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Abstract. We study the asymptotic behavior of the family of holomorphic correspondences
{Fa}aerc, given by

<az~|— 1)2 (az—l— 1><aw — 1) <aw — 1)2

+ + =3.
z+1 z+1 w—1 w—1
It was proven by Bullet and Lomonaco [Mating quadratic maps with the modular group
IL. Invent. Math. 220(1) (2020), 185-210] that F, is a mating between the modular group
PSL,(Z) and a quadratic rational map. We show for every a € K, the iterated images and
preimages under F, of non-exceptional points equidistribute, in spite of the fact that F,
is weakly modular in the sense of Dinh, Kaufmann, and Wu [Dynamics of holomorphic
correspondences on Riemann surfaces. Int. J. Math. 31(05) (2020), 2050036], but it is not
modular. Furthermore, we prove that periodic points equidistribute as well.
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1. Introduction

In 1965, Brolin [3] studied asymptotic properties of polynomials P(z) € C[z] of degree
bigger than or equal to 2. He proved the existence of a probability measure for which
the preimages P~"(zo) at time n of any point zo € C (with at most one exception)
asymptotically equidistribute, as # tends to infinity. In 1983, Freire, Lopes, and Maiié [20]
and Ljubich [24] independently proved the generalization to rational maps of degree at
least 2 on the Riemann sphere. These results have been generalized to different settings.
For instance, see [18, §1.4] and the references therein for higher dimensions, and [19, 22]
for the non-Archimedian setting.

The equidistribution properties of holomorphic correspondences have also attracted
considerable interest. Roughly speaking, a holomorphic correspondence on a complex
manifold X is a multivalued map induced by a formal sum I' = )_ n;I"(i) of complex
varieties I'(i) C X x X of the same dimension. The multivalued map sends z to w if (z, w)
belongs to some I'(i) (see §2.1). Let d(F) denote the number of pre-images of a generic
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point under F. We call this number the topological degree of F, just as in the case of
rational maps. We study the existence of a Borel probability measure  on X that has the
property that for all but at most finitely many zg € X,

aiy Fa =

as n — oo. Here, (F"), denotes the push-forward operator associated to F”. In [13],
Dinh studied the case of polynomial correspondences whose Lojasiewicz exponent is
strictly bigger than 1, in which case we always have that d(F ~1y < d(F). The case
where d(F) = d(F _1) is open but some subcases are known. For instance, Clozel, Oh,
and Ullmo [9] proved equidistribution for irreducible modular correspondences, Clozel
and Otal [10] proved it for exterior modular correspondences, and Clozel and Ullmo
[11] for those that are self-adjoint. On the other hand, Dinh, Kaufmann, and Wu proved
in [15] that if such F is not weakly modular, then the statement holds for both F and
F~1. Modular correspondences are weakly modular, but the reverse containment does
not hold. On a different classification, Bharali and Sridharan [1] proved equidistribution
for correspondences with d(F) > d(F ) having a repeller in the sense of [26]. We will
study a 1-parameter family in the gap between weak-modularity and modularity, and for
which the result in [1] does not apply.

Our object of study is the family of correspondences {F,},cx on the Riemann sphere
@, where F, is given in affine coordinates by

az +1\? az+1 aw — 1 aw —1\?
+ + =3, (1)
z+1 z+1 w—1 w—1
and K is the Klein combination locus defined in §2.2. This family was studied by Bullett
et al in [4-6, 8]. In [4], Bullett and Lomonaco proved that there is a two sided restriction
fa of F, that is hybrid equivalent to a quadratic rational map P that has a fixed point

with multiplier 1. We refer the reader to [25] for conjugacy of parabolic-like mappings.
Moreover, for the parameters for which the Julia set of P is connected, we have that F, is

a mating between the rational map P and the modular group PSL>(Z). This generalizes a
previous result by Bullett and Penrose [6]. The correspondence F, has two homeomorphic
copies of the filled Julia set K of P4, denoted A, — and A, 4, and they satisfy that
.7-";1 (Ag—) = Ay— and F,(Ag+) = Ag+. These are called the backward and forward
limit set, respectively (see §3.2).

The following theorem states that this family does not fit the conditions for any of the
equidistribution results listed above (see §1.1).

THEOREM 1.1. For every a € K, we have that:

(1) Fy is a weakly modular correspondence that is not modular; and
(2) 9A,— isnota repeller for F,.

Furthermore, we prove that F, satisfies a property that is stronger than weak-modularity
(see Remark 3.4).

The purpose of this paper is to show that equidistribution holds for the family {F,},cx.
Put
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@ ifa #5,
{-1,2} ifa=S5.

a «—

We prove the following equidistribution theorem.

THEOREM 1.2. Let a € K. There exist two Borel probability measures v and pu_ on @,
with supp(iu+) = dA4 4+ and supp(u—) = dA,4 —, such that for every zo € C\ &,,

1 1 _
Z_n(]:;l)*az() —> 4 and 2_,1(]:“ n)*‘sz() - MU,
weakly, as n — oo.

In later work [12], we prove that the measures 4 and w_ maximize entropy: the
metric entropy in [31] yields equality for the half-variational principle with the topological
entropy in [17].

Let F be a holomorphic correspondence on X with graph I'. Denote by '™ the graph
of F" and by

Dx ={(z,2)|z € X}

the diagonal in X x X. Then the set of periodic points of F of period n is defined as
the set

Per,(F) = m(C'™ N Dy),

and for z € Per, (F), we define the multiplicity of z as a periodic point of F of order n to

be the number v (z, z), defined in §2.1.
1 |I‘(")m®X

Another source of motivation is whether or not periodic points equidistribute. In [24],
Ljubich showed that this is the case for rational maps of degree bigger than or equal to 2,
where periodic points are counted either with or without multiplicity. The equidistribution
of periodic points is also studied in [2, 16, 19] in the case of maps, and in [13, 14] in the
case of correspondences. We prove this holds for the family {F,},cxc as well.

THEOREM 1.3. Fora € K,

1 1
[Per, (F,)| D, & and o > v,

z€Per, (Fy,) z€Per, (Fy,)

8;

r,(l”)mD@

are both weakly convergent to %(,u, + uy), asn — oo.

In §5, we define the set ISnF of superstable parameters of order n. Combining the main
results of [5, 29], we obtain a homeomorphism ¥ : M — M between the Mandelbrot
set M and the connectedness locus Mt of the family {F,},cxc. These results, together
with the equidistribution result in [23], yield the following theorem.

THEOREM 1.4. In My, superstable parameters equidistribute with respect to W*mpyr,
that is,

1
lim
n—oo 2n—1

Z 84 = Y mupyr.

acPr
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1.1. Notes and references. There is a bigger family studied by Bullett and Harvey
in [8], given by replacing the right-hand side of equation (1) by 3k, where k € C.
For these correspondences, it is also possible to define limit sets Ay — and Agx +
analogous to those in the case where k = 1. In [1], Bharali and Sridharan show how
their equidistribution result applies to these correspondences in the case where A, —
is a repeller. Parameters for which this is the case exist from the results in [8]. However,
we prove in Theorem 1.1 part (2) that this is never the case when k = 1 and a € K.

1.2. Organization. The structure of this paper is as follows. In §2.1, we give an
introduction to holomorphic correspondences and their action on Borel measures. In §2.2,
we introduce the correspondences F, given by equation (1). We define critical values and
find those of F, in §2.3, and define Klein combination pair and the Klein combination
locus K in §2.4. In §3.1, we define modular and weakly modular correspondences,
and prove part (1) of Theorem 1.1. To prove that F, is weakly modular, we use the
decomposition F, =J,; o Covg, given in [4], into a certain involution J, composed with

the deleted covering correspondence COVOQ described in §2.2, and construct the measures

in the definition of weakly modular using the symmetry of the graph of COVOQ. The fact that
Fa is not modular follows from the fact that Borel measures assigning positive measure
to non-empty open sets are not invariant by F,. In §3.2, we define the limit sets A, — and
A4+, and prove part (2) of Theorem 1.1 by showing that the parabolic fixed pointin d A, —
violates the definition of a repeller. In §4, we describe the exceptional set of the two-sided
restriction f, and the set Per, (F,) of periodic points of period n. Finally, in §5, we use
the description of f, given in [4] together with the results in [20, 24] to prove Theorems
1.2 and 1.3 about asymptotic equidistribution of images, preimages, and periodic points.
We finish with the proof of Theorem 1.4 about equidistribution of special points in the
modular Mandelbrot set Mr.

2. Preliminaries
2.1. Holomorphic correspondences. Let X be a compact Riemann surface and let 7 :
X x X — X be the canonical projection to the jth coordinate, j = 1,2. We say that a
formal sum I' = ), n; ' (i) is a holomorphic I-chain on X x X if its support supp I' :=
\U; T() is a subvariety of X x X of pure dimension 1 whose irreducible components
are exactly the I'(i), and the n; are non-negative integers. We say that the I"(i) are the
irreducible components of T.

