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A CONVEXITY RESULT FOR WEAK DIFFERENTIAL 
INEQUALITIES 

BY 

S. ZAIDMAN(1) 

Introduction. In this note we present a natural "weak" form of a certain 
convexity estimate for evolution inequalities as given in Agmon-Nirenberg's 
paper [1], p. 139 (see also A. Friedman [2], Theorem 4.2 and 4.3). Our proof 
will follow that given in [1] and [2] with the natural modifications due to the 
enlargement of the class of solutions which are taken into account. 

1. Let us consider a Hilbert space H, and B; 2(B) ^ H-^ H be a self-
adjoint—generally unbounded—operator in H with domain 2(B). 

A class of test-functions KB[a, b] associated to B and to a given interval 
[a, b] is defined as follows,: 

A function <p(0, a<t<b-+ H belongs to KB[a, b] if and only if it is: once 
continuously differentiate in H; has a compact support in the open interval 
(a, b); belongs to 2(B) for any te(a, b); (Bcp)(t) is H-continuous in [a, b]. 

Now, if u(t) is a function, a^t^b-* H which belongs to 2(B) for any 
te [a, b], continuously differentiate in H with (Bu)(t) — H continuous in [a, b], 
then the function f(i) = u'(t) — Bu(t) is also H-continuous. 

If we assume that an inequality of the form 

(1.1) | |u '(0-Bu(r) | |„ = | | /(0| |H^*W||M(0||» te[a, b] 

is satisfied, where <j>(t) is a given non-negative scalar function defined for 
te[a, b] then we say that u(t) is a "strong" solution of an abstract differential 
inequality or of an "evolution inequality". 

Let us take now the equality u'(t)-Bu(t) = f(t) and multiply scalarly with an 
arbitrary function <p(t)eKB[a, b]. We get then 

(1.2) (u'(t), cp(t))H-(Bu(t), (p(0>H = </(0, <p(t))H 

or also 

jt(u(t), cp(t))H-(u(t), <p'(t))H-(u(t),B<p(t))H = (f(t),<p(t))H, te[a, b] 

If we integrate this last equality between a and b, we obtain, because ç(t) is 
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null near a and b, the equality 

- f (u(t),<p'(t))„dt=\ (u(t),B<p(t))„dt 

(1.3) h L 

+ \ (f(t),<p(t))Hdt,V<peKB[a,b] 

We see that this last expression can be written with a general H-continuous 
function u(t) and this leads us to the following 

DEFINITION. A H-continuous function u(t) verifies a weak evolution inequal­
ity (1.1) if there exists a H-continuous function f(t) defined on [a, b], such that 
(1.3) holds for all test-functions and also that the estimate 

(1-4) \\f(t)\\H^<t>(t)\\u(t)\\H,te[a,b] 

is satisfied, where <j)(t) is an everywhere defined non-negative scalar function 
on [a, b]. 

In the present paper we prove the following 

THEOREM. Let us assume that the H-continuous function u(t) verifies the weak 
evolution inequality (1.1) with a function (j>(t) which is integrable on [a, b] and if 
ja <f>(t) df < l/2>/2 then the estimate 

( 1 ' 5 ) ||u(;)|| =£2V2 \\u(a)\\(b-t)/(b~a) ||u(b)f-aV(b-a\ a < t< b 

is also satisfied. 

2. Proof of the theorem (I). To start the proof, which follows the main lines 
in [1], [2] with the appropriate modifications for the "weak" case, we let {JBX}-OO 

to be the spectral family of the self-adjoint operator B, so that BJC = 
J!!oo A dE^x, VJC G 3)(B), in the well-known sense (see [3] for the spectral 
theorem). 

Let then E be the projection operator defined by Ex = J^ dEkx, x e H, so that 
E = I — EQ. Define then two continuous H-valued functions Ui(t), u2(t) through 
the relations Mi(f) = (£w)(0, u2(t) = (I-E)u(t) = E0u(t) (here I is the identity 
operator in H). In the same way, consider the H-continous functions: 

f1(t) = (Ef)(t), f2(t) = (I-E)f(t) 
where f(t)= u'(t) — Bu(t) in the above defined weak sense (as in 1.3). It will 
follow that u[(t)-Bui(t) = fl(t) and u'2{t)-Bu2(t) = f2(t) in the same weak 
sense. More precisely, the following is true: 

LEMMA 1. The relations 

(1.6) - [ (ui(t\<p\t))Hdt=\ < M J ( 0 , ( B ( P ) ( 0 ) H ^ + [ {fi{t),<p{t))Mdt 
Ja Ja *a 

are verified for j = 1, 2 and for every test-function (p(t)eKB[a, b]. 
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In order ot prove this Lemma it is obviously sufficient to consider just / = 1 
or j = 2. If, say / = 1, we have the following 

If <p e KB[a, b] then E<p e KB[a, b] too. 

