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On a Class of Projectively Flat Metrics with
Constant Flag Curvature

Z. Shen and G. Civi Yildirim

Abstract. In this paper, we find equations that characterize locally projectively flat Finsler metrics in
the form F = (a + 3)?/a, where o = 4 /aijy'y] is a Riemannian metric and 3 = b;y' is a 1-form.

Then we completely determine the local structure of those with constant flag curvature.

1 Introduction

It is an important problem in Finsler geometry to study and characterize projectively
flat Finsler metrics (with constant flag curvature) on an open domain in R”. This
is Hilbert’s fourth problem in the regular case. For a Finsler metric F on a mani-
fold M, the flag curvature K = K(II, y) is a function of a tangent plane II C T, M
and a non-zero tangent vector y € II. When F = ,/gii(x)y'y/ is a Riemannian
metric, K = K(II) is independent of y, and is called the sectional curvature. Thus
the flag curvature is an analogue of the sectional curvature in Riemannian geometry.
Projectively flat Finsler metrics are of scalar flag curvature (i.e., K is independent of
IT containing y for every non-zero tangent vector y), but the flag curvature is not
necessarily constant, in contrast to the Riemannian case.

The main purpose of this paper is to study and characterize certain projective flat
Finsler metrics (with constant flag curvature).

On every strongly convex domain U in R", Hilbert constructed a complete re-
versible projectively flat metric H = H(x, y) with negative constant flag curva-
ture K = —1. Then Funk constructed a positively projectively flat metric © =
O(x, y) with K = —1/4 on U such that its symmetrization is just the Hilbert metric,
H(x,y) = %(@(x, ¥) + O(x, —y)). When U = B” is the unit ball in R", the Funk
metric is given by

o VI—BPDE TGyl | )

L= |x? L= |xf?
where y € T,B" ~ R". Here |-| and (, ) denote the standard Euclidean norm and
inner product. The Funk metric © on B" is a special Randers metric expressed in the
form

(1) @:O_t‘i'Bv
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where

VA= Py + x y)? p= x)
1— [xf? B e

o =

Later, L. Berwald [1] constructed a projectively flat metric with zero flag curvature
on the unit ball B", given by

_ WA= PP+ (xp)2 + (xp)
(1 =[x/ = PP+ (x, )2

where y € T,B" = R". Berwald’s metric can be expressed in the form

B— (Aa + \B3)?

) o

where A = 1/(1 — |x]?). Berwald’s metric B has been generalized by the first author
[13] to an arbitrary convex domain U C R” using the Funk metric © on U. For
example, B := ©{1 + ©,»x™} is projectively flat with K = 0.

We can extend the Finsler metrics in (1) or (2) in another way, keeping their ex-
pression forms. In [12], the first author showed that a Randers metric on a mani-
fold is locally projectively flat with constant flag curvature if and only if it is locally
Minkowskian or up to a scaling and reversing, it is locally isometric to ©, = & + [3,,
where @& is defined above and 3, is given by

B, = y) o {ay)

Tl —x2 1+ (a,x)’

where a € R" is a constant vector with |a] < 1. The metric O, is projectively flat with
K=—1/4.

In [11], we constructed the following metric F, on B" C R” for any constant
vector a € R” with |a| < 1:

- 32
5 g Qed A
A
where
(1+ (a,x))?
g 1= —————.
1—|x]?

We have proved that the metric F, in (3) is projectively flat with K = 0. See [11] for
a detailed proof. When a = 0, the metric in (3) is reduced to (2).

Recently, R. Bryant [2—4] studied and characterized locally projectively flat Finsler
metrics with constant flag curvature K = 1. It is clear that Bryant’s metrics cannot
be expressed in terms of a Riemannian metric and a 1-form as Randers metrics and
Berwald’s metrics. See [13] for other examples.

The above discussion leads us to study the following function F on the tangent
bundle TM of a manifold M,

_ (a+p)?

(07

(4) F
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where o« = /a;(x)y’y/ is a Riemannian metric and 3 = b, (x)y' is a 1-form on M.
It is known that F is a Finsler metric if and only if b(x) := ||5:]la < 1 at any point
x € M. A natural question arises: is there any other projectively flat metric in the
form (4) with constant flag curvature?

In this paper, we shall first prove the following.

