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An ellipsoid G is associated uniquely with a positive definite 
mat r ix A via 

XEG if and only if x1 Ax < 1 . 

Note that all ellipsoids discussed here are centred at 0. Given G, and G0 

1 à 

we seek another ellipsoid U circumscribed about G O CL. It is easy to 

see that 
M D G . 0 CL if and only if x'Hx < max. x'A.x for all vectors x. 

— 1 2 — l l 

However, the last condition does not determine «H uniquely; there are 
many circumscribing ellipsoids &. 

Let us say that Mis tight whenever 

# 2 ^ 3 G Pi G2 implies \n = U; 

in other words, U c ircumscribes G (l G0 so tightly that no other 
1 2 

ellipsoid 1ft can be slipped between. Tightness does not determine J{ 
uniquely either, as we shall see, but yields a worthwhile simplification. 

THEOREM. U is tight if and only if H = « A + <*_ Ao for some 1 1 ù L 

a. 
l 

> 0 satisfying a + ay = 1, except that if G. 1)6. then only 

U= G. is tight. 

Proof. Suppose U is tight and let 

d> = min max. x 'A.x/x 'Hx. 

Since § is the minimum of a continuous function on a compact set 
(x'Hx = 1), the minimum is achieved at some vector z ^ 0; say 
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z 'A z z 'A z x 'A .x 
, „ " < (|) = — < m a x . X for al l x i 0 . 

z 'H z — T z !H z ~ i x 'H x 

C le a r l y <+» > 1 s ince Jf D G MG v Since H i s a l so tight, the inequa l i ty 
— 1 2 

cbx'Hx < x 'Mx < m a x . x 'A .x for a l l x 
T _ — 1 1 

i m p l i e s H = M. We sha l l p r o v e the t h e o r e m by cons t ruc t ing an 
M = a A + & A which sa t i s f i e s the l a s t inequa l i ty and h a s a > 0 and 

1 1 2 2 i — 
a t + a„ ~ 1. 

1 L 

T h e r e a r e t h r e e c a s e s : 

Case 1: Suppose z 'A z < z 'A z = cj^z'Hz. We sha l l show 

U D ÎU = G , whence t i gh tnes s wi l l imply H = A by showing that 

y ' H y < y 'A y for a l l y. Indeed, we sha l l show that cj)y'Hy<_ y 'A y, 

which i s a s t r o n g e r s t a t e m e n t b e c a u s e § > 1. 

Given any y, le t x = z + Xy; i t i s eas i ly seen that 

x 'A x < x 'A x and cj)X'Hx«< x ' A x 

for a l l suff icient ly s m a l l X . F o r t h e s e X we have 
2 

0 < x ' (A - cj)H)x = 2Xy'(A -cj)H)z + X y'(A -c|>H)y ; and if we choose 

s ign (X) ^ 0 in such a way that Xy'(A ~<j)H)z < 0, as can be done for 

any y, we obta in y ' (A -§H)y > 0. T h e r e f o r e M DÛ as c l a i m e d . 

C a s e s 2 and 3: Suppose z 'A z = z 'A z = cj)Z'Hz. Now define 

y = èHz - aAz - ff.A z 
1 1 2 Z 

by choosing # and # in such a way that 
1 2 

y 'A z = y 'A z = 0 . 
1 2 

Such a choice of a and # is eas i ly s een to be p o s s i b l e , though not 

n e c e s s a r i l y un ique . F u r t h e r m o r e , we can deduce that y = 0 as 
fo l lows . 

Set x = Xz + y : s ince cbx'Hx < m a x . x 'A x and cbz'Hz = z 'A .z 
- l i Y l ' 

4 3 8 
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and 

2Xct>y'Hz + c^y'Hy < m a x . (ZXy 'A.z + y ' A . y ) (*) 

f o r a l l y and X. I n p a r t i c u l a r , t h e y d e f i n e d a b o v e m u s t s a t i s f y 

2Xy 'y + 4>y'Hy < m a x . y ' A . y 

f o r a l l X, and l e t t i n g X -*• + QO i m p l i e s y = 0 a s c l a i m e d . T h e r e f o r e 

t h e r e a r e s o m e a. s u c h t h a t 
l 

cbHz = a A z + a A z ; T 1 1 Z Z 

p r e - m u l t i p l y i n g b y z ' s h o w s t h a t # + a? - 1 . 

C a s e 2 : S u p p o s e A z ^ A z . We s h a l l s h o w n e x t t h a t b o t h » > 0 

» > 0 . N o t e t h a t t h e A . z a r e l i n e a r l y i n d e p e n d e n t ; if (3 A z = (3 A z 

t h e n p r e - m u l t i p l i c a t i o n b y z ' y i e l d s p = (3 , w h i c h c o n t r a d i c t s o u r 

s u p p o s i t i o n u n l e s s (3 = (3 = 0 . T h e r e f o r e w e m a y so c h o o s e y t h a t 
1 2 2 

y ' A z > 0 > y ' A z; o n e s u c h c h o i c e i s y = A z/J(z*A z) - A z/J(z*A z ) . 