In fact, the strong H-derivative dEç/dt exists and equals E d<p/dt, so it is also 
strongly continuous; also Etp = 6 where <p = 0, hence E<p has compact support 
in (a, b)\ furthermore, the range of Ecp is in the domain of B when te (a, b): in 
fact, it is known that he H belongs to 3)(B) is and only if 

f \\\2d(E,h,h)=r iAi2diMii2<-
J — 00 J—OO 

Now, if he2(B) then Ehe2)(B) because 

f" |A|2d||ExEfc||2= rk2d\\(Ex-E0)hf 
J-oo JO 

A2d|Exfc||2<oo r 
Jo 

Hence, (E<p)(t)e3)(B) for any te[a,b]; we need also that B(Ecp) is H-
continuous as is for Bip. But BE<p = EBcp (as B commutes with any of Ek). So, 
if B(p is continuous, BEip is too. 

At this stage we write 

fb<Ml(0,(B<p)(0)dr+f (h(t)Mt))dt 
Ja Ja 

= f " (Eu(t), B<p(t)) dt+ f (Ef(t), <p(t)) dt 
Ja Ja 

= f (u(t),B(E<p)(t))dt+\ (f(t),(E<p)(t))dt 
Ja Ja 

= -\b(u(t),(E<py(t))dt = -\(u(t),Eç'(t))dt 
Ja Ja 

= - \b(Eu(t), <p'(0) dt = -\ (Ul(t), <p'(0> dt 
Ja Ja 

which gives Lemma for j = 1. 

3. Proof of the Theorem (II). Let us consider now a sequence of scalar-
valued functions {aM(0}n=i which are non-negative Cx-functions, vanishing for 
|r |>l/n, with J_r/nan(T) dr = 1 and then form the convolution 

(Mi*a„)(r)= Ui(T)an(t-T)dT 
J|t-r|<l/n 

which is well-defined fora + l /n<f<fr - l /n , and is continuously differ entiable 
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there. As proved in our paper [4], after use of (1.6) we find that (u i*a n ) (0e 
3)(B) for te[a + l/n, b — l/n], and in the same interval it is 

(iii * an)'(t) = B(iii * an)(t) + (ft * an)(t) 

where 

( / 1 * a n ) ( 0 = | fi(r)an(t-T)dT 
J|t-T|=sl/n 

Now we see that 

(u1*an)(t)= (Eu)(T)on(t-T) dT = E(u*an)(t),Vte a + - , 6 — 
J|t-T|=si/n L n n j 

Hence, ( wx * an)(t) e E(H)Vt e [a + 1/n, b - 1/n], and then, remarking that B > 0 
on E(H), it is: <JB(wi* an)(f), (ui*an)(0>H^0Vf in this interval. 

Now we see that, on [a + 1/n, fc - 1/n] 

— (ut * an, Mi * an) = 2 Re<B(wi * an) , (wi * an)> 
at 

+ 2 Re(/i * an, ux * an> > 2 Re</X * an, i*i * an) 

If we integrate between te (a- 1/n, b — l/n) and b — l/n, we get 

(1.7) ||(Ml * a„)(fr - l/n)||2 - ||(«i * a„)(f)||2 

f b - l / n 

> 2 Re (/i * an, Mi * an) ds 

1 «. 1 
a + - < f < f c — . 

n n 

Now we can prove 

LEMMA 2. The estimate 

Ik(*>)f-Ik(t)||2^2 Re J <A(T), MI(T)> dr 
is ua/id, Vf€(a, b). 

First we prove that limn_^oo(ui*û!n)(fc-l/n) = Ui(h). In fact 

(wi*an)(fc ) = Ui(T)an(fr r l d r , 

and 

Ui(b) = z*i(b)an( ft r ) dr 
Jb-2/n \ n / 

because 

I a n ( r ) d r = l 
J|r|<l/n 
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Then 

||(ui*«-)(* —^)-«i(«»)||^ J ||ui(T)-u1(fc)||aI,(ft-~T) dr 

< sup | |HI(T)-«I(6)|| an(b Tjdr 

= sup ||u1(T)-Ui(b)||,Vn = l , 2 , . . . 

and this ->Oas n-»»by continuity of UI(T) for T = b. 
Hence, we have also: 

^[(^•^(fc-^l^lliiiWII. 

But the estimate 

||(Wl* «.)(*> ~~)[ < sup ||UX(T)|| 

is also valid, hence we get too: 

lim |(Ml * tt„)(fc -^)||2=HuiCb)!!2. 

