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Strictly Singular and
Cosingular Multiplications

Mikael Lindstrom, Eero Saksman and Hans-Olav Tylli

Abstract. Let L(X) be the space of bounded linear operators on the Banach space X. We study the
strict singularity and cosingularity of the two-sided multiplication operators S — ASB on L(X), where
A, B € L(X) are fixed bounded operators and X is a classical Banach space. Let1 < p < coand p # 2.
Our main result establishes that the multiplication S — ASB is strictly singular on L( LP(0, 1)) ifand
only if the non-zero operators A, B € L( LP(0, 1)) are strictly singular. We also discuss the case where
Xisa L!- ora £°°-space, as well as several other relevant examples.

1 Introduction

Let X and Y be Banach spaces. Recall that the bounded linear operator U € L(X,Y)
is strictly singular if the restriction Uy, is not bounded below for any infinite-dimen-
sional subspaces M C X. Furthermore, U € L(X,Y) is strictly cosingular if

QuU: X —-Y/M

is not surjective for any closed subspaces M C Y such that dim(Y /M) = co. Here
Qu: Y — Y /M is the quotient map. The class of strictly singular operators X — Y
is denoted by S(X, Y) and that of the strictly cosingular operators by P(X,Y). These
fundamental classes of operators, which contain the compact operators K(X,Y),
were introduced by Kato and Pelczynski, respectively. The classes S and P are of im-
portance, e.g., in the structure theory of Banach spaces and in Fredholm theory. Let
A € L(X) be a fixed bounded linear operator. The left and right multiplication oper-
ators Ly and Ry on L(X) are defined by Ls(S) = AS and R4(S) = SA for S € L(X).
The basic two-sided multiplication operator L4Rp: L(X) — L(X) corresponding to
A, B € L(X) is given by

S+— LaRp(S) = ASB, S e L(X).

Substantial studies have been made of qualitative and spectral properties of the oper-
ators L, Rp, as well as of their finite sums Z’;:l La,;Rp, (see the surveys [C, F, M1, M2]
as well as [ST1, ST2]). This paper focuses on the strict (co)singularity of the two-
sided multiplications Ly Rp.
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Problem 1.1 Let X be a given Banach space. Characterize the operators A, B € L(X)
for which LyRg is strictly (co)singular L(X) — L(X).

The earliest related result is due to Vala [V]: if A, B € L(X) are non-zero operators,
and X is an arbitrary Banach space, then L4Rp is a compact operator on L(X) if and
only if A and B are compact. By contrast, the conditions for LyRp to be a weakly
compact operator on L(X) depend intrinsically on X, see, e.g., [ST1], [R], [LS].

It is a simple observation that if L4 Rp is strictly singular L(X) — L(X) and A, B #
0, then A € S(X) and B* € S(X*) (¢f. Fact 2.1(ii) below). An analogous fact holds
for strictly cosingular multiplications LyRp. We are here mainly interested in spaces
X where the converse implications hold. (Similar questions can obviously be raised
for the restriction LyRp : K(X) — K(X), as well as in many other settings.)

Problem 1.2

(i) For which Banach spaces X is LyRp strictly singular L(X) — L(X) whenever A €
S(X) and B* € S(X*)?

(ii) For which spaces X is LaRg strictly cosingular L(X) — L(X) whenever A € P(X)
and B* € P(X*)?

We obtain definitive results related to Problems 1.1 and 1.2 for certain classical
Banach spaces X, where S(X) or P(X) admit concrete characterizations. This is the
case, e.g., if X = LP(0,1) (1 < p < o0) orif X is a C(K)-space. Let 1 < p < o0
and p # 2. The main result of this paper (Theorem 2.9) shows that for non-zero
A,Be L(LP(O7 1)) the multiplication Ly Rp is strictly singular on L(LP(O7 l)) if and
only if A,B € S(LP(0,1)). The argument is fairly complicated, and it combines
block diagonalization techniques applied in L(LP (0, 1)) with classical estimates for
unconditional basic sequences in L?(0, 1). The delicacy of the situation is partly ex-
plained by the fact (see Section 4) that a similar result holds for X = ¢# @ ¢4, but fails
forX =0l al" (1 <p<qg<r < oo),where the latter space embeds into
L?(0, 1) for certain combinations of the exponents.

In Section 3 we consider Problems 1.1 and 1.2 for the classes of L!- and L£°°-
spaces. The non-trivial fact (due to Bourgain [B2]) that certain spaces of bounded
operators have the Dunford—Pettis property is a crucial ingredient in these cases.
Section 4 contains several examples which illustrate how, in general, the solution
to Problem 1.1 depends on X. [LT2], [LT3] are our standard sources for unexplained
notation and concepts related to the theory of Banach spaces.

2 Strict Singularity of Multiplications on L(L?(0,1))

The main purpose of this paper is to solve Problem 1.1 for strict singularity in the
case of X = L?(0,1), where 1 < p < oo and p # 2. In fact, in Theorem 2.9 we es-
tablish that L?(0, 1) satisfies Problem 1.2(i). We begin with some basic observations.
Let E;, E;, Es, E4 be Banach spaces, and A € L(Es, E4), B € L(E;, E;) be fixed oper-
ators. Thus S — ASB defines a bounded composition operator LyRp: L(E;, E3) —
L(E;, E4). The following simple general facts are special cases of [LS, 2.1, 2.2, 2.3].
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Fact 2.1

(i)  Suppose that A € K(Es, Es) and B* € S(E;,E}), or that A € S(Es,E4) and
B € K(Ey, Ey). Then LsRg is strictly singular L(E,, E;) — L(E;, E4).

(i) If A,B # 0 and LsRgp is strictly singular L(E,,E3) — L(E;,Ey), then A €
S(Es, E4) and B* € S(E;, EY).

Analogous results hold for the strict cosingularity of L4 Rp (where one replaces S
by Pin (i) and (ii)). These results are also valid for the restriction LyRp: K(E;, E3) —
K(Ey, Ey).

Fact 2.1 provides the relevant extremal conditions for the strict (co)singularity of
L4Rg, and Problem 1.2 asks for spaces X where the maximal conditions are sharp. We
also note that the answer to Problem 1.1 follows from known results in the case of
the sequence spaces ¥ (1 < p < o0) and ¢y. Let W(E, F) denote the class of weakly
compact operators E — F.

Example 2.2 Let X = (P, where 1 < p < o0, or X = ¢y. Then the following
conditions are equivalent for non-zero A, B € L(X).

(i) A,BeKX),

(ii) LaRpis compact on L(X),

(iii) LaRg is strictly singular on L(X),

(iv) LaRg is strictly cosingular on L(X).

If X = ¢' or X = ¢y, then conditions (i)-(iv) are also equivalent to the weak
compactness of L4Rg on L(X). If 1 < p < co and A € K(¢F) is a non-zero operator,
then L, and R4 are weakly compact on L(¢), but they are neither strictly singular
nor strictly cosingular.

Example 2.2 combines several known results, which we briefly outline. The equiv-
alence of (i) and (ii) is a special case of [V]. The other equivalences follow from
Fact 2.1 and the classical fact that K(X) = S(X) = P(X) for X =7 (1 < p < 00)
and X = ¢, (see [Pi, 5.1, 5.2]). The case X = ¢! also uses Gantmacher’s theorem
[Wo, I1.C.6] and the equalities W (£!) = K(£!) and S(£>°) = P({>°) = W (£>°) (see
[LT2, 2.f.4]). Suppose next that X = ¢! or ¢, and that L,Rj is a weakly compact
operator on L(X). Then the weakly compact version of Fact 2.1(ii) (see [ST1, 2.1] or
[LS]) yields that A, B € W(X) = K(X), so that L4Rg is compact. Let 1 < p < oc.
It follows from [ST1, 3.2] that L, and R4 are weakly compact operators on L(¢?)
whenever A € K(¢F).

Example 2.2 is rather exceptional, and in general there are plenty of non-compact
strictly (co)singular multipliers Ly Rg on L(X) (see, e.g., Theorems 2.9 and 3.2). Fur-
ther examples, which illustrate the diversity of the conditions characterizing the strict
(co)singularity of L4 Rp, are collected in Section 4.

Our study of Problems 1.1 and 1.2 for X = L?(0, 1) is in part motivated by the
following fact:

e U ¢ S(LP(O, 1)) if and only if there is M C LP(0,1) so that M ~ (F or M =~ (?,
U defines an isomorphism M — UM, and M as well as UM are complemented in

LP(0,1) (see [KP, Theorem 2 and Corollary 1] for 2 < p < oo and [W, Theorem]
forl < p<2).
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This fact (vaguely) suggests a similarity between the strict singularity of multipli-
cations on L(LF(0,1)) and L(¢? & (?). Examples in Section 4 show that the maximal
condition from Problem 1.2 is sharp on L(X) for X = (P @ ¢4, but that this is not
sofor X =P @1 (wherel < p<qg<r<oo)orX =LPO,1) & LI0,1)
(where p, g € (1,00)\ {2} and p # g). On the other hand, since £? & £1@ ¢" embeds
isomorphically into L*(0, 1) for certain combinationsof 1 < p < g < r < oo and
s € (1,00), one might be tempted to think that X = L°(0, 1) does not satisfy Prob-
lem 1.2(i) for s # 2. However, L*(0, 1) cannot contain any complemented copy of
P @01l (¢f [LT1,1L1.5.5] and [LT2, 2.c.14]), which still leaves open the possibility
that the maximal condition holds.

