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A UNIFORMLY ASYMPTOTICALLY REGULAR
MAPPING WITHOUT FIXED POINTS

BY
PEI-KEE LIN

ABSTRACT. We construct a uniformly asymptotically regular,
Lipschitzian mapping acting on a weakly compact convex subset of
I, which has no fixed points.

Let K be a weakly compact convex subset of a Banach space X. A mapping
f:K — K is said to be asymprotically regular if lim,_,._ || /" '(x) — f"(x) || = 0
for all x € K. f is said to be uniformly asymptotically regular if for any
8 > 0 there exists an N such that for all x € K and for alln = N, ||f/"*!(x) —
S (x)|] < 8. It is known [3] that if f is nonexpansive i.e. ||[f(x) — f(¥) | =
[lx — yll, then F\ = A + (1 — X)f is uniformly asymptotically regular for all
0 < A < 1. It is also known [1] that if X is uniformly convex and f is
nonexpansive, then f has a fixed point. Recently, D. Tingley [8] has constructed
an asymptotically regular mapping acting on a weakly compact subset of /,,
which has no fixed points. The question arises as to whether f has a fixed point
when f is uniformly asymptotically regular and X is uniformly convex. The
purpose of this paper is to show the answer is negative.

For more results of a nonexpansive or the more general nonexpansive
mapping, we suggest the reader consult [1-8].

Let {e;} be an orthonormal basis of /, and let
K={SaeYd =landa, Za,Za; =...Z0)}.
For each x = X ae; € K, let g(x) = max(a;, 1 — |Ixll)e;, + 272, a;,_ ¢
and define the function f by
g(x)
llgCx) Il

It is clear that f has no fixed points. Now, we claim that f is Lipschitzian and
uniformly asymptotically regular.

fx) =
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LeMMA 1. fis Lipschitzian.

Proor. If x € K, then 2 = |[g(x) || = 1. So

- I E-CO N (60
/e = F I ,Hg(x)” |Ig(y)||H
= l g(x) — g(}’)l‘
llg(x) |l
1 1
N _
O geom ™ T |

=22 =yl +2-4-2x =yl
= 20llx — yll.

LeEMMA 2. f is uniformly asymptotically regular.

Proor. We need the following facts.

Fact 1. If x € K, then || f(x) || =

Fact 2. f""l(x) = =2, ae, thena; = ay = ... = a, = 1//n.

Fact 3. If x = 272, ai¢; € K and g(x) = 22, b, then a, = b, for all
n € N.

Since /, is uniformly convex, for any € > 0 there exists § > 0 such that if
Ix]l = L |lyll = 1,and ||x — y|| > 8 then||x + y||]/2 <1 — e
Hence, if 1/1/n = ¢, then

= = g eIl = g/ x)) + ez = 1.

© %

So llg(f/""(x)) — /" x) 1l < &1 + 1/+/n), and
/" 2x) — "o |
= I/ 2x) — g Moo I+ g ey — ool

< g ol — 1+ 8(1 + —=)

Vn
gr};+8(1+?};).

(Note: g(/" '(x)) = lle(/" ') I1F"4x).) a
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