Let I' =), n;["(i) be a holomorphic 1-chain satisfying that for j = 1,2 and every
i such that n; > 0, the restriction 7t |r(;) of the canonical projection X x X — X to the
irreducible component I'(7) is surjective. The chain I' induces a multivalued map F from
X to itself by

F() = Jmlro@irg” @).

The multivalued map F is called a holomorphic correspondence and it is said to be
irreducible if )", n; = 1. We say that I'r := T is the graph of the holomorphic corre-
spondence F. Lett : X x X — X x X be the involution (z, w) — (w, z). We can define
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the adjoint correspondence F~' of F by the relation F (g = U; mi |1~(,~)(7r2|1-(,~)71 (),
which is a holomorphic correspondence, whose graph is the holomorphic 1-chain F;l =
> nit(C@)).

In [30], Stoll introduced a notion of multiplicity that will be useful for this paper. Let
M be a quasi-projective variety and N a smooth quasi-projective variety. If g : M — N
is regular, and a € M, then we say that a neighborhood U of a is distinguished with
respect to g and a if U is compact and g~ (g(a)) N U = {a}. Such neighborhoods exist
if and only if dim, g~!(g(a)) = 0 and, in this case, they form a base of neighborhoods.
If U is distinguished with respect to g and a, then put ug(z, U) = g (gx)NU| It
can be shown that Dg(a) :=lim sup,_,, ue(z, U) does not depend on the distinguished
neighborhood U, and the maps nj, defined on N by a = 3, ,-1(,) Dg(b) are constant in
each component.

Suppose that g : M — N is a finite and surjective regular map, with M and N as above.
Stoll proved in [30] that D¢ (a) generalizes the notion of multiplicity of g at a and whenever
@ is a continuous function with compact support in M, the map

ar Y D(b)p(b)

beg=l(a)

is continuous.

To study dynamics, we proceed to define the composition of two holomorphic corre-
spondences F and G with associated holomorphic 1-chains I'r = ), n;I"'r(i) and I'g =
> jmjl'c(j), respectively. For each i and j, let A; ; be the image of the projection p; ; :
Tg(j) x Tr@i)) N{x2 = x3} =— X x X that forgets the second and third coordinates,

ie.,
A; j ={(z, w) € X x X| there exists x € X such that (z, x) € 'c(j), and (x, w) € ['r()}.

Let{I"(Z, j, k)},](v:(il’j ) be the irreducible components of A; ;. Observe that since I'g (j) and
£ (i) are both quasi-projective, and so is {x2 = x4} C X*, then p; j is a regular map from
the quasi-projective variety (' (j) x I'r(i)) N {x2 = x3} to the smooth quasi-projective

variety X x X. Then we have that the map a +— np I ik (a) defined on I'(i, j, k)
ij TG )

is constant. Therefore, 1; jx =n (a) denotes the number of x € X such that

Pijlra,jk
(z,x), (x,w)) € T'g(j) x Tr(@), fé)r(é{ )generic point (z, w) € I'(i, j, k). Define the
composition F o G as the holomorphic correspondence determined by the holomorphic
1-chain
NG.j)
IroG = Z Z nim;n; kLG, Jj, k).
ij k=1

Note that the supp I'pog = Ui’j Ajj.

Setd(F) := ) _; n; deg(mz|r (). We have that d(F o G) = d(F)d(G). Thus, in partic-
ular, for every integer n > 1, we have that d(F") = (d(F))". We call d(F) the topological
degree of F, and it corresponds to the number of preimages of a generic point under F.

If F is an irreducible holomorphic correspondence over X with graph"and ¢ : X — C
is a continuous function, then
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* — S
Fo@= ) @ We)
(zw)em|r  (2)

is continuous as well, see [11, Lemma 1.1]. Now let F be a holomorphic correspondence
that is not necessarily irreducible, with graph I'r = >, n;I'(i). We denote by F; the
holomorphic correspondence induced by I'(i) and we put

v if(z,w) € I'(0),
VE (2, w) = | IO
0 otherwise,

and vp := ) _; n;jv,. Then for every continuous function ¢ : X — C, the map

i Y vrwew) = Y (Znim(z, w))go(w)

weF(z) we f(z) i

= Z n; Fi .o (w)

is also continuous.

The holomorphic correspondence F induces an action F; on finite Borel measures p by
duality, namely (Fyu, @) := (u, F*@), called the push-forward operator and the resultant
measure F,u is the push-forward measure of p under F. We define as well the action
F* = (F~1),, called the pull-back operator and the resultant measure F*y is called the
pull-back measure of  under F. This action on measures agrees with the action on points

F*s::= Y vp(z, w)u,
weF(z)

where 8, is the Dirac delta at z.
To see this, note that for every continuous function ¢ : X — C,

< Z vp(z,w)3w,ga>= Z VE(z, W) {w, @)

weF(z) weF(z)

= > ez wew)

weF(z)
=/< Z vp(;“,w)cp(w))d&(f)
weF(¢)
= (3, Fup)
= (F*8;, 9).

2.2. The family {F,},. Let Q(z) € C[z] be a nonlinear polynomial. The deleted cover-
ing relation of Q on C x C is defined by w € Cov(?(z) if and only if

_ 0@ —0w) _

Po(z, w) :
0(z, w) —

0. 2

Note that the denominator ‘deletes’ the obvious association of z with itself in the equation

Q(z) = Q(w).
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In this section, we will identify C with the complex projective line when it is convenient
to work with homogeneous coordinates (z : w).

PROPOSITION 2.1. Put Q(z) := z° — 3z. The closure of the relation in equation (2) is an
irreducible quasiprojective complex variety Ty of C x C of dimension 1. Moreover, the
projections i |r, and 2 |r, are both surjective and of degree 2.

Proof. Note that Pg(z, w) = 22+ zw+ w? —3 and consider Po(z,w) as a single
variable polynomial in (C[z])[w]. Then its discriminant —3z2 + 12isnota square in C[z].
Therefore, Pg(z, w) is an irreducible polynomial, and hence

Z:={(z,w) € C x C |Py(z, w) = 0}

is an irreducible subvariety of C x C.

Now we want to describe the closure Z of Z in C x C. Observe that if we fix
z € C, then limy—, o0 Pg(z, w) = 0o, and if we fix w € C, then lim,_, o, Pg(z, w) = o0.
Therefore, there are no points of the form (z, c0) or (oo, w) in Z. Given R > 0, let
z € C be such that |z| = R. Observe that Pg(z, -) € C[w] is non-constant and therefore
has at least one root in C. Let w € C be a root. Then (z, w) € Z and we have that
lw? — 3w| = |Q(w)| = |0(z)| = |z> — 3z = R? — 3R. By taking R — oo, we get that
(z, w) = (00, 00). Therefore, Z = Z U {(c0, 00)}. In particular, Z extends the relation
given by equation (2) from C x C to C xC.

Take the homogenization

T(z,x,w,y) = zzy2 + zxwy + x2w? — 3x2y2

of Pg(z,w), so Pg(z,w) =T(z,1, w, 1), and note that T(Aiz, A1x, Arw, A2y) =
A%X%T(Z, x, w, y). Thus, for the closed subvariety

To:={((z:x),w:y) e CxC|T(zx,w,y) =0}

of C x @, we have that I'g = Z. To prove that I'y is irreducible, note that each of its
irreducible components intersecting C x C must be a closed subset of I'g containing I'g N
(C x C) = Z, and therefore it is 'y itself. Thus, ' has only one irreducible component
and hence it is irreducible.

We proceed to show I'g has dimension 1. Observe that the polynomial 7' (z, x, w, y)
is irreducible in C[z, x, w, y], as whenever S(z, x, w, ¥)|T(z, x, w, y) in C[z, x, w, y],
then S(z, 1, w, 1)|Pg(z, w) in C[z, w]. Therefore, the zero set Z(T) C C? x C? of T is
an irreducible hypersurface of C2 x C2, and hence it has codimension 1. Now let p : C2 \
{0,0)} — C be the projection sending (z, x) — (z : x). Note that in the chart

Ui = {(z, w) € C2\ {(0, 0)}|w # 0},
the map p is simply (z, w) — (z/w : 1), and in the chart
Uz = {(z, w) € C*\ {(0, 0)}|z # O},

it becomes (z, w) — (1 : w/z). Let p : (C? \ {(0, 0)}) x (C? \ {(0, 0)}) — C x C be the
map defined by p((z, x), (w, y)) = (p(z, x), p(w, )). Then plz): Z(T) - Iy is a
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regular map between irreducible varieties, and p|zr) has constant fiber dimension equal
to 2, as T is homogeneous in (z, x) and in (w, y). Therefore,

dim Tg = dim Z(T) — dim p|zr) " (2, w) = 1.

