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ABSTRACT

In this paper a class of risk processes in which claims occur as a renewal
process is studied. A clear expression for Laplace transform of the finite time
ruin probability is well given when the claim amount distribution is a mixed
exponential. As its consequence, a well-known result about ultimate ruin
probability in the classical risk model is obtained.
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1. INTRODUCTION

Much of the literature on ruin theory is concerned with deriving results for
the classical risk model, in which claims occur as a Poisson process. Sparre
Andersen (1957) considered the situation in which claims occur as a general
renewal process, and an explicit result for the ultimate ruin probability was
derived for a particular case. Since then, much of the study of these models
has concentrated on numerical procedures for calculating ruin probabilities
[see, for example, Dickson (1998)]. Apart from purely mathematical break-
through, Andersen’s contribution allowed us to assume contagion between
claims, i.e., to deal with non-Poissonian claims’ arrivals. In fact, renewal non-
Poissonian risk models do not look like a mere analytical over-complication,
modern mass media and telecommunication networks could introduce sub-
stantial and sometimes unpredictable dependence into behaviour of insured
persons which eventually could make an assumption on the Poissonian origin
of claims’ arrival suspicious [see Malinovskii (1998)].

In this paper a class of collective risk model with non-Poissonian claims’
arrival processes is considered. A clear expression for Laplace transform of the
finite time ruin probability is well given when the claim amount distribution
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is the mixture of two exponentials. As its consequence, one result by Mali-
novskii (1998) about the expression for Laplace transform of the ruin proba-
bility within finite time is obtained when the claim amount distribution is a
exponential. Finally, a well-known result in Gerber (1979) about ultimate ruin
probability in the classical risk model is proved again.

This paper is organized as follows. Section 2 begins with some definitions,
notations, and gives a main theorem and its proof. Two corollaries are given
in Section 3.

2. MAIN REsSULT AND ITS PROOF

Consider a Sparre Andersen risk process
R)=u+ct— ZN(')Y

defined in terms of the following values: # = R(0) > 0 is the initial risk reserve,
¢ >0 is the premium received continuously per unit time, {7}, i > 1} are the (iid)
interclaim time, N(f) denotes number of claims having occurred up to time ¢,
e, Nt)=max{n: T+ T, +---+T,<t},and {Y, i 21} are the (iid) amounts
of claims. Throughout this paper, we suppose that {T;,i >1} and {Y}, j> 1} are

independent, and the relative security loading A = CET‘ -1>0, Wthh means

that the premium received per unit time exceed the expected claim payments
per unit time. Denote by w(t,u4), w(u) and ¢(¢,u) the probability of ruin within
finite time, the probability of ultimate ruin and the probability of survival to
time ¢, respectively. Clearly, w(z,u) =1 — ¢(¢,u). Our main result is the follow-
ing theorem.

Theorem 1 Let the claim sizes {Y,, i 21} and interoccurrence times {7;, i > 1}
be mutually mdependent and i.i.d. Let Y; be a mixed exponential and its p.d.f.
be pie” 1y+qkz MY y>0,0 <A <Ay, pt+qg=1,0<p,q<1. Assume that y(a)

= fo “"PT(du) is the Laplace transform of T, where P, (u) is the distribution
function of T;. Then

© _qt di= - )“2)[% (a)ﬁz(a)e_ﬁ’(")"—y2 (@)p, (a)e_ﬂZ(")“]
a_/(; e "yt udt= - B,@)A,— B,@)- (G, — B, @), — B,@)) a

>0, (2.1

where y,(a)= (1—%(:—)> (1—%%2),)’2(0):( /}Z(a))(l Ma)) B,().B,(a) are, respec-
tively, the unique solutions of the equation

(=P (Ga=B) ~hdo— A + g2 Bly(a+ cf) = 0,a >0 2.2)

. A
in (0, 41] and [B, 4], and f = 722
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Remark 1 Equation (2.2) has the unique root, respectively, in (0, 4,] and [f;, 4,].
In fact, Let

SB) = (2= B (42— B) ~[11d2— (P2 + qhy) Bly(a + cP),

then f(0) > 0, f(4)) <0, f(By) <0, f(4,) 2 0. By the existence theorem of root
we know that Equation (2.2) has the roots in (0, ;] and [f,, 4,]. On the other
hand, it is very easy to prove the uniqueness of roots by the positiveness of
relative security loading and the convexity of y(a + ¢ff) with respect to .