Theorem 1.1  Let F = (a + 3)?/a be a Finsler metric on a manifold M. Then F is
projectively flat if and only if

(1) b1|] = T{(l + sz)aij - 3b,b1}, ) ) )

(ii) the spray coefficients G, of o are in the form: G', = 0y’ — 1oV,

where b := ||B¢|a, bi|j denote the covariant derivatives of (3 with respect to o, T = 7(x)
is a scalar function and 0 = a;(x)y" is a 1-form on M.

In [11], we have already noticed that if a and [ satisfy conditions (i) and (ii), then
F = (a + 3)?/a is locally projectively flat. Theorem 1.1 asserts that the converse
is true, too. Theorem 1.1 is a special case of Theorem 3.1 below. There are many
non-trivial Finsler metrics satisfying conditions (i) and (ii) of Theorem 1.1. See [11].

By Theorem 1.1, we can completely determine the local structure of a projectively
flat Finsler metric F in the form (4) which is of constant flag curvature.

Theorem 1.2 Let F = (a + [3)*/« be a Finsler metric on a manifold M. Then F is
locally projectively flat with constant flag curvature if and only if one of the following
conditions holds.

(i) s flat and (3 is parallel with respect to . In this case, F is locally Minkowskian.
(ii) Up to a scaling on x and a scaling on F, F is locally isometric to F, in (3).

In either case (i) or (ii), the flag curvature of F must be zero, K = 0.

Below is an outline of the proof of Theorem 1.2. By imposing the curvature con-
dition that the flag curvature be constant, we first show that the flag curvature must
be zero, K = 0. If 7 = 0, then F is locally Minkowskian. In the case when 7 # 0, we
show that

(5) dr+2728 =0, 0.y —0*=372(a? —283%).

Then we show that 7 is closed. Thus there is a local scalar function p = p(x)
such that 73 = %dp and 7 = ce”” for some constant ¢. Immediately, we can see that
& := e "ais projectively flat, hence & is of constant curvature K = 4 by the Beltrami
theorem. The constant  must be nonpositive. By choosing the projective form of &,
we can solve (5) for p. Then we determine o and 3. The detailed argument is given
in the proof of Theorem 5.1 below.

2 (a, 3)-Metrics

The Finsler metric in (4) is a special (o, #)-metric. By definition, an («, 3)-metric is
expressed in the form, F = a¢(s), s = g, where av = /a;j(x)y’y7 is a Riemannian

https://doi.org/10.4153/CJM-2008-021-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-021-1

446 Z. Shen and G. Civi Yildirim

metric and 3 = b;(x)y’ is a 1-form. Then ¢ = ¢(s) is a C> positive function on an
open interval (—b,, b,) satisfying

B(s) — s¢'(s) + (b* — )" (s) > 0, |s| < b < b,.

It is known that F is a Finsler metric if and only if |5x]la < b, for any x € M [7]. Let
G' and G/, denote the spray coefficients of F and «, respectively, given by

‘ il gl
G = S (Pl — [FPle}, G, = TH{le’lyt = @14},
where (g'7) := (% [FZ]yiyj) and (a'/) := (aij)’l. We have the following.

Lemma 2.1  The geodesic coefficients G' are related to G', by

6) G = Gg + aQsiO + J{—2Qasy + roo}yg + H{—2Qasy + Too}{ b — sya} ,
where
Q= L7 o ¢’ (¢ —s¢') ,
¢ —s¢’ 20((¢p — s9”) + (b — s*)p")
H ) ¢//

T 2@ s+ B = )9")
ands:= B/aand b := || By||a-
The formula (6) is given in [7, 14]. A different version of (6) is given in [9, 10].
It is well known that a Finsler metric F = F(x, y) on an open subset U C R" is
projectively flat if and only if
(7) kayzyk —F.=0.
This is due to G. Hamel [8]. Using (7), we prove the following.

Lemma 2.2 An («a, 3)-metric F = a¢(s), wheres = 3/, is projectively flat on an
open subset U C R" if and only if

(8) (amc® — ymy)GI + o’ Qsip + Ha(—2aQs + r00) (biar — sy;) = 0.