It is convenient to divide the lengthy argument of Theorem 2.9 into several dis-
tinct steps. We begin by isolating several auxiliary results, some of which also ap-
ply to more general composition operators LyRp: L(E;, E3) — L(E;, E4), where
A € L(Es,Es) and B € L(E;,E;). (This flexibility will be useful for the case
¢ @ ¢4 in Theorem 4.1). We always assume in addition that E,, ..., E4 are reflex-
ive Banach spaces having the unconditional Schauder bases (e,) C E;, (f,) C E,,
(g,) C Es and (h,) C E,, respectively. The following notation is fixed in this sec-
tion: let P}/’ stand for the natural basis projection of E; onto the first n basis el-
ements, Qg,j) =1- Pﬁ,j) and P) = PU — PY). Here mn € N, n < m and
j = 1,2,3,4. Recall that the unconditional basis constant of the unconditional ba-
sis (e,) is sup{ Mgl = 0 = (8;) € {—1, I}N}, where My € L(E;) is defined by
My(3o72 ajej) = 3272, Ojaje; for 35°° aje;j € Ey.

We state a simple fact that will be used repeatedly in the sequel (and follows easily
by finite rank approximation).

Lemma 2.3 Suppose that E; and E, are reflexive Banach spaces having Schauder bases,
and let S € K(Ei, E,). Thenlim,, .o [|Q?S|| = 0 and lim,, . ||SQ| = 0.

Let E; and E, be reflexive Banach spaces having the unconditional bases (e,) and
(fn), respectively. By a block-diagonal sequence (Ty) C K(E,, E;) we mean here that
P,(i?nkil TkP,g}(?nki1 = T}, k € N, for some fixed strictly increasing sequence (n;) C N.
Our next lemma is a first step towards building a special block diagonal sequence of

operators associated to certain non-strictly singular multiplications on L(L?(0,1)).

Lemma 2.4 Suppose that Ey, .. ., E4 are reflexive Banach spaces having unconditional
bases. Assume that A € L(Es, E;) and B € L(E;, E,) are such that

LyRg(L(Ey, E5)) C K(Ey,Ey).

Assume also that there is a sequence (Sy) C L(E;, E3), an increasing sequence (n;) C N
and constants c, ¢, ¢; > 0 so that

D) a<|[Sl<e

(i) QYSQY = Sk

(iii) [[LaRs(S0)]| = [ASiB] > ¢

for k € N. Then there is a subsequence (Sg,) so that (LsRp(Sk,)) = (ASk,B) is equiva-
lent (and as close as we wish) to a block-diagonal sequence (T;) C K(E;, Ey).
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Proof Observe first that

LaRp(Sy) = lim PP [LyRp(Sp)]PY,

in the operator norm for each fixed Sy by Lemma 2.3, since L4Rp(Sx) € K(E1, E4)
by assumption. The construction of the desired subsequence (Sy;) is by induction.
Suppose that we have found S, , ..., S,_, aswellas 1 =my < m; < --- <mj_y,s0
that

1 .
(2.1)  [LaRa(Sy) = (P = P ) LaRs(S )P = Py ]| < 527!

forr = 1,...,j — 1. Here K > 0 can be chosen in a uniform manner so that
(2.1) then guarantees, by the usual perturbation argument (cf. [LT2, 1.a.9]), that the
semi-normalized subsequence (LARB(Sk]. )) will be equivalent to the block-diagonal
sequence (T;), where

Tj = (P — P\ )[LaRs(S)I(P)) — P ), jEN.

mj—1 mj—1

Note that K > 0 will depend on the bound ¢ and the basis constants of (e,) C E;
and (h,) C Ej, but not on the particular sequence (11;) defining the block-diagonal
sequence (T) (cf. the proof of Lemma 4.3 below). We indicate how to find S, and
m; > m;_; so that (2.1) holds for j. Note first that

(2.2) |PYASB|| — 0 and ||ASBPV|| — 0 as k — oo,

for r € N. In fact, since Q) $tQ{?) = S for all k by (ii), Lemma 2.3 applied to the
finite rank operator P'Y'A yields

IPPASK < lISell - 111 - 1P AQY ] — 0, k — oo

The second claim in (2.2) is seen in a similar manner from Lemma 2.3. In particular,
(2.2) implies that the differences

LaRg(Sy) — Q) [LaRp(S»)]Q,) = P4 [LaRp(S)1QY)
+ Q) [LaRp(S,)IP)
+ P [LaRs(Sy)|P,)

My

can be made arbitrarily small by picking n = k; big enough. Since LARp(Sy;) €
K(E,, E4) by assumption, we again use Lemma 2.3 to get #; > m;_; so that

1QY [LaRa(Si)IQL) | — PYQY  [LaRs(S,)1QW P

is as small as we like. This yields our claim. ]

https://doi.org/10.4153/CJM-2005-050-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-050-7

1254 M. Lindstrom, E. Saksman, and H.-O. Tylli

We next record, for reader convenience, the version of a block diagonalization
principle for operators between Banach spaces having unconditional bases which will
be used repeatedly. A proofis contained in [LT2, 1.c.8 and Remark 1, p. 21].

Fact 2.5 (Unconditional Operator Blocking Principle) Let E; and E, be Banach
spaces having unconditional bases, and let (my) and (ny.) be strictly increasing sequences
of natural numbers (where my = ny = 0). Then there is K > 0 (depending only on the
unconditional basis constants), so that

My Mk—1

o0
HZP(Z) Spiif,mk_lu <K|IS|l, Se€LE,E),
k=1

where the sum Y~ P2~ SPV) converges in the strong operator topology.

N, Mk—1 M, Mk —1

We only formulate the remaining steps of the argument for L?(0, 1). The Haar
basis (h,) is an unconditional basis for L?(0, 1) (see [LT3, 2.c.5]), which will be the
fixed basis in our argument. Let P; and Q; = I — P; stand for the related basis
projections for j € N. The following consequence of Mazur’s lemma will be our
basic tool of approximation related to certain multiplications LyRp on L(LP (0, 1)) .

Lemma 2.6 Suppose that A, B € S(LP(O7 1)), where 1 < p < oo. Then forany S €
L(LP(O, 1)) and £ > 0 there is a convex combination 0,,...,0, > 0, Z;zl 0, =1,
and indices my < --- < m,, so that

| asB— A (> 6;Py,5Pw, ) B| <=
j=1

Proof Recall that UV € K(LP(0,1)) whenever U,V € S(LF(0,1)), see [Mi2,
Teor. 7]. Thus the range LARB(L(LP(O, 1))) C K(LP(0,1)), so that L4Rp is a weakly
compact operator on L(L?(0,1)) by [ST1, Corollary 2.4]. Let S € L(LF(0,1)). It
follows that (AP,,SP,,B) = (LsRp(P,SP,,)) has a weakly convergent subsequence
(AP, SP,, B) in L(L?(0, 1)). Note that the WOT-limit of (AP,,, SP,, B) is ASB, since

(x*,AP,, SP,, Bx) = (S*P;, A*x", P,y Bx) — (x",ASBx), k — o0,

for x € LP(0,1) and x* € L?' (0, 1). Conclude that AP,, SP,,, B - ASBin L(L?(0,1))
as k — oo. The claim now follows from Mazur’s lemma. [ |

We need a definition: The operator 1): L(LP(O, 1)) — L(LP(O, 1)) is said to reside
in the square (m, n] ® (m,n] C N? if there is a convex combination 6, ..., 6; > 0,
Zl;-:lHj =l,aswellasm < r < --- < rp < nsothat

k

(2.3) W(S) =D 0;PywSPrm, S € LILP(0,1)).
j=1
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Here (m,n] = {m+1,...,n}and P,,, = P, — P, for m < n. We will say that ¢ is
a convex projector that resides in (m, n] ® (m, n] (note that v is not a projection on
L(L?(0, 1)) if there is more than one term in (2.3)). The following lemma isolates a
technical ingredient needed for Proposition 2.8 below.

Lemma2.7 Let1 < p < oo. Assume that (S;) C L(LP(O,l)) is a normalized
sequence so that

(i) (Sj) is an unconditional basic sequence in L(LP (0, 1)),
(ii) thereis an increasing sequence (n;) C N for which P,,_,S;P,,_, =0, j € N.

Then for any sequence (1);) of convex projectors where, for every j € N, 1; resides in
(nj_1,nj] x (nj_1,n;l, there is a constant d > 0 so that

(2.4) Hiaﬂ/ﬁ(sﬂu < dHi“fSJH
=1 =1

whenever Z;.; a;S; converges in norm in L(L? (0, 1)).

Proof By approximation and WOT-convergence it will be enough to prove that
there is d > 0 so that

N N
I3 <] s

j=1 j=1
holds uniformly in a,, . . ., ay for each N under the assumptions of the lemma. Ob-

serve next that it will be enough to establish (2.5) with a uniform constant d > 0
in the particular case, where each convex projector ¢; has only one term in the

representation (2.3). In fact, suppose that ¥;(S) = 22:1 0 kPr,gsn;—SPr;sn;_, for
S e L(Lp(O7 1)) ,where j = 1,..., N. We may then actually write

(2.6)
N L In N
z; a]"(/Jj(Sj) = Zl e Zl 91,m192,m2 e aN,mN |:z; ajPrj.mj;njflSjprj.mj;njfli| .
= m = my= =

To check (2.6) just note that

I In
E Tt E O1.m, - .0N,ml\’ajprj.mj§"j—lSjPrj.mj;”j—]

mp=1 my=1
lj
= 4aj E ej,mjprj.mj;nj_lSjprj,mj;nj_l
m]’:l

for each j = 1,..., N, by summing the coefficients 6y ,,, for which k # j. By using
the convex combination (2.6) one sees that it suffices to show that

N
S dH Za]-S]-
j=1

)

N
H E a]'Prj.m]‘;njflS].Prj.mj;"jfl
j=1
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where d > 0 is independent of the indices (11;) and (r;). Hence it follows, after
applying Fact 2.5, that it will be enough to consider the case where each v; has only
one term.