Proof Let t=inf{t>0: R(t) < 0} be the first time of ruin with the under-
standing that T = co if R() 20 forall 2. Let U,= 3" T;,U;=0,v=inf{n2
1 : R(U,) < 0}, and v is the index of that claim which causes the first ruin. If
for each n, R(U,) 2 0, then v = oo. Clearly, t = U,. For ¢,x = 0, denote 0"(¢,x)
=P{U,<t, R(U,) Sx,n< v}, H(t,x)= anan(t’ x), and Laplace transform of
H(t,x) denoted by H(a,f). Then

A@p)= fo * fo T Hdndy) =2 E[e” U] e p>0. 23)

n=0
Obviously, (2.3) is analytical. Since
ptuw)=P@>1
=N Pc>tU,<t<U,))

n

nz0

=2 Pe>nUST,, >t-U,) 2.4)
n=0

=n;oj(;[fomQ"(du,dz)(l—PT(t—u))

t
= | Hdu, ) (1= Py (1= ),
then we get

do (t, u)=— fo " Po.(t~ 1) H(du, o) dt+ H(dt, o). @.5)
Consequently,
® —qt __ = —at
a /0 e ot u)dt = fo 0 (¢, u)de
=f0me'“’d¢(t,u)

- fo > fo ¢ (P, (t— ) Hidy, o) di + fo " e™ H(dt, o)
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= fo ” fo ‘™% "M P (- W)H(dy, o)dt +H (a,0)
= fo ZeT%( / " e AP (1~ p))di) H(du, ) +H (a,0)
]
= [Te™ [T e Pro)dyH(du, ) +H @,0) 2.6)

= [y @e™ Hd,00) +A@,0)
=A(6,0)(1-7@).

Now we turn our attention to computation of H (a,0).
To this end, denote Q,=a{Y,, T}, Y5, T>, --+, Y,, T,}. Noting that

E[e ™ I ays 0y | Qi T

R(U,_ )+ T, ) )
K exp{~BR(U,_)+ T, =y} phe ™ +qle > )dy
Ph [ BRU, ) +cT,) _

—ARU, - +cT,)
‘xl_[f —e ]
Qhy [ PR, +cT,)_ =1 RU,-)+<Ty)
ey le e ]
we get
E [e

_ E[ E(e 0 PRGD I{R(U,,)ZO}‘QH LT, 1]

- P [ -BRW,_ )+ cTy)_ ~4RMU,_)+cT,)
:E[e aUn(_ _[e n-1 n —e n-1 n
A=B

L4

A’Z_

_ f_/ﬁﬂ &G [ IRy g 1 o) HE D a4 )

A:Iﬂzﬁ [ PRODy ot ) —e R G Dy @k )]

% [ PRO-D+T)_ e—@(R(U,,_chn)]) ‘ Qn—l] .7

Therefore, by using (2.7) we get

H@.f)-e =3B W0,

nx1

_ —aU,-BR(U,)
=2E|E(e Ism

nx1

@,
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‘ZE[I{V», 1}E< e ﬂR(U)I{R(U)>0}‘Qn 1)]

nz1

——~Lﬁ [7@+ chH @, p)~ya+ ci)H (@, 1)) (2.8)

DA @, 4,))].

It is easy from (2.8) to get that

A@p)- e ya+ch)A G, /11) 2 ya+cd)A o, 4)
1- (p'%I )y(a+cﬂ)

_ =By ™~ ph =Py (ac+ e @, 1) =gy Gy~ By @+ chy) A @, )
=B P ~Th T~ @A+ a2) BTy @+ cB) 29)

Since £,(a) and By(a) are two roots of Equation (2.2), and H(a, f) is analytical,
thus f,(a), f,(a) satisfy the following equations:

(h= @) (o= By @) M~ p, (2,= @) ya+ c2)H @, )
=qh (4= Bi@)y@+ci)H (@, 4y),
(4= B, @) (4, - B, @) e = pa, (4= B, @) 7@+ cA)H @, 4)
=gl (4= B,@)y@+ C/lz)ﬁ(a’ 4y).