Finally, observe that the polynomial equation (2) has at least one and at most two
solutions for every z € C, and by symmetry, the same holds for w € C. Note as well that
00 is in correspondence with and only with itself. Thus, the projections 1|r, and 2|1, are
both surjective. Moreover, Pg(1, 1) = Pg(1, —2) =0, and hence Py (1, w) has exactly
two solutions. Therefore, deg(ry|r,) = deg(rz|r,) = 2. O

Remark 2.2. Proposition 2.1 holds for a large class of polynomials Q(z). Observe that no
polynomial can have Q(z) = Q(oo) for a finite number z. Therefore, following the proof
of Proposition 2.1, we conclude that to get an irreducible holomorphic correspondence,
it suffices to prove that Pg(z, w) is irreducible over C. This holds under fairly general
conditions. For instance, this is the case when Q is indecomposable and not linearly related
to either z" or a Chebyshev polynomial (see [21]).

On the other hand, note that whenever Q = R o S with R and S of degree greater than
1, then Ps(z, w) divides Pg(z, w), and therefore Pg(z, w) is reducible.

Proposition 2.1 says that I'¢ is the graph of an irreducible holomorphic correspondence,
where I'g is a quasi-projective variety and mi|p, : I'g — C is a finite and surjective
morphism over C, and hence we can use our definition of pull-back and push-forward
operators induced by the correspondence on finite measures. We call this correspondence
the deleted covering correspondence of Q, denoted by Cov(()2 as well. That is, COVOQ is the
holomorphic correspondence on C x C such that FCov(? = I'g. From now on, we always

consider Q(z) = z° — 3z.
Now take a € C\ {1} and letJ, : C — C be the involution

(a+ 1)z —2a

@ ==t

The composition of COV(()2 with the involution J, is again an irreducible holomorphic

correspondence F, :=1J, o CovoQ on C x C with graph I', for which we can use the

pull-back and push-forward operators above as well. Note that d(F,;) = d(F, 'y =2 and

.7-'[,—1 = CovoQ ol, =1, 0F,0],, since Cov(c)r] = COV(? and J;l =1J,.

Set ¢,(z) == (az+ 1)/(z+ 1). Then ¢a_1 o F, o ¢, is a holomorphic correspondence
onC x C that, restricted to (@ \ {—1}) x (@ \ {1}), induces the relation given by equation
(1). Thus, (z, w) € (C\ {—1}) x (C\ {1}) satisfies equation (1) if and only if w € F,(z)
[4, Lemma 3.1].

Observe that ]—'a’l(l) = Cov(?(Ja(l)) = Covg(l) = {1, =2}, independent of a € C\
{1}. In particular, 1 € Per;(F,) and we say that 1 is a fixed point of F,.

2.3. Critical values. In this section, we will discuss what parts of the graph of F, are

locally the graph of a holomorphic function, by defining and finding all critical values and
ramification points of I',. This will be used in §4 to find the exceptional set.
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Definition 2.3. Let I" be the graph of an irreducible holomorphic correspondence on @,
and put

A;(I") := {a € I'| for all open neighborhoods W of o, 7 j|wnr is not injective},

for j =1,2and B;(I') :==m;(A;(I)).
We extend the definition to holomorphic 1-chains I' = ), n; T'(i) by

Aj(D) = JA;(CG) and B;(I) = m;(A;()).

We call A;(TI") the set of ramification points of the holomorphic correspondence associated
to I', and B, (I") the set of its critical values.

Note that A;(I") = t(A2(I'"1)) and A»(T) = ((A;(I'" 1)), where ¢ : C x C — C x C
is the involution ¢(z, w) = (w, z).

Suppose T is the graph of a holomorphic correspondence on C. Let g:Q2— Chbea
holomorphic function defined on a domain 2 of C, whose graph Gr(g) is contained in one
of the irreducible components I'(i) of I". If a € Q is a critical point for g, then (a, g(a)) €
Ax(I'(i)) C Ax(T") and therefore g(a) € Bo(I'), i.e., the critical value m|r () () = g(a)
of the function g is a critical value for the holomorphic correspondence associated to I', as
well.

On the other hand, if « ¢ A1(I"), then there exists a holomorphic function g : 2 — C
defined on a neighborhood 2 of a = 7 («), such that (a, g(a)) = «, and Gr(g) C I'(i)
for some i. If in addition o € A>(I"), then g is not locally injective at a, and therefore
g'(a) = 0. Therefore, a is a critical point of g and 7> () = g(a) is a critical value of g.

If we denote by CritPt(g) the set of critical points of g, and by

CritVal(g) := {g(a)|a € CritPt(g)}

the set of critical values of g, then we get a motivation for the name ‘critical values’ in
Definition 2.3 by the containment

BM\BMcl ) |J Critvalg).
i Gr(g)cl'()
where the first union runs over the irreducible components of I and the second union runs

over all the holomorphic functions g : Q2 — C whose graph Gr(g) is contained in I"(i).

PROPOSITION 2.4. For every a € C\ {1}, we have that

N [N NN )
1 4 2 2
v (e ) (B () e

As a consequence, B1(I'y) = {00, =2,2} and B(I'y) = {(a+1)/2, (4a +2)/(a + ),
2/(3 — a)}. Moreover, T, is smooth at all points except (00, (a + 1)/2).

and

To prove this proposition, we first prove the following lemma.
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LEMMA 2.5. Foreacha € C\ {1},
AI(FCOV(?) = {(007 00)7 (_2’ 1)» (27 _1)}
and

Ay (T = {(00, 00), (1, =2), (=1, 2)}.

Con )

Thus, Bi(T' ¢, 0) = {00, =2,2} and By(' ¢, 0) = {00, 1, =1},

Proof. Differentiating the equation Pg(z, w) =0 with respect to w, we get that
0w Po(z, w) = 7 4+ 2w vanishes if and only if w = —z/2. Also, Pg(z, —z/2) =0 if
and only if z = £2. Therefore, dw/dz exists on C\ {—2,2}. Thus, by the implicit
function theorem, for every (z, w) € FC 0 such that z € C\ {—2, 2}, there exists a
domain €2 containing z and a holomorphlc function g : Q — C such that g@)=w
and Gr(g) = FCOVOQ N U, for some open neighborhood U of (z, w). In addition, the

function g will be locally injective at z if 9, Pg(z, w) = 2z + w is non-zero. Therefore, if
(z, w) € FCOVQ satisfies that both z and w are different from £2, then (z, w) ¢ Az(FCOVQ).
0 0

On the other hand, observe that the only points (z, w) € FCOVQ with z = £2 are (-2, 1)
0

and (2, —1). In particular, w # £2, and by the symmetry of the above argument, we can
use the implicit function theorem to obtain a neighborhood U of w and a function g :
U—C satisfying Gr(g) C FC 0 and g(w) = z, and such thatyr2|r 00 is injective in the

neighborhood (g(U) x U) N FC Q of (z, w). This proves that nelther ( 2, )or(2,—1)
belong to Az(l‘C Vq) Since the only points (z, w) € FC .Q with z = £1 are (1, —2) and
0 0
(—1, 2), and since Foove\ (C x C) = {(00, 00)}, we have that A»(I" . ) is contained in
oV, Cov,

{(009 OO), (1’ _2)’ (_1, 2)}

We will check that for every neighborhood W of (0o, 00), (1, —2), and (—1, 2), we have
that 7T2|WﬂI“C o is not injective. Let Wi, W2, and W3 be open neighborhoods of (oo, 00),

(1, =2), and (—1, 2), respectively. Then there exists 7 > 0 such that forevery 0 <t < T,
1 1 4 1 1
N\ xtV3/—-=—-—=-4+-4+2),-2—-]€T N Wiy,
(2( V3 12 t+t+ ) t) Covg :

1
(5(1 V3V 12—t 1 +2), -2 — z) € [ 0N Wa,
0
and
1
<§(i~/§ 4t—t2—|—t—2),2—t> € T N Ws.

We conclude that A2(FCOVQ) = {(00, ), (1, =2), (—1, 2)}, and by the symmetry of
0
CovOQ, Al(FCOVQ) = {(oc0, ), (=2, 1), (2, —1)}. We conclude that
0

By(Tg,,0) = (00, =2.2) = Bi(T g, 0). O
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Proof of Proposition 2.4. Since F, =], o CovoQ and J,; is an involution, we have that

AjTa) ={z Ja(w)) : (2, w) € A; (T, 0)},

Coyv,

for j =1, 2. Using Lemma 2.5, this gives us equations (3) and (4), and thus B;(I'y) =
{o0, —2, 2} and

1 4 2 2
Br(T) = {J4(00), J,(—2),1,(2)} = {a + a+ }

2 "a+5’3—-a
In addition, observe that locally, I';, is either a function on z or on w for all (z, w) € [,

with z # o0, then the only point that can be irregular is (0o, (a + 1)/2). Indeed, this point
is irregular, as the curve given by the points

1 1 4 1 1
—(+vV3,/-—=——+-42),—2—-)erT
(2( 12 t+t+ ) t) Covy
self-intersects at (0o, co) with an angle of 27 /3. In other words, there are two functions

z(w) which intersect with different derivatives, which makes (0o, 0o) an irregular point of
I ,@- Thus, passing through the involution J,, we get that (0o, (a + 1)/2) is an irregular
0

point of T',. O

Remark 2.6. The correspondence CovOQ, and hence F,, sends open sets to open sets.

