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Introduction. A. P. Guinand [1] has shown that for 
appropriate infinite sequences a , a , (a , a rea l and 

n n n n 
positive for all n) the relation 

oo a (a 

n = l 

implies that 

oo a la \ 
f x = S — g — . 

, x °\n / 
n = l 

This suggests the question: Do there exist t ransformations 
s imilar to (1) in which we have a finite sum only? The following 
example 

1 1 
g(x) = - f(-) 

X X 

(2) x ^ O 
1 1 

f(x) = - g(-) 
X X 

shows that a reciprocal transformation with one t e rm exists -
but do there exist such reciproci t ies with two or more t e r m s ? 
It turns out that no such transformation exists in which the a 

n 
a re all rea l and positive, but if we permit the a to have 

n 
negative or complex values, then such transformations can be 
found. 
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In sec t ion 1 r e c i p r o c i t i e s wi th two t e r m s a r e i n v e s t i g a t e d . 
In s ec t ion 2 r e c i p r o c i t i e s wi th t h r e e t e r m s a r e s tud ied . In 
sec t ion 3 a s p e c i a l c a s e of n - t e r m r e c i p r o c i t i e s i s i n v e s t i g a t e d . 

1. T w o - t e r m r e c i p r o c i t i e s . F o r which v a l u e s of a, b , 
a, p , (affi) does the r e l a t i o n 

a a b 6 
( i . i ) g (x) = - f ( - ) + - f ( £ ) 

X X X X 

imp ly 

(1.2) f(x) = - g ( - ) + - g A ? 
X X X X 

By subs t i tu t ing ( 1 . 1) in ( 1 . 2) we get 

( 1 .3 ) f(x) = 
/ 2 2 \ 

a b 
I a (3 

„, % ab „,8x% ab , ,x , 
f(x) + — f £ - + — f -

a a (3 p 

If t h i s equa t ion is to hold for a l l funct ions f(x) we m u s t have 
Ô a 2 2 
— =•— , o r 6 = a . The so lu t ion 6 = a wi l l not be c o n s i d e r e d a p r 

s ince we a s s u m e p £ a. T h e r e f o r e a = - p , and we m u s t have 
2 u 2 

a b 
— + — = 1 , o r 
or P 

( 1 . 4 ) a 2 - b 2 = a . 

Condi t ion (1 .4 ) i s equ iva len t to 

x 2 x 2 

or + X. , or - X 
a = — T T , b = 2 \ ' 2X 

T h e r e f o r e we h a v e : 

T H E O R E M 1 . 1 . If x * 0 and f(x) i s def ined for a l l x, 
and g(x) i s def ined by 
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then 

^ ^2 

g X = — f(-) + — f — , 
2 \ x x 2 \ x x 

f(x) =~îxr-^) + - 2 ^ ^ 

2. T h r e e - t e r m r e c i p r o c i t i e s . F o r which v a l u e s of a, b , 
c , <?, (3, "y (a , (3, Y a l l unequal ) does 

, a ..a. b . .6 , c v 
g x = - f - + - f R + - f(-*) 

X X X X X X 

imply 

f(x) = - g<-) + - g(£) + - gfr*) ? 

Using s i m i l a r m e t h o d s one a r r i v e s a t the condi t ion 

/ 2 2 2 \ 

/^ , x <>, x a D C 1 /̂ x a D ^/PXx a D " ^ X , 
(2 .1 ) f(x) = _ + —- + _ f(x) + _ f(Ji-) + _ f ( _ ) 

1 a p v / a or (3 p 
be 6x ca vx cb vx ac a x 

+ — f(— ) + — ft-*-) + ~r f r r ) + — f(— ) • 
Y \ or a P P \ v 

F o r th i s equa t ion to hold for a l l funct ions f(x) we m u s t have 

2 2 2 
#-. -* a b c 
(2 .2 ) _ + _ + _ = i , 

a P v 

and the l a s t s ix t e r m s on the r i gh t of (2. 1) m u s t c a n c e l out . 
We c o n s i d e r two c a s e s . 

