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STABILITY AND CATEGORICITY OF LATTICES
KENNETH W. SMITH

Introduction. This paper is a contribution to applied stability theory.
Our purpose is to investigate the complexity of lattices by determining
the stability of their first order theories.

Stability measures the complexity of a theory T by counting the
number of different “kinds’’ of elements in models of 7. The notion of
w-stability was introduced by Morley [26] in 1965 and generalized by
Shelah [31] in 1969. Shelah classified all first order theories according to
their stability properties.

Stability and X;-categoricity are closely related (see [26] and [1]). In
fact, the notions of stable, superstable and w-stable can be regarded as
successive approximations of N;-categorical. Rj-categoricity is a very
strong property while stability, superstability and w-stability facilitate
the classification of more ‘‘complex’’ theories.

The aim of applied stability and categoricity theory is to determine
algebraic characterizations of those structures in an interesting class
whose theories are N¢-categorical, X;-categorical, w-stable, superstable or
stable. The class of Abelian groups is the only natural and interesting
class we know of where a complete analysis of stability and categoricity
has been given. (See [8].)

It follows from [33] that if ¥ is an infinite Boolean algebra, an infinite
distributive lattice or in fact any partially ordered structure containing
an infinite chain then % is unstable. For such structures then, there is no
stability or N\;-categoricity. So it seems natural to consider the class of
all lattices without infinite chains (in fact, without arbitrarily long finite
chains). This class of lattices is a rich one and, as will be seen, has non-
trivial stability and categoricity properties. Special cases of the results
of this paper apply to the class of dimension <2 or ‘‘planar’’ lattices. Our
main results yield:

(1) A characterization of stability and superstability in the class of all
dimension <2 lattices;

(2) Characterizations of N,-categoricity, NRi-categoricity, w-stability,
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superstability and stability in the class of all height 4 and dimension <2
lattices.
These results were announced in [34] and [35].

0. Preliminaries. We will assume the reader is familiar with the basic
elements of first-order logic (as in [4]).

Stability and Categoricity. Let U be an L-structure and let X C 4. A
set of formulae Z(v), with at most v free, is a type of A over X if
(1) if 2y is a finite subset of 2 then

QIX = (31}) A (0’1 o € 20),

and

(ii) if ¢(v) is a formula of L, with at most v free then either = k£ ¢
or 2 E ~ ¢.

Let Sa(X) denote the set of all types of A over X.

A theory T is k-stable if for every U = T and every subset X of 4 of
power <« we have |[Su(X)| < «. If T is not «-stable then we say T is
k-unstable. T is stable if T is k-stable for some infinite x. Otherwise T is
unstable. We say a structure 9 is k-stable when Th (%) is k-stable. Note
that every finite structure is k-stable for every infinite cardinal «.

THEOREM 0.1. [26]) Let T be a complete theory in a countable language.
T is w-stable if and only 1if T is k-stable for every infinite «.

THEOREM 0.2. ([33]) For every complete countable theory T exactly one
of the following occurs:
(1) T s k-stable for every k = 2¢;
(ii) T s k-stable if and only if k = x*;
(ii1) T is unstable.

If T is k-stable for all k = 2¢ we say 1" is superstable. We will sometimes

refer to theories for which (ii) holds as ‘“‘merely’’ stable.

TureoreM 0.3. ([33]) T is unstable if and only if there is a formula
Y (3, w) in 2n free variables and a model A = T with sequences a; € "4,
1 € w, such that for all © # j

1 < jif and only of A = Y[a, a,].

A theory T is k-categorical if every two models of 7" of power « are
isomorphic. We refer to a structure U as x-categorical when Th() is
k-categorical.

MOoRLEY’S THEOREM. (Theorem 7.1.14 of [4]) Let T be a complete theory
in a countable language. T 1s Ni-categorical if and only if T is k-categorical
for every uncountable cardinal .
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Lattice Theory. It will usually be most convenient to view our lattices
as relational structures.

Definition 0.4. Let a, b € A where A = (4, £) is a lattice. We say
a and b are comparable if a £ b or b £ a. We write a || b when a and b
are incomparable. X C A4 is an antichain if a || b foralla # b in X. X is
a chain if a and b are comparable for all ¢, b € X. [a, b] denotes {c € A4:
a £ ¢ £ b}. Open and half open intervals are defined similarly. We say
b covers a, and write a < b, if a < b and [a, b] = {a, b}. The dual A of A
is the lattice (4, <') where ¢ £ ' if and only if b < a.

A planar embedding e(N) of A is an injection a — @ from Y to R? such
that

(1) m2(e(a)) < mwo(e(b)) whenever a < b (w, is the second projection
of R2? onto R),

(2) The straight line segments @b connecting @ and b whenever a < b
in % do not intersect, except possibly at their endpoints.

A is planar if A has a planar embedding. Intuitively, U is planar if it
can be drawn with no intersecting edges.

Dushnik and Miller [7] define the dimension of a poset A = (4, <)
as the least cardinal « such that < is the intersection of « linear orders
on A. If % is any partially ordered set of dimension £2, B C % and B
is finite then B is planar. (See for example [19], Proposition 5.2.)

Let A and B be lattices. We say U omits B if there is no subposet A’ of A
(i.e., submodel as a relational structure) which is isomorphic to 8. Note
that 9’ need not be a sublattice of A. Kelly and Rival in (19] define a
denumerable set of finite lattices, ., and prove:

THEOREM 0.5. ([19], Theorem 1) A finite lattice N is planar if and only
if A omits every lattice in L.

(We will define some of the members of . as they are needed.) They
also show how this provides a characterization of the dimension <2
lattices.

THEOREM 0.6. ([19], Theorem 6.1) A lattice A has dimension <2 if and
only if A omits every lattice in & .

ProrosiTION 0.7. Suppose A is a partially ordered set containing chains
of every finite cardinality. Then Th() is unstable.

Proof. Apply the Compactness Theorem and Theorem 0.3.

It follows that in stable posets there is a finite bound on the cardinal-
ities of chains. We are led to the following definition.

Definition 0.8. Let U be a partially ordered set. The height of U is

sup {«: A contains a chain of power «}.
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So in this terminology, Proposition 0.7 yields that all stable posets
are of finite height. In particular, all stable lattices have finite height.
The bulk of this paper is devoted to a study of lattices of height <4.

1. Lattices of height <4 and an unstable lattice of height 4. We
first note the following well known fact about finite height lattices:

ProPoSITION 1.1. Let A be a lattice of finite height. Then N has a minimum
element, 0, and a maximum, 1.

It follows that only the one element lattice has height 1, and only the
two element lattice, {0, 1}, has height 2. The theories of height 1 and
height 2 lattices are therefore complete, have only finite models and
are w-stable.

Height 3 lattices are also very simple. Let U be a height 3 lattice and
let a, b € A-{0, 1}. Suppose a £ b. Then {0, a, b, 1} is a chain. Since A
contains no chains of cardinality >3, we have ¢ = b. We have shown
that A = {0, 1} is an antichain in . It follows that, up to isomorphism,
there is exactly one height 3 lattice of each cardinality <2. So the
complete theory of any infinite height 3 lattice is categorical in all
infinite powers.

The class of height 4 lattices is much more interesting. In fact, there
is a height 4 lattice whose complete theory is unstable.

Example 1.2. Let % consist of an antichain xo, %, . .., ¥, ¥1, . . - Of
elements which cover 0, and elements z,;, 7 < j < w, where z;; is com-
parable only to the elements 0, x;, y;, and 1;z;; > ¥;; 24; > x1,and 0 <
z4; < 1. If we let ‘@’ represent an element covering 0, and ‘0’ an element
covered by 1, we can give an ‘‘aerial”’ representation of %-{0, 1} as
follows:

THEOREM 1.3. Th(%) is unstable.

Proof. Let ¥ (v, w) be the formula:

A0 <x A J2)x <z2<1Aw<32)
A~@Fz)x<z<1Av<3)]
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Then for 7,7 € w,
i < jifand only if % & ¥y, v,
By Theorem 0.3, Th(%) is unstable.

It can be shown that % has dimension 3 or 4, although we have been
unable to determine which.

In the next three sections we study two classes of superstable height
4 lattices.

2. A structure theorem. There is a class of height 4 lattices with par-
ticularly nice structure containing the height 4, dimension <2 lattices.

Definition 2.1. Following [{19], let B be the lattice:

and let B be the dual of B. Let . be the class of all lattices of height 4
which omit both B and B4

It follows from Theorem 0.6 ([19], Theorem 6.1) that the class .¥
properly contains the class of all height 4, dimension =2 lattices.

Definition 2.2. Let U be a finite height lattice, #n € w, x,¥, 20, . . . ;

2, € A. (20,...,32,) i a connecting sequence if for 1 < j £ n, 3, # 2,3
fori < m,3; < z;410rz; < z;41;and for< £ #n, 2, ¢ {0, 1}. x is connected
to y in n steps if there is a connecting sequence (2, . . ., 2, ) with zo = x

and 2, = y.xis connectedtoyifx =y = Qorx = y = 1 orx is connected
to ¥ in n steps for some # € w. We write x C v for x is connected to y.
We refer to the immediate successors of 0 as level 2, immediate successors
of level 2 elements which are not equal to 1 as level 3.

LeEmma 2.3. C is an equivalence relation on A.
If a € A, then [a] denotes the C-class of a in 4.

Definition 2.4. Let A be a lattice in ¥ and let x, y € 4-{0, 1}. We say
x is a dead end off y if x is comparable to 0, 1 and ¥ and to no other
elements of . We say y has « dead ends if there are x many dead ends
off y.
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THEOREM 2.5. For any lattice A in F, each C-class of U has exactly one
of the following forms: (Dashed lines represent =0 dead ends.)

