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Abstract

It is shown that if G is a non-amenable group, then there are no non-zero translation invariant
functionals on LP(G) for 1 <p < oo. Furthermore, if G contains a closed, non-abelian free
subgroup, then there are no non-zero translation invariant functionals on C0(G). The latter is proved
by showing that a certain non-invertible convolution operator on C0(G) is surjective.

1980 Mathematics subject classification (Amer. Math. Soc): 43 A 07.

Let G be a locally compact group. Throughout this paper m will denote left
invariant Haar measure on G, and LP(G), 1 </> < oo, will denote the corre-
sponding Lebesgue spaces. The space of continuous functions on G which
converge to zero at infinity will be denoted by C0(G).

For each x in G, 8X will be the point mass at x. Define the convolution product
of 8X and a function / in L?(G) or C0(G) by

(K*f)(y)=f(x-1y), (y*G).

Convolution by 8X is an operator on LP(G) or C0(G) and is usually called
translation by x. Translation by x is an isometry because m is left invariant. If
E"=1c,8x is a linear combination of point masses, then the operator of convolu-
tion by this will be denoted by (E"=1c,Sx ) • and the norm of this operator on
L?(G) will be denoted by
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238 G. A. Willis [2]

A linear functional X on LP(G) or C0(G) is said to be translation invariant if

M M / ) = M / ) . (* e G, / G LP(G) or C0(G)).

The purpose of this paper is to show that, for many groups G, there are no
non-zero translation invariant functionals on LP(G), 1 < p < oo, or on C0(G). It
follows that there will be no discontinuous translation invariant functionals on
these spaces. The question of the existence of discontinuous translation invariant
functionals on LP(G) and C0(G) has already been answered for some groups and
p 's, and a survey of the results obtained prior to 1981 is given in [6].

It is shown in [10] that there are discontinuous translation invariant functionals
on Ll(G) for every G (see also [4], [12]). Various results have been obtained for
LP{G) when p > 1, and for C0(G). All of the examples of discontinuous
translation invariant functionals which have been found (apart from those on
L}(G)) have been for amenable groups. Indeed, some of the constructions of
discontinuous translation invariant functionals on LP{G) or C0(G) have ex-
plicitly used the amenability of G (see [10] and [12], for example). The only result
concerning non-amenable groups which has been obtained previously is that there
are no non-zero translation invariant functionals on L°°(F2) [10].

In Section 1 it will be shown that there are no nonzero translation invariant
functionals on LP(G) when 1 < p < oo and G is a non-amenable group. This
will be an easy consequence of a known characterization of amenable groups.

In Section 2 it will be shown that there are no nonzero translation invariant
functionals on C0(G) when G has a closed subgroup isomorphic to a non-abelian
free group. This will be achieved by showing that, if a and b belong to G and are
such that the subgroup they generate is closed and free, then the operator
(8e + e2"i/38a + e-2"i/38b)* is surjective on C0(G) (Theorem 2.2). Theorem 2.2
has some further consequences which will also be given in Section 2.

The final section contains an automatic continuity theorem for linear trans-
formations which commute with translations. It is shown first of all that, if a and
b generate a closed free subgroup of G, then the ranges of the operators
(8e + e2tri/\ + e-2"i/38b)* md(8e + e-

2*i/38a + e2w"%)* on L\G) have only
the zero vector in common (Theorem 3.1). This is used, together with Theorem
2.2, to show that, if X is a Banach space on which G acts, then every linear
transformation T: X -* LX(G) which commutes with translations is continuous. It
seems likely that Theorems 2.2 and 3.1 will have many more applications than
those given here.

I would like to thank the Izaac Walton Killam Memorial Trust for supporting
this work with a Killam Postdoctoral Fellowship. I would also like to thank the
participants in the functional analysis seminar at the University of California, Los
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[ 3 ] Translation invariant functionals 239

Angeles, for the observation that the proof of Corollary 1.2 applies in the
generality given.

I. LP(G) when G is not amenable

The fact that there are no non-zero translation invariant linear functionals on
LP(G) when G is non-amenable and 1 <p < oo will follow from the lemma
below. This lemma is well known in the case when G is discrete (see [1, Theorem
1] and [7, 8.3.7]), but the non-discrete case seems not to be in the literature.

