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1. Introduction. Let M be a von Neumann algebra and {¢,:tcR} a strongly
continuous one-parameter group of *-automorphisms of M. Recently, considerable inter-
est has been shown in the associated mappings {a, + a_, :t R} (see for instance [2], [3]
and [4]). The paper of Thaheem, Van Daele and Vanheeswijk {4] exclusively deals with
these mappings. The main result of [4] is formulated as follows. Let {«,:t€R} and
{B,:teR} be strongly continuous one-parameter groups of *-automorphisms on a von
Neumann algebra M satisfying the operator equation

ata =B+, (teR).

If M is a factor then either o, =B, or a, = _, for all teR. In general, there exists a
central projection p in M such that «,(x)=8,(x) for all xe Mp and

o, (x)=B_(x) forall xeM(l-p).

In fact, in a recent paper of Haagerup and Skau [2], the above operator equation (in
the case of modular automorphisms) has played a crucial role in the geometric interpreta-
tion of the Tomita-Takesaki theory. The purpose of this paper is to develop a suitable
functional calculus associated with an automorphism group {«, : t € R} which reconstructs
the mappings {a,+a_,:t€R}. To any strongly continuous one-parameter group of *-
automorphisms {«, : t € R} of a von Neumann algebra M, we associate a linear map ¢y of M
by the formula

“+eo

v)= |

- o, (x) dt, (xeM).
e €7 T e

-t
We show that ¢ determines the automorphism group almost completely in the sense that
if {o:teR} and {B,:tcR} are strongly continuous one-parameter groups of *-
automorphisms of M with ¢, and 3 as the corresponding maps, then i, = ;3 implies that
a,+a_, =B +p_, for all teR. In other words ¢, =y implies that o, =8, on Mp and
a,=B_, on M(1~p) for a central projection p in M{[(4]).

We believe that in general the mapping ¢ may serve as a tool to study one-parameter
groups of *-automorphisms similar to the infinitesimal generator. It has less algebraic
properties than the infinitesimal generator, but it has the advantage of being a bounded
map. ¢ is injective and completely positive. Some simple properties of « are reflected in
simple properties of . For example, an element xe M is a fixed point of «; that is
a,(x)=x for all teR if and only if ¢(x)=x.
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Our original motivation in introducing the mapping ¢ comes from the paper of Van
Daele on the new approach of the Tomita-Takesaki theory, where in the case of modular
automorphism groups all this was related to the simple formula

2412 J*“’ 2

= A" dt,
A+l L, e™+e™

where A is the modular operator ([5]).

We are grateful to the referee for drawing our attention to the paper of Cioranescu
and Zsid6 [1] in which the authors introduce the ‘““analytic generator” of a continuous
group of operators on a Banach space. Our map ¢ is similar to their “analytic generator”.
Also our main result can alternatively be proved by using their inversion formula and our
Lemma 2.6.

2. Results. We assume that the von Neumann algebra M is acting on a Hilbert
space H and B(H) is the algebra of bounded linear operators on H.

DeFInITION 2.1, Let M be a von Neumann algebra and {«, : t € R} be a one-parameter
group of *-automorphisms of M. Define a map ¢ on M by the formula

wo=[ @, (xeMm).
o € te

Clearly, the integral is well-defined in the strong operator topology and gives a bounded
linear operator on H. If we want to specify that  is associated to {«, : t € R}, we shall write
it as ,.

Some properties of y are immediate from the definition. Since

+o 2
j m dt=1,
w € te

<1 and ¢(1)=1. So ||yl =1
Considering any element y in the commutant M’ of M, it is easy to see that (x)
commutes with y and hence /(x)e M. Therefore, ¢ is a mapping of M into M,

ProposITION 2.2, s is completely positive.

" Proof. We first observe that *-automorphisms «, carry positive elements into positive
elements. Let a;e M and },; a; ® ¢; =0, where e; denotes the matrix with elements
equal to 0, except the i,i-element which is equal to 1. Then

W®1,) (Z (a;; ® eii)) = Z Pla;) @ e;

“Zj = (0, ®1,)(a; ®e;)dt =0

for all integers n=1."Thus ¢ is completely positive.
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To prove our main result and a few other properties of ¢, we need some lemmas.
LeEmMMA 2.3. For any r>0 and seR,
J.m pit o212

o €™ ™™ es+r’

Proof. Replacing e™ by e °r we obtain the general case from r=1. So we will
assume r = 1. Consider the complex-valued function

—isz

e

f(z)= =

+e ™’
Then

s/2

lim [(z = /2)f(z)]= 2

2

z—>

Integrating f(z) over a rectangle joining the points £R, =R +{ (which contains a pole of
f(z) at z=1i/2), {f(z)] = 0 as R — » and Im z remains bounded; we get

me f@t) dt— rm f(+i)dt=e".

