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Abstract. Let g be a complex semisimple Lie algebra with associated Yangian Y} g. In the mid-1990s,
Khoroshkin and Tolstoy formulated a conjecture which asserts that the algebra DY g obtained by
doubling the generators of Yjg, called the Yangian double, provides a realization of the quantum
double of the Yangian. We provide a uniform proof of this conjecture over C[ %] which is compatible
with the theory of quantized enveloping algebras. As a by-product, we identify the universal
R-matrix of the Yangian with the canonical element defined by the pairing between the Yangian
and its restricted dual.

1 Introduction

This article is a continuation of [41], which studied the Yangian double DYjg asso-
ciated with an arbitrary symmetrizable Kac-Moody algebra g through the lens of a
Z-graded algebra homomorphism

@, : DYng — LY,g, © Yag[z*'].

Here, LYg, is a naturally defined Z-graded C[[4]-algebra, described explicitly in
Lemma 4.5, and Y,g is the Yangian of g, defined over C[[#]. This homomorphism,
called the formal shift operator, naturally extends the so-called shift homomorphism
7, on the Yangian, and has a number of remarkable properties. For instance, it induces
a family of isomorphisms between completions of DY, g and Yjg, realizes Ysg as a
degeneration of DYjg, and is injective provided g is of finite type or of simply laced
affine type. In addition, it was applied in [18] to characterize the category of finite-
dimensional representations of DYyg, for i € C* and g of finite type, as the tensor-
closed Serre subcategory of that of the Yangian consisting of those representations
which have no poles at zero.

In this article, we narrow our focus to the case where g is a finite-dimensional
simple Lie algebra, and apply these results in conjunction with those of the recent
article [17] to prove one of the main conjectures from the work [32] of Khoroshkin and
Tolstoy. Namely, we establish that DY} g, which is defined by doubling the generators of
Yhg (see Definition 4.1), is isomorphic to the restricted quantum double of the Yangian
Yr g, where the prefix “restricted” indicates that all duality operations are taken so as to
respect the underlying gradings. As a consequence of this result and its proof, we find
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The restricted quantum double of the Yangian 771

that @, identifies the universal R-matrix of DY;g, which arises from the quantum
double construction, with Drinfeld’s universal R-matrix R(z) € (Yag® Yag)[z'].
Our argument makes essential use of the constructive proof of the existence of R(z)
given in [17], which is independent from Drinfeld’s cohomological construction of
R(z) from the foundational article [6].

1.1 Main results

Let us now sketch our main results in detail. The two results alluded to above form
Parts (1) and (2) of the following theorem.

Theorem 1  There is a unique Z-graded Hopf algebra structure on DY,g over C[h]
such that the formal shift operator

@, : DYpg <> LYpg,  Yag[2*']

intertwines the Hopf structures on DYy g and Yy g. Moreover:

(1) DYy is isomorphic, as a Z-graded Hopf algebra, to the restricted quantum double
of the Yangian Yjg.
(2) Under the above identifications, the universal R-matrix R of DYy g satisfies

(D, ® D,)(R) = R(w - 2) € Ypg®*[w][z7"].

This is a combination of the three main results of this article: Theorems 7.5, 8.4,
and 9.6. Part (1) is the statement of our second main result — Theorem 8.4 — and
is precisely the variant of the conjecture from [32, Section 2], which we establish
in the present article. Our approach to proving it is, in a certain sense, dual to the
strategy outlined in [32], which was brought to fruition for g = sl,. In more detail, our
argument hinges on the fact, proven in Proposition 71, that the universal R-matrix
R(z) of the Yangian gives rise to a C[[ 4 ]-algebra homomorphism

D, :Ypg' - Yag[z ']

which is compatible with the Hopf algebra structure on Y, g and the co-opposite Hopf
structure on the dual Y;g" of the Yangian Yjg taken in the category of Z-graded
quantized enveloping algebras. That is, Yg” is the restricted (or graded) dual of the
Drinfeld-Gavarini [7, 19] subalgebra Yg c Y;g, defined in Section 5, and provides
a homogeneous quantization of the restricted dual ¢'g[t™!] to the N-graded Lie
bialgebra g[t], as we prove in detail in Section 6 (see Theorem 6.7).

Using the construction of R(z) given in [17] and properties of @, established in
[41], we deduce that the image of Yrg" under @7 is contained in the image of ®,. We
may thus compose @}, with @, to obtain a C[[]-algebra homomorphism

i=®'o®:Yyg" — DYy,

where Y4g" := (Ypg")“". In our first main result — Theorem 7.5 — we show that there is
a unique Z-graded Hopf algebra structure on DYy g for which both i and the natural
inclusion 1 : Yy g - DYjpg are injective homomorphisms of graded Hopf algebras. This
is exactly the Hopf structure alluded to in the statement of Theorem I, and is such
that DY g provides a homogeneous quantization of the restricted Drinfeld double
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g[t*'] of g[t]. Using Theorem 7.5, it is then not difficult to establish Part (1) above (i.e.,
Theorem 8.4) using the double cross-product realization of the restricted quantum
double (see Section 8.2).

Our third and final main result, Theorem 9.6, is a strengthening of Part (2) above.
Indeed, it outputs the Gauss decomposition for R while identifying each factor
appearing in this decomposition with the factors R*(z) and R°(z) of R(z), which
were studied in detail in [16, 17].

1.2 Motivation

Part (2) of Theorem I implies that R(z) can be recovered from the canonical element
defined by the pairing between Y, g and its restricted dual Ysg" c DYg by applying
the injection @ _, to its second tensor factor:

(18 0_)(R) = R(2) € Yag®["].

Here, we refer the reader to Theorem 9.6 for further details, which takes into account
the topological subtleties surrounding this statement. Obtaining this interpretation
of R(z) is in fact our original motivation for addressing the conjecture of [32,
Section 2], and brings the theory surrounding the universal R-matrix of the Yangian
to a more equal footing with that of the (extended, untwisted) quantum affine algebra
U, (@) and the quantum loop algebra U, (Lg). The differences are, however, still quite
pronounced. Indeed, U, () is itself nearly the quantum double of its (quantum Kac-
Moody) Borel subalgebra U, (b*), and its universal R-matrix Z lies in a completion
of Ug(b*) ® Uy(b™). One then recovers the universal R-matrix Z14 of U(Lg) as a
truncation of %, and its z-dependent analogue is

R1g(2) = (18 Do) (%1q) € Uy(Lg)**[2],

where D is given by the Z-grading on U, (Lg) (see [10, Section 9.4] or [14, Section 4],
for instance). Crucially, Z can be constructed by computing dual bases with respect to
the pairing between U, (b*) and U, (b~ ), and was done explicitly by Damiani in [5].
In contrast, the Yangian Y g is not of Kac—-Moody type and does not arise as a Hopf
algebra from the quantum double construction applied to any analogue of U,(b").!
In addition, R(z) and Z;4(z) exhibit significantly different analytic behaviour when
evaluated on finite-dimensional representations [17]. Nonetheless, the results of this
article further cement that there are very strong parallels to be drawn between the two
pictures. Indeed, one obtains the Y, g-analogue of the above story by replacing U, (b™)
by Yxg, Uy(Lg) by the Yangian double DY g, and D, by the formal shift operator @.,.

It should be noted that it appears that this realization of R(z) has been antici-
pated for some time in the mathematical physics community; see, for instance, [40,
Section 5], which considers its super-analogue. The direction taken therein is,
however, based on both the conjecture from [32, Section 2] at the heart of the
present article, and on the infinite product formulas for the factors R* of R given

' We refer the reader to [42, Section 4] for a related construction of Y g with respect to its deformed
Drinfeld coproduct, which does not endow Y g with the structure of a Hopf algebra.
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[32, Section 5], which remain conjectural. Some more discussion on this point is given
in Section 9.4.

1.3 Remarks

Let us now give a few brief remarks. First, it is essential that the Yangian double
DYjg is defined as a topological algebra over C[ 1] for the above results to hold true.
To expand on this, DY, g can be realized as the A-adic completion of a Z-graded
C[h]-algebra DY,g’ defined by generators and relations (see Remark 4.2). One
can further specialize /i to any nonzero complex number { to obtain a C-algebra
DY:g =DYng’/(h - {)DYng’, whose category of finite-dimensional representations
was characterized in terms of that of the corresponding Yangian Y;(g) in [18]. Though
this category has a tensor structure which corresponds to the Hopf structure on DYy g,
it is important to note that IDY; g is not a Hopf algebra over C, and in particular it does
not coincide with the (restricted) quantum double of Y;(g) defined in any reasonable
sense.

That being said, IDY;g admits a natural Z-filtration corresponding to the Z-grading
on DY} g, and the expectation is that the formal completion of DY g with respect to
this filtration coincides with the (restricted) quantum double of Y;(g) taken in the
appropriate category of Z-filtered, complete topological Hopf algebras. This is in fact
the version of Part (2) of Theorem I conjectured in [32], and is consistent with the
situation that transpires in type A for the R-matrix realization of the Yangian, which
hasbeen developed in great detail in the recent article [38]. For our purposes, it is more
natural to work over C[#] within the framework of quantized enveloping algebras
first developed by Drinfeld [7], where we may study DY,g from the point of view
of quantization of Lie bialgebras. At the same time, many of our results are “global”
(in the sense of [20]) and admit an interpretation over both C[#] and C, including the
realization of R(z) provided by Theorem 9.6 (see Appendix A).

1.4 Outline

The article is written so as to provide a complete picture, accessible to non-experts,
where possible. For this reason, we take great care to lay the foundation needed to
state and prove the results outlined in Section 1.1. The first three sections — Sections
2-4 - are intended to serve a preliminary role: Section 2 surveys the theory of Z-
graded topological C[#]-modules, algebras, and Hopf algebras, including homo-
geneous quantizations of graded Lie bialgebras. This theory plays a prominent role
throughout the article. In Section 3, we review the definition and main properties of
the Yangian Yjg, defined both over C[#] and C[A]. Notably, this includes a review
of the construction of the universal R-matrix R(z) carried out in [17]. Section 4 is
focused on the Yangian double DY} g and, in particular, on reviewing the main results
of [41] (see Theorems 4.6 and 4.8).

In Sections 5 and 6, we study the Drinfeld-Gavarini subalgebra Y, g of the Yangian,
its C[h]-form, and its restricted dual Y, g” in detail. This includes a detailed proof that
Yo" provides a homogeneous quantization of t~'g[¢™!], equipped with the Yangian
Lie bialgebra structure (see Definition 6.1 and Theorem 6.7).
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The last three sections of the article contain its three main results: Theorems 7.5, 8.4,
and 9.6. We refer the reader to Section 1.1 above, where these are outlined in detail.
Finally, in Appendix Appendix A, we explain how to translate the construction of
the universal R-matrix given in [17] for A € C* to the setting of the present article,
in which £ is a formal variable (see Proposition A.1, which appears in Section 3.6 as
Theorem 3.8).

2 Homogeneous quantizations
2.1 Topological modules

Recall that a C[[ A]-module M is separated if the intersection of the family of submod-
ules A" M is trivial, and it is complete if the natural C[ h]-linear map

M = lim(M/A"M)
is surjective, where the inverse limit is taken over the set N of nonnegative integers.
In particular, M is both separated and complete if and only if the above map is
an isomorphism. If M is separated, complete, and torsion-free as a C[#]-module,
then it is said to be topologically free. This is equivalent to the existence of a C[i]-
module isomorphism M 2 V[ /] for a complex vector space V. Such an isomorphism
is specified by a choice of complement V c M to AM:

M=V hM.

More generally, if M is any C[/]-module, then the space V = M/iM is called the
semiclassical limit of M. Similarly, the semiclassical limit of a C[A]-linear map
T: M — N is the C-linear map T : M/AM — N/AiN uniquely determined by the com-
mutativity of the diagram

M L N
Ll
M/EM ——F 5 N/AN.

As the following elementary result illustrates, the semiclassical limit of a C[A]-
module homomorphism encodes important information about the original map.

Lemma 2.1 Let M, N, 1, and T be as above.

(1) Suppose that M is separated, N is torsion-free, and T is injective. Then T is injective.
(2) Suppose that M is complete, N is separated, and T is surjective. Then T is surjective.

The topological tensor product M ® N of two C[4]-modules M and N is the h-adic
completion of the algebraic tensor product M ®cppy N:

M&N = lim(M ®cgay N)/A" (M ®cpay N).

If M and N are topologically free with M = V[#] and N = W[A], then M®N is
topologically free and isomorphic to (V ®c W)[4].
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In this article, we shall say that M is a topological module over C[h] if M is a
C[[h]-module which is both separated and complete. For any such module, we have

C[h]®M =M =M C[A].

Similarly, by a topological algebra A over C[ ], we shall always mean that A isa C[i]-
algebra which is both separated and complete as a module over C[#]. In particular,
the multiplication m can be viewed as a C[i]-linear map

m:A®A - A,

A topological Hopf algebra H over C[[ ] is a topological C[[ ]-algebra equipped with
acounite: H — C[A], acoproduct A : H - H® H, and an antipode S : H - H which
collectively satisfy the axioms of a Hopf algebra with all tensor products given by the
topological tensor product ®. By modifying these definitions in the expected way, one
obtains the notion of a topological coalgebra and bialgebra over C[[#].

If M and N are topological C[#]-modulesand N = W[ #] is topologically free, then
the space of C[/1]-module homomorphisms Homcxj(M, N) is separated, complete,
and torsion-free. If, in addition, M is topologically free with M = V[ /], then one has

Homgpxy(M,N) = Home (V, W) [ 1]
In particular, the C[[/1]-linear dual M* := Hom¢nj(M, C[ 1] of a topologically free
C[A]-module M = V[ &] satisfies M* = V*[&].
2.2 Graded topological modules

Let us now turn toward the Z-graded analogues of the above definitions. Henceforth,
we view C[h] = @y Ch* as an N-graded ring. For brevity, we shall denote its
N-graded quotient C[#]/A"C[h] by K,,, for each n € N.

Definition 2.2 We say that a topological C[#]-module M is Z-graded if, for each
neN, M/B"M = @iz (M/A"M)y is a Z-graded K,-module and the natural homo-
morphism

M/A™ M - M/R"M
is Z-graded. If (M/h" M)y is trivial for k < 0, we say that M is N-graded.

A C[h]-module homomorphism M — N between Z-graded topological C[A]-
modules M and N is said to be Z-graded if the induced morphisms

M/A"M - N/A"N

are all Z-graded. More generally, it is Z-graded of degree a € Z if each of these induced
morphisms is homogeneous of degree a.

The category of Z-graded topological modules is closed under the tensor
product ®. Indeed, this follows from the elementary observation that, given two
C[hA]-modules M and N, one has

(M®&N)/H"(M&N) = (M ®&c[a N)/A" (M &cppy N) = M/B"M @k, N/A"N,
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which can be equipped with the standard tensor product grading, provided M/A"M
and N/A"N are both Z-graded.

Definition 2.3 A topological algebra A is said to be Z-graded if it is graded as a
topological C[#]-module and the multiplication map

m:A®A > A

is a Z-graded homomorphism. Similarly, a topological Hopf algebra H is Z-graded if
it is Z-graded as a topological algebra and the structure maps

A:H->H®H, e:H-C[h], S:H-H

are all Z-graded C[/]-module homomorphisms. Equivalently, a topological algebra
or Hopf algebra H is Z-graded if the conditions of Definition 2.2 hold and each H/A"H
is a Z-graded algebra or Hopf algebra over K,, respectively.

Of course, one also has the notion of a Z-graded topological coalgebra and bialge-
bra, which are defined by making the obvious modifications to the above definition.

The prototypical example of a Z-graded topological module over C[A] is
M = V[A] where V = @z Vi is a Z-graded complex vector space. In this case, one
has

M/A"M 2 V[R]/h"V[R],

which is naturally graded, as V[ /] is graded with V[A ] = @50 A"Vi_,, and A"V[}]
is a graded submodule. The assertion that M is Z-graded may be recaptured as follows.
For each k € Z, set

Mg :=UimV[h]x/A"V[A]k—n 2 | | A"Vion < V[ A].
= lim [A]k/R"V[A]k g} K [7]
Then each My is a closed subspace of M satisfying My /h"My_, = (M/A"M)j, and M
contains the Z-graded C[ A]-module @z My as a dense C[#]-submodule. Moreover,
the fi-adic topology on this submodule coincides with the subspace topology, so M
is the h-adic completion of @z My. If, in addition, V is N-graded, then @z My
coincides with the polynomial space V[ k] c V[ k].
The below lemma provides an equivalent characterization of the definition of a
Z-graded topological module and algebra which generalizes this picture.

Lemma 2.4 A topological C[h]-module M is Z-graded if and only if it admits a dense,
Z-graded C[h]-submodule

MZ:®MkCM
keZ

with each My a closed subspace of M and Ai"M n Mz = h"M, for all n € N.
If, in addition, M has the structure of a topological algebra, then it is Z-graded if and
only if the above conditions hold and My, is a Z-graded C[ h]-subalgebra of M.

If M is a Z-graded topological module, then the kth component My of Mz from
Lemma 2.4 is uniquely determined and recovered as the inverse limit
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(21) MkZI(in(M/hnM)k Cl(LnM/hnM:M

Moreover, one has (M/E"M) = My /A"My._, foralln e Nand k € Z.
We further observe that, for each k € Z, the system of linear projections 7,  :
M/A"M — (M/h"M); gives rise to a projection

i = lim 7, 2 M —> Mg
n

which restricts to the projection of Mz onto its kth homogeneous component. In
particular, a C[i]-linear map t: M — N between Z-graded topological modules is
graded if and only if 7} o T =T o 7r}" for each k € Z.

We conclude this preliminary subsection with two corollaries of the above discus-
sion. The first shows that any topologically free Z-graded C[[ /1 ]-module is of the form
described above Lemma 2.4.

Corollary 2.5 Suppose M is a Z-graded topologically free module over C[ k], and let
V denote the Z-graded complex vector space M/AM = @z My /AM_;. Then

M 2z V[ k]
as a Z-graded topological C[ h]-module. In particular, one has
Mz = @ My = @V[h]]k c V[[h]], where V[h]]k = H thk_n.

keZ keZ neN

Proof This is a refinement of the elementary result, alluded to at the beginning
of the section, that M = V[k] as a C[A]-module (see [26, Proposition XVI1.2.4],
for instance). In more detail, an isomorphism of Z-graded topological modules
M = V[ #] is specified by choosing, for each k € Z, a complement V; ¢ My to AMy_;
in Mg:

Mg = Vi @ AM_;.
Setting V := @z Vi ¢ Mz, we then have
V= Mz/BMz = M/AM,
Mi/B"My_p 2 Vi ® BV @ -+ @ "'V iy = VA /B"V[A] ko>
M/A"M = @ My /A" My, = @ V[h]x/h"V[h]k—n = V[A]/A"V[ 1],

keZ keZ
where the third line is an identification of Z-graded modules. Here, we note that
the second line follows from the definition of V; and that M is a torsion-free
C[[h]-module. Taking inverse limits, one finds that M = V[ #] as Z-graded topologi-
cal C[A]-modules. ]

Let us now shift our attention to the case where M = @y My is an N-graded
C[h]-module. Any such module is automatically separated, and so embeds into its
h-adic completion

P
M = lim(M [/h"M),

n
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which is an N-graded topological C[#]-module. Moreover, if M is a torsion-free
C[h]-module, then M is topologically free as a C[/]-module. Since My_,, is trivial
for n > k, the submodule M of M (see (2.1)) coincides with M and so, in the notation
of Lemma 2.4, one has M = My. These observations, coupled with Corollary 2.5 and
that V[ A ] = V[A]x when V is N-graded, yield the following.

Corollary 2.6  Let M be an N-graded, torsion-free C[h]-module. Then M is a topolog-
ically free N-graded C[ h]-module. Moreover, we have

My = lim(My/h"My_,) = M forall keN.

n

Consequently, M coincides with My and there is an isomorphism of N-graded C[h]-
modules

M=V[h]=@V[h]x, where V:=M/hM.
keN

Note that if M is an N-graded C[#]-algebra or Hopf algebra, then M is automati-
cally an N-graded topological algebra or Hopf algebra, respectively.

2.3 The restricted dual

For a given Z-graded complex vector space V =@, V,, we let V* =@, (V*), c V*
denote the restricted, or graded, dual of V, where

(V)u={feV 1 f(Vn) c Cpan} = (V-n)"

and C is given the trivial grading with Cq = C and C,, = {0} for m # 0. One can
similarly define the restricted dual M* ¢ M* in the category of Z-graded topological
C[A]-modules. In this subsection, we will recall some properties of this duality
operation in the N-graded setting which will be applied to construct the dual Yangian
in Section 6.

Suppose that M is an N-graded, topological C[A]-module with N-graded
C[h]-submodule My = @y My as in Lemma 2.4. For each n € N, let J; denote the
h-adic completion of the ideal @y, My of My. The gradation topology on M is the
topology associated with the descending filtration

M:JODJID . e DJHD “ee
Equipped with this terminology, we may make the following definition.

Definition 2.7 'The restricted dual M* is defined to be the C[[A]-submodule of M*
consisting of those f which are continuous with respect to the gradation topology:

M*:={feM": f(Jx) ch"C[h] V neN and k> 0}.

The restricted dual of any N-graded topological C[[/]-module M is easily seen to
be separated, complete, and torsion-free. Let us now see that it admits a Z-graded
structure.
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For each ae€Z, let Homgp,;(M,C[#]) c M* denote the (closed) subspace

consisting of Z-graded C[#]-module homomorphisms f : M — C[k] of degree a.
Equivalently,

Homg:[h](M,(C[[h]]) ={feM": f(My) cC[h]x4ya V keN}.

Then the sum 3. ;e Homg,,; (M, C[#]) is direct and the space
(M*)z := G%Homg:[h](M,(C[[h]]) cM”

is a Z-graded C[h]-submodule of M*.

