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The Carleson Measure Problem Between
Analytic Morrey Spaces

Jianfei Wang

Abstract. _e purpose of this paper is to characterize positivemeasure µ on the unit disk such that
the analyticMorrey spaceALp,η is boundedly and compactly embedded to the tent space

T∞q ,1− q
p (1−η)

(µ)

for the case 1 ≤ q ≤ p < ∞ respectively. As an application, these results are used to establish
the boundedness and compactness of integral operators and multipliers between analytic Morrey
spaces.

1 Introduction

Let D and T be the unit disk and the unit circle in C, respectively. Let dA(z) stand
for the areameasure on D. Denote byH(D) the space of all analytic functions in D.
For (p − 1, η) ∈ [0,∞) × [0,∞), let ALp,η be the analytic Campanato space that

consists of functions f ∈H(D) obeying

∥ f ∥p,η = sup
I⊆T

( ∣I∣−η ∫
I
∣ f (ζ) − fI ∣p ∣

∣dζ ∣
2π

)

1
p

<∞,

where the supremum is taken over all sub-arcs I ⊆ T, and

∣dζ ∣ = ∣de iθ ∣ = dθ , ∣I∣ = (2π)−1
∫

I
∣dζ ∣, fI = (2π∣I∣)−1

∫
I
f (ζ) ∣dζ ∣.

Obviously, this value deûnes a seminorm on ALp,η . A complete norm can be equip-
ped with

∥ f ∥ALp,η = ∣ f (0)∣ + ∥ f ∥p,η .

Also, the following table can help us to understand the structure of ALp,η (see e.g.,
[4, 8] and [5, pp. 209–217] for the real counterparts.)

In particular, when p = 2, AL2,η is introduced by Wu and Xie in [14]. Recently,
some fundamental function and operator-theoretic properties of ALp,η have been
investigated including [6,7, 12, 13, 17].
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_e Carleson Measure Problem Between AnalyticMorrey Spaces 879

Index (p, η) Analytic Campanato spaceALp,η
η = 0 AnalyticHardy spaceHp

η ∈ (0, 1) AnalyticMorrey spaceAL
p,1−η

η = 1 Analytic John-Nirenberg spaceBMOA

η ∈ (1, 1 + p] Analytic Lipschitz spaceA(η−1)/p
η ∈ (1 + p,∞) Space of constants C

Carlesonmeasure plays an important role in complex analysis and harmonic anal-
ysis, which was introduced earlier in [2] in connection with the interpolation prob-
lem. Inspired by the idea of Xiao [16], it is natural to consider the following Carleson
measure problem between the analytic Campanato spaces.

Problem 1.1 Let µ be a positive Borel measure. What geometric assumption must µ
have such thatALp,η embeds boundedly (resp. compactly) into the tent space T∞q ,λ(µ)?

Here and henceforth, T∞q ,λ(µ) represents the tent space of all µ-measurable func-
tions f on D satisfying

∥ f ∥T∞q ,λ(µ) = sup
S(I)⊂D

( ∣I∣−λ
∫

S(I)
∣ f ∣qdµ)

1
q
<∞,

where the supremum ranges over all Carleson square

S(I) = { z = re iθ ∈ D ∶ 1 − ∣I∣ ≤ r < 1, e iθ ∈ I} .
_e answer of Problem 1.1 to 1 ≤ q ≤ p <∞ is the following result.

_eorem 1.2 Let µ be a nonnegative Borel measure on D. If 1 ≤ q ≤ p < ∞ and η ∈
[0, 1), then the identity operator I∶ALp,η ↦ T∞q ,1− q

p (1−η)
(µ) is bounded (resp. compact)

if and only if

sup
S(I)⊂D

µ(S(I))
∣I∣

<∞ (resp. lim
∣I∣→0

µ(S(I))
∣I∣

= 0).

Furthermore, we will consider the following Problem 1.3.

Problem 1.3 Let (p − 2, η) ∈ [0,∞) × [0, 1). What ûnite property must g have
in order for Vg , Ug andMg to be respectively bounded (resp. compact) from ALp,η to
AL2,1− 2

p (1−η)?

As usual,Vg andUg stand for theVolterra-type operatorswith the analytic symbol
g on D, respectively:

Vg f (z) = ∫
z

0
f (w)g′(w)dw , z ∈ D,

Ug f (z) = ∫
z

0
f ′(w)g(w)dw , z ∈ D.