(1) the classes of 0 and 1: {0} and {1};

(2) lone elements L: {x} where x ¢ {0, 1};

(3) crowns Cr,:

n=0;
(4) finite length fences —
(up-up)  Fuu,: Fuu,: 0 : o n>0
: // : : : ces | \\
(up-down) Fud,: n=0
ANVAAVEEEERA
0 1 n
(down-down) Fdd,: Fdd, n>0
\ \ ! O
0 1 n

(5) 1-way infinite fences
Iu:

I'd:
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(6) 2-way infinite fences I*:

Proof. 1t is easy to check that none of these C-classes violate the
axioms of .¥. Given a class X from ¥, % in.%’, we must show that X has
one of the forms in 1 to 6.

Suppose X # {0}, X # {1} and there is no level 2 element x € X and
elements y; # y, such that x < y;,y, < 1. If w; and w, are level 3
elements in X then there is a connecting sequence (2o, ..., 2,) with
20 = w; and z, = ws. If n > 0, then z;, w;, w, violate the assumption
above. So # = 0 and w; = w,. So either X has no level 3 elements and
has the form L, or X has exactly one level 3 element and has the form

Fdd, or Fuu,
|
I

Otherwise we can assume that xo € X and there are elements y; # v,
such that x¢ < y1, 52 < 1.
For each k € w let

Xir = {y € 4: yis connected to x, in <k steps}.

We show by induction on k that the elements of each X; are ordered in
one of the forms in 2-4.

kE =0: X, = {x0}. So Xy has the form L.

k=1 X ={x} U{y€ 4:x0 <y < 1}. So X; has the form Fdd,.

k + 1 where £ = 1: If X; = X;_1, then X341 = X and the result
follows from the induction hypothesis. So assume X; # X;_:. Notice
that X; is not of the form L or Fuu,. There are 5 cases.

case (a). X, has the form Cr,.

case (b). X; has the form Fuu,, n > 0.

case (c). X; has form Fud,.

case (d). X; has form Fdd,.

case (e). X; has form Fdd,, n > 0.
We shall give the proof of case (b). The other cases are proved similarly.
So X lookslike

X (m—1) X1 X1 Xk—1

/ | | |
e I ! . .o \

X—(m—2) Xo Xg—2
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m=k,n= (k+m)/2 — 1. (Fuu, must go k steps in at least one direction
from x¢ by the assumption that X #% X;_;. It follows from the form
of X, that k, m = 2.) Let 2 € X1 — X;. Either (i) m = k and there
isay < X_m—1 such that z > y; or (ii) there is a y < x4_; such that
z > y;or (iii) both (i) and (ii). More than one such y in (i), (ii), or (iii)
implies that x_¢,—1) and z, or x_g—1) and z have no infimum, so either
(i") m = k and there is a unique ¥ < x_¢z—1) such that z > y; or (ii’)
there is a unique y < xx—; such thatz > y; or (iii’) both (i’) and (ii’).

If there is no z such that (iii’) then X,,, has one of the forms Fuu,
(no new z at all), Fud,, Fdd,,.

If there is a z such that (iii’) then it is unique, for suppose there were
elements 21, 22, ¥1, 1/, Y2, ¥2’ such that y1, y2 < x_m_1y; ¥1', ¥’ < Xp—1;
Y1, ¥1° < 215 Yo, V2’ < 29 If y1 % ¥, then we have

X—m—3) X—(@n—1) 2 4

X—(n—2) N Yo

and a copy of B% in Y. Similarly y," > v’ provides a copy of B% in U.
But if ¥; = v, and y,’ = ¥/, then 2; and z; have no infimum. Now with
a unique z satisfying (iii’), X1 has the form Cr,_;.

The induction is complete. Note that X = U (X;: kB € w). If for some
k, Xiy1 = X then X = X, and has one of the forms in (2) — (4). If for
all 2, X341 =2 X then no X, is a crown and X has form I'u, I'd or I2.

Note that elements in 4 — {0, 1} which are in different C-classes are
not comparable. So Theorem 2.5 presents a very concrete structure for
lattices in . This structure will be instrumental in characterizing the
w-stable models, the No-categorical models, and the X;-categorical
models in .¥.

3. Stability and the class.”. We now prove that all lattices in.¥ are
superstable. An alternate proof of this and a more general result are
discussed in Section 7. The proof we give here is the most natural one,
given the nice structure of the lattices in .%. It uncovers the ‘“‘approx-
imating formulae” for C-classes and exemplifies methods to be applied
in more general settings.

LemMA 3.1. Let A be in L and let B > U, b € B — A. FEither thereis an
element ag € A — {0, 1} such that b is a dead end off ay, or b is not connected
to any element of .
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Proof. This follows from the structure theorem and the first order
theory of . In fact, if b is a dead end off a,, it is easy to see that a has
infinitely many dead ends.

LEmMMA 3.2. Let U be a lattice in ¥ and suppose B > U, b € B — A and
b is a dead end off an element @ in A. Let

T() = Th(A,) I {v#a:a € A} \J {v1s a dead end off a}.
Then T (v) is a complete type in N,.

Proof. Let € > ¥, ¢ € C such that €, =T [c]. Since b € B — 4 and
B > A A= “G has 2k dead ends” for each k € w. It follows that in
A, B and € there are infinitely many dead ends off @. Using the method
of games of [9] and [12] it is easy to show that (B4, 0) = (€4, ¢).

LEMMA 3.3. Let A be a lattice in £ and suppose B > A, b € B — A and
b 1s not connected to any element of . Let =,(v) be the type of b in B and let

F(w) = ThA4) Y Z,(v)

U { (v 1s not connected to a in n steps): a € A, n € w}.
Then T (v) is a complete type in U .

Proof. Let € > A, ¢ € Csuch that €4 =T (¢). We show that (B4, b) =
(€4, ¢) using the method of games. Let ao, ..., ax—1 € 4. We will give
player 1I's winning strategy for the ((8, ao, - . ., a4—1, 0) = (G, ao, . . .,
ax-1, ¢))-game with m rounds. During the game player II will “protect”
certain finite ‘“‘neighbourhoods’ of the elements aq, . .., a1, b, ¢ and
the picks from 8 and € made in the game. Assume B M C = 4.

Let mo =m + k + 1. Given by, ...,b,—1 € B and a non dead end
x € B — {0, 1}, we say a set P is an approximation of x in (B, by, . . .,
bp—1) if P consists of:

(a) all dead ends off x in B, if there are <m, of them; or

(b) m, dead ends off x including those among {b, . . ., b,—1}, if there
are >m,.
Foreachn < mlet{xo, ..., x,} be the set of all non dead ends connected
to elements of {bo, ..., b,—1} in <3™™ steps. We say a set X is an
(m-n)-neighbourhood of {by, ..., by_1} (tn B) if for each 7 < k, there is
an approximation P; of x; such that
X ={x0, ..., %5, UUP: 1= k).

Remark 1. If X and Y are (m-n)-neighbourhoods of {bo, . . ., b,_;} then
there is an isomorphism f: X — Y such that f is the identity map on
{bo, ..., by-1}, and x € X is an dead end in B if and only if f(x) is a

dead end in B.
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We can similarly define (m-n)-neighbourhoods of finite subsets of A

and €.

We will use the formulae v, (v) which say ‘‘v has =% dead ends’’.

Let By be an (m-0)-neighbourhood of {a,, . .., az-1, b} in B and let C,
be an (m-0)-neighbourhood of {ay, ..., a1, ¢} in €.

Claim. There is an isomorphism fy: By — Cp such that fy(a;) = a, for
1 < k, fo(b) = ¢, and x € By is a dead end in & if and only if fo(x) is a
dead end in €.

Proof. The non dead ends of B and € connected to elements of U are
all in A by Lemma 3.1. Th(A,) contains =v,[a] for each a € 4 and
k < mo, so we can easily define fo [ 5,3

Now let xg, ..., x, be the non dead ends of [b] which are connected
to b in <3™ steps. Let ¢(v) be the formula:

Jvo) ... Qv)[{oo, ..., v} is the set of all non dead ends
connected to v in <3™ steps)
ANz (v o0 2 < xy)
A Nigp (£7:@0): B = Evilxdd, b < mo)
ANigp (20 S0 £2b=Zx) ANisp (v S 02 5, £0))
¢(v) is in 2,(v) and so € = ¢ [¢]. Clearly we can extend f, to By so that

fo(d) = c and so x is a dead end in B if and only if fo(x) is a dead end
in € for x € By. This proves the claim.

We can now begin the game. Player II's strategy will be to satisfy
the following:

Induction hypothesis. Suppose after n < m rounds by, ..., b1,
Coy « -+, Cp—1 have been chosen and there are (m-n)-neighbourhoods B, of
{ao, ..., Qx1, b, b0, ..., by} in B and C, of {ay, ..., a1, ¢, Co, - - .,

¢n—1} in € and an isomorphism f,: B, — C, such that
(i) fala) = ay, fo(0) = ¢, fu(bs) = ¢y

(ii) forx € B,,xisadead end in B if and only if f,(x) isa dead end in €,

(ii1) for every x € B, connected to an element of {a,, ..., g,
b, bo, ..., b1} in <2.3"~+D gteps either

(a) for every non dead end @ of A: x < @,x = @, or x > aif and only
if f(x) < @, f(x) = a, or f(x) > @ respectively, or

(b) there are elements @; € 4, 7 € w, such that d; is not connected to
a;in <2.3"=+D steps for ¢ ¥ j, and for each ¢ there is an isomorphism
gifrom an (m — (n 4 1))-neighbourhood B’ of x to an (m — (n + 1))-
neighbourhood 4 ; of a; with g,(x) = a; and x dead end in B if and only
if f(x) dead end in G.
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(Note that the isomorphism f, ensures that (iii) holds for y € C, as well.)
The induction hypothesis is true with n = 0.

Round 7z + 1. Suppose player I picks b, from 3.

Case 1. b, is connected to an element of {aq, ..., ax_1, b, bo, . . ., by_1}
in <2.3"="+D steps. We can assume b, € B, and construct B,;1 C B,
farr = fa [ Bppr Cowr = far1(Br), and let ¢, = fr41(bs). The induction
hypothesis for » + 1 follows easily.