Remark 2.8 Under the natural identification of M* with Homgs(Mn, C[1]),
one has Homé[h](l\/l,@[[h]]) = Hom(?:[h](MN,(C[h]) and (M*)z coincides with the
graded dual (My)* ¢ Homgps1(My, C[#]) of My taken in the category of Z-graded
C[h]-modules.

It is not difficult to prove that, for each #n € N, one has
"M n(M*)z=h"(M*")z and (M")z/A"(M*)z =2 M*/A"M".

Consequently, M* coincides with the f-adic completion of (M*)z and, by Lemma
2.4, is a Z-graded topological C[[#]-module. We note that, although Definition 2.7
is strictly for an N-graded C[#]-module M, one can define the restricted dual in the
Z-graded setting precisely as the h-adic completion of the space (M*)z.

If M is itself topologically free with M = V[h] for a graded vector space
V = @en Vi, then the natural homomorphism M* /AM* — V* is an isomorphism of
graded vector spaces. As M* is topologically free, Corollary 2.5 yields the following.

Corollary 2.9  Suppose that M is a topologically free N-graded C[ h |-module with M ~
V[ k] for a graded vector space V = @yen V. Then M* is isomorphic to V* [ h] as a Z-
graded topological C[[ h]-module.

We shall say that a topologically free N-graded C[[A]-module is of finite type if
the graded components Vi of V = M/AM from the above corollary are all finite-
dimensional complex vector spaces.

Now suppose that H is an N-graded topological Hopf algebra with coproduct A,
counit ¢, antipode S, product m, and unit . Since these are all N-graded C[ ] -module
homomorphisms and C[#]* = C[ k], taking transposes yields Z-graded maps

A" (H®H)* - H*, & :C[h] »H", S':H">H"
m':H" > (H®H)*, ' :H" - C[h]
which formally satisfy the axioms of a Hopf algebra. In particular, H* is a topological
C[h]-algebra with unit &' and product given by restricting A’. It is not, in general,

a topological coalgebra (or Hopf algebra) as m' does not necessarily have image in
H* ® H*. However, this is the case when H is of finite type, as we now explain.
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In general, for any two N-graded topological C[/]-modules M and N, there is a
canonical injective homomorphism of Z-graded topological C[[4]-modules

y:M*8N" - (M®N)".

If M and N are topologically free with Mz V[A] and Nz W[A], then the
semiclassical limit of y is the natural inclusion V* ®c W* = (V ®c W)* which is an
isomorphism provided the graded components of V or W are all finite-dimensional.
This observation, together with Lemma 2.1, implies the following proposition.

Proposition 2.10 Let M and N be topologically free, N-graded C[h]-modules and
suppose that either M or N is of finite type. Then y is an isomorphism of Z-graded
topological C[ h]-modules

y:M*gN* Q(M@N)*.

Consequently, if H is a topologically free N-graded Hopf algebra of finite type, then H*
is a Z-graded topological Hopf algebra over C[[A].

Remark 2.11 Henceforth, we shall simply write ® for the topological tensor
product ®. More generally, the use of the symbol ® will always be clear from context
and will be clarified should any ambiguity arise.

2.4 Homogeneous quantizations

Let us now recall some basic constructions from the theory of quantum groups,
adapted to the graded setting.

A topological Hopf algebra H over C[[#] is called a quantized enveloping algebra
if it is a flat deformation of the universal enveloping algebra U(b) of a complex Lie
algebra b as a Hopf algebra. Equivalently:

o The semiclassical limit H/AH of H is isomorphic to U(b) as a Hopf algebra.
« H is topologically free, and thus isomorphic to U(b)[#] as a C[ A]-module.

If H = Upb is a quantized enveloping algebra with semiclassical limit U(b), then b
inherits from Uj b the structure of a Lie bialgebra with cocommutator §p : b - bA b c
U(b)®? given by the formula

A(x) - A (%)
h

where x € Upb is any lift of x. We refer the reader to Propositions 6.2.3 and 6.2.7 of [4]
for a detailed discussion of this point.

Conversely, if (b, 0y ) is a Lie bialgebra, then a quantization of (b, 8y ) is a quantized
enveloping algebra Upb with semiclassical limit U (b), such that 8}, coincides with the
cocommutator (2.2).

Now let us shift our attention to the graded setting. In what follows, we will say
that a Lie bialgebra (b, 8p) is Z-graded if b = @z by is Z-graded as a Lie algebra,
and the cocommutator §p is a graded linear map of degree d, for some d € Z. That is,
8o € Hom (b, 6%2).

(2.2) 8p(x) := mod hU,b® Upb V xeb,
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Definition 2.12  Let b be a Z-graded complex Lie bialgebra with cocommutator 8.
Then a homogeneous quantization of (b,dy) is a topological Hopf algebra U,b
satisfying:

(1) Upb is a quantization of (b, p).
(2) Upbis Z-graded as a topological Hopf algebra, and the natural inclusion

b~ U(b) = th/hth
is a Z-graded linear map.

Note that the last condition guarantees that the grading on U(b) inherited from
Upb coincides with that induced by the Lie algebra grading on b. In addition, since
the coproduct A is homogeneous of degree zero, (2.2) implies that the cocommutator
0p must be of degree d = -1.

We shall employ similar terminology to the above in the N-graded setting over
C[A]. Namely, if (b, 8 ) is an N-graded Lie bialgebra, then a homogeneous quantiza-
tion of (b, 8p) over C[h] is a space Upb such that:

(1) Upb is an N-graded torsion-free Hopf algebra over C[#].
(2) The semiclassical limit U,b/AUxb is isomorphic to U(b) as a graded Hopf
algebra, with the cocommutator §p given by (2.2).

Note that, by Corollary 2.6, such a quantization Ujb is isomorphic to U(b)[#] as an
N-graded C[#]-module, and its A-adic completion is a homogeneous quantization of
b over C[#].

2.5 The Yangian Manin triple

The most well-known, nontrivial, example of a homogeneous quantization is the
Yangian Ysg associated with an arbitrary simple Lie algebra g over the complex
numbers. In this article, we shall encounter two other, closely related, examples: the
dual Yangian Y,g" and the Yangian double DY3g. Collectively, these three quantum
groups arise as a quantization of a restricted Manin triple structure on (¢, t,, t_), where

t=g[t*], t:=g[t], and t :=tT"g[t'].

In this section, we briefly recall how this structure is defined.
The Lie algebra t = g[t*!] comes equipped with a nondegenerate, invariant bilinear
form (, ):t®t— C given by

(2.3) (f(2),8(s)) = ~Res, (f(2), g(1)),

where (, ) is a fixed symmetric, invariant, and nondegenerate bilinear form on g,
which has been extended to a C[+*!]-valued bilinear form on t by C[¢*!]-linearity.
The above form is a degree 1 element of the restricted dual (t ® t)*, as defined in the
beginning of Section 2.3. Namely, it vanishes on

(t®t) = @ t,®t,
a+b=k
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for any k # -1, and restricts to a nondegenerate pairing t, ® t_,_; - C for any a € Z.
Moreover, one has the polarization

t=t.ot for t =g[t], t=t"g[t"]

with t, and t_ isotropic, graded Lie subalgebras of t, with gradings concentrated in
nonnegative and nonpositive degrees, respectively. Said in fewer words, this collection
of data gives rise to a restricted Manin triple (t,t,,t_) (see Sections 5.2 and 5.3 of [2]).

Since each homogeneous component t; of t is finite-dimensional, there are dual
Lie bialgebra structures on t, and t_, obtained as follows. The residue form (2.3) yields
isomorphisms of graded vector spaces

Resy : t, =t

which are homogeneous of degree 1: Res, (t,,,) = (t5) 41 for all # € Z. Dualizing Lie
brackets then gives rise to honest, degree —1, Lie bialgebra cobrackets

8. =[], it > tunt..
Observe that the Casimir tensor Q4 € (g ® g)? satisfies

([x®LQgl,y®2)geg = —(x,[1,2]) Vux,y,z€g,

where (,)geg=()® ()0 (23):g®g®g®g— C. It follows readily from this
observation and the definition of Res, that §, and §_ are given explicitly on each
graded component by

8, (xt*) = > [xel, Qglt% e gt ®g[s] = t, ®t,,
a+b=k-1
S(xtF = Y [x@LQ )t st et gt Jesgls ] =t @t
a+b=k

where we have used the natural identification of (g ® g)[t*!, s*!] with g[t*!] ® g[s*!],
and a, b take values in N. Since

k
(Z— W) Z Zawk—u _ Zk+1 _ Wk+l,
a=0
the linear map 6 := 8, ® (=8_) : t - t A tis given by the formula

3(N(ws) =[f @118 £ 2 | eale @als] v f(0) el

and defines a Lie bialgebra structure on the Lie algebra t such that (t,,d,) and
(t.,—0d_) are Lie sub-bialgebras. This construction identifies t with the restricted
Drinfeld double D(t, ) of the N-graded Lie bialgebra t,, as defined in [2, Section 5.4],
for instance.
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3 The Yangian revisited
3.1 The Lie algebra g

We henceforth fix g to be a finite-dimensional simple Lie algebra over the complex
numbers, with invariant form (, ) as in Section 2.5. Let h ¢ g be a Cartan subalgebra,
{ai}ia c h* a basis of simple roots, and {«} };q the set of simple coroots, so that
aj(a)) =aij=2(a;, «;)/(a;, a;) are the entries of the Cartan matrix A = (a;j)i,je
of g. Let A* c h* be the associated set of positive roots, and let Q = @;¢ Za; and
Q4+ = @i Na; denote the root lattice and its positive cone, respectively, where we
recall that N denotes the set of nonnegative integers. Set
o, o
d,‘j:¥ and di:d,‘i Vl,_]EI

We normalize (, ), if necessary, so that the square length of a short root is 2.
In particular, we then have {d;};q c {1,2,3}. Let {e;, fi }ia denote the Chevalley
generators of g, as in [24, Section 1.3], and set

hi=dia), xF=+/dies, x;=\/difi Viel

These normalized generators satisfy (x;,x; ) =land h; = [x],x; ] foralli el
3.2 The Yangian

We now recall the definition of the Yangian Y (g). Let S,, denote the symmetric group
on{l,...,m}.

Definition 3.1 'The Yangian Y, (g) is the unital associative C[#]-algebra generated
by {x7, his }ie1,ren, subject to the following relations for i, j e Iand r,s € N:

3.1) [hir hie] = 0,

(3.2) [Rio, x5 ] = £2dix5,

(3.3) [xf %551 = ijhires,

(3.4) [hi’r+1,x?:s] - [h,-r,xisﬂ] = ihd,-j(hirx;-‘s + xjishi,),
(3.5) (X5 X5 ] = (X X1 ] = £hdij (x50 + x5,x3,),
(3.6) ﬂezs: [xii’fum’ [xii’wz)’ o [xfi"nm)’xfis] ]] =0

where in the last relation i # j, m =1~ a;j,and ry,..., 7, € N.
The Yangian Y, (g) is an N-graded C[#]-algebra, with grading
Yi(g) = D Y (o)«

keN

determined by degx} =degh;, =r for all i€l and r ¢ N. Moreover, Definition
6.1 is such that Y;(g) provides an N-graded C[h]-algebra deformation of the
enveloping algebra U(t, ), where we recall that t, = g[¢]. Indeed, the identification
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Yn(g)/hYn(g) = U(t,) is induced by the graded algebra epimorphism q : Y,(g) -
U(t,) given on generators by

q: xi, > xit", hy—hit" Viel and reN.
In addition, the relations (3.1)-(3.6) imply that the assignment
xiir—>x,~i0, h,"—>hi0 Viel

determines a C-algebra homomorphism U(g) — Y;(g), which is injective as its
composition with q is the identity map 1y4) on U(g). Henceforth, we shall identify
g with its image in Y, (g) without further comment.

To specify the standard Hopf algebra structure on Yj(g), we first note that Y, (g)
is generated as a C[1]-algebra by the set g U {t;1};a1 © Y5 (g), where

h
til = hil_fh?(] Viel.
2
More precisely, for each s > 0, x}; and h; ., are determined by the recursive formulas

xE

1 _
r= i7 [til,xifs_l] and  hj g1 =[x, x5]

. is2 7V

1
Now letr € n_ ® n, denote the canonical tensor associated with the pairing (, )|n_xn,
where ny, = @yca+ 9o is the Lie subalgebra of g generated by {x} } ;1. Equivalently, r
is the unique preimage of the identity map under the natural isomorphismn_ ® n, =
Endc¢(n_), determined by (, )|n_xn, - In addition, we set

ric=[h;®Lr] V iel
If x € g.4 are root vectors satisfying (x7, x; ) = 1, then one has the formulae

r=> x,®x, and r;=- Y a(h)x, ®x].
aeAt acAt

The following proposition describes the Hopf algebra structure on Yj(g), where
m: Yp(g)®* - Yu(g) denote the multiplication map.

Proposition 3.2 'The Yangian Y(g) is an N-graded Hopf algebra with counit e,
coproduct A, and antipode S uniquely determined by the requirement that g is primitive
and that, for each i € I, one has

e(til):O, A(til):ti1®1+1®ti1+hl’i, S(til):—t,-1+m(hr,-).
In particular, Y, (g) is an N-graded Hopf algebra deformation of U(t,) over C[h].

The crux of the proof of this proposition lies in showing that A is an algebra
homomorphism. Though this is a consequence of [6, Theorem 2] and [8, Theorem 1]
(see also [22, Theorem 2.6]), a complete proof has only recently appeared in [21] (see
Theorem 4.9 therein).

The Yangian Yj(g) also admits a Q-grading compatible with the above N-grading;
that is to say, it is N x Q-graded as a Hopf algebra. This Q-grading arises from the

https://doi.org/10.4153/50008414X24000142 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000142

The restricted quantum double of the Yangian 785

adjoint action of the Cartan subalgebra fj c g on Y;(g). Namely, one has Y;(g) =
@peq Yn(9)p, where Yy (g)p is just the B-weight space

Ya(g)p = {xeYn(g): [hx]=B(h)x V heb} VpeQ.
3.3 Automorphisms

There are two families of (anti)automorphisms of Y5 (g) which will play an especially
pronounced role in this article: the shift automorphisms and the Chevalley involution.
The former are a family {7, }.cc ¢ Aut(Y;(g)) which give rise to an action of the
additive group C on Y;(g) by Hopf algebra automorphisms. In more detail, 7, is
defined explicitly by

(3.7) .(xf(u))=x(u-c) and 7t.(hi(u))=hi(u-c) Viel,
where we have introduced the generating series x¥(u) and h;(u) in Y5 (g)[u '] by

xf(u)=Y xhu" and  hij(u) = huh

reN reN

Replacing ¢ by a formal variable z in (3.7), one obtains an N-graded embedding

(3.8) 72 Yp(g) = Ya(9)[2]

called the formal shift homomorphism, where deg z = 1. Let us now turn to defining the
Chevalley involution, beginning with the following lemma.

Lemma 3.3 The assignments w and ¢ defined by

w(xi(w) =x{ (), w(hi(u)) =hi(u),

(i () = xi(-u),  c(hi(u)) = hi(-u),
extend to commuting anti-involutions w and ¢ of Y, (g). Moreover, w and ¢ satisfy

T,ow=woT, T_.0¢=c¢ot1, VceC,

cow=¢, (WOw)oA=A"ow, woS=Sow,
eog=¢, (¢®¢)oA=Aog, oS '=Soq.
This result, which has appeared in various forms in the literature (for instance,

[3, Proposition 2.9]), is readily established using Definition 6.1 and the relations of
Proposition 3.2. By the lemma, w is an involutive Hopf algebra anti-automorphism of

Y4 (g), which we call the Chevalley involution of Y;(g). On g c Y;(g), this recovers
the standard Chevalley involution, given by

w(xi)=x] and w(h;))=h; Viel

Similarly, under the identification Y,(g)/hYn(g) = U(X,), the semiclassical limit
@ :U(t,) > U(%,) of w coincides with the anti-involution of U (X, ) uniquely extend-
ing the Lie algebra anti-automorphism

(3.9) o(xt") =w(x)t" Vxegand reN.
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In addition, we note that the composite k := w o ¢ is an involutive algebra automor-
phism of Y5 (g), given explicitly by

(3.10) k(xF(u))=x](-u) and «(h;(u))=h;(-u) Viel

This automorphism is itself often called the Chevalley or Cartan involution of Y;(g),
though here we shall reserve the former terminology for w.

3.4 Poincaré-Birkhoff-Witt theorem

An important foundational result in the theory of Yangians is the Poincaré-Birkhoff-
Witt theorem, which asserts the flatness of Y,(g) as an N-graded Hopf algebra
deformation of U(t, ). It can be stated concisely as follows.

Theorem 3.4 The Yangian Y,(g) is a torsion-free C[h]-module, and thus provides
a flat deformation of Yn(g)/hYs(g) = U(t,) as a graded Hopf algebra over C[h]. In
particular, Y, (g) is isomorphic to U(t,)[ k] as an N-graded C[h]-module.

As Yj,(g) is an N-graded algebra deformation of U(t, ), an isomorphism Yj(g) =
U(t,)[A] can be obtained by specifying an ordered, homogeneous, lift G c Y;(g) of
any fixed homogeneous basis of the Lie algebra t,. For our purposes, it will be useful
to specify a class of isomorphisms of this type with a number of useful properties.

For each 8 € A*, we may choose i(8) € Iand X ¢ U(ny)g-ay s € U(g) such that

i)
(3.11) xp = xP “xjgy €0p and  xpi=w(xg)€gp
satisfy the duality condition (x, x;) =1, where X acts on Xi ) Via the adjoint action

of g on U(g). In particular, we can (and shall) take X* = 1forall i € I, so that x};, = x7.
For each k € N, we then set

XG g = x# -x;r(ﬁ)’k €Yu(g)p and xp; = w(xgy) € Ya(o)-p

where g now operates on Y;(g) via the adjoint action. This definition is such that
q(xg ) = x t* for all B € A* and k € N, and hence the set of elements

G:= U {hik>x/i§,k}ie1,ﬁeA+
keN

reduces modulo £ to the basis of t, consisting of all Cartan elements h;t* and root
vector Xz tk. For each choice of total order < on G, the corresponding set of ordered
monomials

B(G) ={xixz--x,:neN, x;€G and x; <x; Vi<j}

is therefore a homogeneous basis of the C[A]-module Y;(g), and so defines an
isomorphism N-graded modules

(3.12) ve : Ya(g) = U(t,)[R]

uniquely determined by the property that vg|p(q) coincides with the restriction of
the quotient map g to B(G). We note that vg is automatically an isomorphism of
h-modules, and is thus Q-graded.
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We shall single out a subclass of isomorphisms of this type which are compatible
with Chevalley involutions and satisfy a triangularity condition. To make this precise,
we must first recall that Y (g) admits a triangular decomposition, compatible with
the decomposition

g=n,@®hen_.

Let us define Y (g) and Y;*(g) to be the unital associative subalgebras of Y (g) gener-
ated by {hi }ier,reny and {7, } ier, ren, respectively. These are N x Q-graded subalgebras
of Y;(g). The triangular decomposition of Y;(g) is then encoded by the following
proposition, which is a well-known consequence of Theorem 3.4.

Proposition 3.5

(1) Y7 (g) is isomorphic to the unital, associative C[h]-algebra generated by the set
{x%}ier ren, subject to relations (3.5) and (3.6) of Definition 6.1:

[x?:,r+l’x;:s:| - [x?:r’x;:,ﬁl] = ihdij(x:'trxjis + x;'tsxiir)’

+ + + + _
Z I:xi,fn(l)’ I:xi,rn(z) > [xi)rn(m), ij:I o ]] =0,

TESH

where all indices are constrained as in Definition 6.1. In particular, Y (g) is an
N-graded, torsion-free C[ h]-algebra deformation of U(n.[t]).

(2) The assignment h;y — h;t*, for all i € I and k € N, extends to an isomorphism of
N-graded, commutative C[ h]-algebras

§: Yy (g) = UB[tD[A] = S(b[t])[A].
(3) The multiplication map
m: Yy () ® Yy (8) ® Yy (8) > Ya(9)
is an isomorphism of graded C[ h]-modules.

As a consequence of Part (1) of Proposition 3.5 and Corollary 2.6, one has Y (g) =
U(n.[t])[#] as N-graded C[h]-modules. Following the procedure outlined at the
beginning of the section, let us fix an arbitrary total order <, on the union

Gy = U{xgitpear = Gn Yy (9).
keN

The set of ordered monomials B(G. ) in G is a basis of Y, (g), and thus gives rise to
an isomorphism of N x Q-graded C[A]-modules

vy Yy (g) = U(n[t])[A],

sending each ordered monomial in G to its image in Y (g)/hY, (g) = U(n.[t]).
Using the Chevalley involution w and its semiclassical limit @ (see (3.9)), we then
obtain an isomorphism

Vo= @oviow: Yy (g) = Un-[t])[A].
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Combining v, with & from Part (2) of Proposition 3.5 outputs an isomorphism of
N x Q-graded C[A]-modules

(3.13) vi=io(vi®E®v_)om™: Yu(g) = U(L,)[h],

where m: U(n,[t]) ®c U(h[¢]) ®c U(n_[¢t]) = U(*,) is the multiplication map,
which we extend trivially by C[#]-linearity. By construction, v is compatible with the
underlying triangular decompositions on Y (g) and U(t,) and satisfies

Vow=@oW.

The definition (3.13) is such that v = vg for any total order < on G which restricts to
<., satisfies x* < h < x™ for all x* € G n Y7 (g) and h € Y} (g), and for which w is a
decreasing function on G. We will denote the inverse of v by u:

p=v UL [R] > Ya(g).
Note that, for any total order on G, one has p(x) = v (x) forall x € G.