Indeed, let U C C be open and take wg € CovOQ(U ). Then there exists zo € U for which

(zo, wo) € FCOVQ. We will prove that Covg(U ) is open by showing that in all the cases,
0

wo € int(Covg (V).
e Suppose (zp, wp) ¢ Al(FCOvoq). By Lemma 2.5 and since (Cov(?)*l(oo) = {00}, we

have that wg 7# co. Moreover, there exists a holomorphic function g : 2 — C on an
open subset 2 C U, and (zo, wp) € Gr(g) C FCOVQ. Furthermore, FCOVQ is irreducible
0 0

and COVOQ is not constant, so g is not constant. Thus, g is open and then wg € g(2) C

int(Covy(U)).
e Now suppose (zg, wp) ¢ A2(FC0vq). By Lemma 2.5 and since Covg(oo) = {00}, then
0 ~ ~
z0 7 oo and there exists a holomorphic function g : 2 — C on an open subset 2 C C
so that (zg, wo) € t(Gr(g)) C IoonQ- Since g is continuous, then g_l(U) is open and
0
wo € g1 (U) C int(Cov(U)).
e Finally, if (zg, wo) € Aj (FCOVQ) N AZ(FCqu), then Lemma 2.5 implies that
0 0

(zo, wo) = (00, 00). For each r > 0, put U, :={|z| > r} U{oco}. To show that
o0 € int(CovOQ(U)), we will show that for every R > V3, Usg C COVOQ(UR). We
proceed by the contrapositive. If Pg(z, w) = 0 and |w| < R, then

27 = 13— 2w — w?| < 3+ Jzljw| + [w]* < 2R? + [zIR.

Hence, |z|> — R|z| —2R? < 0 and |z| < 2R. This implies that for every R > V3, we
have that Cov(?(Uz Rr) C Ug. By the symmetry of Cov(?,

Usg C Cov(Covd(Uag)) C Covi (Ug).
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-----------------------

FIGURE 1. Klein combination pair for |[a — 4| < 3.

Moreover, if R > /3 is large enough so that Ur C U, then
00 € Usg C int(CovQ(U)).

Therefore, COVOQ sends open sets to open sets. Since the involution J, also sends open sets
to open sets, then so does F,.

2.4. Klein combination pairs. In this section, we will define the set /C of parameters we
will consider for our family.

Definition 2.7. A fundamental domain for an irreducible holomorphic correspondence F
is an open set A r that is maximal with the property that Ar N F(Afr) = O.

Definition 2.8. We say that a pair (ACOVQ, Aj,) of fundamental domains for Cov(()2 and
0
Ja, respectively, is a Klein combination pair for F, if both A, o and Ay, are simply
0

connected domains, bounded by Jordan curves, and satisfy

ACOVOQ UAj, = C \ {1}.

We define as well the Klein combination locus K to be the set of parameters a € C \ {1}

for which there exist a Klein combination pair.

In [4], for |a — 4| < 3, a # 1, the authors found a Klein combination pair for F,, where
A0 is given by the right side of the curve
0

ve{(ea) el

and Aj, is given by the exterior of the circle passing through z =1 and z = a with
diameter contained in the real line.
This pair (A Aj,) is composed by simply connected fundamental domains for

t €0, oo]} = Covg((—00, —2]),

Cov(?’
CovoQ and J,, respectively, whose boundaries are Jordan curves, smooth except from
3ACOVQ at (0o, 0o) (see Figure 1 and [4, Proposition 3.3]). In particular,

0

faeCl|la—4] <3}\ {1} C K.
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From now on, whenever a € I, we denote by (A
for F,.

The following remark will be useful to prove that F, is not modular, and later to analyze
the asymptotic behavior of F.

Co®’ Aj,) a Klein combination pair

Remark 2.9. Leta € K.
(1) Note that F,(C \ Ay,) € C\ Ay, and F,((C\ Ay,) \ {1}) c C\ Ay,. Indeed,

da + 2
a+5 ]

Fa(1) = Ja(Covd (1)) = Ja ({1, —2}) = {1,

From Remark 2.6, we have that Cov8 sends open sets to open sets. In par-
Con0r 85 1 ¢ COV(?(ACOVS) =C\ A, 0 By the
Klein combination pair condition, this implies that —2 € Aj_, and thus J,(=2) =
(4a +2)/(a +5) ¢ Aj,. Since we also have that 1 ¢ Aj, , we have that

ticular, —2 cannot belong to A

Fa(1) c T\ Ay,

However, for z € C \ Aj

a’

z # 1, we have that z € ACOVQ. Therefore,
0

Covg(@) € C\ B0 C Ay,
and thus, since J, is an involution fixing 0 Aj,,
Fu(z) =Jq 0 Covi(z) Cla(Ay,) = C\ Ay,

In particular, Aj, \ Fo(C \ Ay,) # @.
(2) Observe that fa_l(A]a) C Aj, and fa_l(A__]a) C Aj, U{1}. Indeed, for every
z € Aj,, we have that J,(z) € (C\A_JHC ACOVQ. From Remark 2.6 and since
0

(A CovQ? Aj,) is a Klein combination pair, then
0
o N QT A Q OV A -
Fy (z) = Cov(C\ Ay,) C Cov, (ACOvoq) c C\ ACovS C Aj,.

Furthermore, for w € Aj,, we have that

F ' w) € CoviUa(Ay) € Covi(C\ Ay,) C COVOQ(ACOVOQ) cC\ Aoy CAy,.

3. Clasification of the family {F,},

In this section, we prove that F, is weakly modular but not modular, for every a € K. In
addition, we prove that it does not satisfy the required conditions for the equidistribution
result [1, Theorem 3.5]. All together proving Theorem 1.1.

3.1. Modularity and weak modularity.

Definition 3.1. Let G be a connected Lie group, A a torsion free lattice, and K a compact
Lie subgroup. Let g € G be such that gAg~' N A has finite index in A. The irreducible
modular correspondence induced by g is the multivalued map F, on X = A\ G/K
corresponding to the projection to X of the map x — (x, gx) on G — G x G. Denote
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by I'y the graph of F,. A modular correspondence F is a correspondence whose graph is
of the form }°; n; T, for 'y, as before.

The following definition was introduced by Dinh, Kaufmann, and Wu in [15].

Definition 3.2. Let X be a compact Riemann surface and let F be a holomorphic
correspondence on X with graph I' such that d(F) = d(F~!). We say that F is a weakly
modular correspondence if there exist Borel probability measures p1 and p on X, such
that

@rir) 1 = (i) 1.

Remark 3.3

(1) Let F be amodular correspondence that is also a holomorphic correspondence. Then
it is always the case that

d(F) =Y njlA:giAg; NAI=) njlA:g; AgiNAl=d(F ).
i i

(2) With the notation in Definition 3.1, let A be the direct image on X of the finite Haar
measure on A \ G. Then, (l/d)(Fg)F;k = X and if we put u; = uy = A, we get
that

@@ilr) 11 = (r2lr,)* pa.

Therefore, modular correspondences are weakly modular.
(3) The measure A above is Borel, invariant under Fg, and assigns positive measure to
non-empty open sets.

Proof of Theorem 1.1 part 1. Observe that the graph I' , o of the correspondence CovoQ is
0
symmetric with respect to the diagonal D = {(z, z)|z € C},as z € Coon(w) if and only if

Q ... . ;
w € Covy(z). Let m be any positive and finite measure on FCOVOQ, and¢: I o — FCOVOQ

the involution ¢(z, w) = (w, z). Take

* *
mo = (7 big m—i—t*(f( ) (7'[ ) m.
0 ( 1 |FC0VOQ) ( 1 |FC0VOQ ) * 1 |FC0VOQ 1 |FC0VOQ *

The measure m( is symmetric in FCOVQ in the sense that ¢*m’ = m’ and moreover
0

* *
T T mo = (7w b4 mo. 5
( 1|FC0V(?) ( 1|FC0V8)* 0 ( 2|FC0VOQ> ( 2|FC0V8)* 0 ( )

After normalizing if necessary, this proves that COVOQ is weakly modular with measures
wy = (m |rC o)+mo and Wy = (JT2|rC o)+Mmo. Our goal is to show there are probability
OVO OVO

measures (1 and @y on C such that
@ilr,) = (r2lr,) 12, (6)

where I, is the graph of the correspondence F, = F, o Covg.
Put o == (Jo)* 1, = (Jo)« 1y, and observe that by symmetry of J,, we have that

2l 12 = (alr,)*Ja) s = (Ja omalr,) ih. (7
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Now let f; :CxC—CxCbe given by f;(z, w) = (z, J4(w)). Observe that whenever
(z, w) € ' o, then (z, Jo(w)) € I'y and
0

Ja amalr, )@ w) =Ja(w) = (m2r, 0 o). w). (8)
OVO

On the other hand, lrc 0© .f;(z, w) =m1|r,(z, w) with multiplicity 2. This, together
OVO

with equations (5), (7), and (8) yield
mlr,) 2 = () alr_ o) iy = T @ilr, o) 'uy =20lr ) *uy. ©)
OVO OVO OVO

Observe that 1 :=2u) and uy both have 2 times the mass of w; and py. After
normalizing, equation (9) proves that F, is weakly modular, as desired.