1.1. LEMMA. Let G be a non-amenable locally compact group, and let 1 < p < oo.
Then there are elements xx, x2,.. .,xn in G and non-negative numbers c1; c2 , . . . , cn

with ZUcn = 1 such that m-xcA)* \P < 1.

PROOF. Suppose, for every xv x2,..., xn in G and every convex combination
E?-icA,.»t h a t K£"-icA,)* \P

 = 1- W e wiU show that G is amenable.
Let yx, y2,..., yn belong to G. Then K« + l)~1If_08y,)* \p = 1, where y0 = e,

the group identity. Hence there is a sequence (fk)f=i in LP{G) with 11/̂ 11̂ , = 1
for each k such that

lim
A:-»oo

It follows, by the uniform convexity of the unit ball in LP{G), that

for each / = 1,2,..., n. Since \\f - 8y * f\\p > || | / | - 8y * | / | 1 ,̂ we may suppose
that fk is a non-negative function for each k.

Now, by [7, Chapter 8, Section 3.2], there is a sequence (fk')l°=i of non-negative
functions in L\G) with \\fk% = 1 for each k such that kmk^x\\fk' - 8y. */t'||1
= 0 for / = 1,2,..., n. Therefore, by [8, Section 3, Proposition 1], G is amenable.

1.2. COROLLARY. Let G be a non-amenable locally compact group, and let
1 < p < oo. Then there are no non-zero translation invariant linear functionals on
Lp(G).
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PROOF. Let £7_iC,8x be a convex combination of point masses such that
K£"_iC,-8x.)* \P < 1- Then convolution by 8e - (L"=1ci8x) is an invertible opera-
tor on LP(G). Hence, for each / in LP(G), there is a g in LP(G) such that

f=g-(tcfix)*g

Now let X be a translation invariant linear functional on LP(G), and let /
belong to LP(G). Then

n

Therefore X = 0.

2. C0(G) when G contains a free group

In this section we will show that, if G has a closed subgroup isomorphic to the
free group on two generators, then there are no non-zero translation invariant
linear functionals on C0(G).

To do this for non-discrete groups we must first construct a partial Borel
transversal for the free group which has certain additional properties. This is done
in the following lemma.

2.1. LEMMA. Let G be a locally compact group, H a closed, discrete subgroup of
G, and K a compact subset of G. Then there is a Borel subset E of G such that

(i) E is compact;
(ii) for each x, y e H, xE n yE — 0 unless x = y; and
(iii) there is a finite subset C of H such that K\(\JxeCxE) has zero measure.

PROOF. We may suppose that e e K. Let {xv x2,..., xn} = H n K. This set is
nonempty, and it is finite since H is closed and discrete and K is compact. Put
L = LI".!xJlK. Then L is compact and not empty.

Let $ be the set of all Borel subsets of L which satisfy condition (ii) above.
Then <f is not empty because </> e S. Define an equivalence relation - on S by
putting El ~ E2 if m^E^E^ = 0. Next, define a partial order < on $/ ~ by
putting [£j] < [E2] if there are E[ e [Ex] and E2 e [E2] with E[ c E'2, where
[£x] and [E2] are any two equivalence classes in S.
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Now let ([£„]) be an increasing chain in $/ ~ . Then, since each Ea c L, which
is compact and so has finite measure. ([Ea]) has a countable cofinal subchain,
( [ £ J ) ? = 0 say. Put Ex = U ? = o H ^ = n £ m . Then Ex is a Borel subset of L. Also,
H ^ _ n Em c En for each n and so satisfies condition (ii). Since Em is an increasing
union of sets which satisfy (ii), Ex satisfies condition (ii). Hence Ex e $. Since
([£n])"_o is an increasing chain, En\En+l has measure zero for each n. Hence,
for each n, we have

En\Ex c £B\( fl Em\ C

which has measure zero. Thus [En] < [E^] for each n, and so [Ex] is an upper
bound for the chain ([£„]). It now follows, by Zorn's Lemma, that there is a
maximal element in ($/' - , <). Let E be such that [E] is maximal. Then E
satisfies (ii) and E c L, from which it follows that E is compact.