1) If they c a n c e l out in two g r o u p s of t h r e e , then we 
could have 

a -y p a p y w 
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, - , , , a b b c c a A 

2.3 — + — + — = 0 , 
P "Y « 

,., , . ab be ac 
2 . 4 — + -T~ + — = ° • 

« P *Y 

S a v 
Since — =— =-*• = w , we ob ta in 

a y p 

3 , 
w = 1 . 

2 
T h u s we obta in t h r e e v a l u e s of w , n a m e l y 1, <o, o> , w h e r e 

co = exp (——). Hence a so lu t ion i s g iven by 

2 
(3 = Ofco i *y = Qfo) 

With t h e s e v a l u e s of p and -y it i s p o s s i b l e to show tha t (2 . 3) 
i m p l i e s ( 2 . 4 ) . To obta in a s i m p l e e x a m p l e t ake a = 1. T h u s 
(2. 2) g ives 

2 2 2 2 - 2 
a + b c j + c a) = 1 

t h a t i s , 

2 2 2 2 
( 2 . 5 ) a a) + b + c to = u> . 

E q u a t i o n (2 . 5) t o g e t h e r wi th (2 . 3) give the cond i t i ons 

2 2 
(2. 6) acco -f abco + bc = 0, a + bco + cw = 1 . 

2 
Pu t t i ng a = A, bo) = B , CCJ = C we ob ta in , f r o m ( 2 . 6 ) , 

AC + BA + BC = 0, A + B + C = 1 . 

3 2 
Hence A, B , C a r e the r o o t s of z - z + k = 0, k a r b i t r a r y . 
T h e r e f o r e we h a v e , 

T H E O R E M 2 . 1 . If x £ 0, co = e x p ( - ^ - ) , and g(x) i s 

def ined by 
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then 

Z Z_0) Z 0) 2 

g(x) = — f(-) + f(-) + f(— , 
X X X X X X 

2 
ZA A Z O 0 k ) Z 0 W 2 

ir/ \ * A\ 2 .CO. 3 /W . 

f(x = — g(-) + g H + g — * 
X X X X X X 

where z , z , z , a re roots of 

3 2 , z - z + k = 0 

and k is a rb i t r a ry . 

2) If they cancel out in groups of two we could have the 
following relations among a-, p, y: 

^ ' ' |3 a ' y p ' y « ' 

On examining all possible cases it turns out that the only 
solution is given by 

a p 
P a 

2 
This implies t = 1 . We consider t = -1 since t = 1 gives 

B y 2 x 
or = p. Hence ~ =-L , that is pa = y . This gives y = _ia 
since p = -a*. Hence a possible solution is or = 1, p = - 1 , 
y = i . 

Lret us find the values of a, b, c to satisfy 

(2. 8) g(x) = - f(-) + £ £f±) + ^ f(î) , 
X X X X X X 

that is the values of a, b , c, when ar= + l , p = - l , y = i. 
Relation (2. 8) would imply 
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f(x) =(aZ-b2-ic2) f(x) + (ba-ab) f(x) + (-iac-bc) f(-xi) + (ac-cbi)f(xi). 

For the above to hold we must have 

2 2 2 
a « b - ic = 1 , c(ai+b) = 0, c(a-ib) = 0 . 

Since we want c f 0, it follows that a = bi, and consequently 
2 2 I 2 2 

c = (l-2a )i, that is c= V(l-a )i with 2a f 1. Hence we 
have 

THEOREM 2.2. If x 4 0, a is any number such that 
2 

2a ^ 1, and g(x) is defined by 

g(x) = i f(i, - f f(^) +
 V ( 1-2 a 2 ) i f(i). 

x x x x x x 

t h e n 

,-/ x a As i a /"1x V(l-2a )i . i , 
f x = ~ g(~) - — g —) + - ^ g(- • 

X X X X X X 

For more than three terms it becomes too complicated 
to investigate all possible cases. However, if we consider the 
following problem, we can show that there exist n-term 
reciprocities. 