_en themultiplication operator Mg is given as follows
Mg f (z) = f (z)g(z) = f (0)g(0) +Vg f (z) +Ug f (z).
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Below is the solution to Problem 1.3.

_eorem 1.4 Suppose (p − 2, η) ∈ [0,∞) × [0, 1) and g ∈ H(D). Let dµg(z) =

(1 − ∣z∣2)∣g′(z)∣2dA(z) and ∥g∥∞ = supz∈D ∣g(z)∣. _en
(i) Vg ∶ALp,η ↦ AL2,1− 2

p (1−η) is bounded (resp. compact) if and only if g ∈ BMOA

(resp. g ∈ VMOA).
(ii) Ug ∶ALp,η ↦ AL2,1− 2

p (1−η) is bounded (resp. compact) if and only if g ∈ H∞

(resp. g ≡ 0).
(iii) Mg ∶ALp,η ↦ AL2,1− 2

p (1−η) is bounded (resp. compact) if and only if g ∈ H∞

(resp. g ≡ 0).

Particularly,_eorem 1.4 generalizes recent results in [6, 13] to ALp,η .

Notation Let X ≲ Y and X ≳ Y denote that there exists an absolute constant C > 0
such thatX ≤ CY andX ≥ CY, respectively. _us,X ≈ Ymeans thatX ≲ Y andX ≳ Y
hold.

2 Some Lemmas

In order to prove_eorems 1.2 and 1.4, we begin with the following lemmas. _e ûrst
lemma is due to Xiao and Yuan.

Lemma 2.1 ([18,_eorem 1]) If (p − 1, η) ∈ [0,∞) × [0, 2), then the following two
statements are equivalent:
(i) f ∈ ALp,η .
(ii) ∥ f ∥p,η ,∗ = supa∈D(1 − ∣a∣2)

1−η
p ∥ f ○ σa − f (a)∥p <∞, where σa(z) = a−z

1−az .

Next, we are present to a useful integral estimate.

Lemma 2.2 Let z,w ∈ D and t, s > 1. _en

∫
T

1
∣1 − zζ ∣t ∣1 −wζ ∣s

∣dζ ∣ ≲ 1
(1 − ∣z∣2)t−1∣1 − zw∣s

+
1

(1 − ∣w∣2)s−1∣1 − zw∣t
.

Proof Let

I = ∫
T

1
∣1 − zζ ∣t ∣1 −wζ ∣s

∣dζ ∣.

Consider the following partition of T:

Ω1 = {ζ ∈ T ∶ ∣1 −wζ ∣ ≤ ∣1 − zζ ∣}

Ω2 = T ∖Ω1 = {ζ ∈ T ∶ ∣1 − zζ ∣ < ∣1 −wζ ∣}.

_en

I = ∫
Ω1

1
∣1 − zζ ∣t ∣1 −wζ ∣s

∣dζ ∣ + ∫
Ω2

1
∣1 − zζ ∣t ∣1 −wζ ∣s

∣dζ ∣ = I1 + I2 .
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For ζ ∈ T, we have

∣1 − zw∣ ≤ ∣1 − zζ ∣ + ∣zζ − zw∣ ≤ ∣1 − zζ ∣ + ∣ζ −w∣

= ∣1 − zζ ∣ + ∣1 −wζ ∣ ≤ 2∣1 − zζ ∣.

Also, the following inequality is well known:

∫
T

1
∣1 −wζ ∣s

∣dζ ∣ ≲ 1
(1 − ∣w∣2)s−1 .

It shows that

I1 ≤
1

∣1 − zw∣t
∫
T

1
∣1 −wζ ∣s

∣dζ ∣ ≲ 1
(1 − ∣w∣2)s−1∣1 − zw∣t

.

Similarly, we have

I2 ≤
1

∣1 − zw∣s
∫
T

1
∣1 − zζ ∣t

∣dζ ∣ ≲ 1
(1 − ∣z∣2)t−1∣1 − zw∣s

.

Putting the above estimates for I1 and I2 together, we get

I ≲ 1
(1 − ∣z∣2)t−1∣1 − zw∣s

+
1

(1 − ∣w∣2)s−1∣1 − zw∣t
,

as desired.

By Lemma 2.2, we can obtain the test function on Morrey space.