To check F, is not modular, we will prove that no Borel measure A on C that
gives positive measure to non-empty open sets can be invariant under F,. Suppose by
con/tfadiction that ,)l is such a measure satisfying %}';“k = A. In particular, we have that
AU(C\ A7) \ F4(C\ Aj)) = 0. On the other hand, note that

Fo(C\ Ay,) =malr, (T, N ((C\ Ay,) x ©))

is closed in C. By Remark 2.9 part (1), (@ \ A3\ Fa (@ \ Aj,) is open and non-empty,
contained in (C \ Aj,) \ F4(C\ Ay). This contradicts part (3) of Remark 3.3, as A cannot
assign 0 measure to open sets. O

Remark 3.4. For a (d, d) holomorphic correspondence F on compact Riemann surface X,
the operator (1/d) F* acts on the space L%l,O) of (1, 0)-forms with L? coefficients. In [15],
the authors showed that the operator norm satisfies || (1/d) F*|| < 1, with strict inequality
for non weakly modular correspondences. This strict inequality is a key factor of their
equidistribution result. However, this is never the case for F = F,, a # 1. We claim that

1372 = sup {3758 2|6 € L3 o) I0ll2 = 1} =1,

and furthermore that the supremum is attained. To prove this, we use that || (1/d) F*¢| ;2 =
l@ll;> for ¢ € L%l,O) if and only if for every U C X \ B1(I') and for every pair of local
branches fi and f> of F on U, the equality f;"¢ = f;'¢ holds on U (see [15, Proposition
2.1]).

Observe that the form ¢(z) = ¢~12®! 4z belongs to L%l 0) for Q as in §2.2. Let

UccC \ B1(I',@)- Then the deleted covering correspondence COVOQ sends z to the values
0

w for which (Q(z) — Q(w))/(z — w) = 0. Hence, any two local branches f; and f> of
k

Covg satisfy f1'¢(z) = Q(z) = f; ¢(z), and thus ||% Cov(()2 || = 1. Now note that J, is an

involution, and hence J has operator norm 1. Thus we can conclude that || %]—'j” =1as

well, with supremum attained at ¢.

3.2. Limit sets. In this section, we define limit sets and give some properties. We
will also prove that the application listed in [1, §7] does not hold for our family of
correspondences, and hence this is a new case to study equidistribution.
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Remark 3.5. From Proposition 2.4, observe that 1 ¢ Bi(I';), and hence there is a
holomorphic function g whose graph contains (1, 1) and is contained in I',. After the
change of coordinates ¥/ (z) = z — 1, the function g has Taylor series expansion

a—="T

¥ — 0
g (z)—z+3(a_1)z +

whenever a # 7, and

1
2 — A
g7 () z+27z+

for a = 7 (see [4, Proposition 3.5]). In particular, g¥ has a parabolic fixed point at 0 with
multiplier 1.

In [4, Proposition 3.8], the authors showed that for each a € I, after a small per-
turbation of BACOVQ and dAj, around z = 1, we can choose a Klein combination pair
0

(A/C o» A7) so that 3A/C o and A} are both smooth at 1, and transverse at 1 to the
oVg a oV, a

line generated by the repelling direction at z = 1 for a # 7, and to the real axis in the case
a="17.

Fora € K and (A Aj,) as above, we define

Covg ’

o0 o0
Aag =) FAC\A)) and Ag- =) F"(A])
n=0 n=0
to be the forward and backward limit set of F,, respectively. These sets do not depend on
the choice of the Klein combination pair (A’C o» A} ) as above.
oV a

LEMMA 3.6. Let a € K. We have that:

(1 Ja(Aa,:I:) = Aa,:F and Ja(aAa,:I:) = aAa,:F;

@ Aa N At = (1) R

(3) ifz ¢ Ay, then there exists n > 1 so that F)!(z) C C\ A’a, and if 7 ¢ Ay 4, then
there exists n > 1 such that 7" (z) C A/a ;

@ F'(Aa-) = Ao and F7' (0N, ) = dA4—; and

(5)  Fa(Aa+) = Nat and Fa(0Aa+) = Aq 4

Proof. Since J, is an involution sending A}a and @\A}a to each other, and since
Jg oF)} = F;" o], then

o0 o
Ta(Aa) = [VJa oFJ(@C\ AL = [ Fu" 0JaC\ A}) = Aq
n=0 n=0

and applying J, to both sides, we also get J,(A,—) = Ay +. Moreover, since J, is
continuous, note that

Aa-NAas C A N(C\ A} =04,

Since (A’ o, A} ) is a Klein combination pair, C\ A, C A’ ,,s03dA, C A .
( COVOQ J“) P \ Ja C()VOQ Ja CovoQ
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If z € Aé o» then Covg(z) cC\ A, and Fuz) =T, 0 COVOQ(Z) C A} . This is a
OVO a R a
contradiction, as F,(z) must belong to A, + C C\ A] as well. Again, since (Aé 0 A1)
a oV a

is a Klein combination pair, we have that z € 8A/C o N dA; = {1} and we conclude that
oV, a

Aa— N Agy = {1}.

We prove part (3) by the contrapositive. Suppose that for all n, there exists w € F (z) N
(@\ Aju), then z € F'(w) C FJ (@\ Aja) for all n. This implies that z must belong to
Ag4.—. The other case is analogous.

It is immediate from the definition of A, _ and from part (2) of Remark 2.9 that

Fo'(Ba-) = Aa. (10)
From this and Remark 2.6,
F N nt(Ag2)) Cint(F, ! (Ag,—)) = int(Ag,—). (11)
Observe thatif z € dA,— \ {1} C A/Cov(?’ then

Fa(2) = Ja(Cov () C Ju(©) CJa(A),) C T\A].
Since A, — C A_/a, then we conclude that
Ag— N E)Aja = {1}. (12)

Putw € 9A,_and 7 € ]-'a_l(w) C A4,—. We will show that z € d A, — by the contrapos-
itive. Suppose w # 1 and z € int(A,,—). Then equation (12) implies that

w € Fu(int(Ag,-)) N A .

From Remark 2.6, and the fact that A/Ja is open, we have that F,(int(A,—)) N A}a is
open. Moreover, for each 7z’ € int(A,,—), the set F,(z) consists of a point in A}a and
one in C \ Aj,- Since the one in Aj is actually in A, by definition of A4 —, then
Fa(int(Ag—)) N A}a C Ag—. Then w € int(A4 ). This proves that

F Y OM-) C Aa. (13)

As for w = 1, we have that z € ]-'a’l(l) ={-2,1}. We know 1 € dA, _, so it suffices
to show that —2 € A, — as well. Let U C C be an open neighborhood of —2. From
Remark 2.6, we have that F,(U) is an open neighborhood of 1. Since 1 € 9A o and
BAja is a Jordan curve, then there exists a point w’ € U N JA] x w’ # 1. We have that
Fa@Ay \ {1} C C VA .80 F, 1(w") consists of two points, 7, z” € C \ A", with
a Cov, Cov,
7 € U. We will prove that 7’ ¢ A,_ by showing that F,(z') N A,_ = &, and thus
—2 € Ay~ \int(Ay—) = 0A, —. Indeed,

Fa(@) =Ja({2", Ja)}) = Ja @), w'} C T\ Aj, .

From part (2) of Remark 2.9, we have that 7’ ¢ A, _, and —2 € dA, _ as desired. This,
together with equations (10), (11), and (13) prove part (4).
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We have that part (1) of Remark 2.9 together with the definition of A, 4+ prove that
Fa(Ag+) = Ay +. To prove the rest of part (5), we use part (4) together with the fact that
Fa=1,4 o]-"a_1 oJgand J,(0A4+) = A4 7, as ], is a continuous involution. Thus,

Fa(@Aay) =14 0.7:;1 0J,(0A44) = Ja(fl;l(E)Aa,_)) =Js(0A4—) = 0N, +. O
The following definition is from [1, 26].

Definition 3.7. Let F be a holomorphic correspondence on X. We say that R C X is a
repeller for F if there exists a set U such that R is contained in the interior of U, and

R = ﬂ K,
KER(U,F*I)

where
AW, F Y ={K c X|F""(K) c K and F"(U) C K for some n > 0}.

Bharali and Sridharan proved an equidistribution result similar to that in this paper [1,
Theorem 3.5] for correspondences having a repeller. Moreover, in [1, §7.2], they showed
that there is a set of pairs (a, k) for which their result can be applied to the correspondence

az+1\? az+1\[aw —1 aw — 12
+ + = 3k.
z+1 741 w—1 w—1
For these correspondences (studied by Bullett and Harvey in [8]), there is a set A, —
analogous to that presented here (see [7] for the general definition of limit sets). For
the pair (a, k) to work for their theorem, it is crucial for 9 A, — to be a repeller for the

correspondence. Nevertheless, part (2) of Theorem 1.1 says this never happens for k£ = 1
and |a — 4| < 3.