In order to show that E satisfies (iii), suppose that m(K\(\Jx^HxE)) > 0.
Choose a Borel subset D of K\(}Jx^HxE) such that m(D)> 0, but which is
sufficiently small that H n (D/)"1) = {e}. Consider E' = E U (xf1/)), which is
a subset of L. If xE' n ;/£' =£ 0 for some x, j» in H, then either jcff n jis =£ 0 ,
xE C\y(x^D) * 0 (or x(x[1D)C\yE # 0), or x^1 / ) ) ny(x^D) * 0. The
first alternative implies that x = y because E e S; the second implies that
D n (x^^xE) # 0 (or D n (oc^"1^) * ®\ which is not possible because
D n (Uxe//Ji:£) = 0 ; and the third alternative implies that xxy-lxx{1 e DD~l

which, since Z)!)"1 n f l = {e}, implies that x = y. Hence £" e <f. Since m(Z>)
> 0, we have [ £ ' ] > [ £ ] , which contradicts the maximality of [E]. Therefore
m(K\ (U x G / / x£) ) = 0. Now let C = {x e H \ xE n K ± 0 } . Then
m(K\(}JxeCxE)) = 0 and C c AX"1, which is compact. Hence C is finite, and
so E satisfies (iii).

Now let F2 denote the free group on two generators a and b. We will be
regarding F2 as a closed subgroup of the locally compact group G, and so a and b
will be elements of G. If JC belongs to F2, the expression "x = a " will mean
that the reduced word for x has the form aebs>ae' • • • bSnae% where n > 0, and
where Sx, e1(. . . , 8n, en are integers which are all non-zero except possibly for en,
and where e is a positive integer (see [5, Chapter 1, Section 1] for terminology
concerning free groups).' The meanings of expressions such as "x = b ," "x =
a'1 " and "x = b'1 " are defined in a corresponding way. In the following, x
will be a character on F2, so that x ( a ) and x(^) will be complex numbers with
modulus one. Conversely, if 6 and \p are two complex numbers with modulus
one, then there is a unique character x on F2 with x(a) = & a nd x(^) = XP-

The fact that there are no non-zero translation-invariant hnear functionals on
C0(G) when G contains a non-abelian free group will follow from the next result.
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242 G. A. Willis [6]

2.2. THEOREM. Let G be a locally compact group which contains F2 as a closed
subgroup and let x be a character on F2. Then the operator (8e + x(a)$a +
X(b)8b)* is surjective on C0(G) and also on LP(G) for p > 2. More precisely, let
p > 2 and e > 0. Then

(a) for eachfe LP(G), there is g e LP(G) such that

f=(Se
 + x(c)K + x(b)8b)*g and \\g\\p < (i)1/P——^II/IL- + e;

and
(b) for eachf& C0(G), there is a g e C0(G) such that

*g and ||g|U < I I / L + «•

PROOF. We shall show that, for every bounded, measurable function / with
compact support in G, there is a bounded, measurable function g such that
/ ( 0 = [(8e + x(a)&a + X(b)8b)* g](t) almost everywhere, such that

1 / ^ and

and such that g converges to zero at infinity. This will suffice to prove the
theorem.

To deduce the CQ(G) case for example, let / ' belong to C0(G). Then there are
bounded measurable functions /0, fx, f2,... which have compact support and
which satisfy \\fo\\x < \\f'\\x and H/JL < tl~\ n = 1,2,3,..., and there is a
symmetric function </> in L\G) with ||$|li < 1 s u c h t n a t / ' = ^-o/n*<>- BY
what we are about to show, there are functions g0, gv g2,... such that, for
« = 0,1,2,. . . , fn = (8e + x(a)8a + x(b)8b)*gn, ||g|L < H/JL, and gn con-
verges to zero at infinity. Hence / ' = E^=0/n*^> = (8e + x(a)$a +
X(b)8b)*^=ogn*<t>), where If_ogm *<J, belongs to C0(G) and |P~_ogn*<>IL
< ll/'lloo + e- The result for LP(G) may be deduced in a similar way.

In order to prove the above claim it is necessary to introduce some set valued
functions on F2. For each x e F2 \ { e}, let i)(*) be the set defined by

{ {a~lx,b~xx,ax,b~lax}, \ix = b~1__,

{a~lx,b~lx,bx,a'lbx}, if x = a~1_,

{ax,b~1ax,bx,a~lbx}, if x = a or b .