Solving the above equations we obtain

(Al_ﬁ1 (‘1)) (Al—ﬂZ (‘1)) [(12'ﬁ1 (a)) e—ﬂ'(a)u_(iz_ﬁz (‘1)) e_ﬂZ(a)u]

A dl e /11 - 1"11 [('ll—ﬂ2(a)) ('12‘/31 (a)) _(’11_'81 (a)) (’12_/32 (a))]
: (=51 ®) (3= B>@) [(1=B.@) e~ (4= By @) "]
A )=
Yt )= T B @) (A5 @) - (e @) (=B @)]
Thus

A, B)= =Py~ [ 1~ @A+ a2y) By @+ cp)] ™!

{0=B B~ [(4=B,@) (4B @) ~ (48, @) (-8, @)]
X [~ By, @) Gy= B, @) [ U= By @e "~ (= B, (@) "]
+ (=B B @)= B, @) 0=, @)e "~ (= @)e ][}

X
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Let =0, then
A _ 1
H(a,O)—————l_y(a) (2.10)

Ui |(1-552) (1-242) B, @ "~ (1-22) (1-52) g @ "]
- (=B @) (=B @)~ (=B, @) (ly B, @) :

By (2.6) and (2.10) we have

afoooe_‘"(p(t, w)dt=H(a, 0)(1-y(a))

W (a),BZ (a)e_ﬂ1 @u_ ¥, (a)ﬁl (a)e—ﬂ2 (@u
(h=5,@) (= BL@)= (i~ B @) (2= B, @)

.11

=1-(4—4,)

where () = (1= 22 ) (1= 52}, ya) =(1-22) (1-52). Since (1, 4) = 1 - o1, ),
(2.1) follows immediately from (2.11).

Remark 2 Theorem 1 shows an exact numerical technique which requires merely
numerical inversion of the Laplace transform of the ruin probability within
finite time. Numerical methods of such an inversion could be found in Abate
(1992), and we don’t discuss it here. On the other hand, it is well known that
the probabilities of ruin (¢, u) and w(u) can be identified with the virtual and
limiting waiting time distributions, respectively, in a single server queue fed by
a renewal process and having the service time distribution B. So, it is possible
to prove Theorem 1 by virtue of related results from the theory of queues [see,
for example, Prabhu (1965, 1980)].

3. Two COROLLARIES

As one application of Theorem 1, we can get the following two corollaries.
The first Corollary is about the expression for Laplace transform of the ruin
probability within finite time when the claim amount distribution is an expo-
nential, which was obtained by Malinovskii (1998). The second Corollary is
concerned with a result about ultimate ruin probability in the classical risk
model which was proved by Gerber (1979).

Corollary 1 [Malinovskii (1988)] Let the sizes of claims {Y;, i 2 1} and the
interclaims {7}, i 2 1} be iid and mutually independent. Assume that Y, ~ Expo-

nential (1), 4 > 0, and y(a) = fo “e ™P,.(du) is the Laplace transform of T,.
Then

afowe_‘”(p(t, wydt=1-y(@exp{-ul(l-y(@))}, a>0, (3.1
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where y(a) is the unique root in (0,1) of Equation

y=yla+ci(l=y),a>0 3.2
Proof Taking p=1, ;=4 in (2.2) of Theorem 1 yields
-PA-B-Ay(@+ch)=0,a>0. 3.3)
Therefore we get that f§,(a) = 4,, and f;(a) is the unique root of Equation

A~-B—Ay(@a+ch)=0,a>0. 3.4

Moreover, yi(a) = (1 ﬂ’(a))(l Mﬂ)) ¥2(a) =0, and the right side of (2.1) is ( £ ‘(a) )
ﬂl(a)". Put y(a)_ 1- ﬂ]}f ). Th en

(1-22)e A= y @)exp {-ud(1- y @)}

Again by (3.4) we see that y(a) is the unique root of the Equation (3.2) in (0, 1).
Finally, (3.1) follows immediately from (2.1) by w(z,u) = 1 — ¢(t, u).