Lemma 2.3 Let (p− 1, η, λ) ∈ [0,∞)× [0, 1]× [
1−η
p ,∞) and w ∈ D. _en functions

fw(z) =
(1 − ∣w∣2)

λ− 1−η
p

(1 −wz)λ

belong toALp,η . Moreover, fw is uniformly bounded inALp,η , i.e., supw∈D ∥ fw∥p,η ≲ 1.

Proof According to Lemma 2.2, we get

(1 − ∣a∣2)1−η
∥ fw ○ σa − f (a)∥p

p

= (1 − ∣a∣2)1−η
∫
T
∣ fw ○ σa(ζ) − f (a)∣p

∣dζ ∣
2π

= (1 − ∣a∣2)1−η
∫
T
∣ fw(ζ) − fw(a)∣p

1 − ∣a∣2

∣1 − ⟨a, ζ⟩∣2
∣dζ ∣
2π

≲ ∣ fw(a)∣p(1 − ∣a∣2)1−η
+ (1 − ∣a∣2)1−η

∫
T
∣ fw(ζ)∣p

1 − ∣a∣2

∣1 − ⟨a, ζ⟩∣2
∣dζ ∣

≲
(1 − ∣a∣2)1−η(1 − ∣w∣2)

p(λ− 1−η
p )

∣1 − ⟨a,w⟩∣pλ
+ ∫

T

(1 − ∣a∣2)2−η(1 − ∣w∣2)
p(λ− 1−η

p )

∣1 − ⟨a, ζ⟩∣2∣1 − ⟨w , ζ⟩∣pλ
∣dζ ∣
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≲
(1 − ∣a∣2)1−η(1 − ∣w∣2)

p(λ− 1−η
p )

∣1 − ⟨a,w⟩∣pλ
+

(1 − ∣a∣2)2−η(1 − ∣w∣2)
p(λ− 1−η

p )

(1 − ∣w∣2)pλ−1∣1 − ⟨a,w⟩∣2

+
(1 − ∣a∣2)2−η(1 − ∣w∣2)

p(λ− 1−η
p )

∣1 − ⟨a,w⟩∣pλ(1 − ∣a∣2)

≲
(1 − ∣a∣2)1−η(1 − ∣w∣2)

p(λ− 1−η
p )

∣1 − ⟨a,w⟩∣pλ
+

(1 − ∣a∣2)2−η(1 − ∣w∣2)η

∣1 − ⟨a,w⟩∣2

≲ (
1 − ∣a∣2

∣1 − ⟨a,w⟩∣
)

1−η
(

1 − ∣w∣2

∣1 − ⟨a,w⟩∣
)

p(λ− 1−η
p )

+ (
1 − ∣a∣2

∣1 − ⟨a,w⟩∣
)

2−η
(

1 − ∣w∣2

∣1 − ⟨a,w⟩∣
)
η

≲ 1.

Hence, applying Lemma 2.1,

fw ∈ ALp,η and sup
w∈D

∥ fw∥p,η ,∗ ≲ 1.

Arguing as above and using supw∈D ∣ fw(0)∣ ≲ 1, we obtain supw∈D ∥ fw∥ALp,η ≲ 1.

Remark If p > 1 and λ = 1, then Lemma 2.3 reduces to the result of Xiao and Yuan
in [18, Lemma 13].

_e following lemma can also been found in [18].

Lemma 2.4 Let (p − 1, η) ∈ [0,∞) × [0, 1). If f ∈ ALp,η , then

∣ f
′
(z)∣ ≲

∥ f ∥p,η ,∗

(1 − ∣z∣2)1+ 1−η
p

, for z ∈ D.

Moreover, the exponent 1 + 1−η
p in the above inequality is sharp.

Based on Lemma 2.4, it is easy to obtain the following decay estimate on ALp,η ,
which can be found in [3].

Lemma 2.5 Let (p − 1, η) ∈ [0,∞) × [0, 1). _en

∣ f (z)∣ ≲
∥ f ∥ALp,η

(1 − ∣z∣2)
1−η
p

holds for all z ∈ D.

_e following lemma, which can be found in [11, Lemma 3.7], plays an important
role in proving the compactness of the Carleson measure problem and the integral
operators.

Lemma 2.6 Let X, Y be two Banach spaces of analytic functions on D. If
(i) the point evaluation functions on Y are continous;
(ii) the closed unit ball of X is a compact subset of X in the topology of uniform con-

vergence on compact sets;
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(iii) T∶X → Y is continuous when X and Y are given the topology of uniform conver-
gence on compact sets,

then T is a compact operator if and only if given a bounded sequence { f j} in X such
that f j → 0 uniformly on compact sets. _en the sequence {T f j} converges to zero in
the norm of Y .