Then T | (X)C F 2 \ { e } and |TJ(X)| = 4 for each x. By considering reduced words,
it may be seen that ^(xj) n TJ(JC2) = 0 unless xx = x2.
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[7] Translation invariant functional 243

Now for each x e F 2 define sets J((n,x), n = 1,2,3,..., inductively as
follows. Define

{ a^Xyb^x}, if x = a"1 , Zr1 , or x = e,

{x, b~lx}, if x = a ,

a" 1 * ,*} , if x = ft .
Then Jt{\, x) c F 2 \ {e} for each x in F2. Once ^ ( « , x) has been defined, put

n + 1, x) = r}(J?(n, X)). Then | ^ ( n , x)| = 22""1 and, for each n, J((n, xt)
x2) = 0 unless xl = x2, as may be proved by induction using the

properties of TJ stated above.
Now let / be a bounded measurable function on G and assume that K =

supp(/) is compact. For this K, and with H = F2, choose E, a Borel subset of G,
and C, a finite subset of F2, as in 2.1.

For each n = 1,2,3,..., define a function An on G by

hH{yw) = fixw), if w G E and x, y e F2

O, . otherwise.
Then /in is well-defined by 2.1(ii), and because J((n,x^)C\J((n,x-2)= 0 if
xx # x2. By 2.1, parts (i) and (ii), and because J((n, x) is finite, the closure of the
essential support of hn is compact. It is clear that H/i,,!!.*, = (2)"ll/ll«i a n ( ^ t n a t

\hn(yW)\Pdm(W)

- ( I ( E / 1(1)

by 2.1(iii). Now put g = E"_i(-l)"+

converges to zero at infinity, \\g\\x <

x<=r2
JE

Then g is bounded and measurable, it
M, and

22/p

2 - 22/p ip-

It remains to show that (8e + x(fl)^a
 + X(^)^fc)* ? = /• To prove this it will

suffice to show that (Se + x(a)8a + X(^&)* g(xw) = /(xw) for every x e F2

and every w e £, because g(f) = 0 for every / e G \ (F2£), and because / ( 0 = 0
for almost every t e G\ (F2£).
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Let w e E and x e F 2 \ {e}, and suppose that x = a'1 or b'1 . Then
a~lx and b'1x are in J((\,x) and also in r\(x), and so x(a)hi(a~lxw) —
f(xw)/2 = x^h^b-'xw) and x(a)h n+l{a~1^) = hn(xw)/2 =

n + l(b~1xw) for n — 1,2,3, Hence,

X(a)g(a-hw) = X{a) £ (-^"^^(a^w)
n = l

= X(^)/i1(a-1xw) - X(a) £ (-ly^h^a^xw)

= ^(f(xw) - g(xw))

= X(b)g(b-1xw).

Therefore, i fx = a'1 o r f r 1 , then

= g(xw) + X(a)g(a-lxw) + x^gib^xw) = f(xw)

for every w G E.
Next let x G F 2 \ { e } and suppose that x = a . Then either x = a or x = ay,

where y = b~l , a , or b . If x — a, then x and b'lx are in J((\, x) and not
in Tj(z) for any z, and so hY{xw) = f(xw)/2 = xWh^b^xw) and hn(xw) =
hn(b~lxw) = 0 for n = 2,3,4, Hence,

g(xw) = h^xw) = \f{xw) =

Also, g{a~lxw) = g(w) = 0. Therefore, if x = a, then [(Se + x(a)8
a +

x(b)Sh) * g](xw) = / ( w ) . If x = ay, then * and b~lx are in ^#(1, x) and also in
T)(JO, and so h^xw) = f(xw)/2 = xi^h^b^xw) and
X(a)hn(yw)/2 = x(b)hn+l{b~lxW) for « = 1,2,3,.... Hence

00

g(xw) = A^JCW) - X (-l)"+1An + i(xw)
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Therefore, if x — ay, then

[(8e + X(a)8a + X(b)8b)* g)(xw)

= g(xw) + x(a)g(yw) + x(6)g(Z»-1Jcw) = f(xw)
for every w e E. A similar argument shows that this also holds when x = b .

Finally, suppose that x = e. Then g(xw) = 0 and x(<*)g(a~lxw) = f(xw)/2
= xWgib^xw), and the required identity follows. Therefore, for every x e F2

and w e E, we have

2.3. REMARK. When G is discrete, the proof of 2.2 in fact describes a
construction for a right inverse for the operator (8e + x(a)8a + x(b)8b)*

 o n

C0(G). It does not do so when G is not discrete because the smoothing function <J>
cannot be chosen independently of / ' (see the second paragraph of the proof).
However, if a full transversal for F2 is chosen, then a right inverse for {8e +
x(a)8a + x(b)8b)* on LP(G), 2 < p < oo, may be constructed in the way
described in the proof even when G is not discrete, because the smoothing
function is not required in the LP(G) cases of Theorem 2.2.