We have thus reduced the verification of (2.5) to establishing that

N
H E aanj:nj—ISanj:nj—l
j=1

N
<d| s
j=1

for all scalars ay,...,ay and N € N. Put Tjx = Py 4, SkPy,n,_, for j,k €
{1,...,N}, and note that Tj; = 0 whenever j < k by assumption (ii). We first
apply the diagonal blocking map S — ZIJLI Py n;SPuj n;_, to the operators S(¢) =
ij:l exarSy, where e = (g1,...,en) € {—1,1}" is any sign sequence. The uniform
blocking principle (Fact 2.5), combined with the unconditionality of (S;), yield that

)

@ [ a3 1) | < S
k=1 k=1

j=1

where d; > 0 depends only on the unconditional basis constants of (S;) and the Haar
basis. Above ZIkV:I aksk(Z;\]:l Tix) = Zlk\]:l aksk(zﬁ\]:k Tjx). Moreover, the left
hand operator norm in (2.7) only changes by a uniform constant if we multiply each
Tjx = Pujn;_SkPnjn;_, by gj for j =1,..., N, since the Haar basis is unconditional
in LP(0, 1). Hence it follows from (2.7) that

N N N
w [Sea(Seme) | <a]Sas)
k=1 =k k=1

for each ¢ = (1,...,en) € {—1,1}N, where d, > 0 is a uniform constant. By
averaging (2.8) over the signs ¢ € {—1,1}", and noting that D1 Eick =0
whenever j # k, we get the desired inequality || ZQ’ZI ar Tkl < da| ZQ’ZI a; Sk || for
scalars aj,...,ay and N € N. [ |

Our next result provides an important reduction in our argument for Theorem 2.9.
Here we reduce the study of certain L4Rg on L(LP (0, 1)) to their restrictions to sub-
spaces spanned by block-diagonal sequences. Its proof is based on Lemmas 2.4, 2.6
and 2.7.

Proposition 2.8 Let 1 < p < oo. Assume that A,B € S(LP(0,1)) are such that

the multiplication LoRp is a non-strictly singular operator L(L? (0, 1)) — L(L?(0, 1)).

Then there is a normalized block-diagonal sequence (Sx) C K(LF(0, 1)), for which

* LARgis bounded below on [S; : k € N],

* (LsRp(Sk)) = (ASkB) is equivalent (and as close as we wish) to a block-diagonal
sequence (Uy) C K(LP(0, 1)).
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Proof By assumption, there exist ¢ > 0 and a closed infinite-dimensional subspace
M C L(LP(0,1)) so that

[ILaRB(S)|| = [ASBI| = c[|S[|, S € M.

We first construct by induction a sequence (V) C M so that

(2.9) Vil = 1,
(2.10) PViP, =0,
(2.11) |ILARp(Vi) — LaRp(QiViQp)|| < b-27F

for k € N. Here b satisfies 0 < b < min{5;z, W}, where d > 0 is the
P P

constant from (2.4) in Lemma 2.7 and K, > 0 is the unconditional basis constant
of the Haar basis in L”(0, 1). Suppose that we have chosen operators Vy,..., Vi_;
satisfying (2.9)—(2.11). Consider the closed infinite-dimensional subspace

Nk:{UEM:PkUPkZO}CM.

Conditions (2.9) and (2.10) are satisfied if we agree to choose a normalized operator
Vi from Ni. In addition, we may ensure that Vi € N satisfies

ILARg(Vi) — LaRp(QiViQu)|| < b- 275
This is possible, since Ny C M is an infinite-dimensional subspace and the operator
LsRp — Lag.Rq,8 = Lap,Rq, + Laq.Rp,3 + Lap,Rp,B

is strictly singular on L(LP (0, 1)) in view of Fact 2.2(i), the assumption A,B €
S(L(0,1)), and the fact that U € S(LP(0,1)) if and only if U* € S(LP'(0,1))
(see [Mi2, p. 19] and [W, Corollary 2]).

We next apply Lemma 2.4 to (Ty) C L(LP(O, 1)) , where Ty, = QiVQy for
k € N. This is allowed, since LARB(L(LP(O, 1)) ) C K(LP(O, 1)) whenever A, B €
S(LP(O, 1)) (see the proof of Lemma 2.6). Moreover, ||[LaRp(QxViQx)|| > ¢/2 by
(2.11) and the choice of b > 0, so that ||QVi Qx| > for k € N. Hence
Lemma 2.4 gives a subsequence (T}, ) of (T}) so that

<
2[|AJl-[IB]l

(2.12) Py, Vi Pm, = 0fork € N, and (LyRp(T},,)) is equivalent (and as close as
we wish) to a block-diagonal sequence (Uy) C K(L?(0, 1)).

We may assume above that ||Ui|| > § for k € N. Note that the block-diagonal
sequence (Uy) is an unconditional basic sequence (since the Haar basis is uncondi-
tional in L?(0, 1)), and that the basis constant of (Uy) is at most K; (¢f. the proof
of Lemma 4.3 below). If we assume that > .~ [|AT,, B — Ux|| < ¢/8K2, then by
following the proof of [LT2, 1.a.9] it is seen that the basis constant of (AkaB) is
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at most 3K, (note that here (Uy) is a semi-normalized basic sequence). By apply-
ing the argument in [LT2, 1.a.9] once more, it follows from (2.11) and the choice of
b > 0 that (AV,, B) is equivalent to (AT, B), and hence also to (Uj). Moreover, since
(Vi) C M and Ly R is bounded from below on M, we get from (2.12) that

(2.13) (V) is an unconditional basic sequence in L(LP(O, 1)) .

We get the desired final sequence (S;) from (V) with the help of Lemma 2.6. To
this end we first inductively choose a subsequence (R;) = (mGj ) and a sequence (v);)

of convex projectors, where t); resides in (my;, my,,, ] x (my;, my,, ] for j € N, so that
for j €N,

(2.14) IRj]l = 1,

(2.15) (R;) is an unconditional basic sequence in L(LP(O, 1)) ,

(2.16) Py RjPpy =0,

(2.17) || LaRs(R;) — LaRg(¥;(R)) || < b-277.

Here the constant b > 0 is as above.

We outline the inductive choice of the subsequence (R;). Condition (2.14) is clear,
and (2.15) will be satisfied, by (2.13). Suppose that we have chosen Ry, ..., R;_j, in-
dices k; < --- < k; and convex projectors vy, . .., %;_; satisfying (2.16) and (2.17).
We put R; = mG]_ , so that (2.16) holds. We next apply Lemma 2.6 to the operator
S = kaj R ijkj. We get an index kj;; > k; and a convex projector 1); that resides in
so that

(g, my, ] X (myg, my,, ]

| LAR5(Qu RjQu, ) — LaRs(7(Qu, RjQu, ) || <2771,

Since ||[LARp(R;) — LARB(ka}.Rijkj)H < b-27771 by (2.11), and one clearly has
wj(kaj Rijkj) = 1;(R;), it follows that (2.17) holds for j.

We define §; = 9;(R;) for j € N. Note that (S;) C K(LP(0, 1)) is a block-
diagonal sequence. It remains to verify that L4 Rg is bounded below on the subspace

[Sj : j € NJ. For this purpose we use Lemma 2.7, condition (2.17) and the fact that
[R; : j € N] C M, to obtain that

[ee] oo (oo} d (oo}
[350] = [3m] < Se] < & S naarc|
j=1 j=1 j=1 j=1

oo (oo}
45 ()] = 2 ()|
j=1 j=1

whenever 37 a;S; convergesin K (L(0,1)) . The next to last estimate follows from
(2.17) by a standard perturbation argument (cf. [LT2, 1.a.9]), and the constant d > 0
is the one from (2.4). Finally,

c

s < iR < K3
2(| Al (i8] Y !
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for each j by construction. We obtain a norm-1 sequence (S;) after normalizing (S i)
(this does not affect the convergence, since the above basic sequences are uncondi-
tional). [ |

Let K, > 0 be the unconditional basis constant of the Haar basis (h,) in L?(0, 1).
Clearly any normalized block basic sequence (f,,) of (h,) is unconditional with K <
K,, where K is the unconditional basis constant of (f,). Let 2 < p < oo. We will
need the following classical estimates: there are A,, B, > 0, so that any normalized

block basic sequence ( f,,) of (h,) satisfies
o 1/2
<a(Yla) " for(a) e,

(2.18) H i an fn
n=1 n=1

(2.19) BP(ZMHIP) < HZanfn
n=1 n=1

Above (2.18) can be deduced, e.g., from [KP, Theorem 1f], while (2.19) can be seen,
e.g., by modifying the proof of an analogous fact [Ro, pp. 209-210] for L'(0, 1) in the
case 1 <r < 2.

We are now ready for the main result of this paper, which characterizes the strictly
singular multiplications LyRp on L(LP(O, 1)) for1 < p < oco. The easy case p = 2
is contained in Example 2.2, so that we will assume here that p # 2. The proof of
the implication (ii) = (i) will require considerable work, even with Proposition 2.8
available. The fact which characterizes U ¢ S(L?(0,1)) is not useful as such for this
purpose.

for > a,fy € [f:n €N].
n=1

Theorem 2.9 Let1 < p < oo and p # 2. Then the following conditions are equiva-
lent for non-zero A, B € L(LP(O, 1)) .

(i) LaRg is strictly singular L(L? (0, 1)) — L(L?(0, 1)),

(if) A,B € S(LP(0,1)).

Proof (i) = (ii). Fact 2.1(ii) implies that A € S(L*(0,1)) and B* € S(Lp/(O, 1)),
where p’ is the conjugate exponent of p. It then follows from [W, Corollary 2] that
also B € S(LF(0,1)).