Proof of Theorem 1.1 part (2). Let U C C contain dA,4— in its interior. We have that
1 € dA,,— and is a parabolic fixed point of the function g whose graph is contained in I',,
described in Remark 3.5. Take an attracting petal P at 1 so that P C U. We first show that
every K € R(U, ]-"a_l) contains dA,— U P. Indeed, for every K € &(U, ]-"a_l) and some
integer n > 0,
PcCcg"(P)ycCF,"(P)c F,"(U) CK. (14)
Moreover, from part (4) of Lemma 3.6, we have that

A, C F,"(U) CK. (15)

Putting equations (14) and (15) together, we get thatevery K € K(U, F, 1Y contains the
union A, — U P, and therefore so does the intersection over all K. Since int(dA, ) = &
and int(P) # &, we have that

Ao GCOA,-UPC [) K.
KeRWU.F N

Since U is arbitrary, we conclude that d A, — is not a repeller for F. O

https://doi.org/10.1017/etds.2023.33 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.33

Equidistribution for JF, 877

4. Exceptional set and periodic points
In this section, we will define a two-sided restriction of JF, and prove it is a proper
holomorphic map of degree 2. We will find its exceptional set and that of F,. This will
be important for the next section, as it is the set of all points that may escape from the
equidistribution property given in Theorem 1.2.

The following definition is classical.

Definition 4.1. Let f : U — V be a holomorphic proper map, with U, V open, U C V.
For z € U, we denote by [z] the equivalence class of z by the equivalence relation

w ~ z < there existn, m € ZT U {0}, f"(w) = f"(2).

We say that z is exceptional for f if [z] is finite, and we call exceptional set the set £ of all
points that are exceptional for f.

Put a € K and denote by f, the two-sided restriction 7| : F, 1 (Aja) — Aja, meaning
fasendseach z € F,! (A],) to the unique point in F,(z) N A} . This it is a single-valued,
continuous, and holomorphic 2-to-1 map (see [4, Proposition 3.4] and Theorem 4.2 below)
that extends on a neighborhood of every point z € 0.F, I(A]u) \ {—2}. In particular, f,
extends around z =1 and f,(1) = 1. Since A}ﬂ is open and f, is continuous, then
]-"a_l(A}u)(z fa_l(Aja)) is open as well. Note that the analogous of part (2) of Remark
2.9 holds for Aja and A/C o instead, using the definition of Klein pair and the fact that J,,

is open. Thus, fa_l(Aja) - A}a.
The following theorem is the main result of this section.

THEOREM 4.2. For each a € K, we have the following.

(1) The two-sided restriction f, : F, 1(Aﬁa) — A/Ja of Fq is holomorphic and proper,
of degree 2. L

(2) The map f, has a critical point if and only if2 € C \ A}a. Furthermore, in that case,
we have that the critical point is —1.

(3) The exceptional set £, _ of fa is non-empty if and only if a =5. In that case,
Ea— =1{—1}

Computing images and preimages under F,, we see that when a = 5, we have that
O —1 + 2 O. In the following section, it will be useful to use the full orbit of £, — under
Fa, meaning
e ifa #5,
|i-1,2) ifa=5.

a -

Proof of Theorem 4.2. We first show part (1). Observe that oo and J,(o0) lie on opposite
sides of E)A}a. Therefore, (oo, (a + 1)/2) ¢ (]'—a_l(Aﬂa) X Aja). In view of Proposition
2.4, this implies that for every

(z0. wo) € Gr(fa) = (F; '(A],) x Aj)N Ty,

there there exists a neighborhood U of (zp, wg) such that U NI, is the graph of
a holomorphic function either in z or in w. Therefore, Gr(f,) is an open subset of
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'y \ {(o0, (a 4+ 1)/2)}, which has no singularities. Thus, Gr(f,) is a Riemann surface and
fa 1s holomorphic.
It is clear that fa_1 (w) is compact for all w € Aj_, since

1< £ )l < |1F N (w)l < 2.

Moreover, f, is a closed map, and therefore a proper map. Indeed, let C C F 1(A3n)
be closed. Then C =C'NF, 1(Aja) for some closed subset C’ C C. Observe that
f.(C) = F,(CHN A}a and that

F(C) = my(Ty N (C' x C)).

By compactness of C, 5 is closed, and since both [, and C’ x C are closed subsets of
C x (C then F,(C") is closed. Therefore, f,(C) is closed in A and f, is a closed map.
We conclude f, is proper. Moreover, by definition of f,, every preimage z of a point
w e Aju belongs to the domain of f,, and f,(z) = w. Therefore, f, has degree 2, since
F4 has two preimages of a generic point in A}u.

We proceed to show part (2). Let zo be a critical point of f,. Then (zo, f4(z0))
belongs to

Ay(Ta) N (F,1(A]) x Af).

Observe that }";](Aju) C Aja and 1 ¢ A’u, so (1,1,(=2)) ¢ .Fgl(Aja) X Aja. Since
we also have that co and J,(c0) lie on opposite sides of 8Aju and from Proposition 2.4,
it must be the case that (zo, f;(z0)) = (—1,J,(2)). Thus, zo = —1 and J,(2) € A’a,
and therefore 2 € C \ A_ja To prove the reverse implication, note that whenever
2¢C \ A_’a, we have that J,(2) =2/(3 —a) € A/a, so there exists zqo € ]:a_l(Ai,) such
that f,(z0) = 2/(3 — a), by definition of f,. Thenzg = —1 € ]-"a_l(Aja) is a critical point
for f,, as f, has degree 2 and fa_l(Z/ (3 — a)) = {—1}. This proves that f, has a critical
point if and only if 2 € C \ A_ga, and the critical point is zop = —1.

Finally, we prove part (3). Observe that if w e fa_l(z), then [w] =[z], so
fa’l(S —) C &,— and thus, |fa’1(5 )| < |&.—I|. In particular, all points of £, _ must
have only one preimage under f,, and therefore, be critical. By part (2), if £, - # O,
then —1 must be fixed. We know f,(—1) =2/(3 — a), and therefore if £, _ # @, then
2/(3 —a) = —1. Solving the equation, we get that ¢ = 5. On the other hand, if a =5,
then2 € C \ A}a and therefore z9 = —1 is a critical point for f, that is fixed. O

Remark 4.3. Puta # 1, |a —4| <3, and (ACOVQ, Aj,) the Klein combination pair from
0

[4] described in §2.2. Away from z = 1, A/]a agrees with Ay . Let r be the radius of the

circle dAj,. Since the circle passes through a and has center (1 4 7), then 2 € C\ Aj, if

and only if r > % Equivalently, a ¢ E(%, %). Since 2 is away fromz = 1,2 € C \ A}a if

and only if a ¢ E(; 1) as well.

o If0O<r<jy, then f,: .ﬁjl(A}a) — A}a has no critical points and hence is an
unramified Covermg map. Since f, is a 2-to-1 map, the Riemann—-Hurwitz formula
yields
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X (FHAL)) = 2x(4)) =2,

where x denotes the Euler characteristic. Since f, has degree 2, ! (Aju) has at most
two connected components, each of them with Euler characteristic at most 1. It follows
that F 1(A}a) has exactly two connected components, each of them homeomorphic

to a disk.
o If %< r <3, then f, is a ramified covering of degree 2 with one critical
point at zp = —1, whose ramification index equals 2. Therefore, again by the

Riemann—-Hurwitz formula, we get that
X(F A =2x(A)) -2 - D=1

Let €2 be the component of F” ! (Aju) that contains —1. Then f|gq is not locally injec-

tive at —1, and therefore of degree 2. Therefore, F 1(Aja) =  has one connected
component, which is homeomorphic to a circle, and mapped 2-to-1 onto Ai,'

We finish this section by listing some properties of the periodic points of F,. To do so,
recall that for a holomorphic correspondence F on X,

Per, (F) = 1 (™ N Dy),
where '™ is the graph of F”* and Dy is the diagonal in X x X. Note that

Per,(F)={ze€ X|ze€ F'(2)} ={z € X|z € F"(2)}.

LEMMA 4.4. Foreverya € K, we have that:

(1) Per,(Fa) C Ag— UAgys

(2)  Ja(Per,(Fy)) = Per,(Fu);

(3)  Ja(Per, (Fu) N Ag+) = Pery(Fu) N Ay x; and
4) Per,(F,)N Aa,f = Per,, (f).

Proof. To prove part (1), suppose z € Per,(F,). If z € A_’a, then z € F kn(7y
Fi kn (A_ja) for all kK > 1. Since the sets F, k (A_jn) are nested and their intersection is
Ag4.—, then z € Ay —. On the other hand, if z ¢ A, —, by Lemma 3.6 part (3), there
exists m > 1 so that F'(z) C C \ A}H. A similar argument as above shows that for all k
sufficiently large, z € ]-"le (@ \ A_ja), which implies that z € A, 4.