3.5 Quantization

As a consequence of Proposition 3.2 and Theorem 3.4, the Yangian Y, (g) provides
a homogeneous quantization of an N-graded Lie bialgebra structure on the Lie
algebra t, over C[h], with cocommutator § determined by the formula (2.2). By
Proposition 3.2, § is uniquely determined by §(g) = 0 and

Q
6(]’[,'1') =r;— I’?l = [I’l, ® 1,.Qg] = [hif® 1+1® h;s, tigjl = 6+(I’lit) Viel,
-s
and thus coincides with &, from Section 2.5. This recovers the following well-known
result, originally due to Drinfeld [6, Theorem 2]:
Theorem 3.6 Yy (g) is a homogeneous quantization of (t,, 8, ) over C[h].

As explained in Section 2.4, it follows immediately that the A-adic completion

(3.14) Yag :=lim(Ys(g)/h" Yn(g))

n

is a homogeneous quantization of (t,,8,) over C[h]. We refer the reader to
Definition 2.12 and Corollary 2.6 for a detailed discussion of this point.

Remark 3.7 Let Y;g and Y} g denote the topological C[[/]-algebras

Yig:=lim Y;"(g)/h" Yy (g) and  Ypg:=lim Yy (g)/h"Y; (0).

n n

It follows from Corollary 2.6 and Proposition 3.5 that these are subalgebras of Y g,
with Y} g isomorphic to U(h[¢])[h] = S(h[¢])[#] asan N-graded topological C[/]-
algebra, and Y;g a topologically free N-graded C[ / ]-algebra with semiclassical limit
equal to U(n.[t]). By Part (3) of Proposition 3.5, the product m on Y, g gives rise to
an isomorphism of N-graded topological C[/]-modules

(3.15) m:Y;g® Y g® Y,g = Yug,
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where, following Remark 2.11, ® should now be understood to be the topological
tensor product ® of C[A]-modules. For later purposes, we note that the product on
Yy g also gives rise to an isomorphism

Y,0® Y g® Yig = Yig

which can be realized as k o m o (k- ® Ko ® K, ), where m is the isomorphism (3.15),
K is the involutive automorphism of Y;g defined in (3.10) (extended by continuity),
and K, = K|Y;cg (Y= Y, Ay

3.6 The universal R-matrix

We complete our survey of Y;(g) by reviewing the construction of the universal
R-matrix R(z) of the Yangian, whose existence and uniqueness was first established
by Drinfeld in [6, Theorem 3]. We shall, however, need a refined version of Drinfeld’s
theorem only recently proven in [17, Section 7.4], which reconstructs R(z) from the
factors in its Gauss decomposition

R(z) = R*(2)R%(2)R ™ (2).
Let us begin with a few preliminaries. For each positive integer n, let

Ya(9)®"[z27'] = kUNZth(B)W[[Z_l]] c Ya(9)®"[z*']

denote the algebra of formal Laurent series in z™! with coefficients in Y;(g)®”".

Following [41, Section 4.2], we then introduce the subspace

Yol = [1(Ya(8)®")kz ™" c Ya(9)®"[z7'],
keN

where (Y5 (g)®")x is the kth graded component of the N-graded algebra Y, (g)®".
This is a C-algebra isomorphic to the completion of Y;(g)®" with respect to its
grading. The C[z,z7!]-submodule of Y, (g)®"[z;z7!] that it generates is a Z-graded
C[h]-algebra

(3.16) L(Y50) = @ 2" Vgl c Ya(0)®"[2:27'].
keZ

Though for the moment we shall only be interested in the case where n =2, such
formal series spaces will reappear in later sections. In addition to the above, we
shall make use of two functions Q, — N. First, we have the standard additive height
function ht given by

ht(B) =Y n; foreach =) n;a; € Q.

iel i€l
Second, we have an auxiliary function v : Q. — N defined by
(3.17) v(B) =min{k e N:3By,..., L€ A" with =1+ - + i},

where it is understood that v(0) = 0.
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Let us now recall the construction of the factor R™(z). Fix a Cartan element

Ceb\ U Ker(B),

B0

where the union runs over all nonzero 8 € Q.. We then introduce

Rs(2) € (Y (9)-p® Yp (9)p)[z] ¥ BeQs

by setting R; (z) = 1 and defining R;(z) inductively in ht(f) using the formula

G18) R -hY e S ()Rl (s @ D),

0 (ZB(O)PH /R
where R, (z) = 0 whenever y ¢ Q, and T({) = ad(T({) ®1+1® T({)), withT: h >
Y} (g) the embedding determined by

T(l’l,‘)ztil Viel

Using the fact that, for each p e N, T({)?z ! is a homogeneous operator on
L(Yxg?) of degree —1, one deduces from the recursive formula (3.18) that

Ry (2) € B OL(YVagP)yipy c 2P ¥a(0)®[27'] ¥ e Q.

Asthe set {f € Q, : v(f3) < k} is finite for any k € N, we obtain a well-defined formal
series

R (2) = Y Ry(2) € (Y (9) ® Yy (0))[27']
BeQ+
which by construction satisfies R~ (z) € 1+ hIL(Y,g®)_; c Yog®.

By Theorem 4.1 of [17], R™(z) is independent of the choice of { € h made above
and satisfies a number of remarkable properties. Notably, it intertwines 7, ® 1 o A and
the formal, deformed Drinfeld coproduct A2 on Y (g), as defined in [17, Section 3.4].
We will not make direct use of these properties here, and refer the reader to [17] for a
detailed treatment of R™(z).

Let us now recall the definition of the abelian R-matrix R°(z) € Y; (g)®*[z™']
from [17, Section 6]. Let B = (d;a;;) denote the symmetrization of the Cartan matrix
A. Given an indeterminate v, we let B(v) = ([d;a;;],) c GL{(Q(v)) be the associated
matrix of v-numbers, where

ym _ym

[m], = o

Then it is known [16, Theorem A.1] that the auxiliary matrix

C(v) = (cij(v)) = [26],B(v)™!

has entries ¢;;(v) in N[v, v™'], where 4x is the eigenvalue of the Casimir element of g
in the adjoint representation.
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Next, for each index i € I, we introduce the series #;(u) € 1Y (g)[u™"] and its
inverse Borel transform B;(u) € hY; (g)[u] by

40 =N Y <log(L ) and B(w)=h Y
50 r>0 "*

Note that t;; coincides with the element of the same name introduced in Section 3.2.
From these data, we obtain an element £(z) € (h/2)*Y; (g)®*[z7'] defined by

L(z) =T Y ¢;;(T)Bi(d:) ® Bj(-9.)(-z2),

i, jel

where T is the shift operator T(f(z)) = f(z + %) on Y;(g)®*[z7']. Equivalently,

h _ -
7= exp(30.): H(@P [T - 1o(0) L=
As L(z) € hz"2Y) (g)®*[z'] and Y, (g)®? is torsion-free, there is a unique solu-
tion 8(z) to the formal difference equation
L(z) =8(z+2rh) -8(z) with 8(z) ez 'Yy (g)®*[z7"].

If g(z) ez 'C[z7'] is the unique solution of —-z%=g(z+1)-g(z), then by
Proposition 6.6 of [17], we have

619 8@ ¥ M) 080 (s(55)).

(2kh)* 54 2kh

where g(z/2kh) is viewed as an element of]L(?;-i\gS) ). The abelian R-matrix R°(z) is

defined to be the formal series exponential of this solution:
R(z) = exp(8(2)) e 1+27'Y7 (9)®*[z7'].
Equivalently, it is the unique formal solution in 1+ z7'Y, (g)®*[z™'] of the equation
R(z + 2kh) = A(2)R"(2),
where A(z) = exp(£(z)). As T and A7*B;(9;) ® B;(-0,) are homogeneous opera-

tors of degree zero on L(Y,g%), it follows from (3.19) that

z

R0(2) €1+ AL(Ypgl )1 € Vg,

z

We are now in a position to introduce the universal R-matrix of the Yangian. Set
R*(z) = R3,(~z) ! and define

R(z) = R (2)R%(2)R ™ (2) e 1+ 27 ' V3 (9)®*[z7'].
The following result is the content of Theorem 7.4 of [17].

Theorem 3.8 R(z) is the unique formal series in 1+ z 'Yy, (g)®*[2z™"] satisfying the
intertwiner equation

(3.20) 7,10 A" (x) = R(2) -1, @10 A(x)-R(2)" V xeYn(g)
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in Yy (g)®2[2z;27'], in addition to the cabling identities
A®1(R(2)) = Ri3(2)R23(2),
1® A(R(2)) = Riz(2)Ri2(2)
in Y, (g)®*[z7']. Moreover, R(z) has the following properties:
(1) Itis unitary: R(z) ™" = Ry (-2).
(2) Forany a,b € C, one has
(1. ®71)R(2) =R(z+a-b).
(3) R(z) is a homogeneous, degree zero, element of L(Y,g%), with

R(z) - 1€ hL(Yg®)_1 = hz ' Vyg®

z z

and semiclassical limit given by

A (R() 1) = 2 e (U(al]) o Ualw])=]

+t

The series R(z) is called the universal R-matrix of the Yangian, and is related to
the element RP(z) € Y;(g)®*[z™'] introduced by Drinfeld in Theorem 3 of [6] by
R(z) = RP(-z)7! (see Section 1.1 and Corollary 7.4 of [17]).

Remark 3.9 Strictly speaking, the results of [17] are stated with A replaced by an
arbitrary nonzero complex number. However, it is easy to translate between the
numerical and formal /4 settings via a homogenization procedure, and for the sake of
completeness we make this rigorous in Appendix Appendix A (see Proposition A.1).

The final result of this section shows that, in particular, R(z) is invariant under the
Chevalley involution w of Section 3.3.

Corollary 3.10  The universal R-matrix R(z) satisfies
(w®w)R(z)=R(z) and (¢®¢)R(2z)=Rau(z) = (k@ Kk)R(2).

Proof Set R“(z):=(w® w)R(z) and R°(z) := (¢ ® ¢)R(z). Applying the anti-
automorphisms w ® w and ¢ ® ¢ to the intertwiner equation (8.3), while making use
of the relations of Lemma 3.3, we find that

,®10A(x) =R (2) "1, ®10 A" (x) - R“(2),
T, ®10A"(x) =R(2) 1, ®10 A(x) - R°(2)

for all x € Y5(g). Hence, R“(z) and R¢(-z)~" = RS, (z) are both solutions of (8.3).
One verifies similarly that these both satisfy the cabling identities, and hence coincide
with R(z) by the uniqueness statement of Theorem 3.8. Since x = ¢ o w, this completes
the proof of the proposition. ]

4 The Yangian double

We now recall the definition and main properties of the Yangian double DYjg,
including a review of some of the results of [41]. These results, summarized in
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Theorems 4.6 and 4.8, will play an integral role in establishing in Sections 7 and 8
that DY} g is a homogeneous quantization of the Lie bialgebra t = g[#*'] isomorphic
to the restricted quantum double of the Yangian.

4.1 The Yangian double

The definition of the Yangian double DY} g is obtained by allowing the second index
of the generators in Definition 6.1 to take values in Z, while working in the category
of topological C[[ h]-algebras:

Definition 4.1 'The Yangian double DYyg is the unital, associative C[[/]-algebra
topologically generated by {xi., i, }ic1,rez, subject to the relations (3.1)-(3.6) of
Definition 6.1. In terms of generating series

Xi(u)=Y xpu™" and  H;(u)=) hyu ",

reZ reZ
these defining relations can be expressed as follows, for i, j € I:
[Hi(u),H;(v)] =0,
[hio, X5 (u)] = £2d:;X5 (u),
(u—vFhdij) H(u)X5 (v) = (4= v + hdij) X5 (v)H; (u),
(u-v+hd;;) X3 (u)X5(v) = (u-v+hd;)) X5 (V)X (u),
[ (), X5 (v)] = 8iju”" 8 (v/u) i (v),
o [50F (ut))s [ X5 () )s - -5 [ 5 (thm(omy ), X5 (V)] - ]] = 0,

TTES

where 8(u) = ¥,z u" € C[u*'] is the formal delta function and in the last relation
i#jand m=1-a;j.

DYyg is Z-graded as a topological C[#]-algebra, with grading induced by the
degree assignment deg xf. = deg h;, = rforall i e Iand r € Z. Thatis, if DY} g, denotes
the closure of the subspace of DY, g spanned over the complex numbers by monomials
in x},, h;, and h of total degree k, then

DYng = P DYnox
keZ

isa dense, Z-graded C[ /1]-subalgebra of DY} g satisfying the conditions of Lemma 2.4.
In particular, in the notation of Section 2.2, one has DYy g = DY} gz.

Remark 4.2 Let DY, g’ denote the C[h]-algebra generated by {x%, hiy }ie1,rez, sub-
ject to the defining relations (3.1)-(3.6). Then DY} ¢’ is a Z-graded C[#]-algebra, and
there is a natural algebra homomorphism

7:DYpg’ > DYsg c DYjg.

The kernel of 7 is the graded ideal n,enyA"DYpg’, and DY, g can be recovered as the
h-adic completion of DY, g’ (see [41, Proposition 2.7]). Thus, 3(DYxg?) is a dense,
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Z-graded C[h]-subalgebra of DY,g. It is, however, a proper subalgebra of DY} g as
the graded components j(IDYyg; ) are not closed in DY, g. Rather, one has

DYpgx = l(iil(]Dthgc/hn]Dthiin) V kel
n

The above definition implies that DYy g is a Z-graded C[ /i]-algebra deformation
of the enveloping algebra U(t), where we recall that t=g[t*']. Analogously to
the Yangian case recalled in Section 3.2, the identification DY,g/ADYsg = U(t) is
induced by the graded C[ /] -algebra epimorphism DY, g — U(t) given by

xi, e~ xit', hiyehit" Viel and reZ.

The Poincaré-Birkhoff-Witt theorem for DY}g, established in Theorem 6.2 of [41],
asserts that DYj g is a topologically free C[[ #]-module, and thus a flat deformation of
U(t):

Theorem 4.3 DYyg is a flat deformation of the Z-graded algebra DY,g/hDYsg
U(t) over C[h]. In particular, DYpg 2 U(t)[h] as a Z-graded topological
C[h]-module.

The notation for the generators of DY, g may seem, on the surface, to conflict with
the notation used for generators in the Yangian associated with g. However, there is a
natural Z-graded C[ h]-algebra homomorphism

(4.1) 1:Ypg - DYpg

sending each generator of Y;(g) c Ysg to the corresponding element of DYyg,
denoted with the same symbol. By Corollary 4.4 of [41], 1 is injective, and we shall
henceforth identify Y,g with 1(Yxg).

4.2 Automorphisms and root vectors

To each i € I, we may associate series X (u) and /; (1) in DY, g[u] by setting
&7 (u) =i (u) = X5 (u)  and by (u) = B (u) - 3G (u).

The following lemma is then a straightforward consequence of the defining relations
of DY,g, where w and ¢ are as in Lemma 3.3.

Lemma 4.4  There are unique extensions of the anti-automorphisms w and ¢ of Y5 (g)
to anti-automorphisms of the C[[ h]-algebra DYy g such that, for each i € 1,

(% () = %7 (), w(hi(u)) = hi(u),
o7 () =47 (-u),  ¢(hi(w)) = hi(-u).
Following the terminology from Section 3.3, we shall refer to the involution w as
the Chevalley involution of DY}g.
The adjointaction of h c DY, g on DYy g gives rise to a topological Q-grading on the

C[ ~]-algebra DYyg (cf- Corollary 6.5 and [41, Section 3.1]) with graded components
given by the weight spaces

DYhgp:={x € DYpg:[h,x]=B(h)x Vheb} VpeQ.
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That is to say, each of these subspaces is a closed C[[ 4 ]-submodule of DY g, and the
direct sum

DYgq = @ DYrgp
BeQ
is a Q-graded dense C[/]-subalgebra of DY;g whose subspace topology coincides
with its fi-adic topology. Here, we have borrowed, and modified appropriately, the
terminology of Section 2.2. It should be emphasized that the word topological is key
in this statement, as the Q-graded algebra DY} g is a proper subset of DY g.

We now introduce root vectors in DYy g of arbitrary degree, following the pro-
cedure used in Section 3.4. Recall from (3.11) that to each positive root § € A*, we
attached an index i(8) € I and an element X* € U(n, ) B- For each k € Z, we then
set

xi(p)*

Xk = X “%i(p)k €DYagg and  xp; = w(xp ;) € DYpg_p,
where g operates on DY,g via the adjoint action. For k € N, these elements are
identical to those introduced below (3.11). Moreover, we have
xgt'=x5, modh VBeA’,rel.

It shall be convenient for us to organize the above elements into generating series
xz(u)e DY;g.p[u'] and x5 (u) € DYpg.p[u] by setting

xg(u) = ZNxE,,u’r’l and x5 (u) =~ ZNxE,_,_lur V. BeA’.

4.3 The formal shift operator

We now shift our attention to recalling some of the main constructions of [41], subject
to our standing assumption that g is a finite-dimensional simple Lie algebra. To begin,
we introduce a number of relevant spaces built from the Yangian Y, (g), following
Sections 4.1 and 4.2 of [41] and Section 3.6 above. First, let
Yig =[] Ya(0)x
keN

denote the formal completion of Y;(g) with respect to its N-grading. This is a
topologically free C[[/1]-algebra containing Y, g as a subalgebra (see [15, Proposition
6.3] or [41, Lemma 4.1])./\ - L

Next, let LY g, and Ysg, denote the subspaces IL(Y;g{") and Y,g%" of the space
of Laurent series Y;(g)[z;z7!] introduced in Section 3.6. That is,

Yao, = [] Ya(o)ez™* ¢ Ya(g)[27'],
keN

and LY} g, is the Z-graded subalgebra of Y;(g)[z:z™'] over C[] defined by

LYng, = @ 2" Vg,
nez

The following lemma, established in [41, Proposition 4.2], provides a characterization
of the A-adic completion of LY} g,.
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Lemma 4.5 The h-adic completion LY,g, of LY,g, is the subspace of Yyg[z*']
consisting of formal series

> 2 fi(z),  fil2) € Yag,
keZ
with the property that, for each n € N, 3 N,, € N such that

fu(z) € (h)2)"Yhg, ¥ |k|>N,.
Moreover, LY, g, is a topologically free Z-graded C[[h]-algebra with
(Lﬁ\gz)z = ]LYFEZ

The last statement of the lemma employs the notation from Lemma 2.4 and follows
from the fact that L%Z is a torsion-free Z-graded C[#]-algebra and that each
subspace zk?h\gz is closed in Y g[z*'], equipped with the A-adic topology, and thus
in LYpg,.

Next, recall that 7, is the formal shift homomorphism of the Yangian introduced
in (3.8), which we may view as a C[[ i ]-algebra homomorphism

7,1 Ypg = Yag[z].

In addition, we set 3" = 207 for each n € N, where 9 is the partial derivative
operator with respect to z. The following theorem, which is a combination of a special
case of Theorems 4.3 and 6.2 of [41], introduces the so-called formal shift operator @,
on DYyg.

Theorem 4.6  There is a unique homomorphism of C[[ h]-algebras
@, : DYyg ~ LYpg,

with the property that ®, o 1 = T,. Moreover:

(1) @, is injective, and satisfies
@:(i5 (W) = R ()"wA i (-2) ¥ peat,
@, (hi(uw) = 3 (-1)"u"3"hi(-z) Viel

neN
(2) The restriction of ©, to DYg is a Z-graded C[ h]-algebra homomorphism
D.|ny,q : DYag > LYag, = D 2"Vag, < Ya(9)[z27'].
nez

Remark 4.7 In the terminology of Section 2.2, Part (2) is equivalent to the assertion
that @, is a Z-graded C[h]-algebra homomorphism. This is implied by Part (2) of
Theorem 4.3 in [41], which asserts that the composition @, o 7 is a Z-graded algebra
homomorphism, where j is as in Remark 4.2.

By [41, Proposition 4.2(4)], the evaluation map
(4.2) Ev:LYng, > Yag, f(2) ~ f(1),
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is an epimorphism of C[[ #]-algebras. We may thus compose @, with & to obtain a
C[[h]-algebra homomorphism

d)::cg’voCI)Z:Dtheﬁ\g.

By Theorem 6.2 of [41], this homomorphism is injective. One of the main results of
[41] is that ® induces an isomorphism between completions of DYxg of Y;(g). To
make this precise, let § ¢ DY} g denote the kernel of the composition

h—0 t—1
DYag — U(g[t*']) — U(a),
and define DY} g to be the completion of DYy g with respect to the J-adic filtration
Dthzgoz)g:)gZ:) 33”:)

We then have the following analogue of [15, Theorem 6.2], which is a special case of
Theorem 5.5 in [41].

Theorem 4.8 @ is injective and induces an isomorphism of C[[ h]-algebras
®:DYjg = Thg
with inverse T uniquely extending the embedding 10 1_; : Y;(g) - DYxg.

Remark 4.9 One subtle consequence of this result is that the natural homomorphism
DYag ~ DYsg

is injective. Indeed, its composition with the isomorphism ® recovers the injection
®. Henceforth, we shall freely make use of this fact and view DY g as a subalgebra

of DY,g. We further note that the subspace topology on DYjg, with respect to the
h-adic topology on DY}g, coincides with the fi-adic topology on DY} g. Indeed, as
DY,g 2 Y,g is torsion-free, to see this it suffices to show that

hDYpg N DYhg = hDYyg.

This, however, follows immediately from the injectivity of the semiclassical limit of @,
established in [41, Theorem 6.2]. In particular, this discussion implies that DY g is a
closed subspace of the topological C[A]-module DYjg. Similarly, one deduces that
®,(DYyg) is a closed subspace of L?h\gz.

To conclude this preliminary section on DYyg, we introduce the auxiliary C[#]-
algebra homomorphism

(4.3) I,:=To& :LYsg, - DYsg

which has the property that I'; |0,y = ®;". This homomorphism shall play a promi-
nent role in the main result of Section 7 and its proof (see Theorem 7.5).