2.4. COROLLARY. Let G be a locally compact group which contains F2 as a closed
subgroup. Then there are no non-zero translation-invariant linear functionals on
CQ(G) or on L°°(G).

PROOF. Let X be a translation-invariant linear functional on C0(G) and let
/ G C0(G). Then there is g e C0(G) such that / = (8e + e2"i/38a + e-2"i/38b)* g.
Hence,

M / ) = M s ) + e2"^\(8a * g) + e-2^X(8b * g) = 0.

A similar fact holds for L°°(G).
The operator (8e + x(a)8a + x(b)8b)* is not surjective on LP{G) for 1 < p

< 2. However, it is bounded from below on LP(G) for 1 < p < 2, as the next
corollary shows. This result is clearly equivalent to the dual of Theorem 2.2.

2.5. COROLLARY. Let G be a locally compact group which contains F2 as a closed
subgroup, let x be a character on F2, and let 1 < p < 2. Then, for every
f e Lp(G), we have

\\{8e + X(a)8a + x(b)8b)*f\\p > ( i ) X / ' (2 2 / ' - 2) | | / | | , .

For each locally compact group G, let Ll
0(G) = { / e Ll(G)\JGfdm = 0) .

Then L\(G) is an ideal in L\G) and is called the augmentation ideal. A
well-known characterization of amenability asserts that G is amenable if and only
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246 G. A. Willis [101

if L}0(G) has bounded approximate units (see [9]). It is shown in [3] that not only
does L}0(F2) not n a v e bounded approximate units, but it also does not even
satisfy the weaker condition of having right approximate units. In particular, it is
shown that if hx = 8e - 8a + 8b - 8ab, then hx e L^(F2), but hx <£

The next result states that h2 = 8e + e2"i/38a + e~2"i/38b also has the property
that h2 G LQ(F2), but h2 £ (h2 * LQ(F2))~. This is another corollary of Thoerem
2.2. We have already seen that it follows from 2.2 that there are no translation-
invariant linear functionals on L°°(F2). Thus 2.2 combines two different proofs
that F2 is not amenable.

2.6. COROLLARY (B. E. Johnson [3]). Let G be a locally compact group which
contains F2 as a closed subgroup. Then L^G) does not have right approximate
units.

PROOF. Choose / e L\G) with fGfdm = 1 and put h = (8e + e
e-2vi/i8b)*f. Then h e L\{G).

Now let M e I}Q(G). Then

\\h - h . u h ^ W i S ^ e2<"/% + e - 2 ^ 8 b ) . ( f - f * u ) l
>\\f~f*u\\1 by2.5

\{c(f-f*«) dm = 1.

Therefore h <£ (h* L\,(G)) , and so Lj,(G) does not have right approximate
units.

3. Linear transformations into Ll(G) which commute with translations

Let G be a group and X a Banach space on which G acts. In other words, let
there be a group homomorphism A: G -* 8I~\X), where 8I~\X) is the group of
invertible linear operators on X. A linear transformation S: X -» L\G) is said to
commute with translations if

If A(G) is a bounded subgroup of 98~\X) then X becomes a Banach
G-module and S becomes a G-module homomorphism in the sense of [2]. In this
case it follows from Corollary 4.2 of [2] that, if G has a closed subgroup
isomorphic to Z, then every G-module homomorphism S: X -* L\G) is continu-
ous. The remark after Example 4.4 in [2] indicates that the condition that A(G)
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be bounded may be weakened somewhat, but the question as to whether any such
condition is necessary is open. In this section we shall show that it is not
necessary if G has a closed subgroup isomorphic to F2. This will follow from the
next theorem.

3.1. THEOREM. Let G be a locally compact group which contains F2 as a closed
subgroup. Then

(i) l(8e - 8a)* L\G)} n [(8e - 8b)* L\G)] = {0}; and

PROOF. TO prove (i), let / e [(«, - 8a)* L\G)] n [(«, - 8b)*L\G)] and sup-
pose that / # 0. Then there is an open set U such that \Jvfdm\ > 0, and we may
suppose that U is sufficiently small that xU n yf/ = 0 unless x = y, (x, y e F2).