Furthermore: 

lim||(u1*«„)(0f = ||M1(0f 
n—*co 

for t e (a, b) and 

J'b-l/n Çb 

</i * an, Mi * an) ds = </i(s), Mi(s)) ds. 
t Jt 

This last limit holds because of the following: consider the difference 
Çb Çb-1/n 
J </i(s), "i(s)> ds - J </i * an, Mi * an) ds 

Now, denote 

</ l ( s ) , Ml(s)> = c/)i(s), <(/i * a n ) ( s ) , (Mi * On)(s)> = <fc.(s) 

we see that </>i(s) is continuous on f<s<&, and <t>n(s) are continuous on 
t < s < b - l / n . 

Then our expression equals 
Çb Çb-1/n 

J <^i(s)ds-J <t>n(s)ds. 
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Let us extend <f)n(s) as: 

It follows 

so that 

1 („\ Un(s),t<s<b-l/n 

Çb-1/n Çb 

J 4>n{s)ds=\ <}>n(s)ds, 

lim [4>i(s)-4>n(s)]ds, 
n—»oo Jf 

must be null. 
We can apply here Lebesgue's theorem: 
(i) 4>n(s)-+ (p^s) almost-everywhere on [t, b]. 

In fact, for any se[t,b), <jf>n(s) = <j>n(s) when n is big enough, such that 
b -1/n > s : furthermore <j>n(s) -* <M5) f ° r a n y a<s<b because 
(A * ocn)(s) -» /i(s), (wi * an)(s) -» Wi(s); hence, 4>n(s) -> ^1(5) for any 5 > a, with 
possible exception of 5 = b. (<f)i(b) need not be null, whereas <Ms) are all null 
for 5 = b.) 

(ii) 4>n(s) are uniformly bounded on [t,b]. In fact 

SUp | < £ n ( s ) | < SUp | < M S ) | < SUp | | ( / l * a n ) ( 5 ) | | | | ( M 1 * a n ) ( 5 ) | | 
f=ss<b t<s=£b-l/n r < s < b - l / n 

< sup H/JCS)!! sup ||HI(S)|| 
a^s^b ar&s^b 

REMARK. We can also avoid Lebesgue's theorem as follows: take an arbit­
rary S > 0 . Then 
rb rb-s 

J [>i(s)-<Ms)]ds = J [<t>i(s)-$n(s)]ds 

Ï 
J' b - s rb 

[<t>1(s)-<j>n(s)]ds+ [<t>1(s)-4>n(s)]ds, 
t Jb-d 

for 8 > —. 
n 

The second integral estimates by C • 8, C = 2 supa<s<b||ui(s)||||/i(s)||. 
Then given e > 0 , take first 8(e) such that C8<e/2. Then, because 

<j>n(s)-> 4>i(s) uniformly on [t,b-8], there exist an integer N(e) such that 
8>1/N and n>N^> 

[<t>i(s)-<t>n(s)]ds < | 

+ 1 [(/>i(5)-^5)]d5 
Jb-8 

•b-8 rb 
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so that n>N^> 

[I [</>i(5)-0n(S)]d5||<£ 

Hence, from (1.7), Lemma 2 follows for a<t<b. However, the Lemma is 
true also for t = a, or t — b, as follows by continuity. 

In exactly same way we see that the following is true. 

LEMMA 3. The estimate 

IM0 | lHMa) | | 2 <2Re f </2(s), u2(s)> ds 
Ja 

holds, Vfe[a, b]. 

4. Proof of Theorem (III). 
We see firstly that 

|2 Re Jb<A(s), ut(s)) ds| <2 | J V f o ) , Ml(s)> <fe| ^ 2 J^||/x(5)||||wx(s)|| ds 

<2Jj|/(S)||||u(s)||d5. 

It follows: 

- 2 r||/(s)||||u(S)|| ds 5 2 Re J V f s ) , Ms)) ds. 

Hence, applying Lemma 2, we obtain 

HM^WlP-llMxCOlPsr-Z Jc
b||/(«>||||M(«>|| €fa. 

Then it is: 

||Ml(0||2<||u1(fc)||2 + 2|b | |/(s)|| u(s)|| d5<||Ml(6)||2 + 2M|b | |/(s)| | ds, 

where M = supa<s<b||u(s)||. 
Also, from Lemma 3, we get 

\\u2(t)\\
2^\\u2(a)\\2+2M\'\\f(s)\\ds 

Ja 

and by addition 

||«1(0||2+ll«2(0||2^||u1(b)||2+||u2(a)||2+2M f b||/(s)|| ds 
Ja 
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As Uxit) = Eu(t), u2(t) = (I- E)u(t), (utit), u2(t)) = (Eu(t), (I-E)u(t)) = 
<K(0 , (E-E)u(t)) = 0; so ||ui(t) + W2(0||2 = <Ki + u2, Wi + u2) = ||wi(0f + !M0| |2-
Hence 