—co '—o0

Evaluating these integrals, we obtain the desired result.

LeMMA 2.4. Let M be a von Neumann algebra and {o,:teR} be a group of *-
automorphisms of M. For any fe L,(R), define a mapping ¢(f) from M into M by

sPx=] fOaa  em)

—00

Then ¢ is linear and for all f and g in L,(R), ¢(f)d(g)= ¢(f * g). Furthermore ¢(f) is
bounded and continuous for the o(M, M) topology on M.

Proof. For a proof we refer to [6].

DEerNITION 2.5. For any r>0 define an operator ¢ on M by
2rit

!l'(')(x)'—‘_[ mﬁ a(x)dt, (xeM).
J e €T te

As before ¢ is a bounded operator which maps M into M.

Lemma 2.6. For any r>0, we have

P2 pm12\2
Proof. Put

2rt 2r 2
e = f=—""—0r.
e e =

fi()=
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By Lemma 2.4. it is enough to prove that
P2 12\2 . .
(1+ (5= P)G + =y (W

where as usual f denotes the Fourier transform of f. From Lemma 2.3. we have that the
left hand side of equation (1) is equal to

12 _ ~1/2\2 12 -1/2
r'’c—r r r
1+ (————) f2) (2e"2 (—+ ))
( 2 es+r e +rt
2) s/2+ 6_5/2)(r”2+ r—1/2)

1/2 —1/2
- 2(1 + ( ) (es/2+ e—s/2)2 + (rllz —1/2)2
-(1 -—1/2 2f2 2f l(rll2+ r—1/2)
4f + (r1/2 - r—l/2)»2
r1/2 - r—1/2)2 “2) (r1/2 + r-l/2)f
(1+( )1

(4 (=—)7)

- (r1/2+ r—llz)f"_
This proves the lemma.

Lemma 2.7. For any r>0, the operator
P2 pm12y2
(=) w)
(14 (=)

Proof. Let x e M and suppose

(1 ; (51—/2—_253)24,2)():) -0. @)

From Lemma 2.6. and the fact that all the operators ¢ and ¢ commute, we conclude
that ¢(x) =0 and ¢*(x)=0. It follows from equation (2) that x =0.

is injective.

ProposITION 2.8.  is injective.
Proof. 1et x € M and suppose (x) =0. Then ¢*(x) =0 and by Lemma 2.6. we have

W+ ) x) =0.
So

+c0 ri( +o0 r—il
[ — 4, (x) d:+f ——— a,(x)dt=0
oo o €7 e

e-rr! + e—‘n’!

or

jw e——'—— (e (x)+ a_ (x)) dt = 0.

t + e—‘rrl
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8

Put r=¢"* and

o() = ——— ((a(x) + a(x)&, m)

em + e-—'rrt

for a given pair & n in H. Then §(s) =0 for all s. By continuity g =0 and since this holds
for all £ and m, we have a,(x)+ a_,(x)=0 for all teR and hence x =0.

We are now ready to prove our main result.

THEOREM 2.9. Let {o,:tcR} and {B,:tcR} be two one-parameter groups of *-
automorphisms of a von Neumann algebra M. If ¢, (x) = Yg(x), then for every x in M

o (X)+a_ (x)=B(x)+B_(x) forall teR.

Proof. Let y, (x) = y(x) = ¥(x). Then for any r >0, Lemma 2.6. and the fact that ¢’
and ¢ commute together imply that

(1 + (,_1/_2;252>2¢2)(wg)+ e )(x) = (1 + (in_—z—Fl—n)zw2)(wg)+ ¥ x).

By Lemma 2.7.,

(1 (=) %)

W2+ ™) x) = (g + ¥ ) ).

By the argument of Proposition 2.8. it follows that a,(x)+a_,(x) = B,(x)+ B_,(x) for all
teR.

is injective and hence

We conclude the paper with the following fixed point theorem.
THEOREM 2.10. Let x € M. Then y(x) = x if and only if o,(x)=x for all teR.
Proof. If a,(x)=x for all teR, then ¢(x)=x because
o0
[

—art
€™ te™™

Conversely if ¢(x)=x, taking 8, to be the identity in Theorem 2.9, we obtain
a(x)+a_(x)=2x (teR).
This implies that
(o, — D, — 1)(x) = 0.
Put (a,—1)(x)=y. Then o (y)=y or a,(y)=y for every integer n. But a,(x)=x+y, so
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that a,,(x) = x+ ny. This means that
nllyll <o, (o)l + el =< 2|
for all integers n. So y=0 or a,(x)=x for all teR.
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