range Aa) is concerned, the correction factor 
is simply l / / j . Expression (1) differs a little from expression (3) in the PLS 
paper (van Houten et al., 1970, p. 361), but appears to be more in line with the 
assumption of circular orbits. 
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188 PHYSICAL STUDIES OF MINOR PLANETS 

Among numbered asteroids known at a given time, one always finds a 
positive correlation between a and i; this feature has been reported repeatedly, 
but the question whether this is due, at least in part, simply to the fact that 
Earth is inside the ring of asteroids has never been examined. Of course, even if 
the distribution of i is the same for all a, there will still be a systematic increase 
of the thickness of the system with increasing distance from the Sun. Here we 
shall concentrate on the z distribution at different intervals of a. 

As may be seen from figure 1, the well-known Kirkwood gaps and other 
commensurability points divide the main belt (2 .0<a<3.8) quite naturally 
into nine zones. These will be labeled zones 0 to 8 inclusive. The Hilda group, 
the Trojans, and the range 1.0 < a < 2.0 will be labeled zones 9, T, and M (for 
Mars), respectively. Table I lists some statistics of the zones. The next-to-the-
last column refers to the numbers of the largest asteroids (5(1,0)< 10) found 
in the sample. These numbers are very likely to be complete, except the one in 
zone T. The last column gives the numbers of these objects per unit circle (in 
AU) of the ecliptic plane. These areal densities are only approximations to the 
average state of affairs at the corresponding distances from the Sun because of 
the strong radial asymmetry in the distribution in the ecliptic plane (Kresak, 
1967). Because resonance effects obviously dominate the orbits and thus the 
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Figure 1.-Frequency distribution of semimajor axes of asteroids in intervals of 0.001 AU. 
Sample consists of the 1647 numbered asteroids given in the 1962 Ephemeris volume 
minus the 13 asteroids that are marked as "lost." The following five fall outside the 
diagram: 1566 Icarus, 1620 Geographos, 433 Eros, 279 Thule, and 944 Hidalgo with 
orbital radii a of 1.077,1.244,1.458,4.282, and 5.794 AU, respectively. Commensura­
bility points are marked with arrows, together with the ratios of periods (asteroid/ 
Jupiter). 
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spatial distribution of the Hilda and Trojan asteroids, and the asteroids in zone 
M are also rather special, the following discussion on the z distribution will be 
confined to zones 0 to 8 of the main belt. 

The frequency distributions of / in zones 0 to 8 observed in the adopted 
sample of numbered asteroids are listed in table II. Letw(Az') be the number of 
objects in the interval Ai in a given zone; then the average number n{Ab) of 
objects in an interval Ab of the heliocentric latitude, taken without regard to 
sign, in the same zone is calculated, in practice, according to the formula 

n{Ab) = 2 n(Ai)-P(Ab, i) (2) 
all i 

where 

P(Ab, i) = A(larcs in $ ^ ) (3) 
\7T s i n ; / 

is the fraction of a circular orbit of inclination i that is included in the interval 
Ab. Now let b0 5 and bQ95 denote, respectively, the 50 percent point (the 
median) and the 95 percent point in the resulting b distribution; then the same 
percentage points in the corresponding z distribution are given by 

z 0 5 =as in2> 0 5 (4) 

z0.95 = a s i n f c 0 . 9 5 (5) 

In these expressions it is sufficiently accurate to set a equal to the appropriate 
median value shown in table I. The values z0 5 and z0 95 for each zone, 
together with their standard errors (s.e.), are listed in table II and are shown in 
figure 2 (the solid lines). Both show a steady increase with increasing distance 
from the Sun. Actually, b0 5 and 6Q.95

 a*so s r i o w s o m e increase with 
increasing a; but, of course, these increases are much less rapid and steady than 
the ones for z0 5 and Zn.95 • 

We now examine the data of fainter asteroids provided by the PLS. The 
observed frequency distributions are listed in table III. They are corrected for 
the latitude cutoff as outlined above. The corrected individual frequencies are 
not shown; only their marginal totals 5j are given. From the corrected i 
distribution in each zone except zone 8, which has too few objects for a proper 
determination, the values of z0 5 and Z0.95 are derived as before; they are 
shown as broken lines in figure 2. Two effects are apparent: (1) The thickness 
of the system of fainter asteroids sampled by PLS also increases with increasing 
distance from the Sun, and (2) the thickness is noticeably less than that of the 
system of brighter asteroids at the same distance. 