Next, note that if z € Per, (F,), thenz € F,;"(z) and J,(z) € Jo(F,;"(2)) = F}(Ja(2)).
Therefore, J,(z) € Per,(F,) as well. Since J, is an involution, this shows part (2).

Recall from Remark 3.6 that J, sends the limits sets to each other. Therefore,
Ja(Per, (F4) N Ay—) = Per,(Fu) N Ay +, and again since J, is an involution, we also have
that

Ja(Pery (Fo) N Ag+) = Pery (Fo) N Ag,—.

This proves part (3).
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Finally, we prove part (4). We have that for each z € ]—'(;I(Aja) ully, 7, =
[ "(z) and part (1) implies that all periodic points of F, not in A, 4 must belong to

a

Ag,—. Since z € Per, (fy) ifandonly if z € f,"(z) = .7-";1 (2), then
Per,, (Fa) N Ag,— = Per,(Fq) N (le(Aja) U {1}) = Per,(fa). O

5. Equidistribution of {F},
In this section, we prove Theorems 1.2 and 1.3 using the results from [20, 24], together
with [4, 5].

Recall every rational map P4 of the form

Pia(z)=z+1/z+ A, (16)

with A € C, has critical points £1 and a parabolic fixed point at oo with multiplier equal
to 1. Now note that in the coordinate ¢ (z) = 1/z, we have that

Z

A2+ (A- P -
Pzl o Ae AT

Pi(z) =
near 0. Thus, z = 0 is a fixed point of P;f with multiplicity 2 if A # 0, and 3if A = 0. We
conclude that for A # 0, the parabolic fixed point has multiplicity 1, and 3 for A = 0.

For A € C\ {0}, let 24 be the basin of attraction of oo, and for A = 0, we make the
choice Q¢ = {x +iy|x, y € R, x > 0}. We define the filled Julia set of P4 as the set

Kp, =C\ Qq.

Remark 5.1. No periodic points of P4 live in 4. Indeed, it is clear that points in €24 for
A # 0 cannot be periodic, as their iterates converge to co. Moreover, it is easy to check
that if %(z) denotes the real part of z # 0, then R(P4(z)) = R(z)(|z|> + 1)/|z|>. Then Qo
is completely invariant and has no periodic points. Therefore, for all A € C, we have that
Per,(P4) C Kp,, foralln > 1.

LEMMA 5.2. For every a € K, there exists a measure (L with supp(i—) = dA4 — such
that

1
S (820 =
weakly, for all zo € Ay, \ €4 —.

Here, &, _ is the exceptional set of the two-sided restriction f, of F, that leaves A,
invariant, described in §4.

Proof. From the previous section, we can see that the two-sided restriction f, can extend
around 1. In [4, Proposition 5.2], the authors proved the existence of closed topological
disks V! and V, containing A, with V! = F.1(V,) C V, and satisfying most properties
for f, to be a parabolic-like map from V/ and V,. Moreover, from the proof of [4,
Theorem B], there exists a neighborhood U of A, —, A € C and a quasiconformal map
h:UNV,N— h(U)NV, such that ho f = P4 o h, where P4 is as in equation (16).
Such conjugacy sends A, — onto the filled Julia set Kp, of Py.
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From [20, 24], there exists a measure L4 on C supported on the Julia set Jp, of Py,
such that for all zg € C not in the exceptional set E of Pa, (1/2")(P})*8;, is weakly
convergent to [l 4.

Recall A, _ is the intersection of the nested compact sets F° ! (A_jn). Thus, there exists
N € N such that ]—'Z{(A_ja) cUnNnV,, foralln > N. Observe as well that h~Y(E) =
as elements in &, — must have only one preimage and /4 is a homeomorphism, and the
analogous holds for £ and ~~!.

Now take zg € A_ja \ &.—. Then, £, N(z0)=F,N(z0) CUNV,. Then for each
e fa’N(zO), we have that h(¢) ¢ E and (1/2")(P})*Sx(;) is weakly convergent to
fta. Note that 8y = h.d,, and therefore forn > N,

] 1 ! B 1
27 (P 8ney = 57 (h™" o PR)'S; = o (fi o h™ )8, Zh*(z_"(ff)*&)'

Since the left-hand side is weakly convergent to fi4, then (1/2")(f})*8; is weakly
convergent to p_ = h*i 4, which is supported on 4~ (ij) = dA4,—. Thus,

1 _
=% 2 vfw@)zn 7 (a8,
refa™(z0)

is weakly convergent to ;. as desired. U

1
(85

Proof of Theorem 1.2. Let u_ be as in Lemma 5.2 and put pu4 = (J,)«u—. Clearly,
supp(it4+) = d A4 +. Denote by 6, the Dirac measure at zo. If zp € C \ (Ag— U &), there
exists ng € Z1 U {0} such that F,°(z9) N A_ja = & by part (3) of Lemma 3.6. In particular,
this gives us that F,,°(z¢) is contained in C \ A’a, and therefore F) (zo) C C \ A’a, for all
n > no. In addition, for every z; € ]—';'0 (20), Ja(zj) ¢ Ea,—. Thus, for such a zo, we get that

1 1 _
Z_n(Fg)*SZO - 2_” Z v7T1|r(ﬂ()) (ZO’ é-j)(]:;’l no)*(S{j
¢j€Fa° (z0)

1 1 n—n
= no Z vmlr(no) (2o, é‘f)zn —ng Fa 0)*8§J
IjEfZO(Zo)

1
( )
% Z vmlr(no) (20, é'/)2” no Ja O]: o, )*84“/
¢j€Fa° (z0)

1 1
= % Z v”1|F(n0) (Z(), ;j)(Ja)*(ZH o (]:n no) 8]a(§J )
tjeFa" (z0)

1
- 270 Z 1)7rl| ( )(ZO’ gj)(Ja)*M— = U+,
ro
£j€Fa° z0)

weakly, as n — oo, where I'"0) is the graph of F,°.
Now observe that the two-sided restriction f, of F, sends A, — to itself. Indeed,
note that the sets ]-';"(A}a) are nested and if f,(z) ¢ ]-'a_”(Aja) for some n € ZT, then

7 ¢ F"}_l(A_ga) D Ag4—. Note as well that —2 € .7-';1(1) and 1 € A;—, s0 =2 € A, .
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Define fu: Aqw — (C\ A} )U{1} by fo(z) =w, where F,(2)\ {fa(2)} = {w} for
z # —2, and fa(—Z) = fy(=2)=1forz € .Fa_l(l) \ {1}. Then for zo € Aq— \ &, We
have that 7 (z0) = { fa(20). fa(z0)}, and

1 1 1

3 Fa)sdz = 587u0) + 387,000

1, 1 ! !

3 )b = 78726 T 1070 suie T 3 Fa)sdf o

14 1 1 1 1,
3Fa)nds = 205300 T g070r 2o T T oo T 5 Fa)*8 o)

1 1 SR
27(72‘)*5zo = 2_,,6fa"(10) + Z E(‘Fg ])*Sfaofajfl(zo)'
j=1
Since (1/2")8 ¢,n(,,) has mass 1/2", then it is weakly convergent to a measure with zero
mass. Put

1 i 1 1 "
Hnj = 57 Fa Dabfopimiy A fin = o (Fdabzy = 58 pnc) = D n -
j=1

If we truncate the sum defining u, at N < n, we obtain a sequence uf,N) = Z?]:l Mn,j sat-

isfying ,u,gN) — Z?’ZI(I/ZJ')MJr = (1 —2"M)u, weakly. Let ¢ : C — R be continuous
and & > 0. Choose N € Z* big so that (3/2") sup |¢| < &, and n > N such that

1
'/wdu,&N>—<1—2—N)f<pdu+

< 5 suplgl

by the convergence M;N) — (1 =27™)u,. Then,

1 1
‘/wdu,(fv)—/sodm < /sodu,ﬁN)—<1—2—N)/<pdu+ + o5 /¢du+
1

= SNT SWP lol.
Since @, — /L,(lN) = Z’}:N_H Mn,; has mass at most 1/2N, we get
’f¢dﬂn_/¢dﬂ+ < fwdun—/soduffv) +'/<odu,(fv)—f¢du+

3
< o sup lol <.

This proves that for all ¢ : C — R, we have that Jodun— [@dus as n— oo
and hence p, — py. Since (1/2")(F})«0;y = (1/2")8,n(;y) + n, We obtain that
(1/2")(F])«8, is weakly convergent to -, as desired.

Applying again the push-forward by J,, we get that for every zo ¢ &, (1/2")(F})*é;,
is weakly convergent to p_. O
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Now, we show the asymptotic equidistribution of periodic points of F, of order n with
respect to the probability measure %(M— + u4).