Proof Applying (7) to the («, 3)-metric F = a¢(s) we obtain

(9) [Oéxkylyk —auld+ aqﬁ’[sxk},zyk — 5,1]

+¢' [(axkyk)syz + (sxkyk)ayz} + ong”(sxkyk)syz =0.
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We have

1 OGY
Oyl = ———F Vm,
T a0y ¥

2 2
. oyt = &GZ%, gyt — o = 5{%042 — ymy1} Gy,

1 1 oG K Too 2
Sy = Ebmly’” + J{bma — sym}a—yl, Syt = o + ;{bma — sym}Gr,

T 2 4y,
Sxkyzyk —Sd = _g)/l + ESZO - a_);{bma — sym}tGy
2 (y bia — sy
+?{—bm__0[2 ym_56ml}GZZ7
bio —
= oo

a
where y,, := a;,,y". Plugging these into (9) yields
(10)  2(¢ — 50"V {ama? — ymy}G™ +2¢ sy

+ o' {rooa + 2(bpx — sym) G} (bjoe — sy;) = 0.
Contracting (10) with b' yields

2@5’0[25() + (b2 - 52)¢”OZT’00

6 —sd' + (B — o'

2(bpa — sy)Gl =
Substituting it back into (10), we get (8). [ |

3 F=a+el+k3/a
In this section, we consider an (¢, 3)-metric in the following form:

2
F=a+ef+k—,
@

where ¢, k are constants with k # 0, & = y/a;jy'y/ is a Riemannian metric and
0 =biy"isa l-formon M. Let b, = b,(, k) > 0 be the largest number such that

(11) 1+es+ks >0, 1+2kb* —3ks> >0, |[s] <b<b,,
so that F is a Finsler metric if and only if 3 satisfies that b := ||5s]|o < b, for any
x € M.

From now on, we always assume that £ and k # 0 satisfy (11). By Lemma 2.1, the
spray coefficients G' of F are given by (6) with

Q_5+2ks j= (€ + 2ks)(1 — ks?) b k
©2(1 +es+ ks?)(1 + 2kb? — 3ks?)’ T 1+ 2kb? — 3ks?

1 — ks’
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Equation (8) is reduced to

€+ 2ks
(12)  (ania® = ymy) Gyl + 1 — ks? a’sip
k 2(e + 2ks)
s s o (b — ) = 0.

By the above identity, we can prove the following.

Theorem 3.1 Letk # 0. Then F = o + &3 + k(3% / v is projectively flat if and only if
(i) bilj = 7'(‘(k_1 + 2172)(11'1- - 3171‘17]‘),
(i) G, =0y —7ab,

where T = 7(x) and 0 = a;(x)y'. In this case,

(13) G = {0 +7xa}y,
where

(e +2ks)(1 — ks?) B
(14) T 2k(1+es+ks2) o

Proof First, we rewrite (12) as a polynomial in y* and « that is linear in . This
gives

(15)[(1 + 2kb*)a? = 3kB* ][0 — k) (ami@® — ymyi) G
+at[(1 + 2kb?)a? — 3kB%][ea + 2kB]si0
+ ko’ [=20% (ea + 2kB)so + (@@ — k3)rool (bia® — By;) = 0.
The coefficients of o must be zero (note: a"*" is a polynomial in y*). We obtain
el(1+2kb*)a® — 3kBsig = e[2kso(bia® — Byi)].
Suppose that € # 0. Then
(16) [(1+2kb*)a? — 3Kk ]si0 = 2kso(bi® — Byi).

Contracting (16) with b’ yields (o> — k3?)sy = 0. By assumption, for any y # 0,
a? — k3 # 0. Thus sy = 0. Then it follows from (16) that

(17) Sio = 0.

Thus (3 is closed.
Now equation (15) is reduced to

(18) [(1 + 2kb*)o? — 3kﬂ2](amia2 — Ymyi)Go + kol reo (b — Byi) =0.

https://doi.org/10.4153/CJM-2008-021-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-021-1

On a Class of Projectively Flat Metrics with Constant Flag Curvature 449

Contracting (18) with b', we get
[(1+2kb*)a? = 3k3*](ba® — yuB)Ga = —ka*(b*a® — 3%)reo.

Note that the polynomial (1+ 2kb*)a? — 3k3? is not divisible by o and b*a* — 3%
Thus (bya? — y,B3)G™ is divisible by o*(b*a? — [3?). Therefore, there is a scalar
function 7 = 7(x) such that

(19) roo = %[(1 +2kb%)a? — 3k3?] .