Case 2. Not case 1, but b, is connected to an element of {c, ..., cp_1}
in <2.3"=®+D gteps.

Suppose b, is not a dead end. Then b, € C, and is therefore in A. But
f,~t(b,) # b, since b, ¢ B,. So we have f,~1(b,) connected to an element
of {ao, ..., ak—1,b,be,...,0,01} in <2.3"="+D steps, f,(f~1(b,)) = by,
but f,~1(b,) # b,. So by (iii) of the induction hypothesis, we can find an
element ¢, € 4 M C which is not connected to an element of {a,, ...,
Ax—1, Cy Co, + « + , Cp_1} in <2.3™~+D gteps such that there is an isomorphism
f' from an (m — (n + 1))-neighbourhood B’ of {b,} in B to an
(m — (n 4 1))-neighbourhood C’ of {c,} in €, with f’(b,) = ¢, and x a
dead end in ¥ if and only if f’(x) a dead end in €, for x € B’. We can
now construct an (m — (n + 1))-neighbourhood B, C B, of {a,, ...,
@y—1, b, bey ..., by_1} in B and let

Bups = B/ \J B, Cor = fu(B/)\J €' and fap1 = f' I fo [ 5,

The induction hypothesis, in particular condition (iii), now holds for
n + 1.

Similarly if b, is a dead end.

Case 3. Not case 1 or 2, but b, is either

(i) equal to a non dead end @ € 4, or

(ii) a dead end off an element @ € 4.

We let ¢, = a if (i), and let ¢, be any dead end off @ in € if (ii). Since
a€ A4, (m— (n+4 1))-neighbourhoods B’ of {b,} and C’' of {c,} are
isomorphic and are disjoint from any (m — (n 4+ 1))-neighbourhoods

of {ao, ..., ax-1,b,b0,...,b,21} and {aq, ..., ax_1,¢, Coy ..., Coz1}. SO
we can easily construct B,i1, Cpi1 fr+1 to satisfy the induction hypothesis
for n + 1.

Case 4. Not case 1, 2 or 3. Then by Lemma 3.1, b, is not connected to
any element of 4.
Let xo, . . ., x, be the non dead ends of [b,] which are connected to b,
in <3+ gteps. Let ¢(v) be the formula:
Jv) ... Qv,)[{we, ..., v,} is the set of all non dead ends connected
to v in <3™~+D steps)
A Nijso (v, S 050 x4 S xj)
A Nisp (£7:(0): B Evelxi], B < mo)
ANigp (v =0 £, £ %) A Nisp (£v: S v £x; £0,)]
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Since b, € B — A and B > ¥, the formula
Qwo) ... Qwe) sk b (wy)

A A <=k (wyis not connected to w, in < [ steps)]
is true in Y for each k, | € w. So let ¢, be an element of 4 such that ¢, is
not connected to any element of {ag, ...,a-1,¢¢o ..., Cp1} in
<2.3m=+1) gteps and U E ¢lc,]. € > U, so € &= ¢[c,] and we can construct
(m — (n + 1))-neighbourhoods B’ of {b,} and C’ of {c,} and an iso-
morphism f’: B" — C’. We are assured from the existence of [b,] in
B — 4 that B, 1, Chy1, fas1 constructed from B, C', B, C,, f, will satisfy
the induction hypothesis, specifically condition (iii), for » + 1.

Suppose player 1 picks ¢, from €. Then player II chooses a b, € B
similarly.
After m rounds, the isomorphism f,, wins the game for player II.

THEOREM 3.4. Let A be a lattice in . Then Th(N) is superstable.

Proof. 1t will suffice to show for every U in.¥ that if |4]| < « then
[Su(4)| = « + 2~.

By Lemma 3.2 there are at most x many types which include a formula
‘0 is connected to a in # steps’’ for some ¢ € 4, n € w. By Lemma 3.3
there are at most 2 types which exclude all these formulae (at most
one for each type Z,(v) in the countable language with no constants).

There are lattices in . which do not have w-stable theories. The
following example is, in fact, dimension 2.

Example 3.5. For each even n € w and each s € "2, let (X,, £) be
the C-class:

where x; has s(¢) dead ends for each ¢ < #n. Let
A =1{0,1} U U(X,: neven,s € "2).
For each s € “2 consider the set of formula
Zy(wo) = {31 ... Qo) [A1=izn
(v; is the unique non dead end connected to v, in < steps)

A Azn (v:has s(7) dead ends)]: # € w}.
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Clearly each Z,(vp) is consistent with Th() and s # s’ implies Z(vo)
U 2. (vo) is inconsistent. So [Su(¢)| = 2 and Th(Y) is not w-stable.

In the proof of Lemma 3.3 we used certain formulae to describe finite
“neighbourhoods” of elements. We will see that these formulae actually
determine C-classes up to (o0, w)-equivalence and hence elementary
equivalence. We will use this fact to determine which models in.% have
w-stable theories, and later, in Section 6, to characterize the models of ¥
with No-categorical theories and the models with X;-categorical theories.

Definition 3.6. Recall the formulae v;(v) = ‘v has 2k dead ends’.
Given a lattice in.¥ and an elementain 4 — {0, 1}, we define formulae

Yamd® and ¢, 2 for each n, m € w. Let aq, . .., a,, be the non dead
ends connected to ¢ in <# steps.
Yamd® (0,90, ..., 0p,) = [({vo, ..., vp,}

is the set of non dead ends connected to v in <# steps)
A Nigsen (£0: 2050 £ ay = ay)
A Nigpn Nizm (£7:(:): A = £ [a4])
ANigon (£0 200 2a = a) A Nizpn (0 S 010, = a)l.

Note that ¥, , % is uniquely defined modulo the names of the variables
v; and the order of the conjuncts. We let

G0 ?(@) = (A20) . . . AV )Y@, Vo, - - -, Upy)-

LemMA 3.7. Let A be a lattice in ', a € A — {0, 1}. Suppose B is in.
and b € B such that

B E ¢y nl?[b] for all n,m € w.
Then
B]; =,0) = (al, =, a).

Proof. We break the proof into three cases.

Case 1. The set of non dead ends connected to « is finite.
Case 2. [a] is a 1-way infinite fence.

Case 3. [a] is a 2-way infinite fence.

We give the proof in the most difficult case.

Proof of case 3. First note that for each n’ < n, k' £ k

(*) = ¢/n,k2{’a(vf Yoy . - - vvp) - ¢n',k'm'a(vy Doy« + -y vp)'

Let ..., a_1, ao, a1, ... enumerate the non dead ends of [a] so that
a, < @410ra, > a4 forallz € Zand a = apor ais a dead end off a,.
By renaming variables we can assume that v, is associated with ¢, in
each y, ,%* with v, free. B = ¢, %* [b] for each n € w, so [b] isa 2-way
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infinite fence. Choose b, so that b = by if b is non dead end, or so that b
is a dead end off b, if b us a dead end. Clearly for each n > 0, b, is the
unique element x of B such that

B E Qvoane) - Qoo)To1) - oo QVu—1) 20, * (b, x].

For each #, there are 2 elements x € B such that

BE Jvee—n2) .- Fv1)Foe) ... (3 v<,,,,_1>,2)1[/n,09"“[b, bo, x].

It follows from (*) that there is at least one element b; such that

B E Qvea-nse) - ro)Fo2) - o Aoy 2)¥n i [b, bo, b1]

for all #» and &.

The pattern is now set. For each # and each z such that — (p, — 1)/2
<2 £ (pn. — 1)/2, there is a unique element b, such that y,
[b, by, by, b,] is satisfiable in B, because there is exactly one non dead end
connected to by and b; in the number of steps specified by ¢, o%*%. Since

BE Qvee-ne) - @v—1)@o2) ... FAV@a—1)2) ¥ 00D, bo, b1]

for all k, n € w, we can enumerate the non dead ends of [b] as ..., b_y,
be, b1, . .. so that

B E Yar®lby b2y -+ s Dou—1y 2]
for all n, & € w. It follows that b, < b,, if and only if a, £ a,;v:[0.] if

and only if y;[a,]; b = by and a = ag, or b is a dead end off b, and ¢ is a
dead end off ay. Using the method of games it is now easy to show that

(Bl, 2,0) =0 ([a], £, a).

We will now use the ‘‘approximating formulae”, ¢,,%° (v), to
characterize the w-stable models in % in terms of ‘‘approximating
C-classes’".

Definition 3.8. Let A be in % and let ¢ € 4 — {0, 1} be a non dead
end. Let #ya denote the number of dead ends off ¢ in A. We say « is
end of fence (in ) if there is at most one other non dead endin 4 — {0, 1}
comparable to a.

LEMMA 3.9. Let X, X1, . . . be finite subclasses of C-classes of U, A in .
(1.e., %,y € X;— there is a connecting sequence (2o, . .., 2,) in X, with
X = gpand y = g,.) Let

F=Afip Xy =5)> &, 5)024)

be a family of embeddings such that for i < j < k, fi; = idx,; and fg 0 fy;
= fu. Formthedirectlimit (X, <) of ({((X,, £):1 € w), F) withembeddings
fu X > X . Then X = (X \V{0,1}, £)isn¥ and X is a C-class in X.
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Proof. The proof is straightforward.

Deflnition 3.10. Let (X, £) with embeddings f: X, — X, 7 € w be
the direct limit of ({(X,, £): 7 € w), F), where each X, is a finite sub-
class of ¥, ¥ in .%. Suppose for each 7 € w, x € X,

(1) fi(x) end of fence in X implies x end of fence in ¥,

(2) fi(x) dead end in X if and only if x dead end in ¥,

(8) for each & < 1, #x fi(x) = k implies #ax = k.

Then we say (X, <) is a limit C-class of U.

Notice that limit C-classes are countable, and if X is a finite limit
C-class of ¥ then U contains a C-class isomorphic to X.

LeEmMA 3.11. Let (X, <) be a countably infinite C-class of a lattice B in
S and let A be in . (X, £) is a limit C-class of U if and only if for some
%o € X, {¢,,%,‘,,’f°(v): n,m € w} 1s consistent with Th().