Ht)f^\\Ul(b)f+\\u2(a)\\2 + 2M\b\\f(s)\\ds 
Ja 

If we use inequality 

2 M N < ( ^ 2 + (V(2)N)2 where AT= | ||/(s)||<fa, 

we have 

Hence 

M2 l[b \2 

||M(r)||2^||i<1(6)f + | | i i 2 (û ) f+— + 2(J ||/(5)|| dsj , Vf € [a ,6 ] . 

and finally we have the estimate 

(*) M2<2(||M(a)||2 + ||M(b)||2)+4(Jj|/(5)|| dsj 

Let us define now, for any real a, the H-continuous function w^t) = eŒtu(t), 
and let Ba. = B + aI which is again self-adjoint, with 3)(B(T) = 3)(B)V real a. 
Then we have 

LEMMA 4. The relation w'a(t) — Ba.w(T(i) = ecrtf(i) holds in the weak sense over 
(a, b). 

So, we must prove that, V<p e KBJ_a, b] = KB[a, b] is 

- \ (w„(s),<p'(s))ds= f (w„(s),BMs))ds+ I* (e«sf(s), <p(s)) ds 
Ja Ja Ja 

or 
• b J'b f b j*b 

(u(s), e°V(s)> ds = (u(s), enBMs)) ds + </(s), eOT<p(s) > ds. 
a Ja Ja 

Now ea*q>'(s) = (ea*q>(s))'-(Teaa<p(s). Also i ( s ) = e > ( s ) e K B [ a , l ) ] as obvi­
ously. We have to prove 

- (u(s), K(s) ~ cruris)) ds = < w(s), B ^ ( s ) + a^M)) ds 
Ja Ja 

+ | (f(s),<l>As))ds, 
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that is to prove 

- [ (u(s), K(s)) ds = [ (u(s), BilfM)) ds + [ </(s), ifc(s)> ds 
Ja Ja Ja 

which is true because u'- Bu = f in weak sense on (a, b). 
Once this is established, we apply (*) to this slightly changed situation and 

obtain the estimate 

( sup ||e'rtu(f)||)2s2(||e™u(a)||2 + ||ertu(h)||2) + 4 ( f \\emf(s)\\ dsY 

We use now the main assumption (1.4) 

||/(s)||<^(s)||u(S)||, s e [a, b\ 

Then 

f |e"/(s)|| ds < fb e°s<t>(s) \\u(s)\\ d s< sup (ea ||u(s)|D [* *(*) ds 
Ja Ja [a, b] Ja 

=s-i=sup(e"||ii(s)l|) 
W ^ [a, b] 

and squaring get 
•b 

( [ b | | 6 - 7 ( S ) | | d s ) 2 < è ( s u p ( ^ S | | H ( s ) | | ) ) 2 

\aM 

Hence 

(sup||eCTSu(S)||)2<2(|^au(a)f+||es,,u(ft)||2)+è(sup€OT||u(S)||)2 

and 

(sup||eOTu(s)||)2<4(||etrau(a)||2+||eCTbu(i,)||: 
\ [a , b] / 

Then Vfe[a, 6], ||e°^u(0||^sup ||eOTM(s)|| and 
[aM 

|e t r tu(0||2^(sup||e-su(5)||)2; 
\ [ a , b] / 

SO 

112. /i/||„o-a / _\ | |2 , ll^orb, /» \| |2 
(* *) l l^VOlf * 4(||^au(a)f+||e°*ii(fc)||2), Vf e [a, fc] 

We pass now to the final part of the proof for (1.5). First we consider the 
case when u(a) = 0 or u(b) = 0. If both are, from (* *)=£>||u(f)|| = 0 Vfe[a, b], so 
(1.5) holds. If say, u(a) = 0, from (* *) we get 

He^COII ̂  2 He-VlOll, ||u(f)|| ̂  2e" (b-1) ||«(b)|| 
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As a was chosen arbitrarily, we deduce, when t < b and a -» -<», that 
||w(Oll = 0> a<t<b and hence w(b) = 0 also and (1.5) holds. The non-trivial 
case is when both u(a) and u(b) are ^0. We can choose cr so that ||e°"aw(a)|| == 
\\e°bu(b)\\ 

In that case, ec" = (||u(a)||/||H(b)||)'/(b~a). Hence (* *) becomes 

\Hb)\\) N011 s 8Vlu{an \\\u(b)\\) I ' 8 HbW° 

hence 

\\u(t)\\^2j2\\u(a)\\b-«b-a\\u(b)\r«b-a, a^t^b 

which proves our theorem. 
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