Proof of Theorem 1.3. From Lemma 4.4, we have that all periodic points lie in
Ay UA, 4 and

|Per, (Fu) N Ay —| = [Pery, (Fo) N Ay 1| = |Pery(fo)l.
Denote this number by d,,. Since 1 € F,(1) and Lemma 4.4 says A, — N A4+ = {1}, then
(Pern(]:a) N Aa,—) N (Pern(]:a) N Aa,+) = {1}

Thus, |Per, (F;)| = 2d, — 1. Since the conjugacy & between f, and the quadratic rational
map P4 sends A, — onto the filled Julia set K p, of P4, which contains all periodic points
of P4 by Remark 5.1, Per,, (P4) = h(Per, (F,) N A,—) and

|Pery, (fa)| = |Pery (Pa)| = dy
as well. We have that lim,,_, o, d, = o0 (see in [24, p. 363]). Then,

1 1
2dy, — 1 2 % = 5 =1 >, &

z€Pery, (Fa)NAqg— z€Per, (f2)

1
:h*<2d—l 2 8’“”)
n

zePer, (fa)

dy 1
i [ —— 8¢ ),
<2d,,—1d,, 2 f)

¢ €Per, (P4)

which is weakly convergent to %h*ﬁ A= % 1 — by the corollary to Theorem 3 in [24]. Thus,

1 1
5, =I* 8
2d, — 1 2. ¢ a <2d,, 1 2 J"(Z)>

z€Per, (Fa)NAg + Ja(z)€Pery, (Fu)NAq,—
is weakly convergent to % i = %/ur, and
1 1 1 1
_ 8, = 8, + 8, — )
|Per,, (Fo)| ). & 2d, — 1 2, & 2d, — 1 2. & 2d, — 1"
z€Per, (Fy) zePer, (Fu) z€Per, (F,)
z€Nq— €A+

converges weakly to %(u_ + w4 ), as desired.

Finally, we proceed to show that the equidistribution still holds when counting with
multiplicity. Observe that the only points of A, _ that are not in the interior of the
topological conjugacy h are —2 and 1, and we have that —2 is not a periodic point for
Fa. We claim that for every zo € Per, (f;) \ {1}, we have that

(z0,20) = v (h(z0), h(20))-

)
T ‘Gr(,/#)ﬁ@@ T |Gr(PX)ﬁD@

Indeed, the topological conjugacy 4 sends attracting periodic points to attracting periodic
points, so if [(f)) (z0)| < 1, then |[(P}) (h(z0))| < 1 as well. Thus, both zo and % (z0)
have multiplicity 1 as a periodic point in this case. The same happens for |( /')’ (z0)| > 1.
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Finally, if |(fa”)/(z())| = |(P1'4’)/(h(z()))| = 1, Naishul’s theorem [27] (later re-proven by
Pérez-Marco in [28]) shows that () (zo) = (PX)’ (h(zo)). Moreover, attracting directions
are preserved under topological conjugacy, so the parabolic fixed point zog of F, and the
parabolic fixed point /1 (zp) of P4 have the same number of attracting directions. Therefore,
both zg and /(zp) have the same multiplicity as periodic points of order n of f; and P4,
respectively. Therefore,

> @)= Y, v € 0)
i) TilGr PNz £:¢

z€Pery, (Fa)NAq - nog L€Per, (Py)
z#1 {F#00

=Q"+1) —v (00, 00).

TilGr PNz

From Lemma 4.4 part (2) and given that J, is a Mobius transformation, we have that

Z Ve (z,20)=2"+1) —v (00, 00)

TilGrpinog

()
z€Pet, (Fu)NAg+ Ta " nog
z#1

as well.
Since the multiplicity of a periodic point is the multiplicity as a periodic point of its
minimal period and since ¢_1 (0) = o0, we have that

3 ifA=0,

2 otherwise.

v (oo,oo):{

1 |Gr(PX)ﬁ©@
Similarly, from the equations for g‘/’ listed in Remark 3.5, we have that

4 ifa=1,
v (1,1) =
i o 2 ifaek\ ({7}

In [5, Corollary 4.3], the authors showed that for a = 7, the member of the family of
quadratic rational maps

{Pa(z) =z+ 1/z+ A|A € C}

that is conjugate to f; is Py. Therefore, foralla € C\ {1}, |a — 4| < 3,

Yo (2. 2) =2(2"—|—1—vﬂ} (00, oo))+v | (1, 1)
z€Per,, (Fy) Hr{noga Harrjnog Hrfnog
— 2n+1
and we have that

1 !

on Z | L) (z,2)%; = h on Z vﬂl‘ n (€, £)d¢ ).
ZEPern(]:u)ﬂAu,f Fa ﬁ@@ {EPCI‘H(PA) Gr(PA)ﬂI)@
z#1 {F#00
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which also converges weakly to p_ by [24, Theorem 3]. Using that J, preserves
multiplicities and that J ;1_ = p4, we have that

1

1
2_n Z vﬂl . (z,2)8; = JZ (2_n Z an - (z, Z)az>
z€Per,, (Fa)NAg+ Ta"Nog z€Per,, (Fa)NAq - Ta Nog
z#1 z#1
is weakly convergent to (.. Since (1/2")1}71l| " (1, 1)8; has total mass 1/2" and
Fa" g

Per, (Fa) = {1} U (Per, (Fo) N Ag,— \ {1} U (Pern (Fo) N Aa s\ {1})

is a disjoint union, then

(Za Z)SZ

1
2n+1 Z vJ‘[]

(1) Ny
z€Per,, (Fy) Fa’nog

is weakly convergent to %(M— + i) O
In what follows, we will introduce terminology and prove Theorem 1.4.

Definition 5.3. A holomorphic correspondence F with graph I' is said to be postcritically
finite if for all w € B»(I"), there exist 0 < m < n so that

F™(w) N F"(w) # 2. (17)

Equivalently, for every w € By(I"), there exists m >0 and z € F™(w) so that
z € Per, (F) for some n > 1. This definition generalizes that of postcritically finite rational
maps. Indeed, if F' is a rational map that is postcritically finite as a correspondence, then
we have that every w € By(I") is pre-periodic. Since B> (I") = F(CritPt(F)), then every
critical point is pre-periodic as well. Hence, F is postcritically finite as a rational map.

If F is a holomorphic correspondence and z € Per, (F), there exists a cycle

(ZO, Z15 225+« v Zn—l) (18)

sothat z; € F(zi—1) and z9 € F(z4—1).

Definition 5.4. We say that a holomorphic correspondence with graph I' is superstable
if there exists o € A»(I") and a cycle in equation (18) satisfying that zo = 71 () and
71 = ma(a).

Observe that if F is a rational map, then 71 () corresponds to a critical point and 73 (o)
corresponds to its critical value. Therefore, the definition of superstable correspondences
reduces to F having a superstable cycle, meaning a cycle containing a critical point.

In the context of the family {F,},cx, Proposition 2.4 says that

a+1 4a+2 2
2 T a+5’3—al

BZ(Fa) = {

Observe that (a +1)/2 =J,(00) ¢ Ay— U Ay 4. Indeed, since oo is fixed by CovoQ
and (A’ ,, A} ) is a Klein combination pair, then co € (C\ A’ )\ {I} C A}, so
Cov, a Cov, a
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Ja(o0) ¢ Ay — C A_ja On the other hand, }'a_l(Ja(oo)) = {oo} does not intersect A, 4,
s0 J,(00) ¢ Ag+. By Lemma (4.4), (a + 1)/2 cannot satisfy equation (17). Therefore,
there are no parameters a € K for which F, is postcritically finite.

However, 7, "™ ((4a +2)/(a + 5) =F,"(1) C Ay and (4a +2)/(a +5) € Mgt
so (4a + 2)/(a + 5) is not periodic. Therefore, F, is superstable if and only if 2/(3 — a)
is periodic. Since _7-';1(2/(3 —a)) ={—1} and }—(;1 = fa’l, then F, is superstable if and
only if —1 is a critical point of f, that is periodic. We say that the parameter a € K is
superstable whenever J is superstable.

We consider the quadratic family
{pe(z) = 2> +cle € C}

and let P, == {c € C|pZ(0) = 0} be the set of superstable parameters of order n. Note that
P, has 2"~! points, counted with multiplicity, and that it is contained in the Mandelbrot
set M. Levin proved in [23] that

1

n—oo 2n—1 Z e

lim
ceb,

converges to a measure mpyr on M, which we call the bifurcation measure.

Let Mr denote the connectedness locus of the family {F,},cx and M denote the
parabolic Mandelbrot set. The conjugacy shown in [4] between f, and P4 induces a map
a +— 1 — A% from Mr and M. From [5, Main Theorem], that map is a homeomorphism.
On the other hand, [29, Main Theorem] says that M is homeomorphic to M. Moreover,
both homeomorphisms constructed preserve the type of dynamics associated to the
parameter (see [29, §1]). Therefore, there is a homeomorphism W : M — M that gives
a one-to-one correspondence between superstable parameters of Mr and superstable
parameters of M. Pushing the bifurcation measure forward through W, and writing

ﬁnr = {a € K superstable | f)(—1) = —1},

we obtain the statement in Theorem 1.4.
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