(ii) = (i). We will argue by contradiction. We begin by observing that it is enough
to prove that L4 Ry is a strictly singular operator L(L?(0, 1)) — L(L?(0, 1)) whenever
A,B € S(LP(0,1)) in the case p > 2. In fact, then the same result holds also in
the case 1 < p < 2. This is checked by using the linear isometry S — S* from
L(LF(0,1)) onto L(Lpl(O, 1)), which transforms L,Rp to Lg«R~, and the fact that
U* e S(Lpl(O7 1)) if and only if U € S(LP(0,1)) (see [W, Corollary 2]). Thus we
may (and will) assume that 2 < p < oo in the remainder of the argument. The Haar
basis (h,) will be our fixed unconditional basis for L?(0, 1), and K, > 0 will denote
its unconditional basis constant.

Assume that A, B € S(LP(0, 1)) and suppose to the contrary that L4Rj is a non-
strictly singular operator L(L?(0,1)) — L(LP(0,1)). Proposition 2.8 implies that

https://doi.org/10.4153/CJM-2005-050-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-050-7

1260 M. Lindstrom, E. Saksman, and H.-O. Tylli

there is a normalized block-diagonal sequence (Sx) C K(L?(0, 1)) so that LyRp de-
fines a linear isomorphism [S; : k € N] — [ASB : k € NJ, and (LaRp(Sk)) =
(ASkB) is equivalent to (and as close as we wish to) some block-diagonal sequence
(Ux) C K(LP(0,1)). The above block-diagonal sequences are with respect to (h,,).

Fix ¢ > 0 so that [|[LARg(U)|| > ¢||U|| for U € [Sk : k € N]. We next combine the
strict singularity of A and B with (2.18), (2.19), and the Kadec—Pelczynski dichotomy,
in order to deduce the crucial observation that [Sy : k € N] C K(L?(0, 1)) is unique
up to isomorphism in our situation.

Claim 1 There is a subsequence of (Sx), still denoted by (Sy) for simplicity, and con-
stants C, C;, > 0 s0 that

(2:20) Collels < | as| < cplels @ e,
k=1

where s satisfies % = % + % (that is, s = %).

Proof of Claim 1 Observe first that there is a subsequence (S;) of (Sx) and a block
sequence (x;) C LP(0,1) (with respect to (h,)) so that [|x;|| = 1 and [|ASy,Bx;| >
ip for j € N. The simple induction is based on Lemma 2.3. Indeed, suppose that
we have found operators Sy, ..., Sk, and blocks x,...,x, as desired. Fixr € N
so that Q.x; = 0 for j = 1,...,n. Note that AS;BP, = AS;(Q;_BP,), where
|Qj—1BP,|| — 0as j — oo by Lemma 2.3 (applied to the compact operator BP;).
Hence there is an index k1 > k, so that [|AS,,, BQ,| > ¢ — ||AS,,, BP,|| > 2. Pick
anorm-1 element y € L?(0, 1) so that ||ASy,, BQ,y|| > §. By truncating the vector
Q,y, where ||Q,y|| < K,, in the Haar basis (h,) we find after normalization a norm-1
block vector x,11 € LP(0, 1) satisfying ||AS ., Bxp+1]| > ﬁ For simplicity we retain
the notation (S;) for the subsequence (Sx;) in the sequel.

n+1

Observe that x; — 01in L?(0, 1) as k — oo, since (x) are block vectors of (h,) in
LP(0,1). Similarly, (SgBxx) and (ASiBxy) are weak-null sequences in L? (0, 1), where
IBxel| > ||SeBxx|| > m for k € N. By applying, if necessary, the Bessaga—
Pelczynski selection theorem [LT2, 1.a.12], we may pass to a further subsequence of
(xx) (and consequently also of (Sy)), still denoted by (xx), so that (xx), (Bxy), (SxBxx)
and (ASyBxy) are basic sequences in L? (0, 1).

We next invoke the Kadec—Pelczynski dichotomy [KP, Theorems 2 and 3, Corol-
lary 1]: Any normalized basic sequence (f,) of L?(0, 1), where 2 < p < o0, has a
subsequence (f;,), so that [f, : kK € N] C L?(0, 1) is complemented, and (f,,) is
either equivalent to the unit vector basis in £” or in ¢>. By repeated applications of
the dichotomy we may ensure that the following properties hold (again by passing to
further subsequences).

(2.21) If (yx) stands for any one of the sequences (xx), (Bxk), (SgBxy) or (ASgBxy),
then either (yy) is equivalent to the unit vector basis in £2 or equivalent to
the unit vector basis in £. For simplicity we denote the above by (yy) ~
or (yx) ~ £P.
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(2.22) [SkBxy : k € N] is complemented in L?(0, 1).

The strict singularity of the restrictions B: [xx : k € N] — [Bxx : k € N] and
A: [SiBxy : k € N] — [ASiBx; : k € N] enables us to reduce the number of
possibilities in (2.21). In fact, we claim that

(xk) ~ 52, (Bxk) ~ fp, (Skak) ~ fz, and (ASkak) ~~ (P,

Indeed, observe first that if (x;) ~ ¢ and (Bxy) ~ ¢, or if (x;) ~ ¢? and (Bxy) =~ ¢?,
then B cannot define a strictly singular operator [x; : k € N] — [Bxx : k € NJ].
Moreover, if (x;) ~ £¢ and (Bx;) ~ (2, then B is compact [x; : k € N] — [Bxy : k €
N] by Pitt’s theorem (see [LT2, 2.c.3] and recall that p > 2). This would then imply
the contradiction that ||Bxi|| — 0 as k — oo, since (x;) is weakly null. A similar
argument applies to the sequences (SyBxy) and (ASxBxy).

We next show that the resulting (sub)sequence (Sx) satisfies Claim 1. Let (¢¢) € ¢°,
where s satisfies ; = & + {. We first verify that the right hand inequality in (2.20)
follows from (2.18) and (2.19). (Actually, the argument shows that the upper ¢°-
estimate in (2.20) holds for any normalized sequence of block-diagonal operators in
K(L?(0,1)).) This inequality also implies that the norm convergent sum Z;:i 1 SkSk
defines a compact operator on L?(0, 1) for (¢;) € #°.

Let (R) stand for a fixed sequence of disjoint basis projections onto the supports
(with respect to (h,)) in LP(0, 1) of the block-diagonal operators (Sg), in the sense
that SRy, = Sy for k € N. Suppose that x € L?(0, 1). Since (h,) is an unconditional
basis for L?(0, 1) we get from unconditionality and (2.19) that

> 1/p
(223) (D IRedl?) ™ < B, 'Kyl x € 120, 1.
k=1

Since Sy = SkRi for each k, we get from (2.23) and (2.18) together with Holder’s
inequality (with % = }% + %) that

H Z Ckska = H Z CkSkkaH < Ap (Z |Ck‘2HSkkaH2)
k=1 k=1 k=1
e 1/s 0 1/p B e 1/s
<A (Dlad) (Do IRexl?) < A K (D le) sl
k=1 k=1

k=1

The proof of the left-hand inequality in (2.20) needs more care. According to (2.22)
there is a linear projection P of L?(0, 1) onto [SgBxx : k € N]. We know that the
restriction of P(Z,fil cxSx) defines a compact operator [Bxy : k € N] — [SgBxy :
k € N] for (¢x) € #. To circumvent the minor inconvenience that the restriction
of P(Z:;:il cxSk) to [Bxx : k € NJ need not be a block-diagonal operator (the off-
diagonal terms S;Bx; are not known for k # j), we first apply the unconditional
blocking principle (Fact 2.5) to P(>_ %, ckSk) with respect to the unconditional bases
(Bxx) = €7 and (S;Bx;) ~ (*. For this purpose, let A: [Bx; : k € N] — [SiBxy :

https://doi.org/10.4153/CJM-2005-050-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-050-7

1262 M. Lindstrom, E. Saksman, and H.-O. Tylli

o0

k € N] denote the resulting diagonal operator: A(E;’il ajBxj) = > 7, c;ja;S;Bx;
for Z;); a;jBx;j € [Bx : k € N]. Thus
o0
(2.24) 1A <K- Hp(zcksk) : [Bxy ik €N] — [SBxy : k € N]H
k=1
for some uniform constant K > 0. Fix constants d;, d, > 0 so that
(2.25) 1> b <a(Ylal) " @,
k=1 k=1
0o 1/2 oo
(2:26) b(MInl) "< | S b, b0
k=1 k=1
Suppose that (a;) € (P satisfies ||(a;)||, < 1/d,. The estimates (2.24)—(2.26) yield
that

IS as| = 1P17 P(Soask) (B ke NI — [siBwe s ke N
k=1 k=1

> [P KHIA] = [|PlI T K

(S|
j=1

- —1p—1 - 2 2 172
chakSkakH > d2||PH K (Z|Ck| |ak| ) .

=[P~k

By taking the supremum of the right-hand side over (a;) € dilng we get that
1> as| = aripl~ k@l
k=1

where s satisfies 2 = 1 + 1. The above inequality is seen from a standard duality
argument and Holder’s inequality. This completes the proof of Claim 1. ]

To resume the proof of the implication (ii) = (i) recall that (following our initial
work) L4 Rp is an isomorphism [Sy : k € N] — [ASiB : k € N], where we may ensure

that limy ||ASgB — Ui|| = 0 as quickly as we wish for some block-diagonal sequence
(Up) C K(LP(O7 1)) . We have

00 00 Vs
H ZCkASkBH > C/(Z ‘Ck|s) , () el
k=1 k=1

by Claim 1, where ¢’ = ¢C, > 0. Fix a sequence (R) of disjoint basis projections
in LP(0, 1) onto the supports (with respect to (h,)) of the block-diagonal sequence
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(Uyg), so that UxR, = Uy for k € N. For technical reasons we actually need a lower es-
timate of || >~ ckASkBR||. We may ensure above that (3.7 [|[Ux — ASkB||* )/ <
¢’ /6K,, where s’ is the dual exponent of s. Write

Z ctASiBR; = Z ctASLB + Z ct(AStB — Up)Ry + Z (U — ASB)
k=1 k=1 k=1 k=1

and use the Holder inequality to get that

o0

e o 1/s N1, 2 1/s
HchASkBRkH > c’(z \ckr) —ZKP(Z U, —ASkBHS) (Z \ckr)
k=1 k=1 - k=1
2¢ /& O\ s
> 5 (Xhad)

k=1

for (cx) € £°. This estimate yields that

2 /
(2.27) HZSkBRkH > A" - card (S
keJ 3

for all finite subsets ] C N.