Proof. The proof is routine given the information expressed in the
formulae ¢p;%0 (v).

THEOREM 3.12. Let U be a lattice in . Th(N) is w-stable if and only if
A has only countably many non-isomorphic limit C-classes.

Proof. Assume U has >w non-isomorphic limit C-classes. For each
such class X, by Lemma 3.11, we can choose x € X such that

2:X("U) = { n,m}?'z(v): n,m € w}

is consistent with Th(). For countable classes X and V, X =_, V if
and only if X ~ ¥ so it follows from Lemma 3.7 that if X and Y are
non-isomorphic limit C-classes of U, then Zx(v) \U Zy(v) is inconsistent.
Hence we have >w types in Sy(¢) and Th() is not w-stable. The other
direction is similar.

Example 3.13. In the class ., w-stability is a strictly weaker property
than N;-categoricity. Consider a lattice with 2 level 2 elements each
with =w dead ends.

We leave to Section 6 the task of classifying the lattices in . with
N;-categorical theories.

4. Superstability and the class.7 . We now turn to our second class
of lattices containing the height 4, dimension <2 lattices.

Following [19], for each n € w we let 4, be the following lattice, called
a crown (see also Theorem 2.5(3)):.7 is the class of all height 4 lattices
which omit 4, for every n € w. We will show that each lattice in .7 has
a superstable theory. So a height 4 lattice which is not superstable must
contain both a crown and a copy of either B or B
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The following obvious fact about lattices in.7 is crucial to this section.

LEMMA 4.1. If a; and a; are elements of a lattice W ind and a, is connected
to a,, then there is a unique connecting sequence between a, and as, i.e., there
is a unique n and a unique connecting sequence {zo, ..., 2,) Such that
20 = Q1 (an 2, = Q2.

Definition 4.2. Let U be a lattice in Z and let X be a finite set of
elements from 4 — {0, 1}. For each k& € w, let

X; = {x € A: xis connected to an element of X in & steps,
but not to any element of X in <k steps}.

Fix n, m € w. We will construct sets X*™* k < 7, by induction on k.
Xm0 = \U(X 1 £ n).

Now for 2 < nand x € X,_; let
P,={z¢ec Xrmk — \U(X;:1 <n—k): thereexistis £ jo < n

and a connecting sequence (wy, . . ., W;, ) such that w, € X,
w; = x and w;, = z}.

Define a tree ordering =<, on P, by z <,3’ if and only if there exist
19 < jo = n and a connecting sequence (wy, . . ., Wj, ) such that w, = x,
wy = z and w,, = 2’. This is a well defined partial ordering by Lemma
4.1. Let &, = (P,, <,). We will discard “surplus’ copies of Z,. For
each y € X,_41y there are cardinals A, . . ., A, so that the elements of
X, comparable to y can be enumerated as x,*: 7 £ p, @« < \;, where
for i, j < p, Py~ Pogi if and only if ¢ = j; and for i < p, x.' is in a
connecting sequence of length <2n 4 2 between elements of X if and
only if 7 = p. Note tliat )\, is finite. Let

Xy = UL, 1 =pora < min {\;, m}).
Finally let
Xrmktl = UX i =n— (B+1)UUX Y € Xp—guan)-
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Any set constructed in the manner of X*™" above will be called an
(n 4+ 1, m)-neighbourhood of X (in ). These neighbourhoods are what
is needed to carry out an analysis paralleling Lemmas 3.1, 3.2 and 3.3.
We refer the reader to [36] for the remaining details.

TueoreM 4.3. If U is a lattice in T, then Th(N) is superstable.

5. A “‘merely’’ stable lattice of height 4. In Section 1 we saw that
there are height 4 lattices with unstable theories. In this section we
construct a height 4 lattice with a stable but not superstable theory.
From Sections 3 and 4, we know that such a lattice must contain a
crown and a copy of either B or B%

The example we give owes a debt to Example 7.1.32 of [4].

Definition 5.1. (z0, . . ., 2, ) is a direct connecting sequence if (3o, .. ,2,)
is a connecting sequence and for 0 < ¢ < #, 2, is comparable to exactly
2 elements other than 0 and 1. We say z is directly connected to z, in n
steps.

Example 5.2. We describe our example # as follows:
(i) # has a set {v,: i € w} of range elements which are level 2
elements with exactly 1 dead end.
(ii) # has a set (fs: s € “w} of function elements which are level 2
elements with exactly 2 dead ends.
(iii) For each s € “w and each 7 € w there is a unique direct connecting
sequence {fs, 21, ..., 22041, Yo(p ) from f to yscp.

In order to investigate the stability of Th(.#), we will need to know
something about the other models of Th(.#).

Let A = 4. A number of facts about  follow from the first order
properties of .

Property 1. A has an infinite set of range elements; level 2 elements
with exactly 1 dead end.

Property 2. A has an infinite set of function elements; level 2 elements
with exactly 2 dead ends.

Property 3. The function elements of ¥ ‘‘behave like’’ the function
elements of #. For each # € w,

A = (Vv)[(vis a function element) — (3 ly) (v is a range element
and f is directly connected to ¥ in 2n + 2 steps)].

Moreover, for each 7 € w,

A E (Vx)(Vy)[there is at most 1 connecting sequence
(x,21,...,2,7)such that A\ <<, (z; has no dead ends)].
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We let f(n) denote the unique range element connected to the function
element f in 2# + 2 steps.

Property 4. A must have enough function elements to satisfy the
following formula (true in .#):

(Wxo) . . . (VXp—1)| A i<n (x4 1s a range element
— 3 fo) ... @ fi1) (N i<e (fiis a function element)
A Ni<rian (F35) = %) A Ni<i<r (fi Z )]

for each n, k € w.

Property 5. The elements of 9 which are not range or function elements,
dead ends off range or function elements, or elements on the unique
direct connecting sequences between function elements f and their range
elements f(n), n € w, are either

(1) members of infinite sequences (z;: © € w) where 2, is comparable
to a range or function element and for all 7, z; ¢ {0, 1}, z; is comparable
to 2441 and z; has no dead ends, or

(ii) members of 2-way infinite fences (z;: 71 € Z), z; ¢ {0, 1}, where
for all 2 € Z, 2, has no dead ends.

The following lemma states that all height 4 lattices satisfying
properties 1 to 5 above are elementarily equivalent. Since .# satisfies
1 to 5, this shows that properties 1 to 5 are necessary and sufficient
conditions for a height 4 lattice to be elementarily equivalent to .#.

LeEmMA 5.3. Let A and B satisfy 1 to 5 above. Then Y = B.

Proof. In the (Y = B)-game with m rounds, player 11 will play so that
after nrounds, 0 < n = m, the following induction hypothesis is satisfied.

Induction hypothesis. For each ¢ < n, ¢; € A and b; € B have been
chosen in round 7 + 1 so that there exist 4, C 4, B, C B, X, C
{0,...,n — 1}, ¢.: A, — B, and for each ¢ € X, function elements
fi € 4, g; € B such that

(1) z € X, if and only if there is a function element fin 4 and & < 3™
such that a; is a dead end off f, a; = f, a; is in the direct connecting
sequence from f to f(k), a; = f(k), a; is a dead end off f(k), or a, is
directly connected to f or f(k) in <2-3™~(+D gteps; if and only if as
above with B, b;, g for 4, a4, f;

(2) For each 7 € X, f; and g, fill the roles of f and g in (1);

(8) For all 7, j € X, and %k, k' < 3", f.(k) = f;(®') if and only if
gi(k) = g;(¥"), and f, = f, if and only if g; = g;;

(4) x € A4, if and only if

(1) for some 7 < n, ¢ € X, and there is an [ < 3™ such that x is a
dead end off f,, x = f;, x is in the direct connecting sequence from f, to
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fi(l),x = fi(l),or xisa dead end off f;(I);orx is in the direct connecting
sequence from a; to f; or from a; to f;(I); or

(ii) for some 7 < #, a; is not a function or range element and x is
directly connected to @; in <3™~" steps.
x € B, if and only if as above with g;, b, for f4, a;.

(5) i (A, £) >~ (B, £); for each 7 € X,, ¢,(f:) = gs; and for
each 7 < n, ¢,(a;) = b,

The details of player II's strategy are similar in spirit to those of
Lemma 3.3 so we omit them.

COROLLARY 5.4. Th( M) is not superstable.
Proof. For each infinite cardinal «, let
T = {t € “k: ¢ is eventually 0}.

|T| = x¢ = «. Let U consist of « range elements {y,: @ € «} and a set of
function elements {f;: ¢t € T} connected so that f,(n) = y. for each
n € w. It follows easily from Lemma 5.3 that % = #. Now for each
s € vk, let

Z,(v) = {vis a function element}
Ulv(n) = fu(n): t(n) = s(n), t € T}
U {v(n) # fi(n): t(n) # s(n), t € T}.

Each Z(v) is consistent with (¥, f;) 7, and if s % s’ then s(n) # s'(n)
for some #, so for ¢t € T such that s[,+1C ¢,

(@) = fi(n)) € 2:(v)

while

(w(n) # fi(n)) € 2y (v).
So there are at least x* complete types in Sy({f.;: ¢t € T}).

The proof of Lemma 5.3 is more important than the lemma itself in
what remains. As we count types over models of Th(.#) we can re-
peatedly use player II's winning strategy to show that certain types are
complete. In each case we shall state the appropriate lemma but omit
the straightforward proof.

Let € = # and let « = |C|. Let Z(v) be a complete type in Sg(C) and
we will examine the possibilities for Z(v). Note that for any function
elementf € Cand any k € w, Z(v) cannot place v in the direct connecting
sequence from f to f(k), or as a dead end off f or f(k), because in each
case Th(C¢) says there are only finitely many such elements.

Case 1. (v = ¢o) € Z(v) for some ¢y € C. Then Z(v) is the type of ¢o.
There are « of these types.