5 The Drinfeld—Gavarini Yangian

In this section and Section 6, we give a self-contained exposition to the dual Yangian
Yrg”, which provides a homogeneous quantization of the graded dual t_ = t'g[¢™]
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to the Lie bialgebra t, = g[t], as will be explained in detail in Section 6. The definition
of Yng" takes as input the so-called Drinfeld-Gavarini subalgebra of the Yangian. The
goal of the present section is to introduce this subalgebra and survey some of its key
properties.

5.1 Quantum duality

To provide context, let us first briefly recall the general construction of the dual of a
quantized enveloping algebra, following [7, Section 7] and [19, Section 4.4] (see also
[11] and [1, Section 2.19], for example).

Suppose that Uxb is a quantization of a finite-dimensional Lie bialgebra (b, dp),
where we follow the terminology and notation from Section 2.4. One would then like
to introduce a notion of duality which sends U b to a quantization of the Lie bialgebra
dual (b*, 8+ = [, ];) to (b, 8y ). The first crucial observation is that C[ /1] -linear dual
Unb* = Homepsy (Upb, C[A]) of Uxbis not itself a quantized enveloping algebra (see
Lemma 2.1 0of [19], in addition to [7, Section 7] and [1, Section 2.19]). The correct notion
of duality within the category of quantized enveloping algebras was introduced in [7,
Section 7]. One considers the C[i]-submodule

Upb' = {x € Upb: (1-&)®"A"(x) € h"Upb®" ¥ n e N} c Upb,

where ¢ and A are the counit and coproduct, respectively, on the topological Hopf
algebra Uy b, and all notation is as in Section 5.2 below. Then, by [19, Proposition 3.6],
Upb’ is a quantized formal series Hopf algebra, with semiclassical limit isomorphic
as an algebra to the completion of the symmetric algebra S(b) = @,y S"(b) with
respect to its standard grading. In particular, this means that although U, b’ is not
in general a topological Hopf algebra over C[h] in the sense of Section 2.1, it is a
topological Hopf algebra with respect to the Ji,-adic topology, where

Jo = hUpb N Unb’ = e[y} o (RC[A]).

The subspace Uy b° c (Upb’)* consisting of continuous linear forms with respect to
this topology is then a quantization of (b*, 8 ). This is the quantized enveloping
algebra dual of Upb.

Remark 5.1 Here, we note that U,b° can be equivalently defined as the f-adic
completion of the C[#]-module
(Upb*)* = > h"my c C((h)) ®cpay Unb™,
neN

where mp := {f € Upb* : f(1) € AC[h]}. That this produces a topological Hopf alge-
bra which can be identified with Uxb° is a nontrivial result, which is part of the
quantum duality principle. This was first announced in [7, Section 7], and proven in
detail in [19] (see Theorem 1.6 therein). We will not, however, need this equivalent
formulation in the present article.

In our setting, b = t, = g[¢] is not finite-dimensional, but rather an N-graded Lie
bialgebra b = @, oy b, with finite-dimensional graded components. As Y,g = Upbisa
homogeneous quantization of t,, the above construction remains valid, provided the
notion of duality is adjusted so as to respect the underlying gradings. In fact, one can
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replace Uy, b’ with an N-graded topological Hopf algebra Y g over C[ 1] of finite type,
and Uy b° with the restricted dual of Yyg, as defined in Section 2.3. The topological
Hopf algebra Yy g and its C[]-form Y, (g) = (Yrg)n (see Section 2.2) are the focus
of the present section.

5.2 The Drinfeld-Gavarini subalgebra
Let us define A” for any n € N by setting A® = ¢, A' =1 =1y, (4 and
A" = (A1) 0 A" 1 Yy (g) > Ya(g)®"
for all n > 2. We then define the C[4]-submodule Y (g) c Yx(g) by
Yi(g) = {xeYu(g): (1-¢)®"A"(x) e h"Y;(g)®" ¥V n e N}.

By Lemma 3.2 and Proposition 3.5 of [27] (see also [19, Proposition 2.6], [20, Theorem
3.5], and [13, Lemma A.1]), Yj(g) is a subalgebra of Y;(g) which is commutative
modulo A:

(5.1) [x,y] € iYn(g) V x,y€VYu(g).

As the structure maps 1, &, and A" are graded, Y}, (g) inherits from Yj,(g) the structure
of an N-graded algebra. We shall call Y}, (g) the Drinfeld-Gavarini subalgebra of the
Yangian Yy (g). Its algebraic structure has been described in detail by Tsymbaliuk and
Weekes in Appendix Appendix A of [13], following the general results obtained in the
works [19, 20] of Gavarini. In this subsection, we review, and partially extend, this
description.

Let Ry (U(t,)) denote the Rees algebra associated with the standard enveloping
algebra filtration F, on U(t,):

Ru(U(t.)) = E%h”Fn(U(t)) c U(t,)[h].
Consider now the symmetric algebra S(ht,) c S(t,)[#] on At,. Here, i can be
viewed as a gradation parameter associated with the standard N-grading on the
symmetric algebra S(t,). Namely, S(At,) n A"S(t,) is precisely the nth symmetric
power S"(ht,) = h"S"(t,), and S(At,) = S(t,) as an N-graded algebra. As U(t,) is
a filtered deformation of S(ht,) (that is, one has gr U(t,) = S(ht,)), Ry (U(t,)) isa
flat deformation of S(ht, ) over C[#]. Let

q:Ra(U(t.)) > S(ht,)

be the natural quotient map, under the identification of Ry (U(t,))/ARA(U(X,))
with gr U(t,) = S(At, ). In what follows, we shall be primarily interested in the loop
gradings on Ry (U(t,)) and S(At, ), inherited from the natural grading on U(t,)[#]
compatible with the N-grading on t,. Namely, one has

deg(ht, ;) = deg(hgt*) =k+1 V keN.
We shall denote the nth graded component of S(ht,) by S, (At,) so that

S(ht,) = @ Sn(ht.).

neN
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Recall from Section 3.4 that v denotes the graded C[#]-module isomorphism
va : Ya(g) = U(t)[A]

defined in (3.12), which depends on a fixed total order on the set G. We equip AG
with the induced ordering, for which multiplication by A defines an isomorphism of
ordered sets G => hG, and we let B(AG) c Y;(g) denote the corresponding set of
ordered monomials in AG. We further recall that p : U(t,)[A] — Ys(g) is the inverse
of the specific choice v = vg defined in (3.13).

The following proposition is a consequence of Proposition 3.3 of [20] in addition
to Proposition A.2 and Theorem A.7 of [13] (see also [19, Section 3.5]).

Proposition 5.2 Let V¢ denote the restriction of vg to Y (g). Then:

(1) Yn(g) is an N-graded Hopf subalgebra of Yy (g).
(2) Vg is an isomorphism of N-graded C[h]-modules

Ve : Ya(g) = Ra(U(L)).

(3) Yn(g) is generated as a C[h]-algebra by hu(t,) and has basis B(hG).
(4) The composition q:=qovg is an epimorphism of N-graded algebras which
descends to an isomorphism

Yn(9)/hYn(g) = S(ht.).

Proof of (2) and (3) These statements are a minor modification of the statement of
Theorem A.7 of [13]. For the sake of completeness, let us recall the main ingredients,
beginning with the proof that AG (and thus Au(t,)) is contained in Y (g), given in
Lemmas A.5 and A.6 of [13].

For each n € N, x € g, and i € I, the formulas of Proposition 3.2 imply that

n n
A"(x) = Zx(“) and  A"(£;1) =), tgla) +h)’ reb,
a=1 a=1 a<b
where y(®) =18(-) @ y @ 18("=b) ¢ v, (g)®" for any y € Y4(g) and, for each a < b,
B+ B% is the algebra homomorphism Y (g)®? — Y,(g)®" given on simple tensors
by (x ® y)? = x(9) y(¥) Since (1- ¢) projects Yy (g) onto Ker(e), it follows readily
from these formulas that

hg @] {htil}iel C Yh(g)

We may now deduce that AG c Yj(g) as follows. By (5.1) and the above, Y4 (g) is a
g-submodule of Y, (g) which is preserved by the operators {ad(#;1)};c. Hence, the
elements

hxi = (£1)*ad(T;)*(hx¥) and  hhyy = [x], hx; ]

necessarily belong to Y1 (g) for each i e Iand k € N, where T; = (2d;)'t;,. As hxy
belongs to the g-submodule of Y;(g) generated by hx?;, we can conclude that hG c
Yr(9)

Since Ry (U(t,)) has basis given by the set of ordered monomials in 1q(G), to
complete the proof of both Parts (2) and (3), it suffices to see that B(AG) spans Yj(g).
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This follows from the fact that B(G) is a basis of Y;(g) together with the crucial
Lemma 3.3 of [19] (see also [11, Lemma 4.12]). We refer the reader to the proof of
[13, Proposition A.2] for complete details. [ ]

Proof of (1) We have already seen that Y}, (g) is an N-graded subalgebra of Y;(g).
That it is a Hopf subalgebra of Y;(g) is a special case of Proposition 3.3 of [20],
which passes to completions and makes use of a modification of a technical result for
quantized formal series Hopf algebras established in [9, Proposition 2.1]. It is worth
pointing out that, in our specialized setting, it is possible to give a concise direct proof
that Y5, (g) is a subcoalgebra of Y (g) stable under the antipode S.

Indeed, by Proposition 3.2, one has A(hx) € Y,(g)®? for x € hgu {ti1}ic1. As
Y1 (9)®? is a g-submodule of Y;(g)®? stable under all operators ad(t;; ® 1+1® t;),
the inclusion A(AG) c Yp(g)®? will hold provided Yj(g)®? is preserved by the
operators ad(Ar;). This is itself a consequence of the fact that r; € g ® g, the inclusion
hg c Yu(g), that Y, (g)®? is a g-submodule of Y;(g)®?, and the relation

[Ari,x®y] = [hri,x(l)]y(z) +x(1)[hr,~,y(2)] Vx,ye Y;-,(g).

Hence, by Part (3), we can conclude that A(Y;., (9)) c Yn(g)®2. A similar argument,
using the formulas of Proposition 3.2 and that Y, (g) is a g-submodule of Y}, (g) stable
under the operators ad(S(t;,)), implies that S(Y5(g)) ¢ Ya(g). ]

Proof of (4) By Part (2), q is an N-graded C[#A]-linear epimorphism with ker-
nel 7Y (g), and thus gives rise to an isomorphism of graded vector spaces § :
Yu(g)/hYn(g) => S(ht,). To conclude, it suffices to prove that § is an algebra
homomorphism. By (5.1), Yu(g)/hYn(g) is commutative, and so the linear map
ht, - Y1 (g)/hYn(g) sending any fix € ht, to the image of hu(x) in \f (g)/th(g)
uniquely extends to an algebra homomorphism p : S(ht,) — Yx(g)/hYr(g). Since
g o p =1, we can conclude that q is the inverse of p, and thus an algebra homomor-
phism. [ ]

Recall from (3.14) that Y, g denotes the /i-adically complete Yangian associated with
g, and let Y g denote the A-adic completion of the Hopf algebra Y (g):
SN "
Yng :=lim(Yn(g)/h"Yn(g)).

As an immediate consequence of the above proposition and Corollary 2.6, we obtain
the following result.

Corollary5.3 Ypg is a topologically free, N-graded topological Hopf algebra over C[ 1]

of finite type. Moreover:

() Yng is a flat deformation of the N-graded algebra S(ht, ) over C[h]. In particular,
Yy = S(ht,)[h] as an N-graded topological C[ h]-module.

(2) Yng is a topological Hopf subalgebra of the completed Yangian Ypg.

The statement that Y},g is of finite type reduces to the fact that the homogeneous
components S, (ht,) of S(kt, ) are all finite-dimensional complex vector spaces (see
below Corollary 2.9).

Henceforth, we will identify S(%t,) with the semiclassical limit of Y, (g) as an
N-graded Hopf algebra. We emphasize that this is a non-cocommutative Hopf algebra;
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in particular, it is not isomorphic to the standard symmetric Hopf algebra on At.,
which we denote by S(it, ). However, Y, (g) and S(/t, ) are filtered deformations of
Rr(U(t,)) and S(At, ), respectively, as we now explain. Consider the Hopf ideal

(5.2) J:=hYp(g) " Ya(g) < Yn(g)

Here, we note that it follows from Part (3) of the above proposition that, for each pair
of positive integers k, n € N, one has

(5.3) (@) nYa(@)® = > JThe-- o]t

ky+...+kn=k

In particular, J* = 2% Y, (g) n Y5 (g) for each k € N, and so the associated graded Hopf
algebra gr](Yh (g)) with respect to the J-adic filtration embeds inside the associated
graded Hopf algebra gr, (Y (g)) of Y5 (g) with respect to the A-adic filtration. Since
Y;(g) is a torsion-free Hopf algebra deformation of U(t,) over C[#], we have
isomorphisms of graded Hopf algebras

gr,(Ya(g)) = @ h"Ya(g)/n"" ' Ya(g) = D h"U(t,) = U(t,)[A],

neN neN

gr;(Ya(g)) = G%I"/J"“ ~ @ h"F,(U(t.)) =Ra(U(t,)),

neN

where the second isomorphism follows from the first and Proposition 5.2. In fact, the
module isomorphisms vg and Vg are filtered, and the above identifications can be
realized as the associated graded maps gr(vg) and gr(ve ), respectively.

The image of J under the quotient map ¢ is the Hopf ideal

(5.4) J:=@S"(ht,) c S(ht,)

n>0

where 5" (ht, ) denotes the nth symmetric power of At,. This is also a Hopf ideal in
S(ht,), and one has a canonical isomorphism gr;S(At,) = S(At,) of graded Hopf

algebras. Since the elements of y(t,) are primitive modulo /Y (g)®?, the subspace
ht, = J/J? of gr;S(ht,) consists of primitive elements, and we can conclude that

gr;S(ht,) 2 S(ht,) = gr;S(ht,)
as graded Hopf algebras.

Remark 5.4 Since J* = B*Y,(g) n Y, (g) for each k € N, the closure of Y (g) in the
quantized enveloping algebra Y, g coincides with the J-adic completion

Yag' = lim(Yn(g)/J")  Yag.

This is precisely the quantized formal series Hopf algebra Uxb’ from Section 5.1
associated with U b = Yj,g. As J surjects onto the ideal J from (5.4), the quotient map
g induces an isomorphism of C[[]-algebras

Yag'/Yng' = S(ht,) = ] S"(ht.) = lim(S(ht,)/I").

neN n
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5.3 Triangular decomposition

Proposition 5.2 implies that the triangular decomposition of Y4(g), reviewed in
Section 3.4, induces a triangular decomposition on Yp(g), with the N-graded
C[h]-algebras

Y4 (g) =Yy (g)nYa(g) and Yp(g):=Y(g) nYa(g),

playing the roles of Y;*(g) and Y} (g), respectively. In this subsection, we spell this out
explicitly. Let us set

tfi=n.(t]ct, and " :=h[t]ct,
and recall from Section 3.4 that v, and £ are the isomorphisms
ve i Yy(g) > U(E)[h]  and  E:Y;(g) = S(t)[A]

defined above (3.13) and in the statement of Proposition 3.5, respectively. We further
recall from (3.17) that, for each 8 € Q,, v(f3) € N is defined by

v(B) =min{k e N:3B,...,Lr € A" with B=PB1+ - + Pk}

_ Thefollowing corollary provides an analogue of Proposition 5.2 for the subalgebras
Y%(g) and Y} (g).

Corollary 5.5 Let v and & denote the restrictions of v, and & to Y3 (g) and Y(g),
respectively. Then:

(1) vy is an isomorphism of N-graded C[ h]-modules
Vi Y5(8) = Re(U(E)) c U(E)[R].
(2) & is an isomorphism of N-graded C[ h]-algebras
§:Ya(e) = S(ht))[A]  S()[A].

(3) Y£(g) is a torsion-free, N-graded C[h]-algebra deformation of S(ht*). In partic-
ular, there is an isomorphism of graded C[ h]-modules

Yi(9) 2 S(ht?)[h].
(4) Y;(g) is a Q-graded subalgebra onﬁ(g) with
Vi(@)ep <P c " ®Yi(g)p VBeQ..

We note that each of these results follows readily from Propositions 3.5 and 5.2, in
addition to Corollary 2.6 in the case of Part (3). We leave the details as an exercise
to the interested reader. As a consequence of this corollary and Proposition 5.2, we
obtain the following analogue of Part (3) from Proposition 3.5.

Corollary 5.6  The multiplication map
i Y3 (8) ® Y3 () ® Vi (9) > Ya(g)
is an isomorphism of N-graded C[ h]-modules.
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Remark 5.7 As in Remark 3.7, the above results can easily be lifted to the A-adic
setting using Corollary 2.6 (see also Corollary 5.3). We especially note that, for each
choice of the symbol y, the £i-adic completion

Y :=lim Y} (g)/h"Y}(g)

is a topologically free N-graded C[ /]-algebra of finite type, which provides a flat
deformation of the symmetric algebra S(AtY) over C[4]. In addition, Yg g embeds
inside the completed Yangian Yxg, and the multiplication map induces an isomor-
phism of N-graded C[ #]-modules

m:Yig®Yag®Yag = Yag,
where ® is now the topological tensor product ® over C[4] (see Remark 2.11).

5.4 The adjoint and coadjoint actions

We now prove two lemmas concerning the Drinfeld-Gavarini subalgebra Y;(g)
which will play an important role in the main results and constructions of Sections 7
and 8. The first of these, Lemma 5.8, will be used to construct the quantum double of
the Yangian in Section 8.2.

Let w: Ys(g) ® Ya(g) > Ys(g) and A : Yy(g) — Yr(g) ® Y, (g) denote the left
adjoint action of Y;(g) on itself, and the right adjoint coaction of Y;(g) on itself,
respectively. That is,

v:m3o(l®2®8)o(23)O(A®1),
A=(1em)o(12)o(S®1%%) 0 A’

The hi-adic analogue of the below result, for a quantized enveloping algebra U, b with
Y5 (g) replaced by Upb’, was established in Propositions 4.3 and 4.4 of [1] (see also
Proposition A.5 therein).

Lemma 5.8 One has

v(Ya(g) ®Yn(g)) c Yn(g) and A (Ya(g))c Ya(g) ® Ya(g).

Proof Since w makes Y (g) a left module, to prove the first inclusion, it suffices to
show thatx - y := w(x ® y) € Yy (g) forall x € gu {t;1};c1 and y € Y (g). Since

x-y=[x,y] and ti1~y:[til,y]+m([y(1),hri]) Vxeg,iel,erh(g),

this follows from the observation that hr;e g® hgcg® Y (g) and the fact that
Y (g) is a g-submodule of Y;(g) stable under ad(#;;) forall i € I.
As for the second inclusion, note that A is a homomorphism of right modules:

(5.5) Aom=yo(A®]l),
where y : Y5 (g)®* ® Ya(g) — Yu(g)®? is the right action defined by

y=mem?o (128 S®1%*) 0 (24) 0 1% ® A%).
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This right action preserves Y5 (g) ® Y (g) ¢ Y4(g)®2. Indeed,if y € Y4(g),z € Y1 (g),
and x € g, we have

y(y®z®x)=y®[z,x]+yx®z¢c Yi(g) ® Ya(g),

and replacing x by t;;, for any i € I, yields instead
y(yezety) =y ([zta] + m([zD,hr]) + ytn @ z + yD (2P hr; — ar?'z?)

which again belongs to Y;(g) ® Yn(g) as hir?, hir; € (hg ® g) n (g ® hg) and Y (g)
is an ad(#;; )-stable g-submodule of Y (g).

Since Y;(g) ® Yn(g) is a right submodule of Y;(g)®? under y, the condition
(5.5) guarantees that A (Y(g)) c Ys(g) ® Yx(g) will hold provided it holds on g u
{ti1}ia. To conclude, it suffices to note that, for each x € g and i € I, one has

A(x)=x®1leY(g)® Ya(g)

A(ty)=ta®Ll+h(r;—r') € Ya(g) ® Ya(g). u
5.5 The R-matrix

The second lemma we will need concerns the universal R-matrix R(z) of the Yangian,
and will play a crucial role in identifying the dual Yangian as a subalgebra of the
Yangian double DY} g in Section 7. In what follows, all notation is as in Section 3.6.

Lemma 5.9 The factors R*(z) and R°(z) of the universal R-matrix R(z) have
coefficients in (Yr(g) ® Yn(g)) n (Yn(g) nYr(g)). Consequently,

R(z) € (Yn(g) ® Ya(9))[z' ] (Ya(g) ® Ya(g)[z'].

Proof Since Y;(g) is preserved by ad(t;;) for any i € I and, for each a € A”, the
simple tensor fix, ® x; = x, ® hx, belongs to the intersection of Y, (g) ® Y4(g) and
Ys(g) ® Yr(g), it follows from (3.18) and induction on ht(f) that

R5(2) € (Ya(a) ® Ya(a)) [z In (Ya(g) ® Ya(a))[z'] ¥ e

Consequently, both R™(z) and R*(z) = Ry (~2)" belong to the intersection of
(Yn(g) ® Ya(9))[z7'] and (Yn(g) ® Yr(g))[z']- It is thus enough to prove that

R(z) € (Ya(g) ® Ya(9)) [z 10 (Ya(a) ® Ya())[2'].

Recall from (5.2) that J = Y, (g) nhYs(g). Since fih;(u) € Jlu™'], the logarithm
t;(u) =log(l+ hh;(u)) and its Borel transform B;(u) both have coeflicients in J.
Therefore, we have

h™'Bi(u) ® Bj(-u) € (Y(g) ® Ya(9))[u] n (Ya(g) ® Ya(g))[u] Vi jel

Since g(z/2rh) is divisible by A, it follows from (3.19) that the logarithm 8(z) of
R°(z), and thus R°(z2) itself, has coefficients belonging to the intersection of Y (g) ®
Yn(g) and Yx(g) ® Y (0)- u
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6 The dual Yangian

With Section 5 at our disposal, we are now in a position to introduce the dual Yangian
Yo", After defining Y, g™ and spelling out some of its basic properties in Sections 6.1
and 6.2, we prove in Sections 6.3 and 6.4 that it is a homogeneous quantization of the
Lie bialgebra (t_, _) defined in Section 2.5. We conclude in Section 6.5 by identifying
a family of generators for Y;g" and establishing a triangular decomposition.