The strategy of the rest of the argument is to derive a contradiction from the
strict singularity of B on L?(0, 1) together with the following technical consequence
of (2.27).

Claim 2 Thereis (my) C N and a normalized block sequence (x;) C LP(0, 1) so that

(2.28) M —mg >k — 1,

/

C
| Texe|| > ——— k'
2K, [|Al

(2.29)

k—
for Ty = 327" SBR; and k € N.
Proof of Claim 2 The induction is again based on Lemma 2.3. Suppose that we have
found finite sums T, . .., T}, integers m; < --- < my and block vectors x1, ..., xx €
LP(0, 1) satisfying (2.28) and (2.29). Fixr € N so that Q.x; = Ofor j = 1,... k.
We have Y% S;BR;P, = 7" S;(Qu_1BP,)R), where [|Q, 1 BP,|| — 0 as n — oo
by Lemma 2.3 (note that R;P, = P,R; for each j and r, since R; = P,,, — P,, fora
suitable sequence (#;)). Hence

Mj+1

n+k

1> siBR;Ps

j=n

< (k+1)K,||Qu—1BP;|| = 0 asn — oo.
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Moreover, || Y% 8;BR; Q.|| > 5 - (k+ 1)V — || 1245 $;BR; P, by (2.27). Hence

= 34T
there is n = myy; > my + k and, after truncation, a normahzed block xk+1 € LP(0,1)
. . a+
satisfying Q,xx+1 = Xx41 and || Tes1xp41]] = || Z;”knlml S;BRjxyi1|| > e IIAH (k+1)'s.
This completes the proof of Claim 2. ]

To continue the main argument we fix € so that 0 < ¢ < ﬁ;‘” . Kf—fap (where
P
Ap, B, > 0areasin (2.18) and (2.19)). We estimate the growth of || Tix|| for k € N,
where Tix; = Zm”k ! S;BR;xy are from Claim 2. Define ], (k) and J,(k) by

J=my

Ji(k) = {] S {mk, coo,mp+k— 1} : ||BijkH > 6||R]'.’)C1<H}7
L(k) = {] € {my,....m+k—1} || BRjxi| < €||ijk\|}7

for k € N, so that card( Iz(k)) < k. For each k € N we have

| Texe| < H 3 SBR; ka H > SR, ka =%+,
j€Nk) € (k)

where X} and 3, will be estimated separately.
The term ¥, is handled by applying (2.18) and (2.19) to the unconditional block
vector sums Y . jentk SiBRjxk and > jentk Rixk. We get from Holder’s inequality

(with 3 = 5+ ), ||S | = 1 = ||x|| and the definition of J,(k) that

1/2 1/2
(2.30) Engp( 3 HsjBijkHZ) gAp( 3 HBijkHZ)

j€ (k) jE€ LK)
1/2 1/p 1/
SAPE( > ||ijk\|2) SApg( > ||ijk||p) ~card (T2(k))
JE L (k) j€hk)
my+k—1 l/p my+k—1
SAPE( > Hijka) 'kl/SSApB;TlE‘ > ijkH -k
j=my J=my P

< ApB, Kpellxl| - K* = ApB, 'Kpe - k5.

To handle X; we next formulate the specialized instance of the extraction of basic
sequences in L?(0, 1) that we will need here to complete the argument.

Lemma2.10 Let2 < p <ooandU € S(LP(O, 1)). Suppose that (yr) C LP(0,1) is
a normalized sequence such that

(i) ykK>0ask—>oo,
(ii) [[Uyx|]| > a > 0fork € N.

Then there is a constant d > 0 (which is allowed to depend ona > 0, U € S(LP(O, 1)) ,
and the sequence (yx)), so that || yk||120,1) > d for k € N.
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We complete the main argument before indicating how to get Lemma 2.10 from
[KP]. The term 3J; is estimated by applying the preceding lemma to the sequence

(BRjxi), where j € Uyey Ji(k). Here ||B( H§ th || > e for these j and k, where

B € S(LP(0,1) and the sequence ( i sz"”) determined by (J,cy /1 (k) is weakly null.

Thus Lemma 2.10 yields a constant d > 0 (which is allowed to depend on B, € and

(Hi XH)), so that ||[Rjxt[|201) = d|[Rjx|| for all j € Uiy Ji(k). In particular,

|BRjxi|| < d~'||B]| - ||Rjxk||120,1) for these j and k. Thus we get from (2.18) and
[1Sjll =1 = [[x«|| that

(2.31)
5 1/2 . 5 1/2
S <A (Y ISBRi?) < Ad MBI Y IRkl
j€n (k) ISAW]

mr+k—1 1/2 mp+k—1

<apd MBI Y IRmlan) = ad I8 X0 R,
j:mk j:ml\' ’
mp+k—1

< Apd B || D2 R < 4pKpd 1B
j=m

In (2.31) we also used the L?(0, 1)-orthogonality of the (Haar) block vectors (R iXK)
for j = my, ..., mg +k — 1, as well as unconditionality. Finally, by combining (2.30)
and (2.31) with Claim 2 we get the uniform estimates

/

c
— K < || Tex|l, < AKpd7V||B|| + A,B; ' Kye - K5, ke N.
2K, [|A] P e

Since we have fixed 0 < € < the preceding inequalities are incompatible

4||AH A KZ ’
for all large enough k. This contradlctlon completes the proof of the implication

(ii) = (i), and hence of Theorem 2.9. [ |

Proof of Lemma 2.10 Suppose to the contrary that lim infi . || yk||120,1) = 0, and
pick a subsequence (yy, ) so that ||y ||1201) < 27" for r € N. Put

M(p,6) = {x € L2(0,1): |{t € [0,1] : [x(t)] > d|x[|, }| > 5}
for 6 > 0. Since oy <2 p for each r, it follows from [KP, Theo-
rem 1.1d] that y, ¢ M(p,(27")*) for r € N. Hence the argument in [KP, The-
orem 2] (see also [Wo, p. 327]) yields that (y, ) contains a basic subsequence, still
denoted by (yx,), so that (yx, ) is equivalent to the unit vector basis in 7. Denote
this by (yx,) ~ (7. >aforr e N
by (ii), we may assume that (Uyy ) is a basic sequence. By the Kadec—Pelczynski
dichotomy we may further assume that either (Uy, ) ~ ¢? or (Uyy ) ~ ¢*. Since

U € S(LP(O, 1)) , it is then easy to check that both alternatives are impossible (see
the argument following (2.22)). ]
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Remarks (i) One may add to Theorem 2.9 the equivalent condition that LRy is
strictly singular K(LP(O, 1)) — K(LP(O, 1)) . This is seen by applying Fact 2.1(ii) to
the restriction L4Rp on K(LP(O7 1)) , using that

(LaRg|k(1r0,1)))"" = LaRp: L(LP(0,1)) — L(L?(0,1))

in trace-duality (see Section 4) and the facts that U € S(E) (respectively, U € P(E))
whenever U* € P(E*) (respectively, U* € S(E*)).

(ii) The maximal condition from Theorem 2.9 remains valid for multiplications
LaRg on L(X), where X is a complemented subspace of L? (0, 1) (cf. the argument for
Example 4.5). This applies, e.g., to X = (7 & ¢* and X = (Py £*)e. Apart from the
case X = (P @ ¢4 in Section 4 we have not pursued the question to which classical
spaces X the ideas of Theorem 2.9 might be extended.

Recall that S(LP(O, 1)) = P(LP(O, 1)) forl < p < coand p # 2, see [W,
Theorem]. The strictly singular result, combined with trace-duality, does not by itself
yield a strictly cosingular version of Theorem 2.9, because of a general lack of duality
between strict singularity and cosingularity. However, we conjecture that the answers
to the following problems are in the affirmative.

Problem Let1 < p < oo, p # 2, and suppose that A, B € S(LP(0,1)) = P(LP(0, 1)).

(1)  Is LaRg strictly cosingular L(LP (0, 1)) — L(LF(0,1))?
(ii) Is LaRg strictly cosingular K(LP(O, 1)) — K(LP(O, 1))?

3 The Case of L'- and L>-Spaces

In this section we study Problems 1.1 and 1.2 for multiplications L4 Rg on L(X), where
X belongs to the class of L!- or L>°-spaces (our results will apply to classical non-
reflexive spaces such as L'(0, 1), C(0,1) and > = L>°(0,1)). Many facts motivate
this study. Firstly, there are characterizations of the non-strictly (co)singular opera-
tors on X for many L!- or £L°°-spaces X, which suggest that the strictly (co)singular
multipliers on L(X) could also be identified explicitly. For instance, U ¢ W (L!(0, 1))
if and only if there is M C L!(0,1) so that M =~ ¢!, U defines an isomorphism
M — UM, and both M and UM are complemented in L' (0, 1) (see [P, Theorem I1.1]
or [Wo, II1.C.12]). Here the strictly (co)singular multipliers on L(¢!) are known from
Example 2.2. Secondly, the weakly compact multiplications on L(X) are known for
L!- or L°-spaces.

Fact 3.1 ([R, Proposition 2], [ST1, 2.11]) Let X be a L'- or L>°-space, and A, B &
L(X) be non-zero operators. Then LyRg is weakly compact on L(X) if and only if A, B €
W(X).