We shall show by induction on k that

/ fdm

where t/(nx, n2,...,nk) = ...b"lanibnianiU. To prove this when Jk = 1, note
that, since / e (8e - 8a)» L^G), we have

and so

£ / fdm =\( fdi
n eZ a"w \ U

dm

Now suppose that we have proved the inequality for some k. If k is odd, then
U(nv n2,..., nk, nk+1) = b'^a"-... b^a'W = bn^U(nv n2,..., nk). Thus,
since / G (8e - 8b)* L\G), we have

U(nun2,...,nk)
fdm = 0,

and so

I I/ fdm > ff
U(nun2,...,nk)

fdm
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fdm

f fdm

by the induction hypothesis. If k is even, then a similar argument using the fact
that f<=(8e- 8a) * L\G) gives the same result.

If (nl5 n2,..., /jfc) G Zk with Bj, n2 , . . . , nk # 0, and if (m1; /w2,..., m,) e Z'
with mx, m2, ...,m,¥=0, then . . . f'a^b^a"1 ± ... bm*am^bmiami unless k = I
and n1 = m^ n2 = »i2) . . . , nk = mk. Hence, by the definition of
U ( n v n2,..., nk) a n d b y t h e c h o i c e of U, U(nx, n 2 , . . . , nk) C\ U ( m v m 2 , . . . , m , )
= 0 unless k = / and nx = « „ M2 = w 2 , . . . , nk = mk. Hence, for each N > 1,
we have

N

N

(rtj, n2,

"l>"2

i

("l."2-
«1>"2

E
, . . . , n t ^ 0

E
...,nk)eZk

, . . . , n t # 0

4,,..,...

/
t/(/(«l,«2.- •

l/l«*n

fdm

This is a contradiction. Therefore / = 0.
To prove (ii), now, let

Then / = (8e + e2»l/38a + e-2«i/38b)* gl = (8, + e'2"/\ + e2^38b)* g2 for
some gx and g2 in L\G). It follows that (8e - 8a)*(e2'"/3g1 - e-2"'/3g2) = {8e

~ 5ft)*(-«"2'"/3gi + e2tri/3g2) and so, by (i), both sides equal zero. Since the
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operators (8e - 8a)* and (8e - 8b)* are injective on L\G), we have e2vi/3gl -

e-2"'/3g2 •= o = -e-2i"/3
gl + e2"i/3g2. Therefore, g1 = 0 = g2, and s o / = 0.

3.2. THEOREM. Let G be a locally compact group which contains F2 as a closed

subgroup, let X be a Banach space on which G acts, and let S: X —* L}(G) be a

linear transformation which commutes with translations. Then S is continuous.

PROOF. Let © be the separating space of S (the separating space is defined in

[11], p. 7). Since S commutes with translations, © is invariant under translations,

and so © is a closed, left ideal in L\G).

Let T be the operator A(e) + e2"i/3A(a) + e-2ni/3A(b) on X, and let R be the

operator (8e + e 2 n i / \ + e'2wi/38b)* on L\G). Then T and R are continuous

linear operators on X and L}(G), respectively, and ST-RS = 0 because S

commutes with translations. Hence, by [11], Lemma 1.6, there is an integer N

such that (/?"©)"= (RN®)~ for all n > N.

Suppose that © * {0}. Then (8e + e2"i/38a + e-2«i/38b)* © and (8e +

e ' 2 w i / \ + e2wi/38b)* © are subspaces of © whose intersection is {0} by 3.1.

Since RN is injective, it follows from 2.5 that RN(8e + e2wi/38a + e-
lrri/38b)* ©

and RN(Se + e'2ni/38a + e2wi/38b)* © are subspaces of RN® whose intersection

is {0}. Now RN(8e + e-2wi/\ + e2"'/3S6)* © * {0} by 2.5, and so RN(8e +

e i « i / \ + e-
2mi/38b)* © = RN+l® is a proper subspace of RN®. By 2.5 again,

RN® and RN+1® are closed. Hence (i?)V+1©)-# (RN®)~, which is a con-

tradiction. Therefore © = {0} and S is continuous, by [11, Lemma 1.2].
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