3 Proof of Theorem 1.2

Proof _e argument is divided into the following two steps.

Step 1: Boundedness. Suppose

I∶ALp,η z→ T∞q ,1− q
p (1−η)

(µ)

is bounded. _en we have to prove µ is a Carleson measure.
In fact, for a given subarc I ⊂ T, let w = (1 − ∣I∣)ζ and let ζ be the center of I.
We choose

fw(z) =
(1 − ∣w∣2)

2
q −

1−η
p

(1 −wz)
2
q

.

From Lemma 2.3, we obtain that

fw ∈ ALp,η and sup
w∈D

∥ fw∥ALp,η ≲ 1.

Notice that

(3.1) ∣1 −wz∣ ≈ 1 − ∣w∣
2
≈ ∣I∣, z ∈ S(I).

In terms of (3.1), we have

1 ≳ ∥ fw∥q
T∞

q ,1− q(1−η)
p

(µ) ≥
1

∣I∣1−
q(1−η)

p
∫

S(I)

(1 − ∣w∣2)
2− q(1−η)

p

∣1 −wz∣2
dµ(z) ≈ µ(S(I))

∣I∣
.

Accordingly,

(3.2) ∥µ∥CM = sup
S(I)⊂D

µ(S(I))
∣I∣

<∞.

Conversely, if (3.2) holds and f ∈ ALp,η , then we need to prove that

∥ f ∥T∞
q ,1− q(1−η)

p

(µ) ≲ ∥ f ∥ALp,η .

Suppose I ⊂ T is an arc and ζ is the center. Let a = (1 − ∣I∣)ζ . _en
1

∣I∣1−
q(1−η)

p
∫

S(I)
∣ f (z)∣qdµ(z)

≲
1

∣I∣1−
q(1−η)

p
∫

S(I)
∣ f (z) − f (a)∣qdµ(z) + µ(S(I))

∣I∣1−
q(1−η)

p

∣ f (a)∣q

= Int1 + Int2 .
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We ûrst estimate the Int1. A simple calculation shows that

1 − ∣σa(z)∣2 =
(1 − ∣a∣2)(1 − ∣z∣2)

∣1 − az∣2
≈

1 − ∣z∣2

∣I∣
holds for all z ∈ S(I).

Since ∥µ∥CM <∞, we have µ is a Carleson measure on D.
_e condition 1 ≤ q ≤ p <∞ shows that

ALp,η ⊂ ALq ,1− q(1−η)
p

.

Using the Carleson theorem and Lemma 2.1 we calculate

Int1 =
1

∣I∣1−
q(1−η)

p
∫

S(I)
∣ f (z) − f (a)∣qdµ(z)

≈ (1 − ∣a∣2)
q(1−η)

p
∫

S(I)
∣ f (z) − f (a)∣q 1 − ∣a∣2

∣1 − az∣2
dµ(z)

≲ (1 − ∣a∣2)
q(1−η)

p
∫
D
∣ f (z) − f (a)∣q 1 − ∣a∣2

∣1 − az∣2
dµ(z)

≈ (1 − ∣a∣2)
q(1−η)

p
∫
D
∣ f ○ σa(z) − f (a)∣qdµ(z)

≲ ∥µ∥CM(1 − ∣a∣2)
q(1−η)

p
∫
T
∣ f ○ σa(ξ) − f (a)∣q ∣dξ∣

≲ ∥µ∥CM∥ f ∥q
q ,1− q(1−η)

p ,∗
≲ ∥µ∥CM∥ f ∥q

ALp,η
.

For Int2, the decay estimate gives

∣ f (a)∣ ≲ ∣I∣
η−1
p ∥ f ∥AL

q ,1− q(1−η)
p

.

Hence,

Int2 ≲
µ(S(I))

∣I∣
∥ f ∥q

AL
q ,1− q(1−η)

p

≲ ∥µ∥CM∥ f ∥q
AL

q ,1− q(1−η)
p

.

Putting the estimates of Int1 and Int2 together, we get

∥ f ∥T∞
q ,1− q(1−η)

p

(µ) ≲ ∥µ∥
1
q
CM

∥ f ∥ALp,η .