Case 2. Z(v) says ‘v ¢ C and v is a range element’’.
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LeEMMA 5.5. Let € = M. Let
T'(@) = Th(€) U {v # c: ¢ € C}
U { (there is exactly one dead end off v)}.
Then T(v) 2s a complete type in Sc(C).
It follows that we get only 1 complete type in case 2.
Case 3. Z(v) says ‘o ¢ C and v is a function element’.

LEMMA 5.6. Let € = M and let C, be the range elements of €. Suppose
Y Cw, so € YCo, and R is an equivalence relation on (v — V). Let

I'(v) = Th(Ge) Y {v # c: ¢ € C}
U {(there are exactly 2 dead ends off v)}
U {okk) = sok): k€ YU {v(R) #£c: kg YV, c€ C}
Uf{x k) =v(n):kn€w—Y, = ((kn) € R)}.
Then T (v) is a complete type in Sg(C).

It follows that we get <2¢.x»-2¢ = x* complete types from case 3.

Case 4. Z(v) says ‘‘v ¢ Cand v is a dead end off a range element’’.
It follows that the range element is also not in €.

LeEMMA 5.7. Let € = M. Let
T'() = Th(Ce) U {v # c: ¢ € C}
U {3 y) (v is the unique dead end off v)}.
Then T(v) is a complete type in Ss(C).
It follows that case 4 yields 1 complete type.

Case 5. Z(v) says ‘v ¢ C and v is a dead end off a function element”’.
It follows that the function element is also not in €.

LeEMMA 5.8. Let € = M and let Co be the set of range elements of G.
Suppose ¥ C w, so € YCo, and R is an equivalence relation on (w — V). Let
T'(@w) = Th(Ge) I {v # c: c € C}
U { (v is ¢ dead end off an element with 2 dead ends)}
U{EANHO< f <o A flk) = so(k)): k € Y}
V{ENO0 <f <o Af(k)=c)ké¢ Y ceE Cl
V{ENO <f<v A £ (flk) = f(n))):
k,n€w—Y, & ({(kn) € R)}.

Then T (v) is a complete type in Ss(C).

https://doi.org/10.4153/CJM-1981-107-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1981-107-3

1400 KENNETH W. SMITH

So there are «* types from case 5.

Case 6. Z(v) says ‘v ¢ Cand v is on a direct connecting sequence from
a function element to a range element’’.
It follows that the function element is not in €, but we have 2 subcases.

Case 6a. For some range element y, € C, Z(v) says ‘o ¢ Cand v is in
a direct connecting sequence from a function element to y," .

LEmMMA 5.9. Let € = and let Cy be the set of range elements of G.
Suppose V C w,s0 € ¥Co, ko € YV, Iy < 2ky + 2, and R 1s an equivalence
relation on (w — Y). Let

T(@) = Th(C¢) U {v % ¢c: ¢ € C}
U {@NI(S s a function element)
A (v 1s divectly connected to f in ly steps)
A (v is directly connected to so(ko) 1n 2ko + 2 — o steps)]}
U {@ANI(S 15 a function element)
A (v s directly connected to f in ly steps)
A (f(k) = so(k))]): k € Y}
U {@NI(S 1s a function element)
N (v is divectly connected to f in lq steps)
N (f(k) # c)
A Ex (fB) =fn)]:c€ Co,kyn€w—Y, & ((kn)€E R)}.

Then T (v) is a complete type in Ss(C).
So case 6a yields <2¢ k¢ w-2¢ = x* complete types.

Case 6b. Z(v) says ‘v ¢ C and v is in a direct connecting sequence
from a function element to a range element, but v is not directly connected
to any element of C”.

Lemma 5.9 adapts easily to this case. In T'(v) replace (v is directly
connected to s¢(k¢) . . .) by (visdirectly connected to a range element. . .)
and add the set of formulae { (v is not directly connected to ¢): ¢ € Co}.

So case 6b yields <« complete types.

Case 7. 2(v) saysv ¢ Cand v is directly connected to a range element,
but not to any function element’.
There are 2 subcases.

Case 7a. There is a range element y, € C such that Z(v) says ‘v ¢ C,
v is directly connected to y,, but 2 is not directly connected to any function
element’’.

LEMMA 5.10. Let € = A and let Cy be the set of range elements of €. Let
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yo € Co, ko € w and let

T'() = Th(G¢) U {v £ ¢c: ¢ € C}
U { (v s directly connected to v, in ke steps)}
\U { (v 1s not directly connected to a function element in | steps):
I € w}.
Then T(v) ts a complete type in Sc(C).

So case 7a yields <«-w = «x complete types.

Case 7b. Z(v) says ‘v € C, v is not directly connected to a function
element, v is connected to a range element but not to one in €.
This time we can show that for each %k, € w,

T'(v) = Th(Ce) U {v £ c:c € C}
\U { (v is directly connected to a range element in &, steps)}

U { (v is not directly connected to a function element in
I steps): I € w}
\U { (v is not directly connected to ¢ in / steps): ¢ € C,] € w}

is a complete type in Sg(C).
So case 7b yields w complete types.

Case 8. Z(v) says ‘o ¢ C and v is directly connected to a function
element, but not to any range element’’.

This breaks into 2 subcases as in case 7. In each subcase the types are
determined by the number of steps v is from the function element (as in
case 7), and the description of the function (as in case 6). There will be
<k-w = k complete types where the function element is in €, and
<x“-w = x* where the function element is not in €.

Case 9. Z(v) says ‘‘vis not connected to any function or range element’’.
This type is completed by adding one of the formulae (v is level 2) or
(v is level 3).

So case 9 yields only 2 complete types.
This exhausts the possibilities for Z(v) in Ss(C). Altogether we have
counted

Sk+l4wd+l44+ ®He)+ k+o)Fk+r0)+2=w
complete types in Sg(C). So we have proven
THEOREM 5.11. Th(.#) is stable but not superstable.

Although we have been unable to determine the exact dimension of .#,
it can be shown (as with Example 1.3) that dim(.#) € {3, 4}.
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6. Categoricity and the class.¥. We now return to the lattices in.%¥.
We will apply our ‘‘approximating formulae’ for the C-classes of models
in . to give concrete algebraic characterizations of the Nj-categorical
and the N;-categorical models in .¥.

THEOREM 6.1. Let U be a lattice in . Then Th(N) is NRo-categorical if
and only if there are bounds N, M € w such that
(1) A has no connecting sequences of length > N, and
(i1) for all non dead ends a € A, if a has = M dead ends then a has Z w
dead ends.

Proof. Necessity follows from the Ryll-Nardzewski Theorem (see [4]).
To prove sufficiency, make use of the approximating formulae ¢y, 3 °"°
from Definition 3.6.

The lattices in .’ with N;-categorical theories come in 3 forms.

Definition 6.2. We shall say U is type 1 if there is a finite bound on the
cardinalities of the C-classes of ¥ and there is a C-class X of ¥ such that
for all C-classes V, if ¥ % X then there are only finitely many C-classes
in ¥ isomorphic to Y.

U is type 2 if there is a non dead end a € A4 such that a has infinitely
many dead ends, and only finitely many elements of 9 are not dead ends
off a.

Foreachs € "(w X {2, 3}) such that (s(¢)): 5 (s(z + 1)) fort < n — 1,
let s represent a connecting sequence {x:: ¢ € n ) together with (s(z))o
dead ends (other than x;_; or x;y; when<i=1=0o0r7+4+ 1 =n — 1),
off x;, where x; is level (s(¢)):. For example, ((0,2), (3,3), (1,2),
(2,3), (1,2), (1, 3)) represents

X1 X3 X5

Xo X2 X4

By s—! we mean the sequence (s(x — 1),...,s(0)).If t € "(w X {2, 3})
and (¢(¢)): # (¢(¢ + 1)) for i < m — 1, then the poset represented by
the concatenation s 7 ¢ is well defined provided (s(z — 1)); # (£(0));.
In this way we can represent C-classes in lattices in.¥ which have only
finitely many dead ends off each element as (possibly infinite) con-
catenations of such sequences. We say U is type 3 if A is infinite and there
isaneven n € w — {0} and an s € "(wX {2, 3}), (s(#))15# (s(z + 1)),
for 2 < n — 1, such that ¥ has
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(a) 20 C-classes isomorphic to the 2-way infinite fence
~~ s ~~ ~~ ~~

(b) <w C-classes isomorphic to each crown of the form

~ o~ ~~

sTosT L LT s,

(¢) <w l-way infinite fences and each of them of the form

N AN AN

r N N N

for somer € *(w X {2, 3}) such that (r(k — 1)), # s(0)),, or of the form

o N N e N

r

for some 7 € ¥(w X {2, 3}) such that (r(0)); # (s(z — 1)),
(d) <w 2-way infinite fences not isomorphic to

L N N N

N

and each of these of the form

L S N N N N T T

s t

for some ¢ € *(w X {2,3}) such that (¢(0)); # (s(x — 1)); and
(e — 1))1 # (s(0))1, or of the form

~ g~

N

for some ¢ € ¥(w X {2, 3}) such that (¢£(0)); # (s(0));and (¢(k — 1)), =
(s(0))1, or of the form

~ ~ ~ ~ ,~ ~

¢t st s

for some ¢ € *(w X {2, 3}) where (¢(0)): # (s(r — 1)); and (¢(k — 1)),
# (S(n - 1))1’

(e) <w other elements.

Note that ¥ can be infinite without any copiesof ... " s
but has power R., @ > 0 if and only if % has X, copiesof ... s
s

AN, AN AN AN N

st

~
s——l

~
5—1

~ N~

LeMMA 6.3. Let A be a lattice in S with a finite bound on the cardinalities
of its C-classes. Then Th(N) is NRi-categorical if and only if U is type 1.

Proof. The necessity is clear.

For sufficiency, let U be type 1 and suppose U has infinite models. So
there is a C-class X such that 9 has =w C-classes isomorphic to X.