Corollary 2 [Gerber (1979)] For the classical risk model, in the case of expo-
nential claim amounts, the ultimate ruin probability is an exponential function
of the initial surplus measured in mean claim amounts. In other words, if the
interclaims {7, i 2 1} ~ Exponential (1), u > 0, the sizes of claims {¥,,i> 1} ~
Ex;;onential(i), A > 0. Then w(u) = 15 exp {—T«[C\X#Yl)}’ where A = 75— 1
=44 _1

7 — 1.

Before we give the proof of this Corollary, we need the following Lemma,
whose proof is very easy by induction, and so is omitted.

Lemma 1 When 0 < x < §, for any nonnegative integer n, the following equal-
ity always holds:

i k'(”+2k)' k (1'*'\/1—4-) oD (3.5)
k=0

(n+k+l)' (n+l)

Remark3 When0<p<1,0<g¢g<1,p+g=1, for any nonnegative interger n,

i(n+1)(n+2k)' k n+k+1=[( 1, O<p— 2>

Ktk +1) P9 %)”“, l<p<l.

(3.6)
Proof Evidently, 0 < pq < . Therefore by Lemma 1 we see that

0 k (n+1)
3 ey 0= s (/e )

R+ k+D! 5
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Consequently,

(+1)(n+2k)’ k n+k+1_ _n+l 1+|1 2p| e+ 1, O<p— 2>
Z_k'(n+k+_1)' rpqg =4 \72 ) ~ (%)””, l<p<l.

The following (3.7) comes immediately from the above (3.6).

Remark 4 Let p=511, ¢=14 where A is the relative safety loading, A > 0.
Then for any nonnegative integer n we have

S M+ D)n+2k)! 1 1 1+ A VTR

2 Fn+ kD) (2+A> <2+A) =1 @7
The Proof of Corollary 2 Since {7,,i>1} ~ E(uw),u >0, y(a) = %, by Corol-
lary 1 we have y(a) = y(a+ cA(1 - y(@)) = ans@i g 1€

cAy*@—(@+u+ci)y@)+p=0.

Again by Corollary 1 we get

y(a):4,u(/a+(/ﬁ+/a)2+‘/a+(/ﬁ+/c‘,l)2)_2. (3.8)
Putx=(/ﬁ+/_) (/_ f) then

y(@)= %(x—y)( at+x+ a+y)_2. (3.9

Thus y(a) is the Laplace transform of ‘/> D (2 et ), where I,(z) =
Z k,r(k+2)( )2k+ is the first kind of Bessel function (see Feller (1971)). On

the other hand, a f %™ o(t,u)di=1- y@) exp{-ui(l-y@?}, a> 0, and a ](; T
¢t u)dt=1-EE ™). Hence

E( —ar) —uA ZO (H/I) n+1

—MZO(M) (\/;) ((x—y)( a+x+ a+J’)_2)n+l.

The (3.10) is the Laplace transform of e'“’li( \/7 (n+1)e N, (2 peit),
n=0

(3.10)

n't

where I,(z) = Z m( )"** (see Feller (1971)). Hence
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w(tu)=P@< i)

/ 2 (u/l #/Cl) %(n+1)e_w+Cl)sln+1(2/ms)ds (3.11)

nls

LAY _n+l
:%e-ui Z ( n!) (ﬁ) /(;e—(u+ci)s 11n+1(2ms)ds.

Thus, letting ¢t — o and using Remark 4 gives
Y@= P <o)

n+l

s e_,di(;) (&) frewo s, (@ fucts)as

w)" _n_+1
___%e—u,l Z(n') (%) —(u+c/1)s n+1 Z kvr(n+k+2) (ms)nnkﬂds

i i(ﬁc’i)n( ' D+ 2k+1) (/med) ™"

aA® &l d) 0“4)Zlmrm+k+2)W+‘DH%H
A eli)% 1-%\ (+1) Z k'(n-:lfl-?;)! (;/k)wkﬂ(‘z‘%‘[\“)k
ey
“Tr A 0| -Tra 4]
-rix e w]
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