Our results in the case of L!- or £L>°-spaces can be considered as applications of
Fact 3.1 and a result of Bourgain [B2] about the Dunford-Pettis property of certain
spaces of bounded operators. Recall that the Banach space X has the Dunford—Pettis
property (DPP) if for any Banach space Y and any weakly compact S € W(X,Y)
one has ||Sx,|| — 0asn — oo for all weak-null sequences (x,) C X. We refer to
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[LT1, Chapter I1.5] or [B1, Chapter 1] for the definitions and the basic properties of
LP-spaces. Any L'- or L>°-space has the DPP, see [LT1, I1.4.30 and 11.5.7].

We first characterize the strictly singular and cosingular multiplications on L(X),
where X is a L!-space. The result below applies, e.g., to L}(0, 1), C(0, 1)* and (£°°)*.

Theorem 3.2 Let X be a L'-space and A, B € L(X) be non-zero operators. Then the
following conditions are equivalent.

(1) LaRg is strictly singular on L(X),

(ii) LaRg is strictly cosingular on L(X),

(iii) Ly Rp is weakly compact on L(X),

(iv) A, B € S(X) = P(X) = W(X),

(v) A € S(X) and B* € S(X*),

(vi) A € P(X) and B* € P(X*).

Proof Theimplications (i) = (v) and (ii) = (vi) follow from Fact 2.1(ii). Moreover,
the implications (v) = (iv) and (vi) = (iv) are easy consequences of duality and the
equalities W(X) = S(X) = P(X) for L!-spaces X. To recall these equalities note
first that W(X) C S(X) N P(X), since L'-spaces have the DPP. Moreover, any L!-
space X is weakly sequentially complete, see, e.g., [B1, 1.29]. It is then a known
consequence (see, e.g., [B1, 1.6]) of Rosenthal’s ¢'-theorem that U ¢ S(X) U P(X)
whenever U ¢ W (X).

Conversely, if B € W (X), then B* € W(X*) C S(X*) by the DPP of the L>°-space
X*. The implication (iv) = (vi) is checked in a similar manner. The conditions (iii)
and (iv) are equivalent by Fact 3.1. It remains to prove that (iv) = (i) and (iv) = (ii).
Assume that A,B € W(X). Thus A**,B** € W(X**), where the L'-space X**
has the DPP, so that Ly« Rp«: L(X**) — L(X**) is weakly compact according to
Fact 3.1. It follows that Ly~«Rp=« is also completely continuous, since L(X**) itself
has the DPP (this fact is verified separately in Lemma 3.3(i) below). This means that
L4+» Rp«~ maps weak-null sequences of L(X**) to norm-null sequences. Suppose that
(T;) C L(X) is a weak-null sequence, so that TJ’»‘* 2 0 in L(X**) as j — oo (as
S +— §"* is w — w continuous). The complete continuity of Ly«« Rg-« implies that
[|AT;B| = [[A**T;*B™|| — 0as j — oc. Hence LyRp is completely continuous on
L(X). Since Ly Rg 1s also weakly compact on L(X) by Fact 3.1, it follows that L4 R is
strictly singular L(X) — L(X). The DPP of X yields further that LyRp(S) = ASB €
K(X) for § € L(X), so that L4Rp is also weakly compact considered as an operator
L(X) — K(X). Since K(X) has the DPP by Lemma 3.3(ii) below, we get that L4Rp is
strictly cosingular L(X) — K(X) (as well as L(X) — L(X)) by [P1, Proposition L.4b].
The proof will thus be complete once we have established Lemma 3.3 below. ]

We next formulate the precise versions of the DPP-results, which are essential for
the arguments of Theorems 3.2 and 3.4. We are not aware of references for these con-
sequences of [B2], though we presume that they might be known to some specialists.
Hence we are obliged to include quite careful arguments.

Let K be a compact Hausdorff space and (€2,3, 1) a measure space. Here
L'(p,C(K)) will be the vector-valued function space consisting of (equivalence

https://doi.org/10.4153/CJM-2005-050-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-050-7

1268 M. Lindstrom, E. Saksman, and H.-O. Tylli

classes of ) Bochner p-integrable functions (2 — C(K), and C(K JLY( u)) the space of

continuous functions K — L'(y). Let E®ﬂF be the projective and E®6F the injec-
tive tensor product of the Banach spaces E and F. We refer to, e.g., [DF] for the def-

initions and the general properties of these tensor products. Recall that (E®7TF)* =
L(E,F*). The identifications L'(u, C(K)) = Ll(u)®ﬂC(K) and C(K,L'(p)) =
C(K)@fll1 (1) used below are explained in [DF, 3.3 and 4.2.(2)].

Lemma 3.3 Let E bea L'- or L°-space. Then

(i) L(E**)* and L(E**) have the DPP.
(ii) K(E) has the DPP.

Proof (i) Suppose first that E is a L'-space, so that E* is a £°-space by [LT1,
11.5.8.(ii)]. Then E** is isomorphic to a complemented subspace of L' () for some
measure space (€2, X, i), and E* is isomorphic to a complemented subspace of C(K)
for some compact space K (see, e.g., [B1, 1.23]). It follows that E**@ﬂE* is isomor-
phic to a complemented subspace of L! (u)®WC (K), so that there are operators

j: E®WE — Ll(u)®ﬂC(K), p: Ll(u)®WC(K) — E**®WE

for which p o j = I;... o p.. Hence (E**(Q_E*)** is isomorphic to a complemented
subspace of (Ll(u)®ﬂC(K))**, since p** o j** = I,
[B2, Corollary 7] (cf. [D, pp. 47-51]) that the bidual

B @ By Bourgain showed

*k

(L@ Cw) ™ =1 (1.0K)

has the DPP. Hence (E**®WE*)** = L(E**)* has the DPP (recall here that
(E**@WE*)* = L(E**)). Finally, the Dunford—Pettis property is inherited by the
predual L(E**). A similar argument applies to the L°°-space E, since E**@WE* ~
E*®WE**, where E* isa L!'- and E** is a £L°°-space by [LT1, 11.5.8.(ii)].

(ii) Emmanuele [E, p. 475] pointed out (without including the details) that E®€F
has the DPP whenever E is a £°°-space and F is a L!-space. This general fact im-
plies that K(E) = E*@EE has the DPP whenever E is a £!-space (recall that E has
the approximation property, see [LT1, I1.5.7]). In a similar manner one gets that
K(E) = E*®EE ~ E®EE* has the DPP whenever E is a L°°-space. We sketch
here for completeness how to deduce Emmanuele’s remark in [E, p. 475] from [B2,
Corollary 7] by modifying some ideas from [E, Theorem 2] and [Ci, Theorem 1]. Let
S: E®€F — Z be any weakly compact operator, where Z is a Banach space, so that
S e W((E®€F)**,Z). Here E®€F C E**®€F C (E®€F)** as closed subspaces
(¢f. [E, Lemma 1] for the latter isometry), so that the restriction T = §** B @ F
is weakly compact E**®€F — Z. Since E** is isomorphic to a complemented sub-
space of C(K) for some compact set K, there are operators J;: E** — C(K) and
P: C(K) — E** satisfying P o J; = Iger. Let P @ Ip: C(K)@),F — E**().F be the
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corresponding tensored operator. Moreover, F** is isomorphic to a complemented
subspace of L' (u) for some measure space (£, 3, ), so there are J,: F** — L'(u)
and Q: L'(u) — F** satisfying Q o J, = Ip«+. By repeating the preceding argument
forU=To(PRIr) €W (C(K)®€F, Z) we get a weakly compact operator

V= U0 pe) © Tow © Q: CENK) L' (1) — Z.

Above Ici) ® Q is a projection C(K)@ELI(M) — C(K)®E]2(F**), where
C(K)®EL1(M) = C(K,L'(p)) has the DPP by [B2, Corollary 7]. It follows that

ITv,|| — 0as n — oo whenever (v,) C E®€F is weakly null, since T is (up to a
linear isomorphism) a restriction of V. ]

There are analogues of Theorem 3.2 for quite large subclasses of L°°-spaces, but
it will be necessary to split the consideration into two parts (¢f. Example 3.6 below).

Theorem 3.4  Let X be a L°°-space, and A, B € L(X) non-zero operators.
(a) Assume that

(3.1) S(X) = W(X).

Then the following conditions are equivalent.
(i) LaRg is strictly singular on L(X),
(ii) LaRg is weakly compact on L(X),
(iii) A,B € S(X) = W(X),
(iv) A € S(X) and B* € S(X*).
(b) Assume that

(3.2) P(X) = W(X).

Then the following conditions are equivalent.
(i)  LaRg is strictly cosingular on L(X),

(ii) LaRg is weakly compact on L(X),

(iii) A,B € P(X) = W(X),

(iv) A € P(X) and B* € P(X*).

Proof The argument of Theorem 3.2 can be carried over almost verbatim to the
case of L°°-spaces. Recall first that W (X*) = S(X*) = P(X*), since X* is a weakly
sequentially complete L!-space. In this event (3.1) or (3.2) allow us to check that
conditions (iii) and (iv) are equivalent in parts (a) and (b), respectively. The crucial
implications (iii) = (i) in parts (a) and (b) are proved as in Theorem 3.2, using the
DPP of L(X**) and K(X) for £L°°-spaces X (see Lemma 3.3). [ |

Corollary 3.5 Let X = C(K), where K is a compact metric space, or let X = {*° =

C(OAN) ~ L*°(0,1). Then (3.1) and (3.2) are both satisfied, so that the conditions in
parts (a) and (b) of Theorem 3.4 are all equivalent.
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Proof Recall that if K is a compact Hausdorff space, then C(K) satisfies condition
(3.1) by [P, Theorem I.1]. If K is a compact metric space, then C(K) satisfies condi-
tion (3.2) by [P, I.2]. Moreover, /> = C(ON) ~ L*°(0, 1) satisfies (3.2) in view of
[LT2, 2.f.4]. [ |

There are £°°-spaces having quite unexpected properties, see [B1, Chapter III]
or [BP]. We note the following examples, which point out the limitations of Theo-
rem 3.4.