Since there is a finite bound on the cardinalities of C-classes in ¥, it
follows that there are N, M € w such that

A E (V) (dw, 12" (@) = ¢0n®"@))

for any element b of a lattice B in ¥ and every #n, m € w. Itis now
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straightforward to show that models of Th(Y) of the same cardinality
have the same number of each C-class.

LEmMA 6.4, Let U be a lattice in & such that there is no finite bound on
the numbers of dead ends off individual elements of A. Then Th(NA) is
Ni-categorical if and only if U is type 2.

Proof. Suppose Th() is Ni-categorical. Clearly there is at most one
element with infinitely many dead ends.

Suppose there are no elements in ¥ with infinitely many dead ends off
them. Then ¥ has elements with arbitrarily large finite numbers of dead
ends. It follows that the set of sentences

I'=Th@) U {c#c}U{(cand ¢’ have 2n dead ends): n € w}

is consistent. But if (B, ¢g, cg’) = T, then B = A and has 2 elements
¢p and cg’ with infinitely many dead ends. As above, this contradicts
X;-categoricity of Th(2().

So there is exactly one element, say aq, in ¥ with infinitely many dead
ends. Suppose there are infinitely many elements of A which are not
dead ends off a¢. Then the set of sentences

' = Th(, ap) \J {(cais not a dead end off ap): @ < w1}

is consistent. We can construct models of T' of power N; with different
numbers of dead ends off a,, contradicting N;-categoricity of Th().
So ¥ has one element, ay, with infinitely many dead ends and there are
only finitely many elements of 2 which are not dead ends off ay.
Now let 9 be type 2 and let a, be the element in A with infinitely many
dead ends. Let {aq, ..., a,_1} include all elements of ¥ which are not
dead ends off a,.

ThA) £ @vo) ... @opm)[Avjen (X v S v £ a; < ay)

A (V) (N i<nx # v4) — (x is a dead end off vo))].
So any models of T/ (%) of the same power are isomorphic.

We need a combinatorial lemma about sequences to deal with the
lattices in.% with no finite bound on lengths of connecting sequences.

Definition 6.5. Let 4 be aset,s € “4, s, € "A. We say that an element
n € w has an s¢-neighbourhood (with respect to s) if there exists m, such
that

mn+ﬂo§n<mn—|—-2n0
and either

~

(s(my), ..., s(m, +3ny— 1)) = 50" 50 So
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or

(sp), ..., s(my + 3ng — 1)) = 50717 50717 5o~

LEMMA 6.6. Let s € “A, so € <“A4. Suppose there ts an N such that every
n 2 N has an so-neighbourhood (with respect to s). Then s is eventually
periodic. Moreover, if so is chosen to have minimal length, then there is a
t € <A such that either

~ ~ ~ ~ NN
s =1 So So So LL.o0rs =1 So So So

Proof. Pick s, of minimal length #o such that there exists an NV as in the
lemma. If ny = 1, thenm, + no £ n < m, + 2noimplies that » = m, + 1.
So for n 2 N, s(n) = s(m, + 1) = 50(0) and s is constant after N. So
we will assume that #y > 1. We will also assume there is an m, such that

my + 1o S N< my + 219 and

~

(s(my), ..., s(my + 3ng— 1)) =507 50" 50,

the other case being dual.
Let Ny = my + kno for each & € w. We will show by induction on &
that

<S(Nk),...,S(Nk+3no" 1)> = SOASOAS().

For & = 0, this follows from the definitions of m, and N,.
Now consider £ 4+ 1 and suppose

(s(Nipr)y ooy S(Naqr + 30 — 1)) # 507 507 se

Using the induction hypothesis we will derive a contradiction. Note that

Nk+22 N2=1’I’LN+2%0 > N

Case A. There is an m such that m + 7y £ Nyi2 < m + 219 and

~

(s(m),...,s(m+3n— 1)) =50 50 s0.

Then Ny < m < Niyy, so let m = N, + m’ where 0 < m’ < n,. For
051 < ng— m,

so(t) =stm +no+ 1) = s(Ny +m' + no+ 1) = so(m’ + 17),
and forng — m’ £ 1 < ny — 1,

se(?) = stm + no+ 1) = s(Ny + no + m' + 12)

=s(Ny 4+ 210+ 17— (g —m')) = 502 — (ng — m')).
So

(5000),...,s0(mg —m' — 1), s0(ma — m'), ..., so(mg — 1))
= (so(m’),...,s0(mo — 1), 50(0), ..., so(m’ — 1)).
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Let s; = soln. Letting ¢ = 50 50 50 ..., e see that

A~ AN AN N ~~

t = $1 So So So e =08 t.

By induction on k, we have that for each & € o,

~~ ~~ .
them =51 51 ... s (k times).
. ~~ ~~
And if ¢/ = so=' " so' " se~! T ..., then
~~ .
lim = 5170 51707 007 517t (k times).

(LOOk at trlcm(no,m’)')
Now consider any n = N. Pick m, such that m, + ny = n < m, + 2n,

and either
(@) (stmy),...,s(m, +3ny— 1)) = 50" 55" 5o, Or
(b) (s(my), ..., s(m, + 3mp — 1)) = 571 7 5071 7 507,
Suppose (a) and n < m, + 2m’. Then
m, +m' < m, +n < n < m, + 2m'
and
(s(mp), ..., s(my +3m — 1)) = tlan =517 517 51,

and so # has an s; neighbourhood. Suppose (a) and #» = m, + 2m’. Then
n — 2m’ = m,. If we let k be greatest such that

(m, +3n0— 1) — (B + 1)m’ = =,
then

(m, + 3no — 1) — ((k 4+ 3)m’ — 1)
> (m, +3n0—1) — (B +3)m’ = n — 2m’ = m,.

> (s(my + 3no — 1), ..., 8((m, + 3ng — 1) — ((k + 3)m’ — 1)))
= [ Ge+aym’
=517 5717 0.7 57 (B 4 3 times).
Lettingm,” = (m, + 3no — 1) — ((k 4+ 3)m’ — 1), we have
(stmy), ...,s(m, +3m — 1)) =51 517 51
and

m, +m' = (m, +3np—1) — (k+2)m’"+1=n
(by choice of k) and
n < m, + 2m’
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(again by choice of k), so n has an s; neighbourhood. If (b), then a
similar argument shows that » has an s; neighbourhood.

But such an s; contradicts the minimal choice of 7y, so case A cannot
occur.

Case B. There is no m as in case A.

Since N2 = N, we can pick m, such that m; + ny £ Nigyo < my +
2n0 and

(s(m),...,s(m+ 3no— 1))
Now choose mq such that my, + n¢ £ Niys < me + 21 and either

(a) <S(M2), ‘ ey S(’WL2 + 3110 - 1)> = $So - So - So, Or

(b) (s(ms), ..., s(my+ 3m — 1)) = 50717 5p71 7 5oL

An argument similar to the one above leads to the same contradiction. So
case B cannot occur.
We conclude that

(S(Nip)y o ooy S(Nigp1 + 31 — 1)) = 507 50”50

after all, and the induction is complete. It follows easily that

_1/\

—
So_l So So~1.

N AN

~
s = sl So So So

COROLLARY 6.7. (to the proof of Lemma 6.6). Let s € “4, so € <¢4,
so of minimal length no such that there is an N as in the lemma. Suppose

~~ ~~ ~~ . ~~ ~~
s = S0 S0 So " (respectively so™' " 57! 5ot T ') and every
= 2n9 has an so- neighbomhood (wuh respect to s). Then s = s s
So ~ . (respectively se™ " sq=1 T se7l T L L),

LEMMA 6.8. Let U be a lattice in . and suppose there is no finite bound
on the lengths of connecting sequences in . Then Th(N) is Ni-categorical
if and only if U is type 3.

Proof. Suppose there is no finite bound on the lengths of connecting
sequences in A and Th() is N;-categorical. Note that by Lemma 6.4
there is a finite bound M such that no element in ¥ has > M dead ends.

Claim 1. There is a model 8 = A and an s € <« ({0, , M} X {2,3}),
with length(s) even and (s(z)); # (s(7 + 1))1 for 7 < length(s) -1,
such that ¥ has a C-class isomorphic to . s T s s

Proof of Claim 1. Let
To(v) = Th(A4) \J {(v is not connected to a in n steps):
a€ A,n€ w
U {@@v-n) ... Qo) ... Qua)[@ = v0) A N ies (v: # 0y)
A /\-—néién (‘Ui ¢ {01 1})
A A-nsizn @i < Vi1 V 0 > vi41)]t 1 € 0},
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There is no finite bound on the lengths of connecting sequences in ¥, so
by the compactness theorem there is a model 8 > A and an element
b € Bsuch that B = Iy [b]. It follows that b is a non dead end on a 2-way

infinite fence. We willshow that [b] = ... s s s~ ...forsomes.
Define a set of formulae

Ti(vi: kB € w) = Th(,4)
U {(v;is not connected to v; in # steps):
i,j,m € w, 1 # j}
v {¢n,MQS'b (v4): 7, m € w}.
Since b € B — 4 and ® > ¥, for each n, m, k € w,
A E (Vo) ... (Vor—1) 30) (60,0 °° (@)

A N i<x (v;1s not connected to v in < steps)).

It follows that ¥ realizes every finite subset of I';, so by compactness
there is a model B; with elements b;, & € w, such that

%1 = Fl [bk: k € (.0]
Now for each » and &,
B, = ¢‘n,M§B’b [bk]'

Since M is a bound on the numbers of dead ends off elements of A and
therefore of

B1 E ¢pm®? [bi] for all n, m, k € w.
By Lemma 3.7, for each k € w,

([bx], £) =ww ([b], =
and since these are countable

([ba], =) >~ ([b], =).

Let {c,: z € Z} list the non dead ends of [by] so that ¢, < ¢, for even
zand ¢, > ¢, for odd z. Let

€ = {0, 1} U ([bo], =).