6.1 The dual Yangian Y;,*

By Corollary 5.3, the A-adic completion Y g of Y}, (g) is an N-graded topological Hopf
algebra of finite type. We may thus apply the machinery from Section 2.3 to obtain a
Z-graded topological Hopf structure on its restricted dual.

In more detail, by Proposition 2.10, the restricted dual Yxg", as defined in
Definition 2.7, is a Z-graded topological Hopf algebra over C[ ] with product, unit,
coproduct, counit, and antipode given by the transposes

A':Yng" ®Ypg" > Yag', & :C[h] — Yag',
m':Ypg" > Yag @ Yag', 1f:Ypg" - C[h], S':Yag" - Yig',
respectively, where A, &, m, 1, and S are the coproduct, counit, product, unit, and

antipode of Yj g, respectively, and ® is the topological tensor product over C[ /] (see
Remark 2.11).

Definition 6.1 'The topological Hopfalgebra Y g introduced above is called the dual
Yangian of g.

Explicitly, Yrg" is the subspace of the C[i]-linear dual Y,g" consisting of those
f:Yrg — C[ A] which are continuous with respect to the gradation topology on Yy g.
It can be recovered as the fi-adic completion of the Z-graded C[#]-algebra

(Yng )z =B Yag, = Yi(g)"
ael

where Yj(g)" is the graded dual of Y1 (g) over C[h] which, as explained in
Remark 2.8, coincides with (Yp g")z under the natural identification of Yg" with
Homg(4)(Yr(g), C[h]). Here, we have set

Yo, = Hom¢: (Yrg,C[R]) = Hom{é[h](Yh (9),C[h]) VYacZ.
By Corollary 2.9, Yg” is a flat deformation of the graded Hopf algebra
Yo /Y ng" = S(ht,)".

In particular, the dual Yangian Y,g" is isomorphic to S(kt,)"[k] as a Z-graded
topological C[h]-module. Here, we recall that S(kt,)” is the graded dual of the
N-graded Hopf algebra S(#t, ) over C. As a vector space, one has

S(ht,)" =D S(ht.)’,,

neN
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where S(At, )", = S,(ht,)" c Homc(S(At, ), C). We shall identify this Hopf algebra
with the enveloping algebra of the Lie algebra t_ = t"'g[t™!] in Section 6.3 below.
Now let us make a few comments which concern the restricted dual Y,g" of the
full, completed, Yangian Yg. Since Yxg is an N- graded topological Hopf algebra
over C[1], the formalism of Section 2.3 implies that Y;g" is a Z- graded topological
C[ h]-algebra, which provides a flat deformation of the algebra U(t, )" over C[#]. In
particular, there is an isomorphism of Z-graded topological C[[ A]-modules

Yag' 2 U(L)"[A].

However, Y;g" is not itself a topological Hopf algebra over C[[] with respect to the
h- ad1c topology. It is, however, naturally a subalgebra of the topological Hopf algebra
Yrg”. This is made explicit by the below result.

Proposition 6.2  The C[ h]-linear map
Yag" > Yag' o fly,e YV feYag
is an injective homomorphism of Z-graded topological C[[ h]-algebras.

Proof Since Y;,g is a Z-graded Hopf subalgebra of Y g, the map f ~ f Iy, Tespects
the underlying Z-graded algebra structures. Moreover, if f € Y,g" vanishes on the
basis B(hG) from Proposition 5.2, then it vanishes on the basis B(G) of Y, (g) as
C[ ~] is torsion-free. This yields the injectivity. ]

Remark 6.3 Let] be as in (5.2). Then, since J satisfies
]nC@Yh(g)k VneN,

k>n

every f € Yrg" is automatically continuous with respect to the J-adic topology on
Y1 (g), and so uniquely extends to an element of the associated topological dual Yy g°
to Y, g’ (see Section 5.1 and Remark 5.4). In this sense, the notion of duality considered
here is compatible with that for a general quantized enveloping algebra Ujb outlined
in Section 5.1, despite the fact that we did not need to leave the category of topological
Hopf algebras over C[A] to define Ysg".

Remark 6.4 An alternative description of Yg" using the formalism of Remark 5.1
can be found in [12, Section 3.1].

6.2 Chevalley involution and g-action

We now make a handful of simple observations which will play an important role in
the remainder of this article. In what follows, we shall freely make use of the fact that
Yrg" can be naturally viewed as a subspace of Homg(p (Yr(9),C[R]).

Since the Chevalley involution w defined in Lemma 3.3 is an anti-automorphism
of the graded Hopf algebra Y;(g), it follows from the definition of Yj(g) (or,
alternatively, from Proposition 5.2) that it restricts to an anti-automorphism of the
graded Hopf algebra Y}, (g), which we again denote by w. Consequently, the transpose
w' of w, uniquely determined by

W' (f)(x) = f(w(x)) ¥ feYag" and x € Ya(g),
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is an involutive Hopf algebra anti-automorphism of Y;g". We call w’ the Chevalley
involution of Ypg”.

Next, recall that the adjoint action of g on Yj(g) preserves the Drinfeld-Gavarini
subalgebra Yh(g) Slnce each graded component Y} (g) is also a submodule, the
restricted dual Y g" is a g-module equipped with the coadjoint action

(x-)(»)=f(S(x)-y) VxeU(g), yeYn(g) and feYng".

We now introduce a topological Q-grading on Y,g" compatible with the above
action which is analogous to that obtained for DY, g in Section 4.2. For each f8 € Q,
define the closed C[ #]-submodule th; cYug by

Yags = {f €Yng": f(Yn(9)a) € C[M]asp ¥ a € Q},

where C[h], is C[A] if « = 0 and is {0} otherwise. It is easy to see that th; is just

the B-weight space of Y,g" with respect to the g-module structure introduced above.
That is, one has

Yagp={feYng s h-f=p(h)f Vhep}.
As Y;(g) is Q-graded as a Hopf algebra, the direct sum

Ynog = @ Yagp c Yag"
BeQ

is a Q-graded C[h]-subalgebra of Yng". Moreover, the counit, coproduct, and
antipode of Yj,g" are all Q-graded, degree zero, maps. It is not difficult to prove that
\f ga is a dense subalgebra of Y, g” whose subspace topology coincides with its i-adic
topology. Hence, we obtain the following result:

Corollary 6.5 Yyg" is Q-graded as a topological Hopf algebra over C[[1].
6.3 Classical duality

We now wish to identify the graded dual S(kt, )" of the N-graded Hopf algebra S(ft, )
with the enveloping algebra U(t_), where we recall that t_ = ¢t~'g[¢™"].

To formulate this result optimally, we must first give a few preliminary remarks.
To begin, we note that the semiclassical limit of the Chevalley involution w’ of Yjg"
coincides, by definition, with the transpose @’ of the automorphism @ of S(kt, ) given
on fit, by

w(hx) =ho(x) Vxet,

where @ is as in (3.9). Similarly, the coadjoint action of g on Ypg" introduced in
Section 6.2 specializes to an action of g on S(kt,)”. By definition, this action is dual
to that of g on S(fit, ) inherited from the adjoint action of g on Y (g).

On the other hand, the Chevalley involution @ of U(g[t*']), defined asin (3.9) with
r taking values in Z, and the adjoint action of g on U(g[t*']) both preserve U(t_).
The resulting involution and g-module structure on U(t_) will be compared to those
of S(ht,)" described in the previous paragraph in (3) of Proposition 6.6.
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Consider now the standard symmetric algebra grading

S(ht,) = P S"(ht.),

neN

where S"(ht, ) is the nth symmetric power of ht,, as in (5.4). Since S'(At,) = ht,,
every linear functional f in (kt,)* trivially extends to an element of S(ht, )" satisfying
f(S™(ht,)) =0 for all n#1, which is contained in S(ht,)" provided f e (ht,)*.
That is, we have (ht,)* c S(kt,)". In addition, we have a homogeneous, degree zero,
isomorphism of graded vector spaces

Res : t_ = (ht,)*, Res”(x)(hy) =Res_(x)(y) = (x,y) Vxet,yet,

where Res_ and (, ) are as defined in Section 2.5. With the above at our disposal, we
are now prepared to identify S(kt,)" and U(t.).

Proposition 6.6 The restricted dual S(ht,)" has the following properties:
(1) (ht,)* is the Lie algebra of primitive elements in S(ht, )", with bracket

[f.8]=(f®g)ohd, V¥ f.ge(ht)"
(2) Res" uniquely extends to an isomorphism of graded Hopf algebras
¢:U(t) = S(ht,)".
(3) ¢ is a g-module intertwiner commuting with Chevalley involutions.

Parts (1) and (2) of this proposition can be viewed as a variant of [25, Corollary 3.4]
applied to a restricted version of the setting in [25, Section 3E]. They can be seen as
a consequence of a graded generalization of (a special case of) Theorem 4.8 in [20].
It is not difficult to prove this variant directly using a fairly general argument, as we
illustrate below.

Proofof (1) Anelement f € S(ht,)" is primitive precisely when it satisfies

(6.1) flxy) = f(x)e(y) +e(x)f(y) V¥ xyeS(ht.).

Since the counit ¢ of S(kt,) vanishes on J = @,,,¢S” (At,), it follows readily that f
must vanish on J* = @,,; S" (At, ). Moreover, the above condition gives f(1) = 2f(1),
and hence f vanishes on C. It follows that f € S!(ht,)" = (ht,)*.

Conversely, if f e (ht,)*, then A(f) vanishes on S"(ht,) ® S™(At,) unless
n+m =1,andon it, ® Cand C ® ht, theidentity (6.1) trivially holds. This completes
the proof that the Lie algebra PrimS(At, )" coincides with (ht, )* as a vector space. Let
us now prove that its bracket is given by

[f.gl=(f®g)ohd. V f,ge(ht)".

Since [ f, g] € (At,)”*, it is enough to establish this equality on At,. By definition, we
have

[f>8](hx) = (fg - gf)(hx) = (f @ g)(A - A")(hx) V hxeht..
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It thus suffices to prove that (A — A™)|p¢, — 1, has image in Ker(f ® g). As Y5(g) is
a quantization of (t,, 8, ), we have

(Dvy(g) = B, () (Ap(x)) = B* (u ® )8, (x) € B* Y3 (8)®* 0 Y (g)®,
where we recall that y = v™*, with v as in (3.13). Applying ¢ ® ¢ and taking note of
(5.3), we obtain
(6.2) (A-A")(hx) - hé.(hx) e > J"®J™ c Ker(f ®g),

n+m=3

which completes the proof of (1). [ ]

Proof of (2) Consider now (2). By Part (1), Res" is an isomorphism of graded Lie
algebras t_ = PrimS(ht,)" c S(ht,)". By the universal property of U(t.), it extends
uniquely to a homomorphism of graded Hopf algebras

¢:U(L) > S(ht,)",

which is necessarily injective (by [37, Lemma 5.3.3], for instance). As the finite-
dimensional graded components U(t_)_, and S(ht,)”, =S, (ht,)" have the same
dimension for each n € N, it follows that ¢ is an isomorphism. [ ]

Proofof (3) Ifx et_, then ¢(w(x)) is the element of (At,)* determined by
p(@(x))(hy) = (@(x), ) = (x,0(y)) = &' (p(x))(hy) V¥ yet,

where the second equality follows from the fact that the bilinear form (, ) on g is
w-invariant. As (ht,)* is stable under @' and U(t.) is generated by t_, we may
conclude that g o @ = @' o ¢.

Similarly, if x € g and y € t_, then ¢([x, y]) € (At,)" is determined by

o([x, y])(hz) = ([x,y].2) = (y, [z, x]) = p(y)(h[z,x]) Vzet,.

On the other hand, since J* is a g-submodule of S(ft,) for each k € N, x - ¢(y) also
belongs to (ht,)*. Moreover, we have

(x-9(»)(hz) = 9(y) (S(x) - hz) = 9(y)(A[z.x]) Vzet,

where we have used that S(x)-hz - h[z,x] € J* c Ker(¢(y)), which is proven
analogously to (6.2). Since g acts on both U(t_) and S(kt, )" by derivations and U (t_)
is generated by t_, the above computation proves that ¢ is a g-module homomor-
phism. ]

6.4 Yng" as a quantization

Since the dual Yangian Yng" is a Z-graded topologically free Hopf algebra over
C[h] with semiclassical limit that, by Proposition 6.6, can be identified with U(t.)
as a graded Hopf algebra, it is a quantized enveloping algebra which provides a
homogeneous quantization of a Z-graded Lie bialgebra structure (t_, §) on the graded
Lie algebra t_ = t'g[t™!].

The following theorem asserts that this Lie bialgebra structure on t_ is precisely that
associated with the Manin triple (t, t,,t_) from Section 2.5.
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Theorem 6.7 Yng" is a homogeneous quantization of the Lie bialgebra (t_, 8_).

Proof Inlight of the above discussion, the definition §_ given in Section 2.5, and the
identification of Proposition 6.6, it is sufficient to prove that the Lie bialgebra structure
on t_ = (ht,)* quantized by Yg" has cobracket § given by

S(f)(hx® hy) = f(hlx.y]) Vxiyet, fe(ht)".
By definition, § is given by the formula

8(f) = h(m'(f) =my(f)) mod hYpg" @ Yae',

where f € Yug" is any lift of f € (ht,)* and m is the product on Yg. For any two
elements x, y € t,, we have

(6.3) [i(x), hu(y)] - hulx, y] €J* € f(hC[R]),

which implies the desired result:

(8(f)-foh'[,])(hx ® hy)
= f([u(x), hu(y)] - hulx,y]) mod hC[A] = 0. .

6.5 The dual triangular decomposition

Our main goal in this subsection is to establish a triangular decomposition for Ypg"
dual to that for Y, g established in Corollaries 5.5 and 5.6 (see also Remark 5.7). Along
the way, we shall identify a family of generators for Y;g" (see Lemma 6.8).

For each choice of the symbol , consider the restricted dual Y;f g" of the

Z-graded topological C[ 1] -algebra Y7 g. By Corollaries 2.9 and 5.5, this is a Z-graded
topologically free C[ h]-module with semiclassical limit equal to the graded dual

S(htf)" =P S(nth)”,
neN

of the symmetric algebra S(t}). Moreover, by Remark 2.8, Y} g" coincides with the
h-adic completion of the graded dual to Y;f (g) taken in the category of Z-graded
C[h]-modules. Nowlet 7 : Y, g — Y¥g denote the C[ 4]-linear projection associated
with the identification of Y, g with Y; g® Yg g® Yg g established in Remark 5.7. That
is, we have

m=ly. @@, ° =e®ly,®e and 7 =e@e@1y .
Taking the transpose of 7% yields a Z-graded embedding of C[ % ]-modules

(ﬂX)t;Y;(g* <—>th*, ft—)for[x v fEYgg*,

with image consisting of precisely those g € Yyg" for which g o 7% = g. Note that if
h" g is contained in this image for some n € N, then g itself is, and so the subspace
topology on (7%)*(Y§g") coincides with its i-adic topology. Furthermore, the semi-
classical limit of (77%)" is the embedding S (At¥)" < S(At, )" induced by the projection
t,=ttet’et, > tl
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We shall henceforth adopt the viewpoint that Y;(g* is a Z-graded topological

submodule of Yh g*, with the above identification assumed. We further note that the
Chevalley involution w’ of Y, g" satisfies

t/E o *\ _ v/ F o * t . _1.
(U(th )— n9 and w‘Ygg*—lYgg*.

Let us now identify a set of elements which generate Y;g" as a topological
C[h]-algebra. These generators are constructed so as to naturally correspond to the
coefficients of the DYjg-valued series h;(u) and X (u) defined in Section 4.2, and
such an identification will .be made precise in the proof of Lemma 7.4 (see (7.2)).

Given B e Q, let mg:Y;(g) = Y;(g)p denote the natural projection onto the
B-component of Y; (g). Since the C[/]-module isomorphism

V=V, gt Ya(e) = Ra(U(t)) € U(t.)[A]
is Q-graded and respects the underlying triangular decompositions, we have

V(7_a,(Y5(9))) € kE%(C[h] “hx;t* cht,[h] Viel

We may thus compose Vo rm_,, with Res”(x7t*1) ¢ (ht,)", as defined above
Proposition 6.6, for any fixed k € N. This outputs a degree —k — 1 element

(6.4) Xi k1= Res"(x ") ovomy e Yig" c Yag',
where we work through the identification of Hom(‘(‘:[h](Yg( g),C[h]) with the ath

component Hom¢, (Y50, C[h]) of Y;g" (see Remark 2.8). We now enlarge this

family of elements to a generating set for the C[/1]-algebra Yo" using the coadjoint
action of g on Y, g" and the Chevalley involution w’ from Section 6.2. For each i € I,
B € A*,and k € N, we introduce the degree —k — 1 elements

—
hi k1= —x; - Xi k1>

Brko1= xF “Xi(p)—k-1 € th;’ Xg, k1= wt(x;;,—k—l) € thi;v

where i(B) €I and XP e U(ns)p-a,, are as in (3.11). In the same spirit as in

Section 4.2, we organize these elements into generating series in Yuo [u] by setting

hi(u):==> hi,u”"™" and Xi(u) =~ X?;)ru_r_l

r<0 r<0

for each i € I and 3 € A*. We then have the following lemma.

Lemma 6.8 The dual Yangian Yng" is topologically generated as a C[h]-algebra
by the coefficients of {X5(u)}gea+ and {h;(u)}ic1. Moreover, their images under the

quotient map Y g™ - Yng  /hYpg" = U(t.) are given by
h;, = hit" and X?j), > xgt' V iel,feA” and r<O.
Proof AsY;g” isaflat deformation of the algebra U(t_) over C[4] and the elements

hit % 1and x5t %! generate t_ = t'g[t '] asa Lie algebra, it is sufficient to prove the
second assertion of the proposition.
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That the element X}, coincides with x;t" modulo AYpg" is an immediate
consequence of its definition and the identification of U(t.) with Ypg*/hYpg" =
S(ht,)" provided by Part (2) of Proposition 6.6. The remaining equivalences now
follow from the definitions of h; and xl*; (see (3.11)) and Part (3) of Proposition 6.6,
which implies that the quotient map Yg* - U(t_) is a g-module homomorphism
intertwining Chevalley involutions. ]

Let us now turn toward establishing a triangular decomposition for the dual
Yangian Yg". Following the notation from Section 5.3, let us introduce the Lie
subalgebras t* of t = t1g[t!] by setting

o=y [r et and =[]t

The below proposition provides a strengthening of the i-adic analogues of Proposition
3.2 and Theorem 4.2 (i) from [32].

Proposition 6.9 Yig" and Y4g" are C[h]-subalgebras of Yyg". Moreover:

(1) YEg" is aflat deformation of the Z-graded algebra U (t%) over C[h]. In particular,
there is an isomorphism of Z-graded topological C[ h]-modules

Yig" 2 UE)[A].

(2) Y9g" is commutative and isomorphic to U(t°)[h] = S(t°)[h] as a Z-graded
t_opologzcal C[h]-algebra.
(3) Yig  andYg" are topologically generated as C[ h]-algebras by the coefficients of

{X5 (1)} pea+ and {hi(u)}icr, respectively.

Proof One can deduce that Y¥g" 49 is a subalgebra of Yug" using properties of the
Yangian coproduct, as in [32, Proposmon 3.2]. We shall give an alternate simple proof
of this fact in Section 7.3 which illustrates that it follows naturally from properties of
R(z) (see Corollary 7.7 and Remark 7.8).

Let us complete the proof of the proposition assuming Corollary 7.7, which,
as explained in Remark 7.8, also implies that the coefficients of {X%(u)}gea+ and

h;(1)};c belong to Y7 g andY *, respectively, and that Y?g” is commutative. m
{ g pectively, h

Proof of (1) and (2) The graded Lie bialgebra isomorphism Res" : ¢ = (ht ) of
Proposition 6.6 restricts to an isomorphism t-* = (ht})* c S(ht})". Since Y}g" isa
subalgebra of Y, g, its semiclassical limit S(At})” is a Z-graded C[]-subalgebra of
S(ht,)" and not just a submodule. It follows from these observations that the graded
Hopf algebra isomorphism ¢ of Proposition 6.6 restricts to an injective Z-graded
algebra homomorphism

(6.5) @y UX) > S(htY)" c S(ht,)”

which is surjective by the same argument as used in the proof of Part (2) of
Proposition 6.6. Since Y}g" is a Z-graded topologically free C[/]-algebra with
semiclassical limit S(AtY)" = U(t-*), taking y = + recovers Part (1) of the proposition.
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As for Part (2), since Y9g" is a commutative topological C[/1]-algebra containing
{hik }ier,k<o (by Corollary 7.7), there is a C[ /] -algebra homomorphism

n:SE)[A] > Yie'

uniquely determined by n(h;t*) = h;; for all i €I and k < 0. By Lemma 6.8, the
semiclassical limit /: S(t°) - U(t°) of n satisfies fj(h;t*) = h;t* for all i € T and
k < 0, and thus coincides with the canonical isomorphism S(t°) = U(t°). Here, we
have assumed the identification of Y g" /AYg” with U(t°) provided by ¢, from (6.5)
above. As S(t°) and Yg g" are both topologically free, we can conclude from Lemma
2.1 that n is an isomorphism of topological C[ /] -algebras. |
Proof of (3) For Y{g”, this follows from the definition of the isomorphism n given
in the proof of (2) above. '

Similarly, by Lemma 6.8 and Corollary 7.7, X; ; belongs to Y} g" and specializes to
Xj t*inYig"/hYEg" 2 U(tF) c U(t.), for each G.AJr and k < 0. Since the elements
x; £k generate the Lie algebra ¥ and, by Part (1), Y}, g" is a flat deformation of the
algebra U(t7) over C[[#], this completes the proof of the proposition. ]

Remark 6.10 'We caution that Yig" is not generated by the elements X7 _g_p for

ieland k € N, unless g = sl,, just as  'nz[t"'] is not generated as a Lie algebra by
the elements x7 t %! outside of the rank one case. In particular, the statement of Part
(i) in [32, Theorem 4.2], which is the analogue of Part (2) above, should be adjusted.