_us, the identity operator I∶ALp,η ↦ T∞q ,1− q
p (1−η)

(µ) is bounded.

Step 2: Compactness. Let us prove the suõciency part. Suppose

lim
∣I∣→0

µ(S(I))
∣I∣

= 0.

_en we need to show that the operator

I∶ALp,η z→ T∞q ,1− q
p (1−η)

(µ)

is compact. First, Lemma 2.6(i) holds by setting

ez( f ) = f (z)∶ALp,η ↦ T∞q ,1− q
p (1−η)

(µ).
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Second, the following estimate

∣ f (z)∣ ≲
∥ f ∥ALp,η

(1 − ∣z∣2)
1−η
p

shows that Lemma 2.6(ii) holds. Hence, we only need to verify assumption (iii), i.e.,
if any bounded sequence { f j} ⊂ ALp,η with f j → 0 converges uniformly to zero on
compact sets of D, then ∥ f j∥T∞

q ,1− q
p (1−η)

(µ) → 0.

In fact, when r ∈ (0, 1), we choose the cut-oòmeasure dµr = χ{z∈D∶∣z∣>r}dµ, where
χE means the characteristic function of a set E ⊂ D. _en

(3.3) sup
S(I)⊂D

µr(S(I))
∣I∣

≲ sup
∣I∣≤1−r

µ(S(I))
∣I∣

Ð→ 0 if r → 1.

Now, assume ∥ f j∥ALp,η ≲ 1 and f j converges uniformly to zero on compact sets of D,
then from (3.3) and Lemma 2.5 we get

1
∣I∣1−

q
p (1−η)

∫
S(I)

∣ f j ∣qdµ

=
1

∣I∣1−
q
p (1−η)

∫
S(I)

∣ f j ∣q χ{z∈D∶∣z∣≤r}dµ +
1

∣I∣1−
q
p (1−η)

∫
S(I)

∣ f j ∣q χ{z∈D∶∣z∣>r}dµ

≲
1

∣I∣1−
q
p (1−η)

∫
S(I)

∣ f j ∣q χ{z∈D∶∣z∣≤r}dµ +
µr(S(I))

∣I∣
∥ f j∥ALp,η

→ 0.

Hence, the suõciency part of_eorem 1.2 is proved.
On the other hand, we will verify the necessity. Let the operator

I∶ALp,η ↦ T∞q ,1− q
p (1−η)

(µ)

be compact. Suppose I j is a sequence of subarcs of T obeying ∣I j ∣ → 0. Let ζ j be the
center of I j and w j = (1 − ∣I j ∣)ζ j .

Let

f j(z) =
(1 − ∣w j ∣

2)
2p+η−1

p

(1 −w jz)2 .

_en ∥ f j∥ALp,η ≲ 1, and f j → 0 uniformly on compact sets of D.
Applying Lemma 2.6, we have

0← ∥ f j∥q
T∞

q ,1− q
p (1−η)

(µ) ≥
1

∣I j ∣1−
q
p (1−η)

∫
S(I j)

∣ f j ∣qdµ ≥
µ(S(I j))

∣I j ∣
.

_us, the desired vanishing condition holds.

4 Proof of Theorem 1.4

Before we give the proof of_eorem 1.4, let us recall some basic facts on η-Carleson
measure associated with Morrey spaceAL2,η .
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For η ∈ (0, 1], we write CMη for the class of all η-Carleson measures onD. A non-
negativemeasure µ onD is called a bounded or compact η-Carlesonmeasure provided

∥µ∥CMη = sup
I⊆T

µ(S(I))
∣I∣η

<∞ or lim
I⊆T, ∣I∣→0

µ(S(I))
∣I∣η

= 0,

where
S(I) = {z = re iθ ∈ D ∶ 1 − ∣I∣ ≤ r < 1, e iθ ∈ I}

is the Carleson square based on a subarc I ⊆ T.
Assume the following:

(η, a, z) ∈ (0, 1] ×D ×D, σa(z) =
a − z
1 − az

,

E( f , a) = (1 − ∣a∣2)1−η
∫
D
∣ f ′(z)∣2(1 − ∣σa(z)∣)dA(z).

According to [15, 17], the following statements are equivalent:
● f ∈ AL2,η .
● ∣ f

′
(z)∣2(1 − ∣z∣2)dA(z) is a bounded η-Carleson measure.