By (17) and (19), the formula (6) for G' can be simplified to
(20) G = GL + TXO&)/i + Toszi,

where Y is given in (14). We know that F is projectively flat if and only if G' = Py'.
By (20), this is equivalent to G/, = 0y’ — 7a?b’, where § = a;y' is a 1-form. In this
case, G' are given by (13). This proves Theorem 3.1 in the case when ¢ # 0.

Now let us study the case when € = 0. In this case,

(21) F:oz+ﬂ—2.
«@

First it is easy to verify that under the conditions (i) and (ii) in Theorem 3.1, F in
(21) is projectively flat. Conversely, assume that F is locally projectively flat. Then it
must be a Douglas metric. By Matsumoto’s result on Douglas metrics [10], one can
see that & and 3 must satisfy the condition (i). Since F is locally projectively flat, by a
simple argument as above, one can see that the condition (ii) is satisfied. ]

We should point out that the Riemannian metric « in Theorem 3.1 is not locally
projectively flat in general.

4 Flag Curvature

In this section, we shall study the following metric with constant flag curvature

K=\,
2
F=oa+ef+k—,
oY

where ¢ and k are constants with k # 0. We assume that F is locally projectively flat,
so that in a local coordinate system the spray coefficients of F are in the form (13).
It is known that if the spray coefficients of F are in the form G' = Py’, then F is of
scalar curvature with flag curvature

P2 — Pyt

K= 2
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Then
[0+ 7xa]? — [0+ Ton]xkyk
K =
2
0+ TXOé)Z _ exk}’k _ Txk}’kxa _ TX/(S)Sxk)/kOé _ TXaxk}/k
- 2 .
Observe that
K Too | 2
Sy = E + J{bma - 5)/771}(;:;1
2
= T{(+2K0) = 3k Yo+ 5 {bwa = sy} {8y — 77"}
o
= 7{(1/k+2b*) — 38} — 27(b* — )
=7(1/k - 2a.
k 2 m 2 m 21m
apy = ~Gilym = —{0y" — 7’0"}y = 200 = 7B
« «
We obtain
(22) K= 0 — 00y + 72x20? — xmoor — T2 (1/k — $*)x"0? + 257 x0?

F2

Lemma 4.1 Suppose that F = a + 3 + kf3* /a with k # 0 is projectively flat with
constant flag curvature K = XA = constant; then A = 0.

Proof First by (22), the equation K = \ multiplied by k>a*F* yields:
Aa® + Ba? —4eXlk 3 a0 — MO8 =0,

where A and B are homogeneous polynomials in y of degrees 5 and 6, respectively.
Rewriting the above equation as {Aa? — 4eAk* 37 fav + {Ba? — A\k° 3%} = 0. We must
have

(23) Aa? —4eXK°F7 =0, Ba? — M3 =0.

Since (3% is not divisible by a, we conclude from the second identity in (23) that
A=0. [ |

Now we consider the trivial case when 7 = 0. In this case, b;; = 0, and G =
G,, = 0y'. By Lemma 4.1, F has zero flag curvature, thus « has zero sectional cur-
vature. Thus « is locally isometric to the Euclidean metric. We have proved the
following.

Proposition 4.2 Let F = o + e + ki3*/a, where k # 0. Suppose that F is a locally

projectively flat metric with zero flag curvature. If T = 0, then « is flat metric and (3 is
parallel. In this case, F is locally Minkowskian.
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The case when 7 # 0 is more complicated. First we have the following.

Proposition 4.3  Suppose that F = o + 8 + k/3? /o with k # 0 is projectively flat
with zero flag curvature and T # 0. Then

(i) &2 =4k

(i) 7y + 2T2bi =0,

(iii) Ouy' — 0* =372(k~'a? — 2/3%).