3. N-term reciprocities. Problem. What conditions 
must the coefficients a satisfy if 

n 

k-1 a 
n 1 

g(x) = S — exp (îrni/k) f(— exp (2iTin/k)) 
n=0 X X 

is to imply 

k-1 a 
f(x) = S — exp (Trni/k) g(~ exp (27rin/k)) ? 

O x x 

Suppose that the reciprocity (3.1) is true, then 
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k - 1 a k - 1 
f(x) = 2 exp (-nim/k) S a x e x p (—-(n-2m))f(x exp {n-m)) 

A x n n k K 
m = 0 n = 0 

k - 1 k - 1 
= S S a a exp ( (n -m) Tri/k) f(x exp(2iTi(n-m)/k)) . 

m = 0 n = 0 m n 

If ( 3 .2 ) h o l d s , we m u s t have 

k - 1 

(3.3) 

S a 2 = 1 , 
n 

n = 0 

k - 1 k - 1 
2 S a a exp (-Tri(m-n)/k) = 0 , 

- _ m n 
m = 0 n = 0 

w h e r e the l a t t e r s u m m a t i o n is c o n s i d e r e d for a l l v a l u e s of m , n 
such tha t n - m = h(mod k) , w h e r e h = t 1$ t 2, . . . t ( k - 1). 
We sha l l c o n s i d e r only pos i t ive v a l u e s of h , s ince 
n - m = h(mod k) i m p l i e s m - n = -h (mod k) and th i s i s 
equ iva l en t to the exchange of n and m in (3 . 3). 

Put n = m + h if the doma in of m is 0 < m < k - h - l , 
n = m + h - k if the d o m a i n of m is k - h < m < k - l , 

t hen the s u m (3 . 3) sp l i t s into two p a r t s , giving 

k-h-1 k - 1 
2 a a exp(7rih/k) + S a a , exp ( - i r i (k-h) /k) = 0 , 

m m+h , , m m + h - k 
m = 0 m = k - h 

tha t is 

k - h - 1 k - 1 
(3 .4 ) £ a a , = £ a a , . 

m m+h _ , m m + h - k 
m = 0 m = k- h 

Nex t , put n = m + h - k in the second sum of (3 . 4) i . e . 
m = n + k - h , t h e r e f o r e n v a r i e s f r o m n = 0 to n = h - 1. 
Put q = k - h . With t h e s e s u b s t i t u t i o n s , (3 . 4) b e c o m e s 
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q-1 h-1 
S a a = E a a , h + q = k , l < h < k - l , l < q < k - l 

. m m+h ^ n n+q — — — — 
m=0 n=0 

Therefore we have the following conditions: 

q-1 h-1 
(3.5) S a a 1 = 2 a a 

n n+h n n+q 
n=0 n=0 

with h + q = k, 1 < h < k - 1, 1 < q < k - 1, 

k - i 
(3.6) S a = 1 . 

n=0 

The equations considered in (3. 5) a re not independent. There 
a re two cases . 

(i) If k = 2p, the set of equations (3. 5) contains an 

identity which corresponds to the case h =q =—• . The r e s t 
Lé 

a re identical in pa i r s ; that is we have at most p - 1 independent 
equations in the set (3. 5). Therefore there a re at most p 
independent equations in the system of equations determined 
by (3.5) and (3. 6). 

(ii) If k = 2q + 1 the set of equations (3.5) contains q 
distinct equations. Hence the system of equations determined 
by (3. 5) and (3. 6) contains q + 1 equations. 

1 1 
Therefore in either case we get [-rk + — ] equations for 

determining the quantities a . a , . . . , a . ; that i s , at least 
0 1 k-1 

[•rk] of these quantities a re independent, and rec iproc i t ies 
Lé 

with k t e r m s certainly exist for any k > 1. .-.-..'. 
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