As an application of Lemma 2.1, Proposition 6.9, the decomposition t_ =t~ @
2 @ t*, and the Poincaré-Birkhoff-Witt theorem for enveloping algebras, we obtain
the following variant of Theorem 3.1(ii) in [32].

Corollary 6.11 The multiplication map
m:Yig ®Yig ®Yre = Yig"
is an isomorphism of Z-graded topological C[ h]-modules.

Remark 6.12 We note that for the statement of [32, Theorem 3.1] to hold, the tensor
product ® must be taken to be a completion of the algebraic tensor product ®c
compatible with the underlying Z-filtrations.

7 DYyg as a quantization

In this section, we construct a Z-graded topological Hopf algebra structure on DY g
which quantizes the graded Lie bialgebra structure on the loop algebra t = g[+*']
defined in Section 2.5. This will be achieved in Theorem 7.5 using Proposition 71
and Corollary 7.3. As a consequence of these results, we obtain in Section 7.3 a
characterization of the restricted duals Y; g and Yg g” in terms of the universal
R-matrix R(z) which completes the proof of Proposition 6.9.

7.1 The morphism @,

Henceforth, the notation Yjg" will be used to denote the topological Hopf algebra
(Yrg")“ over C[h]. Thatis, Y5g" coincides with the dual Yangian Y g~ as an algebra,
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and has coproduct A”, counit ¢”, and antipode S” given by
A = (12) om': Ypg' — Yug' ® Yag',
e =1 Yag' > C[R], $":=(S7)': Yag' — Yag'",
where m, 1, and S are the product, unit, and antipode of the Drinfeld-Gavarini
Yangian Yg c Y g (see Section 6.1). By Theorem 6.7, Yz g" is a flat deformation of the
enveloping algebra U(t_) = U(t'g[t™']) over C[ 4] which provides a homogeneous

quantization of the Lie bialgebra (t_, -4_).
Our present goal is to construct a homomorphism of C[[#]-algebras

D : Yag — Yag[z']

which is compatible with both the formal shift operator @, of Theorem 4.6 and the
Hopf structures on Y,g" and Yjg. This is achieved using the universal R-matrix R(z)
of the Yangian as follows. By Lemma 5.9, R(z) is an element of (Y5 (g) ® Yx(9))[z '],
and thus gives rise to a C[ i ]-module homomorphism

O :Yag — Yaglz'], fro (fODR(-2) VfeYag'

Now recall that f; (u), X (u) € DYng[u] and h;(u), X5 (u) € Yag'[u] are the gener-
ating series defined in Sections 4.2 and 6.5, respectively. In addition, we let €, denote
the canonical C[ /]-algebra homomorphism

&, th[[w"l]] ® th[[z_l]] - th‘x’z[[z_l]]

given by evaluating w to z. The following proposition asserts that ®} indeed has the
desired properties.

Proposition 7.1 @, has the following properties:
(1) It is a homomorphism of C[ h]|-algebras satisfying
Ao®,=E,0(D,@D,)oA", eo®,=¢ and Sod,=0,0F§".

(2) Itis a U(g)-module homomorphism compatible with Chevalley involutions:
DL ow' =wod].

(3) Its restriction to Yy (g)” is a Z-graded C[h]-algebra homomorphism

Oy, gy : (@) > LYng,.
(4) Foreach S € A and i €I, one has

DL(X5 (1)) = zl% (-1)"u" ok (~2) = O, (55 (u)),

@y (hi (1)) = 3 (-1)"u"l hi(~z) = D, (hi(u)).

neN

Proof of (1) This is a modification of the standard result that if H is a finite-
dimensional quasitriangular Hopf algebra over a field K with R-matrix R € H ®x H,
then the map f — (f ® 1g)R defines a homomorphism of Hopf algebras (H*)** - H
(see, for instance, [4, Section 4.2.B] or [39, Section 2]). The only novelty in the present
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setting is the appearance of the formal parameter z. Nonetheless, for the sake of
completeness, we shall give a full proof. '
As the product on Yg" is the transpose of the coproduct A on Ypg and A ®
1(R(2)) = Ri3(2)Ra3(z), we have
OL(f8) = f@ g ® 1 (Riz(-2)Ra3(-2)) = PL(f)PL(g) V f.g€Vng"

Since, in addition, (¢ ® 1)R(z) =1, we can conclude that @, is a homomorphism of
unital, associative C[ i ]]-algebras.
Let us now verify the coproduct identity Ao @} =¢,0(®], ® D,)o A" on
f € Yug". Using the cabling identity 1 ® A(R(z)) = Ri3(z)R12(z), we obtain
A(DZ(f)) = (f @ A)(R(-2))
= (f @18 1)(Ri3(-2)Ria(-2))
= (A°(f) @18 1)(Ri3(-2)Ras(-2))
= (€20 (A'(f) ®1@1))(Ri3(-w)Ras(-2))
= (€20 (P}, ® D7) 0 A")(f).
Finally, the remaining two identities follow from the relations (1® ¢)R(z) =1 and
(S'®1)R(2) = (1® S)R(z). Indeed, for each f € Y,g", we have
eo @ (f) = (f@e)R(-2) = f(1) = £'(f),
$o @ (f) = (f@)R(-2) = (S'(f) ®DR(-2) = ©; 2 §(f). .
Proofof(2) Since 7, restricts to the identity on U(g), the intertwiner equation (3.20)
implies that R(z) is a g-invariant element of Y;(g)®*[z7']:
[x®1+1®x,R(2)]=0 VYxeg.

It follows readily from this fact, and the definition of the g-module structure on
Ypg' = Ypg” introduced in Section 6.2, that @ is a U(g)-module homomorphism.

Similarly, by Corollary 3.10, the Chevalley involution w satisfies (w ® w)R(z) =
R(z), and we thus have

(0" (f) = (fow) ® w*)R(-2) = (f ® w)R(-2) = w(PL(f)) V feVng"
|

Proof of (3) Suppose that f is a degree k element of Y1 (g)” for some k € Z. Then
f®1:Yy(g) ® Ya(g) - Yn(g) is homogeneous of degree k, and hence

f@1(Thal 0 (Ya(e) ® Ya(0)) [z < 2 [T Ya(@)nerz " " € o,
neN
where ?;—,\g(zz) = T,en (Yn(9)®2) 27", asin Section 3.6. The assertion now follows from

Part (3) of Theorem 3.8 and Lemma 5.9, which yield

R(z) € Yag® n (Ya(g) ® Ya(g))[27']. m

Proof of (4) Since @} is a U(g)-module homomorphism intertwining Chevalley
involutions, it is sufficient to establish that

70 LX) = (DR kit (<2) = @, (xf ) VielandkeN,
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where we recall that X:_k_l was defined explicitly in (6.4). Since € ® 1 sends both
R%(z) and R*(z) to 1and X] _,_; vanishes on Y;(g)ﬁ for § # —a;, we have

(X7 k1) = (X @ DR, (2).

Using (3.18), we deduce that the element R, (z) is given by

Ry (2)=> ? ((zg)()al(h 0®xi) = Z( ) ~1)"hx;, ® X7, 2 P,

pz0 P20 n=0

where we have used ad(T({))? (x5) = (£1)?a;(¢)?x;,. This can be rewritten as

Ry (2) = Y hxp, ®0xf (2) = = 3 hxi, ® O (xi_, ),
neN neN
where the second equality is due to Part (1) of Theorem 4.6. As X{_,_,(hx;,) =
Res” (x7t7% 1) (hx; t") = =8y, for all k, n € N, this implies the identity (7.1). ]

Remark 7.2 As Yng* and LY,g, are Z-graded topological C[[2]-algebras with

(Yag)z = (Yag")z2Ya(g)" and (LYag,)z = LYsg,.

Part (3) of the proposition is equivalent to the assertion that @}, is a Z-graded C[#]-
algebra homomorphism @ : Y,g" — LYjg,.

Since @7 has image in L%Z, we may compose it with ¢ from (4.2) to obtain a
C[ h]-algebra homomorphism

O = Evo®: Yng' — Yag.

Our present goal is to apply Part (1) of Proposition 7.1 to interpret @ as a homomor-
phism of topological Hopf algebras, where the topological structure on the completed
Yangian is that induced by the gradation topology on Y g. To make this precise, let us
define Y,g", for any 7 € N, to be the formal completion of Y;(g)®" with respect to
its N-grading:

= [TV (9)®")r.

keN

Equivalently, it is the completion of the N-graded topological C[/]-algebra Y,g®"
with respect to the filtration defining its gradation topology, as defined in Section 2.3.
By [41, Proposition A.1], this is a topologically free C[[ /] -algebra containing Y5 g®”"

a subalgebra (see also [41, Lemma 4.1] and Section 4.3 above). Furthermore, we can
(and shall) view

(1h9)®" c Yhg” VneN,

where ® denotes the topological tensor product over C[#].
Next, observe that the N-graded Hopf algebra structure on Yj;(g) induces a topo-

logical Hopf structure on Yjg, equipped with the grading-completed tensor product.
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More precisely, as the multiplication m, coproduct A, counit ¢, and antipode S on
Y;(g) are N-graded, they uniquely extend to C[%]-module homomorphisms

m:Ypg? > Yag, A:Yag—Yag”, e:Yag—>C[h], S:Yag~ Vas,

which collectively satisfy the axioms of a Hopf algebra. Proposition 7.1 then admits the
following corollary.

Corollary 7.3 The C[ h]-algebra homomorphism @ is a morphism of topological Hopf
algebras. That is, it satisfies

Ao =(P' @D )oA’, co®@ =¢ and Sod =D o§".
In particular, one has Im(A o @) c Yhg ® Yro.

Proof The counit and antipode relations are obtained by applying &» to the
corresponding relations of Part (1) of Proposition 71 and appealing to the identity
" = &v o ®. The idea now is that the relation A o @* = (®” ® ®) o A" should follow
by applying &2 ® & to both sides of the identity A o @] = £, o (D}, ® D7) o A".
However, to make this precise, we must first make a few technical observations.
Recall from (3.16) that IL(Y,g®) is the Z-graded subalgebra of Y, (g)®*[z;z™'] with

z
kth homogeneous component zFY, g%, where

Va0 = [T(Ya(9)®*)uz™" < Ya(g)®*[27']-
neN

Following Section 4.3, we shall write L(Y,g%) for the #-adic completion of (Y, g%).

z

This is a Z-graded topological C[[/]-algebra contained in the formal series space
(Yrg ® Ypg)[z*'] (see Lemma 4.5). As in (4.2), evaluation at z = 1 yields a C[/]-
algebra epimorphism

&6 L(Yhg?) » Yag”,  f(2) = f(1).
Next, let £~ denote the natural C[[1]-algebra homomorphism

€; :LYg,, ® LYpg, - L(Yag")

z

given by evaluating w ~ z. Then, since @, is a Z-graded C[/]-algebra homomor-

phism Y;g" — L?;—,EZ and A is homogeneous of degree zero, the first relation of Part
(1) in Proposition 7.1 is equivalent to the identity

Ao®, =€ o (D, ®D,)oA

in Homc[h](thv,L(%(z))). As &L satisfies the relation &u® o &L = &u @ &v,

z

applying & to the above identity recovers A o @” = (O ® ®") o A", |
7.2 DYyg as a quantization

With Proposition 7.1 and Corollary 7.3 in hand, we now turn to proving that DY} g pro-
vides a homogeneous quantization of the Z-graded Lie bialgebra t = g[¢*!], equipped
with the Lie cobracket § defined in Section 2.5.
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To begin, observe that the homomorphisms @7, and ®" satisfy the relation
To® =T,0d,,

where T and T, are as in Theorem 4.8 and (4.3), respectively. The C[[k]-algebra
homomorphism defined by either side of this relation shall be denoted i:

i::I‘Zo(D;:thVeD/Yh\g.

The following lemma shows that i is injective, Z-graded, and has image contained in
the Yangian double DYy g.

Lemma 7.4 The morphism i is an embedding of 7-graded topological C[ h]-algebras
1:Ypg = DYng
satisfying @ o i = " and @, o i = O In particular, ®* and ), are both injective.
Proof SinceI; o @, = Ipy,g, Part (4) of Proposition 7.1 yields
F(XE()) = TL(@u(55 () = %5 () ¥ ea”,
i(hi(u)) =T (D,(hi(u)) = hi(u) Yiel

By Remark 4.9, DYg is a closed subspace of its J-adic completion, viewed as a
topological C[A]-module. As Y,g" is topologically generated as a C[[ #]-algebra by
the coefficients of all the series X§ () and h;(u) (by Lemma 6.8), the equalities
(72) imply that i has image in DY,g and thus can be viewed as a C[[/]-algebra
homomorphism

(72)

i:Y,g - DYpg

which necessarily satisfies @ o i = ®". Similarly, since ®,(DY}g) is closed in L?h\gz
(see Remark 4.9), Part (4) of Proposition 71 and (7.2) give @, o i = O

As Yy g and DY} g are both topologically free, it follows from Lemma 2.1 that 7 will
be injective provided its semiclassical limit i : U(t_) — U(t) is. That this is indeed the
case is a consequence of Lemma 6.8, the relations (7.2), and the definitions of xg(u)

and h; (u) given in Section 4.2, which imply that i coincides with the natural inclusion
of U(t.) into U(t) induced by the polarization t = t, ® t_ = g[t] ® t'g[t"].

Finally, by Part (2) of Theorem 4.6 and Part (3) of Proposition 71, ®, and @, are
both Z-graded (see Remarks 4.7 and 7.2). As @, is injective, it follows automatically
that i is Z-graded. ]

The embedding i is at the heart of the following theorem, which provides the first
main result of this article.

Theorem 7.5 ‘There is a unique Z-graded topological Hopf algebra structure on DYpg
such that the inclusions

Yag - DYag <— Yig"

are morphisms of Z-graded topological Hopf algebras over C[[h]. Equipped with this
Hopf structure, DYyg is a homogeneous quantization of the Lie bialgebra (t, §).
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Proof If DYjg can be equipped with a coproduct A, counit &, and antipode S which
give it the structure of a topological Hopf algebra over C[#] and, in addition, make
1 and 7 morphisms of Z-graded topological Hopf algebras, then this structure is
necessarily unique and Z-graded. Indeed, A, ¢, and $ are determined by their values
on any set of generators of the topological algebra DYy g, and thus by their values on

1(Yrg) Ui(Yag).

Let us now establish the existence of a topological Hopf structure on DY, g over
C[A] with the claimed properties. We begin by observing that 1 and i satisfy the
relations

AoQo1=(DPD)o(1®1)0A,

73
3 Ao®oi=(D®D)o(i®i)oA".

The first relation follows from the identity ® o 1 = 7; and that, for each c € C, 7 is
a Hopf algebra automorphism (see Section 3.3). As for the second relation, since
® o=, Corollary 7.3 yields

Ao@Qoi=Aod =(P"@D)oA"=(DPD)o(i®i)oA".

Since DYjg is a generated as a topological C[ /]-algebra by 1(Ysg) ui(Ysg"), these
relations imply that A o @ has image satisfying

Im(Ao®) c Im(® ® D) c Yog ® Yo,

where we view the right-hand side as subspace of ﬁ\gfz) , as in Corollary 7.3. We may
therefore introduce a C[[ h]-algebra homomorphism A by

A:=(T®T)oAo®:DYsg » DYsg® DYsg,

where T is the inverse of 6, as in Theorem 4.8. Since ' o ® =1, it follows from this
definition and the relations (7.3) that

(7.4) Aor=(1®1)oA and Aoi=(i®i)oA".

Similarly, from Corollary 7.3 and the relations 7,0 S = So 7; and €0 77 = ¢, we find
that 7 and 7 satisfy

So®or=Poi10S, So®oi=0oiol§,

co@or=¢, ecoPoi=¢.

In particular, these relations imply that Im(S o @) c Im(®). We may therefore define
morphisms S and é by

S:=ToSo®:DYyg -»DYpg and é:=eo®:DYpg— C[h]
which by construction satisfy the compatibility relations
(7.5) Soi1=10S, Soi=ioS, éoi=¢ and éoi=c¢".

Since T|im(o) = ®! and Yg is a topological Hopf algebra with coproduct A,
antipode S, and counit ¢, the above definitions imply that DY, g is a topological Hopf
algebra over C[ i ] with coproduct A, antipode S, and counit é&. Moreover, the relations
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(7.4) and (7.5) prove that, when DYjg is given this Hopf structure, the Z-graded
embeddings 7 and i are homomorphisms of topological Hopf algebras.

We are left to establish the second assertion of the theorem. By what we have shown
so far and Theorem 4.3, DYyg is a flat, Z-graded Hopf algebra deformation of the
universal enveloping U (t) of t = g[t*'] over C[#]. It thus provides a homogeneous
quantization of a Z-graded Lie bialgebra structure on the Lie algebra t with cobracket
0¢ given by the formula (2.2). From Theorems 6.7 and 6.7 and the first part of the
theorem, J; satisfies 8¢|¢, = 8, and 8|, = —_. Ast =t, & t_, we can conclude that J;
coincides with the Lie cobracket § defined in Section 2.5. [ ]

Remark 7.6 The proof of Theorem 7.5 shows that the coproduct A, counit &, and
antipode S on DYy g are uniquely determined by the requirement that ® is a homo-
morphism of topological Hopf algebras

®: DYyg > Vs,

where % is given the topological Hopf structure defined above Corollary 7.3. Here,
we emphasize that although DY} g is a genuine topological Hopf algebra over C[4]

in the sense of Section 2.1, the completed Yangian Yjg is not. In the same breath, the
Hopf algebra structure on DY} g is uniquely characterized by the requirement that ®,
satisfies the relations

AOGDZ:E]Z“O(@W@(DZ)OA, eo®,=¢ and So®,=d,0S,

where &L is as in the proof of Corollary 73. In particular, this makes precise the
uniqueness statement in the first assertion of Theorem 1.

7.3 The dual triangular decomposition revisited

We conclude this section by giving an equivalent characterization of the restricted dual
Yig" to Y{g considered in Section 6.5, where we recall that x takes value +, — or 0.

Corollary 7.7 For each choice of y, Y§g" satisfies
Yia' = {feYng": OL(f) = (f @ DR¥(=2)} = (1) (¥, a[z"']).

Proof From the definitions of Y;‘ g and @, and the Gauss decomposition of the
universal R-matrix, we obtain the sequence of inclusions

Yio' c{feYag": ®L(f) = (f @ DRY(=2)} < (@) (Y, *al["'D).

It therefore suffices to show that (®})~'(Y, *g[z']) c Y}g". We shall establish this
for y = —. The proof in the remaining cases is identical, and hence omitted.

Let 7, : Yog — Y, g be the C[A]-linear projection associated with the opposite
triangular decomposition Ysg = Y;g® Y/ g ® Y; g from Remark 3.7, and suppose
f eYng" satisfies ®,(f) € Y;'g[z7!]. We wish to show that f € Y g .

To begin, note that since (1® ¢)R¥(z) =1, we have

O(f) = 1 (@L(f)) = (f @ DR (2).
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Consider now the element fon™ € Ygg* c Yng", where n7: Ypg — Y;g is as in
Section 6.5. Since (7~ ® 1)R(z) = R™(z), it satisfies

O (fon) = (fODR(2) = D(f).
As @} is injective (by Lemma 7.4), we can conclude that f = fon™ € Y;g". [ ]

Remark 7.8 Since Y g and Y, g are C[h]-subalgebras of Yyg, it follows from this
corollary that Yg g" is a C[1]-subalgebra of Yjg" for each choice of y. In addition,
it is immediate from this characterization and Part (4) of Proposition 7.1 that the
coefficients of the series X3 (u) and h;(u) belong to Yig" and Y0g", respectively,
for each f € A* and i € I. Similarly, since @}, is injective and Y, g is commutative, we
deduce that Y9g" is commutative.

In particular, these observations complete the proof of Proposition 6.9. We empha-
size that we have not applied that proposition in establishing any of the results in
Section 7.

8 DY,g as a quantum double

We now turn to reframing Theorem 7.5 in the context of the quantum double. Our
central objective is to prove the second main result of this article, Theorem 8.4, which
establishes that the Yangian double DYyg is isomorphic, as a Z-graded topological
Hopf algebra over C[#], to the restricted quantum double of the Yangian, which is
defined explicitly in Section 8.2.

8.1 The quantum double of U,b

Let us begin by recalling, in broad strokes, the general construction of the quan-
tum double of a quantized enveloping algebra, as was first outlined by Drinfeld in
[7, Section 13].

Suppose that U, b is a quantization of a finite-dimensional Lie bialgebra b, and let
Upb" denote the quantized enveloping algebra (U b° )", where U, b° is the topologi-
cal dual to U b’ introduced in Section 5.1. Then there exists a unique topological Hopf
algebra D(Uyb) over C[ A ], the quantum double of Upb, satisfying the following three
properties:

(1) There are embeddings of topological Hopf algebras
Upb —> D(Upb) <= Upb".

(2) The composite mo (i ® 1) : Upb” ® Upb — D(Uyb) is an isomorphism of C[A]-
modules.

(3) The canonical element R € Upb’ ® Upb” ¢ D(Uxb) ® D(Upb) associated with
the pairing between Uxb’ and Ujb°, which coincides with the canonical tensor
in Upb ® Upb*, defines a quasitriangular structure on D(Upb). That is, one has

A"(x) = RA(x)R™" ¥V x e D(Upb),
A® ].(R) =Ri3R;, 1® A(R) = Ri3Ry,.
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In addition, D(Uxb) provides a quantization of the Drinfeld double of the finite-
dimensional Lie bialgebra b.