It should be remembered that the samples used here are, in one case strictly 
and in the other approximately, limited by B(a, 0). If we note the actual 
differences between the solid and broken lines in figure 2 and the differences 
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Figure 2.-The 50 and 95 percent points in the z distribution in nine intervals of the 
semimajor axis. Solid lines refer to numbered asteroids with B{a, 0) < 15, and broken 
lines to those found in the PLS. The "dominoes" along the top edge illustrate the areal 
densities of the largest asteroids given in the last column of table I. 

B(a, 0) - B(l, 0) listed in table I, we find that for a system of asteroids limited , 
by constant 5(1,0) (i.e., effectively down to certain physical size) there will be 
a rather reduced rate of increase in thickness with increasing distance. This, of 
course, assumes that effect (2) is real, which is by no means certain. The 
correction for the latitude cutoff is based on the value 5?9 for the extension of 
the search area in PLS. Because vignetting is certainly present on the plates 
used in PLS, the effective extension may be less than 5?9; thus the i 
distributions were undercorrected, leading to thickness estimates that are too 
low. This point should be examined in greater detail. 

My conclusions are as follows: 

(1) The thickness of the system of asteroids of the main belt increases 
steadily with increasing distance from the Sun. The 50 percent point 
in the z distribution increases from 0.12 at 2.2 to 0.38 at 3.5 (all 
values in AU), and the 95 percent point increases from 0.27 at 2.2 
to 1.24 at 3.5. 

(2) Less certainly, at a given distance from the Sun, the thickness is less 
for the system of smaller objects than for the system of larger ones. 

These statements corroborate and amplify the conclusions on the proper 
inclinations reached earlier (Kiang, 1966). 
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DISCUSSION 

VAN HOUTEN (submitted after meeting): Formula (3) in the PLS is based on circular 
orbits. Kiang indeed found an error: (a cos i - 1) should be (a - 1); fortunately, for most 
asteroids cos i *> 1. 

Kiang's expression (1) should include the correction for the length of the arc traversed 
by the asteroid during the observation period, as explained in the PLS. The conect 
expression is 

, 2 T . / _ . , 5°.9 \ i n / , = — I arcsin I a * tan —:—; I - •* Atn 1 i L \ a sin i/ 2 J 

in which n is the mean daily motion of the asteroid and Af the period over which the 
observations extend. 

This additional correction term is only important for large inclinations, and therefore it 
is not certain how this influences the data derived by Kiang. For that reason a comparison 
is made in table D-I with my own results given in an earlier paper1 in which FQ is given. 
This can be transformed into z by multiplication with a factor of 0.64. If the distribution 
of z isgaussian, 

z0.5 = °-84* = °-54Zo 

My values of z0 5 were obtained by interpolation in table I of my paper. 
It follows that no systematic difference exists between my values and those of Kiang 

for the first four zones; whereas for zones 5 through 8, Kiang's values appear about 6 
percent too low. This difference is hardly meaningful. 

Accordingly, Kiang's conclusion that the PLS asteroids are more concentrated toward 
the ecliptic than the numbered asteroids must be accepted as being correct. His tentative 

TABLE D-I.-Comparison ofz05 in the Eight Kiang Zones 

Kiang zone 

1 
2 
3 
4 
5 
6 
7 
8 

van Houten, 
interpolated 

0.094 
.124 
.248 
.205 
.226 
.258 
.270 
.329 

Kiang 

0.105 
.124 
.237 
.206 
.171 
.291 
.307 
.259 

Difference 

-0.011 
.000 

+.011 
-.001 
+.055 
-.033 
-.037 
+.070 

Seep. 183. 
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conclusion that vignetting effects may be the cause of this difference should be rejected on 
account of the small field effects of the Palomar 122 cm Schmidt plates. More likely the 
explanation should be sought in the remark made by Kiang (1966): "Large values of / are 
especially associated with values of the node around 90° " Because in the PLS the 
nodal values of the high-inclination asteroids cluster around 0° and 180°, it can be 
expected that the PLS material is deficient in minor planets with large inclination, which is 
in agreement with Kiang's conclusion. 
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