S u b s t i t u t e t h i s y i n (*) a b o v e and l e t X a p p r o a c h f i r s t -QO and t h e n 
+ QO ; w e f ind t h a t 

y ' A z < tt y ' A z + cv y ' A z < y ' A z . 
z — î î z z — i 

S i n c e » + a - 1, i t s o o n f o l l o w s t h a t b o t h Q- > 0 . 
1 2 i -

N o w s e t M = a A + a A and o b s e r v e t h a t [TOG O G^ . 
1 1 Z Z — 1 2 

W e s h a l l 3how t h a t # D fU by s h o w i n g t h a t y ' M y :> cj>y'Hy ( _> y ' H y ) f o r 
a l l y . G i v e n a n y y f o r w h i c h y ' ( A - A )z ^ 0, s e t 

1 2 
1 

X = - y ' ( A - A ) y / y ' ( A - A )z and x = Xz + y . A f t e r v e r i f y i n g t h a t 

x ' A x = x ' A x = x ' M x , w e i n f e r f r o m t h e d e f i n i t i o n of 6 t h a t 
1 Z 

x ' M x > cj)x'Hx, and f r o m t h e s u p p o s i t i o n s a b o u t z and M z = <fyHz t h a t 
y ' M y > cJ>y'Hy. T h i s i n e q u a l i t y h a s b e e n p r o v e d fo r a l l y n o t i n t h e 
p l a n e y ' ( A - A )z = 0; t h e i n e q u a l i t y i s t r u e f o r a l l y b y v i r t u e of 

c o n t i n u i t y . 

C a s e 3: S u p p o s e A z = A z . We m a y r e s t r i c t o u r a t t e n t i o n to 

t h e s u b s p a c e L of v e c t o r s y s a t i s f y i n g y ' H z = y ' A . z = 0, b e c a u s e 

e v e r y v e c t o r x c a n b e d e c o m p o s e d u n i q u e l y i n t o a s u m x = Xz + y w i t h 

y e L , and x ' (A.-c j )H)x = y'(A.-<j)H)y. T h e r e f o r e t h e t h e o r e m ' s p r o o f i s 

r e d u c e d to t h e p r o b l e m of f i n d i n g M = a A + <*_A w i t h b o t h a > 0 
" 1 1 2 2 i — 
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and a + a = 1 such that c^y'Hy < y'My for all y e L, given only 
1 2 

that (j>y'Hy < max. y'A.y for all y e L. This is just the problem with 

which the proof began. The problem is obviously solved if L is 
1-dimensional, and otherwise the problem is solved by repeating the 
foregoing calculations in L. 

Therefore, if M is tight then H = a A + a' A Conversely, 
1 1 L L 

suppose H = a A, + a^A^ with both a. > 0 and » + a~ = 1; is M c 1 1 2 2 i— 1 2 
tight ? The foregoing calculations provide M = 6 A + (3»A with both 

1 1 2 2 
6. > 0, 6 + 6 . = 1, and x'Hx < x'Mx. for all x; in other words, r-1 - r-| ""2 — 
(a -p )x!(A -A ) x > 0 . If G ^ > G ^ C then x'(A -A )x takes on both 

1 1 2 1 Cé x. Là L\ \ 

positive and negative values, so a. - p.; otherwise if G DÛ then 

obviously only G can be tight (cf. Case 1). So ends the proof. 

Must the proof be so long? 

Remarks . The theorem has applications to certain schemes 
for circumscribing complicated regions by simple ones in an 
electronic computer. Ellipsoids are regarded as simple because they 
are representable by ma t r i ce s . However, complicated regions are 
often far smaller than the simplest region circumscribed around them, 
and therefore we are sometimes forced to manipulate unions, 
intersections, sums and other combinations of simple regions. Storage 
capacity limits the complexity achievable in practice, and forces 
simplifications of which one kind has been discussed above. For 
further work along these lines see Schweppe (1967) and Kahan (1967-8) 

There are several questions requiring further study. If several 
ellipsoids G are given, then H = E.o'.A. with all a. > 0 and r i " i l l l — 
S a = 1 produces &Dpl.G.; but what character izes the tight ellipsoids 

l i — ' i l 
U? If ellipsoids G. are not centred at 0, but instead consist of points 

x for which (x-c )*A.(x-c.) < 1, then the characterization of tight 
i l l — 

ellipsoids is further complicated. Indeed, even to tell whether two 
such ellipsoids intersect seems to demand the solution of an 
eigenproblem; See Forsythe and Golub (1965) and Burrows (1966). 
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