Example 3.6 (i) Let X be the L°°-space ¢y © ¢>°. Then W(X) = S(X) & P(X),
since the inclusion J: ¢g — ¢ is strictly cosingular (see [P, p. 36] or [LT2, 2.f.4]).

(ii) Let Y be the separable L>°-space constructed by Bourgain and Delbaen (see
[B1, Chapter III]), so that Y has the Schur property. The separability of Y implies
that Y does not have the Grothendieck property (that is, there is a w*-null sequence
(x*) C Y* without any weak-null subsequences). Hence U ¢ W (Y, ¢y), where Ux =
(x¥(x)) for x € Y. Itis easy to deduce that U € S(Y,cp), since Y is £!-saturated
(see, e.g., [B1, Proposition 1.1.3]), but ¢ is cp-saturated by, e.g., [LT2, 2.a.1 and 2.a.2].
Hence W(X) & S(X) for the L>®-space X =Y & ¢.

(iii) Both (3.1) and (3.2) fail to hold for the L°°-space X =Y @ ¢y P £°°.

4 Further Examples

This section contains examples that demonstrate the intrinsic dependence of Prob-
lem 1.1 on the space X, as well as the optimality of Fact 2.1(i). The main exam-
ple (Theorem 4.1) identifies the strictly singular and cosingular multiplications on
LP @) forl < p < q < oo. Wewrite S € L(¢P @ ¢9) as operator matrices
S = (Sjx), where Sjx = P;SI, and P; and I are the natural projections and inclu-
sions associated to £ @ ¢4 for j, k € {1,2}. Recall that

K(¢P)y  K(£1,¢7)
(4.1) S(P @ 1) = P(tF © 11) = (L(él’,é‘i) K(09) )

by total incomparability (see [LT2, 2.a.3]) and Pitt’s theorem. It follows from (4.1)
that U* € S(¢?" @ ¢4') if and only if U € S(¢? @ 1), and that U* € P({?" @ (1)
if and only if U € P(¢? @ ¢1). The following example should be contrasted with
Example 4.5for X =7 @ 1@ ¢",wherel < p < g <r < oo.

Theorem 4.1 Let1 < p < g < oo. Then the following conditions are equivalent for
non-zero operators A, B € L(¢F @ £1):
(1) LaRg is strictly singular L((P & ¢1) — L(LF @ £9),
(ii) LaRg is strictly cosingular L(¢P @ 1) — L({P @ £1),
K(£P)  K(#1,4P)
(iii) A,Be (L(fp,gq) K(0) >

We will focus on the strictly cosingular case, which is the novel part. The basic
strategy resembles that of Theorem 2.9, but applied here to certain spaces of nuclear
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operators. For the reader’s convenience we will present the details, which are less
involved than in the case of X = L?(0, 1) (no versions of Lemmas 2.6 and 2.7 will be
needed, and the concluding step is much simpler).

Let E and F be Banach spaces. The operator S: E — F is nuclear if there are
sequences (1) C E* and (v) C F,so thatS = Z;’il u; ®vjand Z;.; [ []-[vill <
00. The nuclear norm of S is

ISlln = inf{ > flusll - [lvill : S =D i @ v}
j=1 =1

Then (N(E, F), || - |ln) is a Banach space, where N(E, F) is the nuclear operators
E — F. The composition operator S — ASB is bounded in the nuclear setting for
bounded operators A and B, since ||ASB||x < ||A|| - ||B]| - ||S||nv for S € N(E, F) and
compatible A, B.

The proof will again be split into smaller steps. We begin by verifying some results
for composition operators between spaces of nuclear operators in the setting (and
the notation) of Lemma 2.4. Clearly the nuclear analogue of Lemma 2.3 holds, since
nuclear operators can be approximated in || - ||y by finite rank operators. The un-
conditional operator blocking principle (Fact 2.5) also has a nuclear version, since its
proof [LT2, 1.c.8 and Remark 1, p. 21] is based on averaging.

Lemma 4.2 Suppose that E,, ..., E, are reflexive Banach spaces having unconditional
bases, and let A € L(Es, E4) and B € L(E,, E;) be fixed. Assume moreover that there is
a normalized block-diagonal sequence (S;) C N(E,, E3), so that ||[AS¢B||y > ¢ > 0 for
k € N. Then there is a subsequence (S;) so that (LARB(Skj)) = (AS;B) is equivalent
(and as close as we wish in || - ||N) to a block-diagonal sequence (T;) C N(E,, Ey).

Proof Since (Sx) C N(E,, E5) is a normalized block-diagonal sequence, it is not dif-
ficult to modify the argument of Lemma 2.4 (replacing the operator norm by || - || ).
We leave the details to the reader. [ ]

The following technical lemma is needed for the main reduction step.

Lemma 4.3 Let E, and E, be reflexive Banach spaces having unconditional bases with
unconditional basis constants dy, d, > 1. Let (n) C N be a strictly increasing sequence
(where ng = 1). Assume that the sequence (Ry) C N(E;, E;) satisfies

(i) [[Rellnv =1,
(i) [[PSRiPL) — Relly < g75275
(iii) P@ R,PWD =,

Mg—1 Mg—1

for k € N. Then there is a constant ¢, = ¢1(dy,d,) > 0 so that

oo
< CIHZ‘lkRkH
N N
=1

for all scalar sequences (ay) such that Z,fil arRy converges in N(E,, E,).

oo
2 1
H Z akPLk?”k—lePLk?”k—l
k=1
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Proof Note first that

(4.2) H Z a, PO R P

oo
W= ar
N
k=1

whenever Zk 1 ARy converges in N(E,, E,). Indeed, Zk 1 APy 2)RkP converges in
N(E,, E,), and it follows from (iii) that

oyl 1RGP = |22 [ S PR i
k=1
(2) (1)
P”J 1 {Z akpﬂk RkP } N
< 2d,d, ZakP DR P o JEN
k=1
Hence || 32,2, axP{ RkPnk v < 122 axRilly + 311 2202, kPP RePyY [[n by as-

sumption (ii), since ||P 'R;P 1)HN > 2. The nuclear version of Fact 2.5 applied
to the operator S = Zk . akP RkP € N(E;, Ey), and (4.2) yield that

0
H Z akpﬂi)nk 1Rkpﬂ}<)ﬂk 1 H < CH Z akp Z)Rkp

oo
o 2 ]
k=1

where ¢ = ¢(dy,d;) > 0. Note that above we clearly have >, P,(i) b SPD =

Ny, Mr—1

So akPP, RePD, by (i), i

The following result is a nuclear analogue of Proposition 2.8, and it contains the
main reduction step of the argument.

Proposition 4.4 LetE,, . .., E4 be reflexive Banach spaces having unconditional bases.
Assume that A € S(Es, E;) and B* € S(E;, EY) are such that LyRg is a non-strictly
singular operator N(E,, Es) — N(E1, E4).
Then there is a normalized block-diagonal sequence (S;) C N(E,, Es) so that
* LARgis bounded below on [S; : k € N],
e (LaRp(Sk)) = (ASkB) is equivalent (and as close as we wish in || - ||n) to a block-
diagonal sequence (Ty) C N(E;, E4).

Proof By assumption there is an infinite-dimensional subspace M C N(E,, E3) and
¢ > 0 so that

ILaRB(S)|IN = [|ASB|lNy > c[|S[ln, S € M.
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We first construct a sequence (Rx) C M and an increasing sequence (1) C N so that

(4.3) |Relln = 1,
4.4 PORPE —R .ok
(4.4) | kP, kv < 16d ¥ )
(3) (2) _
(4.5) Py RPY =0,
(4.6) |LaRg(R) — LaRs(PY,  RePY, v <b-27F

for k € N. Here d,,d; > 1 are the unconditional basis constants in E, and E3, and
b satisfies 0 < b < min{?¥, W}, where ¢; = ¢i1(d,,d3) > 0 1is the constant
given by Lemma 4.3.

Suppose that we have chosen operators Ry, ...,Ry_jand 1 =ny < n; < --- <
ng—1 satisfying (4.3)—(4.6). We proceed as in Proposition 2.8 and choose a normal-
ized Ry € M so that P RiP? = 0and

ILsRs(R) — LaRp(QY) ReQP lly < b-27F1

For this we need to note that Fact 2.1(i) remains valid for compositions N(E,, E;) —
N(E, E,) (see [LS, 2.1, 2.2 and 2.3]). Conditions (4.4) and (4.6) are then ensured
by truncation in || - ||y. Indeed, the nuclear version of Lemma 2.3 gives ny > ny_1,
so that [|[PS)R PP — Rel|y and [[PPQY) RQP PP — QY ReQP ||n are small

Mg—1

enough.

Put Uy = P} e RePY, - fork € N. Then |[|Ug|ly > smayay for k € N, since
ILARp(Uy)||n > § by (4.6) and Ry € M. By arguing as in the proof of Lemma 4.3 we
get

c o0
(4.7) —————— sup || < 2d2d3H akUkH
AT 5] b 2 i,

whenever Z;ﬁl axUy converges in N(E,, E3). Since Z;:il aRy € M, we get from
Lemma 4.3 and (4.6) that

oo
H ZakUkH <q
N
k=1

oo c o0
ek, < 2 tare(L ek |
NT ¢ N
k=1 k=1
(o)
(%]
(ZakUk)H + —-b-sup|a|
— N ¢

Lemma 4.3 can be applied here thanks to (4.3)—(4.6). Since b <
follows from (4.7) that

Jtata(S )|, 2 55| ]

whenever Z,fil axUy converges in N(E;, E3). The proof of Proposition 4.4 is thus
complete by using Lemma 4.2 to pass to a suitable subsequence (Sx) of (Uk). [ |

1 :
PR
STAT-BI&d> 1t
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Remark Proposition 4.4, as well as Lemmas 4.2 and 4.3, also hold for compositions
on K(Ey, E;). It is not hard to modify the arguments.