The quantum double D(Uyb) can be realized explicitly as the tensor product of
topological coalgebras Upb” ® Upb, with multiplication determined from the cross
relations

(8.1) 1(x)i(f) :fl(xl)f3(S_1(x3))f2 ®x, VxeUpb, feUpb,

where we have used the sumless Sweedler notation for iterated coproducts on Uy b and
Upb", and 1 and i are now given by 1(x) =1® x and i(f) = f ® L for all x € Uyb and
f € Upb”. As spelled out in detail in [1, Section A.5], this can be realized as a special
instance of the double cross-product construction. Namely, one has

D(th) = U;—,bv Ll th,

with respect to the left coadjoint action > of Upb on Upb" and the right coadjoint
action < on Upb” on Upb. Given the Uyb analogue of Lemma 5.8, established in
[1, Proposition A.5], this construction of D(Uzb) proceeds identically to the anal-
ogous construction for the quantum double of a finite-dimensional Hopf algebra; we
refer the reader to the texts [36, Section 7], [26, Section IX.4], [33, Section 8.2] and
[37, Section 10.3], for instance, as well as the articles [34, 35, 39].

8.2 The restricted quantum double of the Yangian

In our case, Upb = Y g is not a quantization of a finite-dimensional Lie bialgebra,
but rather a homogeneous quantization of an N-graded Lie bialgebra b with finite-
dimensional graded components by. In this setting, the double cross-product con-
struction alluded to above remains valid provided all duals are taken in the category
of Z-graded topological C[#]-modules; that is, we replace Ub” with Ysg". This
produces the restricted quantum double D(Upb) of Upb.

Let us now give the detailed construction of this topological Hopf algebra. Follow-
ing Section 5.4, let w and A denote the left adjoint action of Y,g on itself, and the
right adjoint coaction of Y, g on itself, respectively:

v=m’o(1®2®8)0(23)0(A®1),
A=(1em)o(12)o(S®1%*) 0 A°,

where all tensor products are now taken to be the topological tensor product over
C[h]. By Lemma 5.8, we have

v(Yhg®Yrg)cYrg and A (Yag) c Yag® Yhg.
We may thus dualize w and A to obtain the so-called left and right coadjoint actions
>: Yag® Yag' — Yag' and < YagQ® Yig — Yig,

respectively, of Yy g on Y, g" and of Y;g" on Y, g. These are defined on simple tensors
by the formulas

xaf=18fo(1@S")oA(x) and (xvf)(y)=f(S"(x)y)
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for all x € Yyg, f € Yag', and y € Ypg, where the action of S™'(x) on y is given by w
and we have written x > f for > (x ® f) and x < f for <(x ® f).

The tuple (Ysg, Yrg",>,<) forms a matched pair of Z-graded topological Hopf
algebras over C[ 1] Explicitly, > and < are Z-graded homomorphisms of topological
C[A]-modules which satisfy the following set of conditions:

(M1) (Yng',>) is a left Y,g-module coalgebra and (Yjg, <) is a right Y, g"-module
coalgebra. Equivalently, > and < are morphisms of topological coalgebras:

Aob=p>®@p>0(23) 0 A® A", Ao<d=d®<0(23)0A®A",
e@®e =¢cob, e®e =¢o0q,

which make Y, g" aleft Y g-module and Y g a right Y5 g"-module.
(M2) < and > are compatible with the products m and m” on Y;g and Yxg":

do(m®1l)=mo(<4®l)o(1®>®<)0(34)c1®A®A,
po(lem')=m"o(l®p>)o(>PR®<®)0(23)c ARA ®1.
(M3) The unit maps ¢ and 1" are module homomorphisms:
qo(1®1)=1®¢e and >o(l1®1)=¢e¢x/.
(M4) < and i satisfy the compatibility relation
(«1®@p>)o(23)c AQA =(12)0 (P®<)0(23)c AR A".

Here, we note that the above conditions coincide with those from [26, Definition
IX.2.2], [39, Section 2], and [1, Section A.l], which agree with those from [36,
Definition 7.2.1] up to conventions on the order in which the tensor factors appear.

Since Ypg" and Yxg are matched, we may form the double cross-product Hopf
algebra Y;g" ™ Yj,g in the category of Z-graded topological Hopf algebras over C[[ /]
by following the standard procedure (see [26, Theorem IX.2.3] or [36, Theorem 7.2.2],
for instance). As a Z-graded topological coalgebra, Y,g" » Ysg coincides with the
tensor product of Y g" and Y g:

Ypg' x Yag = Yag' ® Yag,
Ap=(23)ocA"®A and ep=¢Qe¢,

where Ap denotes the coproduct and ep denotes the counit. The algebra structure on
Yng" % Yy g is uniquely determined by the requirement that the inclusions

ip:Ypg = Yag ® Ysg and i1p:Yag — Yo' © Yig
are C[ h]-algebra homomorphisms satisfying the relations

mp o (iD ® ID) = lyth ®1th,

®2) mpo(ip®ip)=(>®<)o(23)c AR A",

where mp denotes the multiplication on D(Yyg). In particular, the unit map is 1” ® 1.
Finally, the antipode Sp on Y g" » Ysg is given by

Sp=mpo (1D®ip) 0(S®Sv)0 (12).
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This double cross-product Hopf algebra is the restricted quantum double of the
Yangian, as we formally record in the below definition.

Definition 8.1 The Z-graded topological Hopf algebra Ysg" » Ysg is called the
restricted quantum double of the Yangian Y, g, and is denoted

D(Yng) = Ypg' x Yag.

This definition, together with the general theory, implies that D(Yg) provides a
homogeneous quantization of the restricted Drinfeld double t 2 D(t, ) of the graded
Lie bialgebra (t,, 8, ), realized on the space t* @ t, 2 t_ @ t,.”

One stipulation to carrying out the quantum double construction in the restricted
homogeneous setting is that the canonical element R associated with the pairing
between Ypg and Ypg', although formally satisfying the relations of (3) in Sec-
tion 8.1, does not converge in the #-adically complete tensor product Yng ® Yng" c
D(Yrg) ® D(Yg), and so DYjg is only topologically quasitriangular. Here, the prefix
“topologically” is a bit subtle: it does not refer to the A-adic topology and must be
handled with care. In Section 9, we shall identify R with the universal R-matrix
R(w - z) € Y (g)®*[w][z']. This viewpoint allows for a precise interpretation of the
relations of (3) in terms of those from Theorem 3.8.

Remark 8.2 There are many competing, though equivalent, variants of the definition
of the quantum double. For instance, it may be realized on the tensor product Y,g ®
Y;g', asin [7, Section 13]. Here, we follow the conventions from [26, 39].

8.3 DYj;g as a quantum double

We now turn to proving the A-adic variant of the main conjecture from [32, Section 2],
which postulates that DY, g and D(Y,g) are one and the same (see Theorem 8.4
below). .

Recall from the proof of Corollary 7.3 that L(Y,g®) c (Yng ® Yag)[2z*'] denotes
the Z-graded topological C[[ 1 ] -algebra obtained by completing the graded subalgebra
L(Y,g®) of Y4(g)®*[2;27'] defined in (3.16). Given this notation, we have C[[A]-

linear maps
. :LYpg, ® Yag > LYsg,, 7 :=m,o0(1®71,),
7 LYhe, - L(Nal), 72 (y) = (1@ »)R(-2),

z

where m, denotes the multiplication in L?h\gz. These obey a Drinfeld-Yetter right
action/left coaction compatibility condition, as the next lemma makes explicit.

Lemma 8.3  'The pair (7, ) satisfy the relation

*

miomo(12)=m@m,0(432)c A w®Io A" ® 1}
in Homeppp(Yag © LYng,,L(Yng®)), where we have set

z

A:=(S"01)o(12)0oA and wi=wo(S'®I).

This also follows immediately from Theorem 8.4.
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Proof This follows from a straightforward modification of the proof of (9) in [39,
Lemma 1], using the antipode relations

mo(1®S")oA"=10e=mo(S'®1)0A",
the counit relation m o (1® ¢) o A =1, and the intertwining relation
(8.3) 1987, 0A(x) =R(~2) - 1® 1,0 A"(x) - R(~2) VY x € Vg,
which itself follows from the identities (1) and (3.20) of Theorem 3.8.
To illustrate this, we apply both sides of the claimed identity to a simple tensor x ®
y € Yng ® LY, g,, while exploiting the sumless Sweedler notation A" (x) =x; ® --- ®
xp, for iterated coproducts. Expanding the right-hand side of the resulting expression,
while using that w(x ® y) = S7'(x2) yx; and A (x) = $7!(x3)x; ® X2, we obtain
S (x5)x38 M (x2) ® y- R(=2) - %1 ® T,(x4)

=S (x4) ® y-R(~2) - x16(x2) ® 7,(x3)

=5 (x3) ® y-R(~2) - x1 ® 7,(x2)

=857 (x3) %2 ® y7. (1) - R(~2)

=1® y1,(x16(x2)) - R(-2)

=1® y1,(x) - R(-2),
where we have applied the intertwining relation (8.3) in the third equality, and the
appropriate Hopf relations listed above in each of the remaining equalities. Since

;0 me(y ® x) = m; (y72(x)) = (18 y72(x) ) R(-2),
the above computation implies the lemma. ]

We now come to the main theorem of this section. Recall from Definition 8.1
that we may identify the restricted quantum double D(Y;g) with Y,g" ® Y,g as a
topological coalgebra over C[[ A ]. We further recall that

1:Ypg—> DYpg and i:Yyg o DYpg

are the Z-graded embeddings of topological Hopf algebras over C[[#1] which featured
prominently in Theorem 7.5.

Theorem 8.4 The C[ h]-module homomorphism
Y:=mo(i®1): Yag ® Yag > DYsg
is an isomorphism of Z-graded topological Hopf algebras D(Yrg) = DYjg.

Proof We shall first prove that Y is an isomorphism of Z-graded topological coalge-
bras over C[ /], which follows from Theorem 7.5. Afterward, we will use Lemma 8.3
to complete the proof of the theorem by proving that Y is an algebra homomorphism
D(Yrg) - DY} g. Here, we note that it follows automatically that Y intertwines the
underlying antipodes, though this is straightforward to verify. ]

Proof that Y is an isomorphism of Z-graded coalgebras Since m, 1, and i are all
Z-graded C[[A]-module homomorphisms, the same is true of Y. Moreover, as the
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coproduct A of DY} g is an algebra homomorphism, it satisfies
AOY:Aomo(itX)l)
:m®mo(23)o(A®A)o(f®1)
mmo(23)o(i®i®i®1)o(A"®A)
Y®Yo(23)oA"®A.

Similarly, as the counit ¢ of DY} g is an algebra homomorphism, one has
éoY=éomo(i®1)=mo(é®é)o(i®1)=moe Qe

This proves that Y is a Z-graded homomorphism of topological coalgebras. Now let us

turn to establishing the bijectivity of Y. As Y,g" ® Yg is a topologically free C[A]-

module with semiclassical limit U(t.) ®c U(t,) and DYyg is a flat deformation of
U(t), Lemma 2.1 asserts that it is sufficient to establish that the semiclassical limit

Y=mo(i®1):U(t)ecU(t) - U(t)

of Y is an isomorphism, where 1, i, and 1 are the semiclassical limits of m, 7, and
1, respectively. As i and 1 quantize the natural inclusions of t_ and t, into t (as was
shown in the proof of Lemma 7.4 for i) and i is the multiplication map on U(t),
this follows from the Poincaré-Birkhoff-Witt theorem for enveloping algebras and
the decomposition t =t_ & t,. [ ]

Proof that Y is an algebra homomorphism By (8.2), we must show that Y o1p
and Y o ip are C[h]-algebra homomorphisms and that, in addition, Y satisfies the

relations
(8.4) Yompo(ip®ip)=mo(Y®Y)o (ip®ip),
' mo(Y®Y)o(ip®ip)=mo(Y®Y)o(>®<)o(23)0c A®A".

By definition of Y, we have Yoip =1 and Y o ip = i. Moreover, both sides of the
identity
Yompo(ip®ip)=mo(Y®Y)o(ip®ip)

coincide with Y, viewed as amap Y,g" ® Y4g — DY, g. Hence, we are left to verify the
second relation of (8.4), which we shall establish by appealing to the injective C[#]-
algebra homomorphism @, from Theorem 4.6. Namely, it is enough to show that

O,omo(Y®Y)o(ip®ip)=C,omo(Y®Y)o(P®<)o(23)0cA®A".
Since @, is an algebra homomorphism satistying ®, o1 =1, and ®, o i = O] (see
Lemma 7.4), this is equivalent to
(8.5) myo(1,@0,) =m0 (D, ®71,)o(P®<)0(23)0ARA",

where m, is the product in L%Z. The proof that (8.5) is satisfied follows an argument
parallel to that employed to establish Part (a) of Theorem 2 in [39], using Lemma 8.3
in place of [39, (9)]. For the sake of completeness, we give a complete argument below.

Applying the left-hand side of (8.5) to an arbitrary simple tensor x ® f, we obtain

() OL(f) = (f @ 7(x))R(-2) = (f®@1) o 7] 0 7. (1© %),
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which, by Lemma 8.3, may be rewritten as
(8.6) T (x)PL(f)=f®lom®mo0(432)0c A® ¥v®loA"(x)®R(-2).

On the other hand, by definition of @7, >, and <, the right-hand side of (8.5) evaluated
onx® fis

O (x> fi) (29 fo) = (i®low® (1 ®R(-2))) - (f2 ® 7. 0 A(x2)),

where we have employed the sumless Sweedler notation A(x) = x; ® x, and A"(f) =
fi ® f>. That this coincides with the expression (8.6) for 7,(x)®(f) is a consequence
of the following general computation. For each a € Yyg and b € Y, g, we have

(A(x1ea)@b)(f2©7:0 A(x2))
= (3" (=1 # @))bra(x5”)
:f®lom®ﬂz(x§1) ®(x10a)®b®x§2))
=(f®lom®m,0(432)c A®Vv®10A"®1®1)(x®a®b),

where we have set x @ a = w(x ® a) and in the first and second equalities we have used
the (sumless) Sweedler-type notation 4 (x) = x( ® x(2). This completes the proof of
(8.5), and thus the proof that Y is an algebra homomorphism. ]

9 The universal R-matrix

In this final section, we establish the last assertion of Theorem I, which identifies the
universal R-matrix R of the Yangian double DY}, g = D(Y,g) with Drinfeld’s universal
R-matrix R(z) (see Theorem 9.6). Though this in fact follows without too much effort
from the results of Sections 7 and 8, constructing R precisely does require some care.
After laying the groundwork in Sections 9.1 and 9.2, we define R and prove our last
main result in Section 9.3. The final two subsections - Sections 9.4 and 9.5 - are
devoted to providing additional context pertinent to this theorem.

9.1 The isomorphism ©

Let 0 denote the canonical C[#]-module injection
0: Yng® Yag" = Homcn)(Yrg, Yag)

determined on simple tensors by 6(x ® f)(y) = f(y)x. This injection is a homomor-
phism of topological C[ /] -algebras provided we equip Homca(Yrg, Y g) with the
convolution product

P1xgr=mo(p1®¢y)0Aly, .V ¢1,9; € Homepny(Yag, Yag)

and identity element o €, where m, A, 1, and ¢ are the multiplication, coproduct, unit,
and counit of Y, g, respectively. Our main goal in this subsection is to identity a natural
extension of 8 which is an isomorphism.

Let us begin by noting some topological properties of the homomorphism space
Homcpp (Y9, Yag). As Yug and Yjpg are topologically free with semiclassical
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limits U(t,) and S(At,), respectively, Homcs] (Yhg, Yag) is a topologically free
C[[h]-modules with

(9.0) Homgeyps1(Yag, Yag) 2 (Home(S(ht.), U(t.))) [A].

In addition, Homcpy (Yng, Yng) is a Hausdorff and complete topological space
with respect to the topology associated with the descending filtration E, of closed
C[ ~A]-submodules defined by

(9.2) E, := {f € Homca)(Yag, Yag) : f(J,,) = 0},

where we have set J,, = @k, Y (g)x with J, = {0}. Said in more algebraic terms, the
natural C[[ #]-module homomorphism

Homeppy(Yg, Yag) - lim (Homcn)(Yrg, Yag)/En)

n

is an isomorphism, as is readily verified. Moreover, as the coproduct A on Yjg is
graded, E, is a descending filtration of ideals and the above is an isomorphism of
C[ h]-algebras.

We now turn toward enlarging the domain of 6. For each 1 € Z, let Yy g, (y denote
the closure of the (C[[h]] submodule of Y, g generated by @, Yrg" .- Since Y;—lgk
thgkfl for k > 0, Y;—,g(o) =Yg  and we have a descending N-filtration

Yhg' = th(*o) > th(*l) 5. th;) =
We may thus introduce the topological tensor product

Yig®Ysg  =1im(Yag ® Yrg /Yag ® Yag,)-
Since Yxg” is topologically generated as a C[[ ] -algebra by the space @0 Yrg”; and,
for each n € N, @y, Yng", is stable under multiplication by any x in this space, we
see that each Yj, g(*n) is an ideal in Y g". It follows that Y, g ® Y,g" is a C[ h]-algebra.

To see that Y,g® Yxg” is a topologically free C[4]-module, let us introduce the
classical spaces S(ht, )(*n) and U(t,) ®S(ht,)” by setting

S(ht.),,, = @ S(ht.),,

k>n
U(t)8S(ht.)" = [T U(L) ®c S(ht,)", = lim U(t,) ®c (S(ht.)"/S(AL.)},).
neN n

Lemma 9.1 'The C[h]-algebra Yag® Yng" is topologically free with
Yhg®Yng /h(Yag®Ysg") 2 U(t,) ®S(ht.)".

Proof Letv, :Yg" > S(ht,)"[h] be any fixed Z-graded isomorphism of topo-
logical C[A]-modules. We claim that

(9.3) ve(Yng;,)) = S(ht.);, [A].
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To see this, fix n € N. Since v, is graded, we have

v (Ynoly) = [1S(ht.) " _,h® cS(ht); [A] YV k>n.
aeN

As S(ht)(*n)[[h]] is a closed C[A]-submodule of S(At,) [k], we get v*(th(*n>) c
S(ht.),,[h]. Conversely, if 3 ,.0xah"€S(ht,);, [h], then y,:=v'(x,)e€
Disn thtk for each a € N. Therefore, we have
v (Zxh) = 2 b o,
a0 ax0
which completes the proof of (9.3). The statement of the lemma now follows from the

sequence of isomorphisms

Yro ® Yo' /Yag ® Yray,

112

(U(L) 8c S(hL) AU (L) e S(L);, )[A]
= (U(t+) ®c (S(ht+)*/5(ht+):n))) I]:h]] u

The next result outputs the desired extensions of 6.
Proposition 9.2  The injection 6 extends to an isomorphism of C[ h]-algebras
®: Yag®Ysg" = Homeps)(Yag, Yag).
Proof Let E, be the filtration of E := Homcpy (th, Yrg) defined in (9.2). Then
0(Yrg ® th(*n)) cE, VneN.

Indeed, this follows from the definition of 6 and the fact that if f € @y, Y gtk and
x €]J,, then f(x) = 0. Hence, we obtain

®: Yhg®Ypg = lim(Ypg ® Yng'/Yng ® th(*,,Q - limE/E, = E.

As Yjg and E are topologically free, to show © is an isomorphism, it is sufficient to
show its semiclassical limit © is (see Lemma 2.1). Employing the identifications of (9.1)
and Lemma 9.1, we see that ® coincides with the isomorphism

U(t+) @ S(ht+)* = HOmc(S(ht+), U(t+))

uniquely extending the canonical map U(t,) ®c S(ht,)” = Homc(S(ht,), U(t,)),
which is the semiclassical limit 6 of 0, by continuity. ]

We now give two remarks pertinent to the above discussion.
Remark 9.3 By Proposition 9.2, we may introduce the C[[#]-subalgebra
Yrg®Yng" =07 (Bndepn) (Yrg)) € Yag® Yng"
By definition, it comes equipped with an isomorphism

®|Y'hg§Y;,g* :théth* - EndC[h](th)
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extending the injection 6|y, aoVpg" It is worth noting that, by following the above

arguments, it is easy to see that Y,g® Y»g" admits the equivalent description

Yrg®Yng" 2 lim(Yrg® Yrg" /Y ® Yag,,,)-

Suppose now that ¢,y € Endqh]l(Yh g) with y homogeneous of degree a € Z. Then
¢ ®y" uniquely extends to an element of Endcps) (Yrg®Yng") and © has the
property that

(9.4) 9o@®(y)oy=(00(p®y))(y) VyeYng®Ysg

Remark 9.4 'The argument used to establish Proposition 6.2 implies that the natural
C[ h]-algebra homomorphism

Endegny (Yag) - Homepny (Yag, Yag), @ = 9ly, o

is an embedding. Hence, we can (and shall) view Endqh](Y;—, g) as a subalgebra of
Homgpy) (Y19, Yng). We may thus introduce Y, & Yng™ ¢ Y49 & Ypg” by setting

Ypg® Yag" = @' (Endepny(Yag))-
We then have
(Yag® Yag") 0 (Yas® Yag") = End{2? (Yag),
where the right-hand side consists of all f € Endca(Yng) for which f (Yng) € Yrg.