● supa∈D E( f , a) <∞.
Now we give the proof of_eorem 1.4.

Proof We split the argument into three parts.

(i) _e operator Vg . Let λ = 1 − 2/p(1 − η). Notice that f ∈ AL2,λ is equivalent
to ∣ f

′
(z)∣2(1 − ∣z∣2)dA(z) is a bounded λ-Carleson measure. _us, _eorem 1.2 and

(Vg f )′(z) = f (z)g′(z) guarantee that Vg is bounded. _e corresponding compact-
ness can be obtained similarly.

(ii) _e operator Ug . First, we consider the boundedness. Suppose ∥g∥∞ < ∞.
Since Ug( f )(0) = 0, using Lemma 2.1 and the Littlewood–Paley equality, we obtain
that

∥Ug f ∥AL2,1− 2
p (1−η)

≲ ∣Ug( f )(0)∣ + sup
a∈D

((1 − ∣a∣2)
2(1−η)

p
∫
D
∣ f ′(z)∣2∣g(z)∣2(1 − ∣σa(z)∣2)dA(z))

1
2

≲ ∥g∥∞ sup
a∈D

(1 − ∣a∣2)
1−η
p ∥ f ○ σa − f (a)∥2

≲ ∥g∥∞ sup
a∈D

(1 − ∣a∣2)
1−η
p ∥ f ○ σa − f (a)∥p

≲ ∥g∥∞∥ f ∥ALp,η .

_is implies that ∥Ug∥ ≲ ∥g∥∞ . Hence, Ug ∶ALp,η ↦ AL2,1− 2
p (1−η) is bounded.

Conversely, if Ug ∶ALp,η ↦ AL2,1− 2
p (1−η) is bounded, we then need to prove that

g ∈ H∞ and ∥g∥∞ ≲ ∥Ug∥. To do so, given a nonzero point w and 1
2 ≤ ∣w∣ < 1, we

choose a Carleson square S(I) such that

{z ∈ D ∶ ∣σw(z)∣ < 1
2} ⊂ S(I) and 1 − ∣w∣

2
≈ ∣I∣.
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Let

fw(z) =
(1 − ∣w∣2)

p+η−1
p

w(1 −wz)
.

_en
fw ∈ ALp,η and ∥ fw∥ALp,η ≲ 1.

Using [19, Lemma 4.12] and the boundednenss of Ug , we get

∥Ug∥
2
≳ ∥Ug fw∥2

AL2,1− 2
p (1−η)

≳
1

∣I∣1−
2
p (1−η)

∫
S(I)

∣(Ug fw)′(z)∣2(1 − ∣z∣2)dA(z)

=
1

∣I∣1−
2
p (1−η)

∫
S(I)

∣ f ′w(z)∣2∣g(z)∣2(1 − ∣z∣2)dA(z)

=
1

∣I∣1−
2
p (1−η)

∫
S(I)

(1 − ∣w∣2)
2(p+η−1)

p

∣1 −wz∣4
∣g(z)∣2(1 − ∣z∣2)dA(z)

≈
1

∣I∣3 ∫S(I)
∣g(z)∣2(1 − ∣z∣2)dA(z)

≳
1

∣I∣3 ∫{z∈D∶ ∣σw(z)∣< 1
2 }

∣g(z)∣2(1 − ∣z∣2)dA(z)

≳
1

∣I∣3
∣g(w)∣

2
(1 − ∣w∣

2
)
3
≈ ∣g(w)∣

2 .

_emaximal principle is used to deduce

∥g∥∞ = sup
1
2 ≤∣w∣<1

∣g(w)∣ ≲ ∥Ug∥.

Second, we prove the compactness ofUg . It is enough to show that ifUg ∶ALp,η ↦
AL2,1− 2

p (1−η) is compact, then g ≡ 0. By _eorem 1.4, g ∈ H∞. Suppose g is not
identically equal to zero. _en the maximum principle tells us that g∣T cannot be
identically zero. It means that there exists a positive constant є > 0 and a sequence
{w j} ⊂ D such that w j → w0 ∈ T and ∣g(w j)∣ > є. Applying the classical Schwarz’s
lemma for g/∥g∥, we have

∣g(z1) − g(z2)∣ ≤ 2∥g∥∞∣σz1(z2)∣,

where σz1(z2) = z1−z2
1−z1z2 and z1, z2 ∈ D.