If E and F are reflexive Banach spaces having Schauder bases, then there is an iso-
metric identification K(E, F)* = N(F, E) given by (S, T) = tr(TS) = 21021 yi(Tx;)
for S = Ejoil y}‘ ®xj € N(F,E)and T € K(E, F) (see, e.g., [FS, Theorem 1]). Simi-
larly, N(F, E)* = L(E, F) and K(E, F) C K(E, F)** = L(E, F) is the natural inclusion.
Let A,B € L(E,F). Then LyRg maps K(F,E) — K(E,F) and (L4Rp)*: K(E,F)* —
K(F E)* is identified with LgRs : N(F, E) — N(E, F) in this trace-duality, since

((LaRp)*(y* ®x), T) = tr(ATBo (y* ®x)) = y*(ATBx)
= tr(T o(A"y* ® BX)) = (LgRa(y* @ x), T)

for y* € F*,x € Eand T € K(E,F). (There are alternative trace-duality identi-
fications K(E,F)* = N(E*,F*) and N(E*, F*)* = L(E, F), for which (L4Rp)* =
L4+ Rp+. The one described above avoids dual exponents here.)

Proof of Theorem 4.1 The implications (i) = (iii) and (ii) = (iii) follow from
Fact 2.1 and the duality facts recorded after (4.1).

K(6P)  K(69, 0P)
(iii) = (ii): Suppose that A, B € <L(£P,€‘1) K(£1)

o 0 0 All A12 _ o
A_(A21 0>+(0 s ) =Ao+Ki, B=Bo+ K,

) . Decompose

where K, K, € K(@P D gq), so that LsRg = LA(]RBQ + LAORKz + LKIRBO + LKlRKz-
Fact 2.1(i) and (4.1) imply that Ly, Rk, + Lk, Rp, + Lk, R, is strictly cosingular on
L¢P @ £1). We must verify that

. 0 0 _(Su Si P
S+ LaRu(S) = (AZISZIBZI 0) 5= (521 Szz) €L,

is strictly cosingular on L(¢? @ ¢1). Hence, by using the natural projections on L(¢? &
£1) associated to the operator matrix S = (Sjx) € L({? @ £9), it will be enough
(after simplifying our notation) to verify that L, Rp is strictly cosingular L(¢1, ¢?) =
K(¢,¢0P) — K(¢?,09) for A,B € L(¢?, (7). One has (LuRp)* = LgRa: N(£1,07) —
NP, £9) in the trace-duality described above. It will then suffice, by easy duality, to
verify the following

Claim 3 LgRy is strictly singular N(01,0P) — N(¢P, £9) for A, B € L(¢F, £9).

Proof of Claim 3 Suppose to the contrary that LgyR4 is not strictly singular
N(01,¢F) — N(€?, ¢1). Proposition 4.4 yields a normalized block-diagonal sequence
(Sk) € N(#1,¢P), so that LgR4 defines an isomorphism [S; : k € N] — [BS;A :
k € NJ, and (BS;A) is equivalent to a block-diagonal sequence (Ty) C N(¢7, ¢1). We
check that

(4.8) H ZCkSkHN = Z ek, (a) € £
k=1 k=1
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Clearly || 3=, aSklln < D2, |ek| for () € £'. By finite-dimensional trace-duality
there is a normalized block-diagonal sequence (Uy) C K(€,£1) so that (Sj, Ux) =
ik for j,k € N. Since p < g it is not difficult to check that || >°7°, biUs|| =
supien |bx| in K(£7, £9) for all (by) € co. Hence

> Uil : i<
|Xas = sef[ (X as. b, | ssuplvl <1}
k=1 k=1 j=1 J
= sup{z |brer| = sup |bj] < 1} = Z |ek].
jEN 1

k=1

On the other hand, [S; : kK € N] = [BS;A : k € N] C N(¢?, (1), where N(£F (1) =
K41, 7)* is reflexive by [K, Corollary 2], since L(¢9, () = K (¢4, ¢?) for p < q. This
clearly contradicts (4.8), which proves the Claim.

(iii) = (i): We only sketch the idea, and leave the details to the reader. By a
similar reduction as above it will be enough to verify that LyRp is strictly singular
K(#1,0°P) — K(¢P, 09) for A, B € L(¢?, ¢9). If LyRp is not strictly singular K (¢4, £7) —
K(¢P, ¢1), then the version of Proposition 4.4 for spaces of compact operators yields
a normalized block-diagonal sequence (Sx) C K(¢1, £F), so that LyRp is an isomor-
phism [S; : k € N] — [ASB : k € NJ, where (ASxB) is equivalent to a semi-
normalized block-diagonal sequence (Ty) C K(¢#,¢1). One verifies that [S; : k €
N] =~ [T} : k € N] = ¢y, which contradicts the reflexivity of L(¢1, ¢?) = K(¢1, ¢?) for
p < g, [K, Corollary 2]. ]

The following example shows that, contrary to Theorem 4.1, the maximal condi-
tions for strict (co)singularity are not the correct ones for X = (¢ @ (1 @ (", where
1 < p<g<r< oo, orfor (certain) sums X = LP(0,1) & L1(0, 1). Here the strict
(co)singularity of A and B does not always imply the strict (co)singularity of L4 Rp.

Example 4.5 (i) Supposethat X = 7 ® 1@ ", where 1 < p < g < r < 0. Let
ja: € — 04, jy: 49 — {7 be the natural inclusions, and define J;, /, € S(X) N P(X)
by

]I(xayaz) = (0,07j1)/)7 fz(x’)/,z) = (Oa j2x70)7 fOI' (xvyvz) S EP @Eq @gr

Then L, Ry, is neither strictly singular nor cosingular on L(X).

(ii) LetX = LP(0,1) ® L(0, 1), where p,q € (1,00) \ {2} and p # g. Then there
are A, B € S(X) N P(X), so that LR is neither strictly singular nor cosingular on
L(X).

Proof (i) Ji, ; € S(X) N P(X), since j; and j, are strictly singular and cosingular
(recall that L(£*, ¢") = S(*,¢") = P(£*,¢") for 1 < u < v < oo by the total
incomparability of ¢* and ¢*, see [LT2, 2.a.3], and reflexivity). For 3 x 3-operator
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matrices S = (Sj;) € L(X) we have
0

0
LyRy(S) = 1i(Sjp) o = | j1Sa2j2 O
0 0

S O O

It suffices to verify that L; R;, is neither strictly singular nor cosingular L(¢1) —
L(£P, ).

Clearly || Z;’il cje; ® el = sup; |cj| in L(£7) for (cj) € £>°, where (e,) C 1 and
(er) C (4" are the unit vector bases, and q’ is the conjugate exponent of g. Moreover,
it is not difficult to check that

o0 o0
HleRjz<ZCje’f®€j> H = HZC;‘J’Z‘e}* ®J’16jH :SEEI% (cj) € £
j=1 j=1 g

in L(¢?,£"). Thus L; R}, is a linear isometry M — L; Rj,(M), where M = [e; ® e, :
n € NJ is isometric to £°° in L(¢1). The injectivity of £°° implies that L; R;, (M)
is complemented in L(¢?,¢"). Let N C L(¢?,¢") be an infinite-dimensional closed
subspace, so that L(¢?, ") = L; R;,(M) ® N. Thus Qy o L; Rj, is surjective L(¢1) —
L(¢P,£7)/N,so that L; R, & P(L(¢7),L(¢?,(")).

(ii) £" @ ¢ is isomorphic to a complemented subspace of L'(0, 1) for r € (1, c0),
so that we may decompose L?(0,1) & L9(0,1) = M & N, where M ~ ¢ @& (1 @ (2.
According to part (i) there are Ag, By € S(M) N P(M) so that L4, Rp, is neither strictly
singular nor cosingular L(M) — L(M). Let A(x, y) = (Aox, 0) and B(x, y) = (Byx, 0)
for (x,y) € X = M & N. One checks as before that L4 Ry is neither strictly singular
nor cosingular on L(X). ]

Remarks Strict singularity and cosingularity of L, R are, in general, unrelated. For
instance, let A € L(¢!, £?) be a linear surjection, and let B € K(£') be non-zero. Then
Fact 2.1 yields that L, Rp is strictly singular L(¢') — L(¢*, £?), but not strictly cosingu-
lar. Moreover, let A: /2 — C(0, 1) be a linear embedding, and let B € K(#*) be non-
zero. Then LRy is strictly cosingular L(¢*) — L(¢2,C(0, 1)), but not strictly sin-
gular. Here the fact that A € P(éz, C(o, 1)) follows, e.g., from [P, Proposition 1.4b].
These examples transfer to X = ¢! @ ¢? and X = ¢> & C(0, 1), respectively.

Finally, there has been substantial parallel work on properties of tensor products of
operators in the literature. We refer to [DF] for a systematic exposition, and to [DiF]
and [R] for results closer to the topic of the present paper. Several of our results yield
information about the strict (co)singularity of tensor products of operators between
e-tensor products of concrete Banach spaces. As a sample we restate Theorem 2.9.

Theorem 4.6 Let A € L(LI’I(O7 1)) and B € L(L*(0, 1)) be non-zero operators. Then
AQ) B is strictly singular on LP/(O, D .LP(0,1) if and only if A € S(LP/(O, 1)) and
B € S(L*(0,1)).

Proof One may identify K(L?(0,1)) = LP'(O, 1)®€LP(O, 1) and the tensor operator
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A®EB with LgR4+, since B(x*®y)A* = Ax* @By forx* € Lp/(O7 1)and y € LP(0,1).
The claim now follows from Theorem 2.9 and [W, Corollary 2]. |
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