Suppose there exist 7, j € Z and a formula ¢¢(vy, v;) such that
€, E ¢olcs, ¢;] and for all z, 2" € Z, if {2, 2’} {1, j} then

C =~ o lc,, c.rl.
Let
To(,: 2 € Z) = Th(Giey) I { (v, # v,0): 2,2 € Z,2 # 2}
U {(v, # ¢,0): 3,2 € Z}
Ui, < 9,41 Vv, > v,41):2€ Z}
U {~éeo(v,,v./): 3,3 € Z}.
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Any finite subset of T is realized by a subset of {c,: 2 € Z — {4,j}} in
€1, so by compactness there is a model €, > €, with elements ¢/, z € Z,
such that

Cocy E T2 [¢c): 2z € Z].

Note that [¢y'] qé [co], for otherwise there would be an automorphism f
on €, such that f([co]) = [co’], and it would follow that

Cs = ¢ [f(co), fley)]

contradicting T's.
Now form B, from B, by exchanging €, for €,. It is easy to check that
B, > By. But ¢’ € By — By, so the set of formulae

Fa(ka k E w) = Th(%lgl)
U { (v, is not connected to v, in # steps):
5,j,n € w1 # j}
% {¢n,M%2’c°' (vx): m, k € w}

is consistent just as I'; was consistent. So there is a model B; > B, with
elements d;, & € w, such that

Bs = T3 [di: k € w].

Again it follows that (dy] =~ [co'] for each k. So we have B3 = U, B; has
infinitely many C-classes isomorphic to [b] and infinitely many iso-
morphic to [¢y’] but [b] 3£ [¢o’]. As in the proof of Lemma 6.3, it follows
that Th(¥) is not Ni-categorical, a contradiction. Therefore,

(1) for every formula ¢ (v, v;), if €; E ¢ [¢;, ¢;] then there are z,2’ € Z
such that {z, 2’} Z {7,7} and €; & ¢ [c., ¢./].

Suppose for every z € Z — {0}, there is an # € w such that

@1 =~ ¢n,M§B'b [62]-
Let
Y (@) = {2 (v0): n € w}.

We will show that €, locally omits ¢. By (1) (with ¢ = 7 = 0), if ¢(vo)
is any formula consistent with Th(€;) then either

(a) €, = ¢ [c] forsomec € {c,: z € Z} or

(b) €, &= ¢ [c.] for some z # 0.

Assume (a). Then c is either 0, 1 or a dead end. It follows that

€1 E ~ ¢o.a®? [c].

Now assume (b). We have supposed that for each z # 0, there is an
n € w such that

@l E ~ ¢n.M§B'b [C,].
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So in either case ¢ A ~ @, T °(v) is consistent with Th(€,) for some
n € w. Hence Th(G;) locally omits ¥(v,) and by the Omitting Types
Theorem there is a countable model €; = €, which omits ¥ (). Now
form B4 from B, by adding w; new C-classes, each isomorphic to [6]. Since
B, has infinitely many C-classes isomorphic to [b], it is easy to see that
B, = B1. Form B from B, by replacing every C-class isomorphic to [b]
by a copy of €; — {0, 1}. Using games, we can easily show that B; = B,.
Also B, and B; are of the same uncountable cardinality, since €3 is count-
able. Both B, and B; are models of Th(¥), but Bs has no C-classes iso-
morphic to [b] and hence B, # Bs. By Morley’s Theorem [26], this con-
tradicts the Ni-categoricity of Th(2).

So there is a 20 € Z — {0} such that

Ci E ¢u.u®? [c.,] for every n € w.

Suppose for every z € Z — {0, 20} there is an n such that
Ci B~ éna®? [ca].
Let
®(v0, vz,) = ¥ (v0) \J ¥ (vs,) \J { (vo # v;)}.

A similar argument applying the Omitting Types Theorem to ® again
leads to a contradiction.
So there is a z; € Z — {0, 2o} such that

Ci E ¢un®?[c,] forall m € w.

We can assume now, by relabelling, that zp < 0 < 2;. By Lemma 2.7
there are automorphisms f and g of [co] such that f(c.,) = ¢y and
g(co) = c;,. Let #c, denote the number of dead ends off ¢,. Of course
#c, = #f(c.) = #g(c,) for all z € Z. Clearly either

(i) flezr) = €1 or

(ii) f(czg41) = c-1.
If (i), then f(c;4.) = ¢, for all 2 € Z, and if (ii) then f(c. +.) = c_. for
all z € Z. Similarly either

(‘,) g(cz) = Czy+2 forallz € Zor

(i) g(c.) = c,—. forall z € Z.
But if (ii) and (ii’) then

g_l'f(czo+z) = g_l(c—z) = Czy42 forallz € Z.

So either by (i) or (i’), or by (ii) and (ii’), we can assume there is a
2z’ > 0 and an automorphism % of [¢o] such that k(c,) = ¢,/ for all
z € Z. It follows that forall # € wand all7,0 =7 < 2/,

#Cprryi = #0" (c4) = #¢; and
Fenarar = #h7" (i) = #cu
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So for each =,

<#an’y cee ,#an’+(z’—1)> = (#50, N 7T >
Letting

s = ({0, 2), #c1,3), ..., (#¢,-1,3))

~ AN~

we have [b] = ... s s7 57 ...proving claim 1.

Now let s be of minimal length 7, such that there is a B as in claim 1
andlet 8=%,b€ Bsuchthatp] =... s s s .... Wecan
assume B is countable (by taking a countable elementary substructure
containing [b]). We will say that an element x € B has an s-netghbourhood

if 8 £ ¢, [x], where

¢s(v) = (3 7}0) e (3 v3no—1)[\/n0§i<2n0 (U é v Vv = vi)
A (v ¢ {0,1})

A Nosicing—1 @0 < Vg1 V 00 > 0441) A A icscan, (¥1 # 0y)

A N i<n Uiy Vngiis V2n,4 ¢ are level (s(2)): and have exactly
(s(2))o dead ends)].

There should be no confusion with the s-neighbourhoods of Definition 6.5.
Claim 2. All but finitely many elements of B have s-neighbourhoods.
Proof of Clawm 2. This is similar to the proof of Lemma 6.4.

By Claim 2, for some & € w,
ThA) = @ o, ..oy vi—1) (A i< ~ ¢5(v1)).

We now show that almost all elements of 9 have C-classes of one of the
forms (a)-(d) in the definition of type 3.

Remark 3. Note that if 5, is minimal such that Th()) has a model B
with a C-class [b]=>~ ... s s s ..., then for any infinite fence
X in a model of Th(), no is the minimal # such that for some s of length
n almost all elements of X have s-neighbourhoods. For if there was a

minimal #; < 7, and an s; of length #; for X, then by Lemma 6.6,

~ A~ o~

~~ ~~
X~t1" 51" 517 5 ..ottt s

-~ ~ ~

51_1 Sl_l

for some ¢t € =({0,..., M} X {2, 3}). It follows by compactness that
Th(¥) has a model B’ with a C-class isomorphicto ... s; 51 517
., a contradiction.
Since there are only finitely many elements in % without s-neighbour-
hoods, it follows from Lemma 6.6 and the above remark that there are
finitely many 1-way infinite fences and each is of one of the forms in (c).
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All 2-way infinite fences are of one of the forms in (a) or (d). Now
suppose every element in X has an s-neighbourhood and

X~ .. T s T s T s Ttor ... T st T s T s T
where ¢ € «({0,..., M} X {2,3}). Consider the sequences s s
s " tand s7' 7 5717 5717 1. By Corollary 6.7,
s s T s Tt=5s"T"s" s ...and
R e R R A R M
Soinfact X~ ... s s s .... It follows that all but finitely
. . ~~ ~~ ~~ ~~
many 2-way infinite fences are of theform ... " "s” 57 s

Now consider the finite C-classes of ¥.

Claim 4. There is no finite C-class X such that A contains infinitely
many C-classes isomorphic to X.

Proof of Claim 4. Suppose U contains infinitely many copies of the
finite class X. But we can easily construct a model %’ > ¥ containing
~ ~

infinitely many copies of ... s s s ..., as well as X. This
contradicts X;-categoricity of Th(%). Claim 4 is proved.

Clatm 5. For almost all finite C-classes X in 9, s is of minimal length
such that every element in X has an s-neighbourhood.

Proof of Claim 5. Suppose X ;, 1 € w, are finite C-classes in U such that
for each 4, s is not of minimal length such that every element of X, has
an s-neighbourhood. By Claim 4, we can assume that X, $ X, fori #j.
Since almost all elements of 9 have s-neighbourhoods, we can assume
that for each ¢ there is an s; of minimal length <, such that every
element of X ; has an s;-neighbourhood. Since <*{0, . . ., M} is finite, we
can assume that for each 7 € w, s, is of minimal length <#,, such that
every element of X, has an s;-neighbourhood. Again from the bound M
on the numbers of dead ends off elements in X ;, we can assume that for
1 < j, X; has fewer non dead ends than X ;. Now consider the set of
formulae,

T(w:2€ Z) = {(v. € {0,1} A ¢,(v.)): 2 € Z}

U {(v, < v,41): 2 € Z, 2z even}

U (@, > v.41): 2 € Z,z0dd}

U, #v,):3,3 € Z, 5 #2'}.

Every finite subset of T is realized in U, so by compactness, there is a
model ¥’ = ¥ with elements a,, z € Z, such that A’ = T [a,: z € Z]. By
Remark 3, this is a contradiction, so Claim 5 is proved.

Now let X be a finite C-class in which every element has an s-neigh-
bourhood, s of minimal length for X. Clearly X is a crown. Let
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Xoy . . ., X1 list the non dead ends of X such that x; < x;;1 for even 1,
Xy > x4 for odd 7 and x;—; > xo. Let

it (n) = #xn(mod k) for each n € w.

By Lemma 6.6, there is a ¢’ such that

)~ ~ ~ ~ ~ ~ ~

~~
tt =t s s T s LLiortt =47 s g7 T gt

~ o~

Assume t+ =t T s s ..., the other case being dual. Let

length(t) = m and 7(#) = #%minwmoa 1)
sothatr = s s 57
Clatm 6. ng | k.