9.2 The restriction O,

We now give a few comments which concern the triangular decompositions of Yo
and Y g". For each choice of the symbol y,let 7% : Y,g — Y} g denote the C[ #]-linear

projection associated with the triangular decomposition of Y g, as defined in Section
6.5. These projections give rise to C[ #1]-module embeddings

Homepay(Yrg, Y¥g) & Homepay (Yag, Yag),  @F > @X o7k,

We shall henceforth adopt the viewpoint that Home[ (Y 4 Xg, Y g) is a submodule of
Homgp 7 g, Yrg), with the above identification assumed. The restriction 6, of 6
to Y/g® Y{g" is then a C[A]-module injection

0,: Yg®Yig" > Homcpn(Yia, YV g).
Following the above procedure, we may introduce the C[[ /] -algebra

Yig®Yie" =lim(Yge Yig"/Yig® Yia,,),

n

where Y¥g” 8 ( ) is the closure of the C[[i]-submodule of Y¥g" 40 generated by the direct
sum @, Y Yg9” . The above arguments show that this completed tensor product is a
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flat C[ h]-algebra deformation of

U @S(at))” = [T U(t) ec S(ht))",,
neN

It follows that the natural algebra homomorphism Y, g & Y{g" — Y,g& Yng" isinjec-
tive and, by the proof of Proposition 9.2, that 6, uniquely extends to an isomorphism
of C[A]-modules

(9.5) ®,: Y/g®Y}g" = Homepa(Yie, Yg)

which coincides with the restriction of ® to Y;‘ g® Yg g". In particular, since
Yig @Ygg* isa suba}gebra of Yag® Yrg", the space HomC[h](Yég, Y)g) is a sub-
algebra of Homeys(Yrg, Yag) and @ is an isomorphism of C[[ /1 ]-algebras.

Finally, as in Remarks 9.3 and 9.4, we set

Y;fg @Y;fg* = (E);I(Endqh](\'(;fg)) > l(il_n(\'(i,fg ® Y;fg*/\'(;fg ® Y%‘g;)),
n
Yrg® Yig" := 0, (Endcra (Yy9)).
9.3 Canonical tensors and universal R-matrices

By Proposition 9.2, we may introduce R and RX in Y,g & Ysg”, for each choice of y,
as the elements

R:= @71(1%9) €Yhg®Ypgo and RY:= ®71(1Y5g) €Y g®Ylg"

That is, R and R¥ are the canonical elements associated with the Hopf pairing Yhg x
Yng" — C[h] and its restriction to Y} g x Y} g”, respectively.
As 1y  and lyx. coincide with 1y, and 1yx, under the identifications of
Yro Y, 0 n9 Yo

Remark 9.4 and Section 9.2, respectively, R (resp. R*) is also the canonical element
defined by the pairing between Y, g and its restricted dual Y g" (resp. YhX gand Yri‘ g").
In particular, we have

Re (Ypg®Ypg ) n(Yag®Yag") and RYe (Y g®Y[g")n(Yig®Yigh).

It is worth pointing out that one can immediately deduce a number of properties that
R and R satisfy using only elementary properties of ®. For instance:

(R1) Applying (9.4) with y = 1 while using that ®(1® f) =1 o f recovers the charac-
teristic identities

(tof)®1-R=1®f and (1of*)®1-R¥=1@ f*

forall f € Yog" and f¥ e Yig".
(R2) Taking ¢ =y = w in (9.4) with y = Iy,  or lv;g while using that 1\'(;9 =wo
ly=g © w gives rise to the identities

R=(w®w)R and R*=(w® w")(R7).
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(R3) Since 1y, is a g-invariant element of End(CJ[h]] (Yng) and © is a g-module
intertwiner, R is a g-invariant element Y,g® Yxg". Using the multiplication in
D(Yyg), this can be written as

[x®l+1®x,R]=0 Vxeg.

Similarly, R* and R° are both h-invariant.

In addition, the standard quantum double arguments show that R satisfies the qua-
sitriangularity relations of (3) in Section 8.1 in suitable completions of tensor powers
of D(Yxg). For instance, the cabling identities A ® 1(R) = Rj3R;3 and 1® A*(R) =
Ry3Ry; are equivalent to the simple identities

10 @

voa*ly =0 and  (e@1y, ) x (ly, @) = (12) om

in the convolution algebras

(Yng®*) 8 Yng" = Homepay(Yag, Yrg®?),

Yra® (Yng")®* := Homepay (Yr9%% Yro),
respectively, where 15(“)9 :Yng = Ypg®? is given by x — x(%),

h
Our main goal in this section is to establish the remaining assertion of Theorem I

from Section 1.1, which claims that R can be identified with the universal R-matrix of
the Yangian. This interpretation allows for a precise framework for understanding the

topological quasitriangular structure on D(Y}g) alluded to above. To achieve this, we
will need the next lemma, where @7, is as in Proposition 7.1.

Lemma 9.5 7, ® O} extends to an injective C[ h]-algebra homomorphism
T 8O Vo ® Yag > (Yae® [w])[='].
Proof Itissufficient to show 1 ® @} extends to an injective C[[ ]-algebra homomor-
phism
18D} : Ypg® Yag' — Yag®[27'].

Since ®%(Yng',) € 27 *Vag, ¢ 2% Yag[z'], 1® @}, induces a family of compatible
algebra homomorphisms

(1@ ®}),: Yag® Yag" /Yrg ® Yag,,, ~ Yag® [z ']/z " ag® [z ']

Taking the projective limit gives the desired extension 1® @}. We are left to verify
that it is indeed injective, which is perhaps a bit subtle (given that @ is injective),
but not difficult. As Y,g® Yg” is separated with respect to the f-adic topology and
Y, g®%[z7!] is torsion free, this can be done by verifying that the semiclassical limit of
1® @} is injective. This is the linear map
U(L)8S(ht)" > [12"(U(L) @c U(L),) < U(L)**[7']
neN

which is 1® @} : U(t,) ®S(ht,)", » z7"(U(t,) ®c U/(t\)z) on the n-th compo-
nent of the direct product, where @}, is the semiclassical limit of ®} and U(t,), =
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[Tpen U(t,)nz™". The desired result now follows from the fact that @ is injective,
which can be seen as a consequence of the equality &z o @ = ® o i and that, by [41,
Theorem 6.2] and the proof of Lemma 7.4, both @ and i have injective semiclassical
limits. [

To recover the desired result as stated in (2) of Theorem I, we now translate some
of the above constructions and results from D(Y,g) to DY;g using the isomorphism
Y from Theorem 8.4 or, equivalently, the Hopf algebra embeddings : and 7 from
Theorem 7.5. Let us set

Yag® Yag" = lim (+(Yag) ® i(Yag")/1(Yag) ® i(Yagy,))-

n

This definition is such that isomorphism
1®1:Ypg® Ypg > 1(Yrg) ® i(Yag') c DYpg ® DYjg
extends to an isomorphism of C[ /i ]-algebras
1®1: Ypg® Yag = Ypg® Yig'.
Armed with these preliminaries, we may now introduce the universal R-matrix of the
Yangian double DY}, g as the element
Ri= (16 1)(R) € (Yng® Yag") 0 (Yag & Yag') € Yag® Yag',

where, for each choice of A and B, A®B denotes the image of A®B under 1 ®i.
Similarly, we define the DY} g analogues of R* and R° by setting

R*:=(101)(R*) e YigoVYig® and R°:=(1®i)(R°) e Y g Yig"

By Theorem 4.6 and Lemma 74, @, satisfies ®,01=1, and ®,0i=D}.
Lemma 9.5 therefore implies that the restriction of ®,, ® @, to 1(Ysg) ® i(Ysg")
DY}, g®? extends to an injective C[[#1]-algebra homomorphism

D, @D, : Yog® Yag = Yag® [w][z'].

Indeed, we may set @, ® @, := (1, ® D,) o (1®i)~". With this homomorphism at
our disposal, we are now in a position to state and prove the last main result outlined
in Section 1.1.

Theorem 9.6  The following identities hold in Y, (g)®*[w][z7']:
(©, 6 .)(R) = R(w - 2),
(D, ®D,)(R*) =R*¥(w—2), (D, ®D,)(R?) =R"(w-2).
Consequently, R admits the factorization R = R*-R*- R in Yog & Yng'".

Proof By Theorems 4.1and 6.7 of [17] and Theorem 3.8 above, R(z) and R¥(z) sat-
isfy (1, ® )R(2) = R(w + z) and (1,, ® 1) RX(2) = R¥(w + 2) in Y5 (g)®*[w][z"],
for each choice of the symbol y. Therefore, to prove the first assertion of the theorem,
it is sufficient to establish the equalities

(18 D) (R) =R(-z) and (18 OL)(RY) = R¥(-z)
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in (Ysg ® Yag)[z™'] and (Y}g ® Y,*g)[27'], respectively. These relations will hold
provided their images under the evaluations
fol:(Yage Yag)[z"'] - Yaglz '],
fret1:(Yige v,*e)[z'] - v, o[z 7']
are satisfied in Y,g[z™'] for each f € Yxg" and fX € Y;_f g, respectively. This follows

from the definition of @}, (R1), and Corollary 7.7, which collectively output the
relations

(f@®;)(R) = ©(f) = (f @ DR(-2),
(f*@ @) (R) = ©;(f) = (ff @ YR*(-2).
This completes the proof of the first statement of the theorem. The second assertion

now follows immediately from the decomposition R(z) = R*(2)R°(z)R™(z) (see
Theorem 3.8) and the injectivity of @, ® 7. [ ]

Remark 9.7 In the closely related setting of [32], a formal version (i.e., suppressing
convergence issues) of the factorization R = R*-R°-R™ from Theorem 9.6 was estab-
lished in [32, Proposition 5.1] by proving directly that the Hopf pairing between the
Yangian and its dual splits with respect to the underlying triangular decompositions
(see Theorem 3.1 therein).

Remark 9.8 Since @, intertwines the Chevalley involutions of DY, g and Yjg, it
follows from Part (2) of Proposition 7.1 and the relation @, o i = @7 of Lemma 7.4
that i satisfies w o i = i o w'. Consequently, the property (R2) translates to

R=(w®w)(R) and R*=(wow)(R).
Hence, by Theorem 9.6, R(z) and its components R*(z) satisfy the relations
R(z) = (w® w)(R(z)) and R*(z) = (w® w)(R7(2)).
In particular, this observation recovers the first identity of Corollary 3.10.

One can now interpret the quasitriangularity relations for DYg in terms of the
relations of Theorem 3.8. Namely, setting v = w — z, we see that the cabling identities
of R correspond to the relations

A®L(R(v)) = Riz(v)Ra3(v),
18 A(R(V)) = Ri3(v)Riz(v)

in Y5(g)®[w][z"], which are satisfied by Theorem 3.8. In more detail, these are
obtained heuristically by applying ®, ® ®,, ® ®, and ®,, ® ©, ® O to

(A ® 1)(92) = 1R131R23 and (1 ® A)(:R) = 92,139?,12,

respectively, where A is the coproduct on DYjg, and then evaluating u — w and
y ~ z while using (9, ® ©,) o A|,=, = A o @,. Similarly, applying ®,, ® @, to the
intertwiner equation A”(x) = R A(x)R™ for x € Y;(g) leads to the identity

7, ® 10 A"(1,(x)) = R(v) - 7, ® 10 A(7,(x)) - R(v) ™
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in Y5 (g)®*[w][z;z7'], which is satisfied by Theorem 3.8. We caution, however, that
the situation here is more subtle for general x € DY} g.

9.4 Remarks

The identifications established in Theorem 9.6 provide a rigorous framework for
understanding the motivating remarks given in [17, Section 1.6]. We now give a few
comments related to this point.

First, we note that the diagonal factor R°(z) of R(z) was explicitly obtained
in [17, Section 6.6] by computing the common asymptotic expansion of the two
GL(V; ® V;)-valued meromorphic abelian R-matrices constructed in [16, Section
5], where W, V, are an arbitrary pair of finite-dimensional representations of the
Yangian. As explained in [16, Section 5.2], their construction was motivated by the
heuristic formula for R’ given in [32, Theorem 5.2]. Theorem 9.6 makes this relation
precise, and shows that the explicit formula for R°(z) obtained in [17], and recalled
in Section 3.6, does indeed compute the canonical element defined by the pairing on
YogxYog".

Next, we emphasize that the factor R* (equivalently, R*(z)) now admits two dis-
tinct characterizations. On the one hand, it is uniquely determined by the recurrence
relations (3.18) which were at the heart of [17, Theorem 4.1]. On the other hand, it
arises as the canonical element defined by the pairing on Y¥g x Y; g, and can thus be
realized explicitly by computing the dual set to any fixed homogeneous basis of the N-
graded torsion free C[1]-module Y; (g). In more detail, if Bf c Y3 (g) isalift of any
basis of the finite-dimensional kth component S (ht*) of S(ht*) = Y1 (g)/hY:(g)
(see Section 5.3), then B* = Uy B is a basis of Y} (g) and

RE= 3 1(x)@i(fx) € Yag®Yag',

xeB*

where {f,}xeg: ¢ Yig" is the dual set to B*, uniquely determined by f,(y) = dx,
for all x, y € B*. Here, we note if x is of degree k, then it follows automatically that
feeYng', 2 Hom(’:’[‘h] (Y#(g),C[A]). This implies that the right-hand side of the
above expression defines a unique element in Y,g®Ysg", which coincides with R*
as its image under @, o (1®1) ' is lysg (see (9.5) and Section 9.3).

In the special case where g = sl,, there are two closed-form expressions for R*
(equivalently, R*(z)) which have arisen from these two separate viewpoints (see [32,
Theorem 5.1] and [17, Theorem 5.5]). For g of arbitrary rank, no such expressions are
known, though an infinite-product formula for R* was conjectured in [32, (5.43)],
motivated by the earlier works [28-31].

9.5 On the blocks of R*

To conclude, we wish to highlight that the dual bases approach discussed in the
previous subsection provides a natural interpretation of some of the basic properties
of R*(z) discovered in [17].

Given B € Q, let mg: DYyg — DYxgp denote the C[#]-linear projection asso-
ciated with the topological Q-grading on DYg defined in Section 4.2, and let
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T : Yrg > Yrg p denote its restriction to Y1g. Consider the element
g 0 Iy g = 1y+q © 71g € Endepa) (Yag),
where we view Endc[s] (Yig) c Endcyay (Yng), as in Section 9.2. Note that under the
identification provided by the natural inclusion
Endqh](ﬁgﬁ) = Homqh](\'(ﬁg, Yig), ¢~ o,

it coincides with the identity transformation of Endcps)(Y£gs). For each f € Q,, we
may therefore define R := ®7'(15), where 15 = Iyzq,,- By (9.4) and the reasoning
used in (R2) of Section 9.3, we have

(9.6) Rj = (e ® )(R*) = (1@ 75)(R*) and  Rj = (w® w')(Rp),

where we note that, for each a € Q, 7', is just the projection Yyg" - Ypg”  associated
with the topological Q-grading on Y,g" (see Corollary 6.5). In the topological tensor
product Y;g& Yzg", we have the equality R* = Ypeq. Rp-

For the sake of the below discussion, it is worth pointing out that the convergence
of the infinite sum 3¢, R§ is also clear from the point of view of dual bases. Indeed,

by Corollary 5.5, we have Y;(g)iﬁ chPyz (g)+p> where we recall that v(f) € N is
defined by (3.17). Hence, any homogeneous element in Y3 ( 9).p with respect to the
underlying N-grading belongs to Y ( 9)v(p)+¢ for some £ € N. Tt follows that the dual
set to any homogeneous basis of the N-graded C[h]-module Y; (g). belongs to

kﬁ?ﬁ) Yioli© Yf,g(*v(ﬁ)),

where the space on the right-hand side is the closure of the C[ A]-module generated
by the left-hand side (see Section 9.2). This implies the convergence of 3 5cq, Rj

in ngngg* while establishing that RE € h"(ﬁ)Yh*g§Y;§g*. Next, following the
procedure from Section 9.3, let us set

RE ::(z®i)(R§) V BeQ,.
The relations of (9.6) then translate to
fRE = (mp ®1)(RF) = 1@ 755)(R*)  and RE: (w®w)(fRZ),

where w is the Chevalley involution on DY,g (see Section 4.2). Now recall that
R4 (z) isthe Yn(g)-p ® Yn(g)s component of R (z), characterized by the recurrence
relation (3.18). The Y(g)p ® Yx(g)—p block of R*(z) is then

Rj(2) = (0o 0)Ri(s) ¥ peQ,
and we have the following corollary of Theorem 9.6.

Corollary 9.9  For each 8 € Q., the element ing satisfies
(@0 &D)(Rg) € (h/2)" P Yn(9)* [w][="']

in addition to the relation (®,, ® ®,)(Rj) = Rs(w - 2).
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Of course, the second assertion is immediate from Theorem 9.6 as @, is the identity
on g and thus satisfies 77, 0 @, = ®,, 0 4]y, 4 for all & € Q. The first statement then
follows from the properties of R™(z) established in [17] and recalled in Section 3.6.
However, we wish to point out that this assertion is a natural consequence of the
above discussion on dual bases. Indeed, we have seen that any homogeneous basis
of Yz (g) p lies in h"(B) Y} (g), and that the image of its dual set under i is contained in
Disv(p) DYng k. As @, is graded, we have

®,(DYpg_) c 2 ¥Vhg, c 2P Ya(g)[27] ¥ k2 v(B),

which yields the first statement of the corollary.

A Homogenization of the R-matrix

In this appendix, we show that the results of [17, Section 7.4] imply Theorem 3.8,
as promised in Remark 3.9. Let Y(g) denote the Yangian defined over C with &
specialized to 1:

Y(g) = Ya(g)/(h 1) Ya(g).

Slightly abusing notation, we shall denote the images of x}, and h;, again by x7, and
hi,, respectively. The graded Hopf algebra structure on Y,(g) induces on Y(g) the
structure of an N-filtered Hopf algebra over the complex numbers with filtration I,
defined by letting IF, denote the image of @, <x Y5(g). The Yangian Y(g) is then a
filtered deformation of the graded Hopf algebra U(t, ):

grpY(9) 2 U(t,).

One can recover Y;(g) from Y(g) using the Rees algebra formalism (see [22,
Proposition 2.2] and [23, Theorem 6.10], for example). In more detail, there is an
isomorphism of N-graded Hopf algebras

¢n: Ya(g) = Ru(Y(0)) = @ A Fi(Y(0)) < Y(9)[]
keN
x> hxi, hy—hh, Viel,reN
Here, the Hopf algebra structure on R;(Y(g)) is obtained by extending that

of Y(g) by C[h]-linearity, and we note that Ry (Y (g) ®c Y(g)) = Ra(Y(g)) ®c[a]

Rn(Y(g))
In [17], the universal R-matrix R(z) of the Yangian Y(g) is constructed as a
product

R(z) =R"(2) R°(2) R (z) e 1+ 2z 'Y (g)®*[z "],

where R*(z) = Ry, (~z) " and the factors R™(z) and R (z) are as in Sections 4.1 and
6.6 of [17], respectively. In particular, R*(z) -1, R’(z) - 1, and R(z) -1 lay in the
subspace

z QIIF"(Y(QW)Z’" < Y(9)*[=7']
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and hence R*(z/h), R%(z/h), and R(z/h) are elements of R, (Y (g))®?[z']. The
definitions of R*(z), R°(z) and R(z) given in Section 3.6 are such that one has the
equalities
05 (R*(2)) = R*(2/h), 93 (R°(2)) = R"(2/h),

¢n (R(2)) = R(z/h).

Using this fact and the results of [17], we can recover the below proposition, which is
a restatement of Theorem 3.8.

(A

Proposition A.1 R(z) is the unique formal series in 1+ z 'Yy (g)®*[2™"] satisfying
the intertwiner equation

T, ®10A"(x) =R(z) -1, @10 A(x) - R(2)™"" V x e Yp(g)
in Y, (9)®%[z;z7'], in addition to the cabling identities

A® I(R(Z)) = fR]3(Z)fRz3(Z),
18 A(R(2)) = Riz(2)Riz(2)

in Y5 (g)®*[z7']. Moreover, R(z) satisfies the properties (1)-(3) of Theorem 3.8.

Proof That R(z) satisfies the properties (1)-(3) of Theorem 3.8 follows from (A.1)
and the corresponding properties of R(z) established in (3)-(5) of [17, Theorem 7.4].
Similarly, that R(z) satisfies the cabling identities in Yy (g)®*[z™"] follows from the
equality ¢®*(R(z)) = R(z/h) and Theorem 7.4(2) of [17], which asserts that R(z)
satisfies the cabling identities in Y (g)®*[z7']. As for the intertwiner equation, upon
applying the isomorphism ¢®2, we deduce that it will hold provided R(z) satisfies

W © 10 A7) (x) = R(2/h) ¥ ©10 Ay (x) R(z/R) ¥ xeRa(¥(0))

in Ry (Y (9))®*[z527'] < (Y(9)®*)[h][2:27"], where 7{ = ¢p 0 7, 0 ¢}". Since 77 is
determined by

72 (xi (u/h)) = x; (u=2)[h), 7% (hi(u/h)) =hi((u-2)/h) Vi€l
the above equality will hold provided that, for each x € Y(g), and { € C*, one has
(A2)  tge® 1o Al (x) = R(z/0) - fur @10 Ay (x) - R(z/0),

where 7, : Y(g) — Y(g)[z] is obtained by specializing the algebra homomorphism 7,
defined in (3.8). This equality is immediate from Part (1) of [17, Theorem 7.4].

Asfor the uniqueness assertion; the argument given in Appendix B of [17] translates
naturally to the formal setting. Alternatively, one can see this as a consequence of the
uniqueness of R(z) itself, as proven therein. Indeed, if Z(z) € 1 +z7'Y;(g)®*[z7']
is another solution of the intertwiner equation satisfying the cabling identities, then
to see that Z(z) = R(z), it suffices to show that X (z)|5_; = R(z/() for each { € C*,
where

X(2) = 95" (%(2)) € Y(9)[M]["'].
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This follows from the fact that X (z)|;_; and R(z/{) both satisfy the cabling identities
in Y(g)®*[z7!] and the intertwiner equation (A.2), and so coincide by the uniqueness
of R(z), as established in Appendix B of [17]. ]
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