_e above inequality shows that there is a suõciently small number δ > 0 such
that ∣g(z)∣ ≥ є

2 holds for all j and z with ∣σw j(z)∣ < δ. It is easy to see that each
pseudo-hyperbolic ball {z ∈ D ∶ ∣σw j(z)∣ < δ} is a subset of a Carleson box S(I j) with
∣I j ∣ ≈ 1 − ∣w j ∣

2. Hence, if η ∈ [0, 1), we take

f j(z) =
(1 − ∣w j ∣

2)
p+η−1

p

1 −w jz
and f0(z) ≡ 0.

_en f j − f0 → 0 uniformly holds on any compact set of D.
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Accordingly,

∥Ug( f j)∥2
AL2,1− 2

p (1−η)

≳
1

∣I j ∣1−
2
p (1−η)

∫
S(I j)

(1 − ∣w j ∣
2)

2(p+η−1)
p

∣1 −w jz∣4
∣g(z)∣2(1 − ∣z∣2)dA(z)

≳
1

∣I j ∣3 ∫S(I j)
∣g(z)∣2(1 − ∣z∣2)dA(z)

≳
є2

∣I j ∣3 ∫{z∈D∶∣σw j (z)∣<δ}
(1 − ∣z∣2)dA(z) ≳ є2 .

_e compactness of Ug gives that ∥Ug( f j)∥ALp,η → 0. It is a contradiction with є > 0.
_us, g ≡ 0.

(iii). _e operator Mg . We will ûrst prove that the boundedness ofMg . _e above
statementa (i) and (ii) show that the “if ” part holds. To prove the “only part”, let

fw(z) =
(1 − ∣w∣2)

p+η−1
p

1 −wz
.

_en supw∈D ∥ fw∥ALp,η ≲ 1.
By Lemma 2.5, we have

∣ fw(z)∣ ≲
∥ fw∥ALp,η

(1 − ∣z∣2)
1−η
p

.

SinceMg ∶ALp,η ↦ AL2,1− 2
p (1−η) is bounded, we have

∣ fw(z)g(z)∣ ≲
∥Mg fw∥AL2,1− 2

p (1−η)

(1 − ∣z∣2)
1−η
p

≲ ∥Mg∥
1

(1 − ∣z∣2)
1−η
p

.

Setting z = w, we obtain ∣g(w)∣ ≲ ∥Mg∥, which means g ∈ H∞. Applying this to
_eorem 1.4(i), we get Vg ∶ALp,η ↦ AL2,1− q

p (1−η)
is bounded. Notice that

Ug f =Mg f − f (0)g(0) −Vg( f ),

the boundedness of Vg gives Ug is bounded.
Now, it remains to proveMg ∶ALp,η ↦ AL2,1−2/p(1−η)(µ) is compact if and only if

g ≡ 0. Obviously,we need to prove the “only part”. Since this operatorMg is bounded,
we have ∥g∥∞ <∞. For any nonzero sequence {w j} ⊂ D, set

f j(z) =
(1 − ∣w j ∣

2)
p+η−1

p

1 −w jz
.

Suppose ∣w j ∣→ 1. _en ∥ f j∥ALp,η ≲ 1 and f j → 0 uniformly on any compact set in D.
Hence, ∥Mg( f j)∥AL2,1− 2

p (1−η)
→ 0.

By the estimates

∣g(z) f j(z)∣ = ∣Mg( f j)(z)∣ ≲ ∥Mg f j∥AL2,1− 2
p (1−η)

1

(1 − ∣z∣2)
1−η
p

,
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and choosing z = w j , we get

∣g(w j)∣ ≲ ∥Mg( f j)∥AL2,1− 2
p (1−η)

Ð→ 0.

_is means that g(w j)→ 0, which, together with g ∈H∞, gives that g ≡ 0.

Remark _eVolterra-typeoperators,which connectwithHankel operator,Toeplitz
operator, andmultiplier, have been the interesting objects of analytic function spaces
in complex analysis and operator theory. It is well known that Vg ∶H

2 → H2 is
bounded (resp. compact) if and only if g ∈ BMOA (resp. g ∈ VMOA); see [9]. Fur-
ther, the results of the boundedness of Vg on Hardy space Hp can be found from
Siskakis [10] and Aleman and Cima [1]. During the last years, several authors have
been investigated the operator Vg (see e.g., [6, 13, 15, 16] and references therein).
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