Proof of Claim 6. This is similar to the arguments used in the proof of
Lemma 6.6.

AY 7
Since nq | k it is easy to see that X ~s " s ... " s (k/n, times).
So if X is a finite C-class for which s is of minimal length such that

7
~~ ~~

every element of X has an s-neighbourhood, then X ~s " s ... s
(k times) for some k. By Claim 4 and Claim 5, this completes the proof
that U is type 3.

Now let U be type 3 and let s be of minimal length #,, such that A
satisfies (a)-(e) with s. First we prove

Claim 7. If B = A and X is an infinite C-class of B, then s is of minimal
length such that almost every element of X has an s-neighbourhood.

Proof of Claim 7. Suppose not. For some £k € w,
Th(A) E (Flvo. .. v5—1) (A sk ~ ¢5(v4)),

so exactly k elements of 8B have no s-neighbourhood and there is an s; of
minimal length n; < 7, such that all but finitely many elements of X
have an s; neighbourhood. It follows from Lemma 6.6 that

X1 g Ty T T ottt T st Tt T gt L
for some ¢ € =({0,..., M} X {2,3}). Now for some k' € w,
ThQ) £ Jlvo. . o) (A i< ~ dom (94)),

~ o~

where s"v = s s ... s (n times). It follows that for
§1 = {sl(m), ey sl(nl —_ 1), 81(0), ey s;(m - 1) > or
§1 = (sl(m— 1), ,31(0),51(n1 bl 1),...,81(m)>

for some m, 0 < m = ny, 5% = s™. So s is not of minimal length for ¥,
a contradiction. Claim 7 is proved.
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For any finite C-class X, % has only finitely many C-classes isomorphic
to X. As in the proof of Lemma 6.3, it is easy to show that all models of
Th() have the same finite number of C-classes isomorphic to X.

For any infinite C-class X of a lattice B = ¥ it follows from Claim 7
and Lemma 6.6 that X has form (a), (¢) or (d). Suppose an element
b € X has no s-neighbourhood. Since ¥ has only finitely many C-classes
of form (¢) or (d), there is an N € o such that

Th(A) £ (Vo)[~e¢s(@) — (V')
((2' connected to v in n steps) — ¢,(v'))]
for every n = N. By Claim 7 and Corollary 6.7, if
C€=%and € ¢N:i-2no.M [c]

then ([c], £ )~ ([b], £). It follows easily that all models of Th(X)
have the same finite number of C-classes isomorphic to X.

Note that we have shown that any model of Th(Y) is type 3 (with s).
It follows that any model of Th (21) of power w; has exactly w; C-classes

isomorphicto ... s s s ..
This completes the proof that all models of Th(A) of power w; are
isomorphic.

THEOREM 6.9. Let U be a lattice in . Th(N) is Ni-categorical if and
only if A is type 1, type 2, or type 3.

Proof. Suppose Th(Y) is N;-categorical. If there is no finite bound on
the lengths of connecting sequences in 2, then 2 is type 3 by Lemma 6.8.
If there is no finite bound on the numbers of dead ends off elements of ¥,
then U is type 2 by Lemma 6.4. Otherwise there is a bound on the
cardinalities of the C-classes of U, and U is type 1 by Lemma 6.3.

The other direction is immediate from Lemmas 6.3, 6.4 and 6.8.

CoROLLARY 6.10. Let A be a lattice in . Th(N) s totally categorical if
and only if A is type 1 or type 2.

7. Lattices of finite height. In this section we state a generalization
of the superstability result for the class.%.

The proof of Theorem 3.4 (‘“‘every lattice in . has a superstable
theory'’) made use of the structure theorem for lattices in .¥. The key
ideas of that proof can be applied to a much larger class of lattices,
without the benefit of such nice structure. As a result, we can prove
superstability for a class of lattices which will include all dimension <2
finite height lattices.

The first step in the proof of Theorem 3.4 was the observation that
elements added to a lattice % of ¥ in an elementary extension could only
be added as dead ends or as members of C-classes disjoint from U (Lemma
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3.1). For the class of all finite height lattices which omit both B, and B,?
(regarding B as Bj), there is a similar restriction on the elements added
in elementary extensions.

A second important fact about . was the existence of the ‘‘approx-
imating formulae’’, ¢,.,%° (v), and their role in the construction of
partial isomorphisms (in the proof of Lemma 3.3). Omitting B, and B,?
in finite height lattices turns out to be sufficient to construct ‘‘approx-
imating formulae’. In the general case, however, we cannot give formulae
to determine the structure of C-classes as completely as in.%’. We do get
enough structural information in our formulae to classify C-classes up to
elementary equivalence, but must use different techniques to prove
completeness of types.

The theorems of this section follow from a more general result in [24]
(by regarding finite height lattices as directed graphs), so we omit the
details of our original proofs here. However, as in the height 4 case, the
original proofs provide detailed analyses of the structures of the lattices
involved. We feel that this structural information may have application
to other model theoretic aspects of these lattices (such as categoricity)
and refer the interested reader to [36] for details.

Definition 7.1. For each a £ w, let B, be the lattice

and let B, be the dual of B,. Note that B; >~ B (as defined in Section 2).

LEMMA 7.2. Let T be a theory of lattices. Every model of T omits B, if and
only if for some k € w, every model of T omits By. Dually for B, and B;°.

Proof. If for each k € w, there is a model of T which does not omit B;,
then by a straightforward compactness argument there is a model of T
which does not omit Bw. The other direction is obvious.

On the other hand, it is easy to see that for each k£ € w, the class of
lattices which omit B; and B;® is elementary. Hence, to apply the key
facts mentioned above to arbitrary models of complete theories, we will
require that, for some & € w, those models omit B; and B,%.
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THEOREM 7.3. Let U be a lattice of finite height which for some k € w
omits both By and B2. Then Th() is superstable.

There are finite height lattices which omit both B, and B,? that are
unstable.

Example 7.4. Recall the unstable lattice % of Example 1.2. For each
1 € w,let X, be a C-class isomorphic to

(aerial view)

and let
B=1{0,1VUX:17E€ w),
where X, N X, = ¢ if i 5 .
T=Th(B)UAy U {~2)x: <2< 1T AYy; <2):j<i< ol

Every finite subset of 7" is satisfiable in an expansion of B, so thereis a
model € = B containing an isomorphic copy of % such that

CE (J2)(x:<2<1Ay;<z)ifandonlyif7 £ j.
As in the case of %, it follows that Th(€) = Th(B) is unstable.

8. Conclusion. Mekler and the author [24] have generalized the super-
stability results of this thesis to a class of (directed) graphs containing
all planar graphs. This is a substantial strengthening of a result in [30]
which showed that these graphs have stable theories.

A study of the stability of lattices turns out to be a logical starting
point for a study of stability of a variety of semigroups called bands. The
varieties of left zero bands, right zero bands and semilattices are the
atoms of the lattice of equational classes, or varieties, of bands. (See
[17], page 124.) The model theory of left and right zero bands is very
simple and in regard to stability it turns out that studying lattices and
semilattices amounts to the same thing.

Besides being the atoms in the lattice of equational classes of bands,
left and right zero bands and semilattices are important to the study of
bands for another reason. It is known that every rectangular band is
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isomorphic to a direct product of a left zero and a right zero band.
Furthermore, every band is a semilattice of rectangular bands. So one
might hope that the results of this paper could be applied to help classify
stability in the class of all bands. However, P. Olin and the author in
[28] determine rather strong necessary and sufficient conditions for the
preservation of stability by this construction.

Alan Mekler noted that the analysis of Section 3 (in particular the
proof of Lemma 3.3) can also be applied to show that the theory of ¥
has a primitive recursive decision procedure. We have not checked the
details but suspect that this and a similar result for .7~ can be extracted
from our proofs. (One might compare our neighbourhoods to the spheres
of Hanf in [15].)

John T. Baldwin has pointed out to us that a class of pseudoplanes can
be regarded as height four lattices. Lachlan in [22] has shown that if
there are no No-categorical pseudoplanes then: (1) If T is stable and
No-categorical then T is w-stable; and (2) If T is w-stable and N,-cate-
gorical then T has finite Morley rank. ((1) and (2) are two unproven
conjectures relating stability and No-categoricity. We refer the reader
to [4], Chapter 7 for the definition of Morley rank and to [22] for the
definition of pseudoplane.) So it is of interest whether or not the height
four lattices which are pseudoplanes are Xo-categorical.

It can be shown that the N,-categorical theories in . (see Theorem
6.1) have finite Morley rank, in fact <2. This supports (1) and (2).
None of the height 4 lattices which are pseudoplanes fall into the class.¥,
so they are not covered by Theorem 6.1. There are pseudoplanes in the
class .77, but none of these are No-categorical. Whether or not there exist
No-categorical height 4 lattices outside of ¥ \U.Z which are pseudo-
planes is an interesting question which we leave open.

Many other questions about the stability of lattices remain open.

We have shown that a dimension <2 lattice is superstable if and only
if it is stable if and only if it has finite height.

Problem 1. Characterize w-stability and X;-categoricity in the class of
all finite height dimension <2 lattices.

In the case of N¢-categoricity the infinite height lattices are not ruled
out.

Problem 2. Characterize No-categoricity in the class of all dimension
<2 lattices.

We have demonstrated that there is no simple relationship between
stability and dimension in the class of lattices of finite dimension =4.
But almost nothing is known about the stability of lattices of dimension
3or 2w
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Problem 3. Characterize k-stability, X, and Xi-categoricity in the class

of dimension 3 lattices. In particular, is there a lattice of height 4 and
dimension 3 with an unstable theory?

Question 4. Do there exist finite height lattices of infinite dimension?

How stable are they?

Properties other than dimension may yield interestirig stability results

as well, but a complete classification of lattices by their stability prop-
erties, even of height 4 lattices, is unlikely.

10.

11.
12.

13.

14.

15.

16.

17.
18.

19.
20.

21.
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