Proof Under the assumption that K = 0, we obtain
(24) Pa+ T =0,

where
®: = —{2kePa’ — 4k’e3°P + 8KefQ}a’ + 14K’ 3'P — 8K’ 3°Q,
U : = 37%(e? — 4k)a® — {4QK* + 2ke?BP + 6k72(* — 4k) 3 }at
+ {3777 (2 — 4k)B* + 2k (3e” + 4k)PB° — 4P (e + 2k) QB Yo
+8k*3°P — 4k*5*Q,
where P := 1uyf+272F and Q = O y* — 6> —372(k~'a? —23%). Note that & and ¥
are homogeneous polynomials in y and o = \/W—’y] is in a radical form. Equation
(24) implies that ® = 0, and ¥ = 0. First we consider the equation ® = 0. It can be
written as
(25) {2kePa® — 4k*c3’P + 8k*c3Q}a? = {14k°¢3P — 8k’=Q} 3.
Since o does not contain the factor 3, there is a scalar function ¢; = ¢; (x) such that
(26) 146 3P — 8eQ = ¢’
Then (25) becomes
(27) 2ePa’ = k{4e3P — 82Q + ¢, k3% } 3.
Since o? is not divisible by 3, there is a scalar function ¢, = ¢, (x) such that
(28) 4¢P — 85Q + k3> = 0.
Then (27) is reduced to
(29) 2eP = g kp.

It follows from (26) and (28) that

(30) 10e6P — c1k3* = (¢, — c2)a’.
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Plugging (29) into (30) yields k(5¢; — ¢;)3* = (¢; — ¢;)a®. Thus ¢; = ¢; = 0, and
(31) eP=0, eQ=0.

First we assume that € # 0. Then (31) implies that P = Q = 0. The formula for
U is reduced to U = 3(g? — 4k)7%a?(a? — kB3?)2. Under the assumption that 7 # 0,
the equation U = 0 implies that £? = 4k.

Now we assume that ¢ = 0. We are going to show that this is impossible. The
formula for ¥ is reduced to

U = —4k{37%a* + k(Q — 67°3%)a’ + K* (377 3* — 2PB + 2Q)F*}a?
+4k*(2pP — Q)B*.

Then ¥ = 0 implies that there is a scalar function §; = d;(x) such that

(32) 28P — Q = 617,
(33) {37%* +k(Q — 673"}’ + K*{(3723* — 2P3 +2Q) — k6, 3} 3% = 0.

It follows from (33) that there is a scalar function d, = d,(x) such that

(34) 37232 —2P3 4+ 2Q = k6, 3 — 8,02,

(35) 3720 + k{Q — 673} = K*6,3%

It follows from (32) and (34) that Q = (§; — ;) + (kd; — 372)/3%. Substituting it
into (35) yields that {37% + k(&; — &,)}a? = k{97% — k(0; — &,)}/3*. We conclude

that 372 + k(6, — &,) = 0, 972 — k(§; — 6,) = 0. This is impossible, since 7 # 0.
Therefore, € # 0. u

5 Solving the Equations
In this section, we assume that F = « + £(3 + k3% /v is projectively flat with zero flag

curvature K = 0 and 7 # 0. By Proposition 4.3, €2 = 4k > 0. Then

_ (a=VEpy

(0%

F

We shall prove the following .

Theorem 5.1 Letk > 0. Let F = (a + VkB3)?/a be locally projectively flat with
T # 0. Suppose that F has constant flag curvature. Then the flag curvature K = 0 and
one of the following holds:

(i)  Fislocally Minkowskian.
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(ii) At every point there is a local coordinate system (x') in which o and 3 are given by

_ (0+(a,x))* /(A = 2Py + A {x, y)?)

1 —c2|x|? 1 — c2|x|? ’

1 (@t (ax)’r (ay) c(x,y)
b= R T—app {5+<a,x>+1—c2|x|2}’

where § and ¢ are non-zero constants and a € R" is a constant vector.

Proof Without loss of generality, we may assume that k = 1, thus e = £2 and

a+ B)?
By Theorem 3.1 and Proposition 4.3,
(36) bij; = 7{(1 +2b%)a;; — 3b;b;},
(37) G, =0y — 1o’
(38) T +27%b; = 0,
(39) 0y — 6> = 37%(a* — 2°).

We are going to solve (36)—(39) for o and f3.
It follows from (36) and (38) that

(Tbl)‘] — (Tb])|, = T(bl|] — b]‘,) + ijb,‘ — Txibj =0.
Thus 70 is closed. Locally, there is a scalar function p = p(x) such that

1
(40) b = 3

Substituting it into (38) yields 7, + 7p,; = 0. We obtain

(41) T=ce”,

where ¢ = constant. 4 . 4 4 ' 4
Letd = e ?a. Then G, = G, — poy' + %p’az, where p' == pa’k.
By (37) and (40), we get

(42) Go = (60— m)y".

