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INEQUALITIES FOR POLYNOMIALS WITH
A PRESCRIBED ZERO

ABDUL AZIZ

1. Introduction and statement of results. If P(z) is a polynomial
of degree n, then the inequality
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is trivial. It was asked by Callahan [1], what improvement results from
supposing that P(z) has a zero on |z| = 1 and he answered the question
by showing that if P(1) = 0, then
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Donaldson and Rahman [3] have shown that if P(z) is a polynomial of
degree n such that P(8) = 0 where 8 is an arbitrary non-negative number,
then
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whereas if the polynomial P(z) is such that P(1) = 0, then [4]
@ |P'()] = §Max [P@)].
lzl=1

In this paper we shall estimate

1 2r P(eN) 2
2w e’ — B a0
in terms of the maximum of |P(z;)| where zx, £ = 1, 2, ..., n are the

zeros of 2" + 1 and obtain a sharp result. We shall also prove a generaliza-
tion of (4). In lieu of requiring that the maximum of |P(z)| on the right
hand side of (4) be taken on [z| = 1, we only assume that it be taken over
nth roots of —1.

We prove

TaEOREM 1. If P(2) s a polynomial of degree n such that P(B8) =
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where B 1s an arbitrary non-negative real number then
10 2 2(n—1)
Pl?) " <1t B+ ... +8

1 2T
(5) —271_ fo 610 ﬁ = (1 + 6 )

where 21, 23, . . ., 3, are the zeros of z* + 1. The result is best possible and
equality in (5) holds for P(z) = 2" — .

Max |P(z) |2,
1Sk<n

Next we present an inequality in the opposite direction.

TaeoREM 2. If P(2) is a polynomial of degree n such that P(8) = 0 where
B is an arbitrary non-negative real number, then

1 (" PE) Py Lt +
(6) o fo 6” _ B do = (1 + ﬁ ) l\_{lkll‘lrl |P(Zk)|
where 31, 22, . . . , 2, are the zeros of 2" + 1. The result is sharp.

Finally we prove the following generalisation of (4).

THEOREM 3. If P(3) is a polynomial of degree n such that P(8) = 0O
where B 1s an arbitrary non-negative real number, then

1+BZ+-~'+62(7L_1)

@ |P'e) = e Max |P(z)],
where 21, 29, . . ., 2, are the zeros of 2* + 1. The result is sharp for § =
and B = 1.

2. For the proofs of these theorems we need the following lemma.

LEMMA. If 21, 29, . . ., 2, are the zeros of 2" + 1, then for an arbitrary non-
negative real number (8
1 n 1 1 2 . 2(n—1)
® = oy
nk=l|zk_/3| 1+ 8"

Proof of the lemma. If B = 0, then the assertion is trivial. So we suppose
that 8 # 0. If P(z) is a polynomial of degree n such that P(8) = 0, then
P(z)/(z — B) is a polynomial of degree n — 1, and therefore, by using
Lagrange’s interpolation formula with zj, 2s, . . ., 2, as the basic points
of interpolation we can write

PE) _ 3~ (PE) 241 ) _ 1 PE)aE +1)
z—B Z:I (Zk - 6) (nzk""(z - zk)) B nkzl (2 — B) (2 — 2)
since z,"~! = —1/z.

Taking in particular P(z) = z* — 8", we obtain
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n =1 (= B)(E—z)
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Putting 2 = 1/8 in (9) and noting that |z;] = L fork = 1,2, ..., n,
we get
1+B2+‘.'+B2(n—1)=(1+ﬁn)2 n Zkﬁ
3n—1 np" =t (@ — B)(1 — Bz)
_a+8)y 1
g H @ —B)E—B)
Hence
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which is equivalent to (8) and the lemma is proved.

3. Proofs.

Proof of Theorem 1. Let S(8) = 3 ce™? be a trigonometric polynomial.
If s and m are two integers of which the first is positive, then it can be
easily verified directly (for example see [2] and [5]) that

s—1
(10) &S+ 2np/s) =5 D, ae™

p=0 k=m(mods)

Since P(B) = 0, |P(e®*)/(e?* — B)|? is a trigonometric polynomial of
degree n — 1. We take

S®) = |P(e*)/(e* —B)|*, s=nm=0 and t¢=7/n
Then (10) reduces to
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wherez,, B = 1,2, ..., nare the zeros of z2* + 1. This gives with the help
of above lemma
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which proves the desired result.
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Proof of Theorem 2. From (11) we have with the help of the lemma

above
i fZ?r _P (e 10)
27!‘ 0

e — g

%z{li 1 }MnW@W

n = |2 — BI*) 1=k=n

_ 148+ 4+ 2
- 1+ 8" Ll\s/lklgr; [P @)
and this completes the proof of Theorem 2.
Proof of Theorem 3. Since P(8) = 0, P(z)/(z — B) is a polynomial of
degree n — 1. Using Lagrange’s interpolation formula with zi, 2,, . . .,
z, as the basic points of interpolation, we can write

H@_"(P@U( "+ 1 )_lﬂp@mw+n
z—B A\un—-8/ \nz"'c—2z) n&@— B8 —2)

Letting 2 — 8 we obtain

P@) = LS Py 2

Hence
n n | |
’ 1 + ﬁ | 3k
= ]
P s 5 3 PG| 2
1+ 8" < 1
<
= n kz=:1 le _ 6[2 11\;[’2): |P(zk)|v
since |zx| = 1.

Using now the lemma above, it follows that

14+ 4...+ 6"
1+ Bn 11\;Ika§xn l.P(zk)l.

This proves the desired result.

|P'(B)] <
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