Thus & is projectively flat. By the Beltrami theorem, & has constant sectional curva-
ture K5 = p. We may assume that

& VA + plxPy? = plx, y)?
1+ pufxf? '
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We have G, = — 4520 yi Substituting it into (42), we obtain

1+p]x|?
0= [p—n/T+ o

Then (39) is reduced to

1 X Pxi T x/ Pxi
Pxixi = — 5 PxiPxi T

- + (3¢ + waij,
3 M T ] ( H)aij

where d;; are the coefficients of &. Let ¢ := e?/?. Then

X+ 3+

gpx’xi + /’1/ 1+ M‘x‘z - 2 al]@
Let
(43) &=/ 1+ plx|? .
Then
3 _
(44) §ini = E(C2 + )N/ 1+ plx]? aije.
Let h := _ b Then

x4+
(45) vV 1+ px|? aij = Pyiyi-

It follows from (44) that £, = > (CZ;“) hyiyi . Differentiating it yields

3(c?+ )

B {hxixixk(p + hxixf (px"}'

€xixjxk =

Under our assumption 7 # 0, we claim that ¢? + ;4 = 0. Suppose that ¢> + y # 0.
Then by symmetry, we get hiyiox = huupyi. Thus, by (45) dijpou = dixpy.
Contracting it with @', we get 07"« = 0}"p,. This implies that g« = 0. That
is, ¢ = ¢’/2 = constant. Then by (41), 7 = ce™” = constant and by (40),
Th; = %pxi = 0. Since § # 0, we must have 7 = 0 and ¢ = 0. This contradicts
our assumption.

Now we have that ¢ + 4 = 0. Then u = —c* < 0. If ¢ = 0, then by (41), 7 = 0.
This is a contradiction. Thus pr = —c? < 0. In this case, (44) is reduced to £, = 0.
We get £ = § + (a, x), where 0 is a constant and a € R” is a constant vector. Then by
(43) and (41),

p=Inp? =In &€ _0+ax)r
Crphl " T
- 1+ plx|?
pu— p_
T 0+ (a,x))?
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We obtain

(6 +(a,0))* V(1 = 2 [y].2 +¢2(x, )?)

1 — c2|x|? 1 — c2|x|? ’

a=¢éa=

g= L 0_1(5+<a7x>)2{ (a.y) . Sy }

T 1—3x2 Lo+ {(a,x) 1—c?x]?

6 Some Properties of F,

In this last section, we are going to say a few words about the special metric F, in (3).
F,isgivenby F, := %,wherea = M@, B 1= Ao Ao i= (14 (a,x))?/(1—|x|?).

. L. 1—|al?
First, it is easy to get | 3]|o = 1 — % Let gij := 3[F2],,i and a;j := 1[a?],i,;. We

have

o = B2\ [+ 2]|8)12)a? = 36%]a
dettg) = (=5 F |(|a2|—52)2

Thus, if |a] < 1, F, is a Finsler metric on the unit ball B” C R".
Let b € R” be an arbitrary unit vector, i.e., |b| = 1 and m := (a,b). We have
|m| < |a] < 1. Let ¢(¢) := bt. The F,-length of ¢’(¢) = b is given by

det(aij).

2
Ealc(t), (1)) = %

Thus, the F,-lengths of C_ : ¢(¢),—1 <t < 0and Cy : ¢(¢),0 < t < 1 are given by

1 2
Length(c_) = %, Length(C+) = +00.

This shows that F, is positively complete, but not complete.

The Cartan torsion is unbounded. But the formula for the bound of the Cartan
torsion is very complicated.

Atthe originx = 0and x = —a,

y— W+ ta )’

|}/| ? Fﬂ(_a7y) = \/(1 - |a|2)|}/|2 + <a7y>2'

F.(0,y

Note that F, is Euclidean at x = —a. When a changes, the “Euclidean center”, —a, of
F, moves.

We conjecture that F, is a projective representation of Berwald’s metric Fy at
x = —a. However, we could not find a diffeomorphism ¢,: B" — B" with the fol-
lowing properties: (i) ¢ maps lines to lines, (ii) ¢(0) = —a, and (ii) p*Fy = F,.
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