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PARTIAL CLONES CONTAINING ALL PERMUTATIONS

LuciEN HADDAD AND Ivo G. ROSENBERG

For every nonsingleton finite set A, we construct three families of partial clones
on A that contain all permutations of A and are of continuum cardinality.

1. INTRODUCTION

Let A be a finite set. A clone on A is a composition closed set of operations on
A containing all the projections. If in this definiton we replace operations by partial
operations, then we obtain a partial clone (this and other concepts will be defined
precisely in Section 2). The full description of all clones containing all the permutations
on A among their unary operations is given in [5]. In particular, it is shown that there
are only finitely many such clones. In this paper, we show that this does not hold
for partial clones. Actually, the set of such partial clones is of continuum cardinality
even for |A| = 2, in contrast to the well known fact that there are only countably many
clones for {A| = 2 [7]. In fact we do more. First we determine all maximal partial clones
containing all permutations, and for three of them, we find a family of 2% subclones
containing all the permutations. In two cases, such a family is contained in exactly one
maximal partial clone. These results show the substantial difference between the lattice

of clones and the lattice of partial clones on a finite set.

2. PRELIMINARIES

Let k > 2 be an integer and k := {0,1,... ,k — 1}. For a positive integer n, an
n-ary partial operation on k is a map f: Dy — k where Dy is a subset of k™. Let

P(™) denote the set of all n-ary partial operations on k and let P := |J PM | To
n21

describe the composition on P, we use Mal’tsev’s formalism (see [6]). First we define
on the set P a binary operation *, called superposition, as follows. Let f € P(®),
geP™ and r :=m+n—1. Then h:= fxg € P is defined by setting Dy, :=
{(z1,.-.,z:) | (z1,.- yZm) € Dy and (g(21,... ,Zm), Tm+1,... ,&r) € Dy} and for all
(21y..+ y2yr) € Dy,

h(z1,...527) == f(g(Z1. .+ yZm)s Emt1ye-- T )
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264 L. Haddad and I.G. Rosenberg [2]

We also define three unary operations {(,7 and A on P as follows. Let n > 1 and
f € P™ . We define ¢(f) € P™, 7(f) € P™ and A(f) € P™ by setting

D¢y := {(a1,02,-.. ,az) | (az,... ,an,a1) € Dy},
Dys) := {(a1,a2,... ,a,) | (a2,a1,a3,... ,a,) € Dy},
Da(sy = {(a1,.-. yan-1) | (a1,81,02,... ,an_1) € Dy},

and

C(F)z1ye-. s2n) = f(z2y. 0. s2ny21)y, T(F)(21,... ,20) = f(z2,21,... ,Tn),
A(f)(z1y.-. sTn—1):= f(z1,Z1,22,. .. ;Zn_1),

for all (z1,...,2,) € De(y), all (®1,...,2n) € Dy(yy and all (21,... ,22-1) € Da(y)-
For n =1 we put {(f) = 7(f) = A(f) = f. For every positive integer n, and every
1 <1< n,let e denote the n-ary i-th projection defined by eP(z1,...,25) := z; for
all (z1,...,2n) € k™.
The universal algebra
P = (P, (, 7, A, €3)

is called the partial post-iterative algebra on k. A subuniverse (that is, the carrier of a
subalgebra) of P is called a partial clone on k, (for an equivalent definition see [1]). If
a partial clone C is contained in the set Ox of all everywhere defined operations, (that
is, f € P™ with Dy = k™), then C is called a clone on k.

Let A > 1 and p be an h-ary relation on k, (that is, p C k*), and let f be an
n-ary partial operation on k. Let M(p,Dy) consist of all h X n matrices A whose
columns A.; € p, (7 =1,...n) and whose rows A;, € Dy (i =1,...,h). We say that
f preserves p if for every A € M(p,Dy), the h-tuple f(A):= (f(A1x),..., f(An«)) €
p. Set Pol(p):= {f € P | f preserves p}.

ExAMPLE. Consider the unary relation (that is, subset of k) {0}. Then

Pol{0} := | J{f € P : (0,... ,0) € Dy = £(0,... ,0) = 0}.
n21

Note that if M(p,Ds) = 0 (that is, if there is no matrix A whose columns are all
in p, and whose rows are all in Dy ), then trivially f € Pol(p). Now it is well known
that for every relation p, the set Pol(p) is a partial clone on k (for example, see [4,
8]) called the partial clone determined by the relation p.

A t-ary relation A is repetition-free if for all 0 < 2 < j < t — 1, there exists
(ag,...,a:—1) € A with a; # a;. Note that if there are 0 < 7 < j < ¢t — 1 such that
a; = a; for all (ag,...,a:—1) € A, then Pol(A) = Pol (o), where

o= {(:Bo,...,Zj_l,zj+1,...,zt_1) | (zo,...,zt_l) € /\}
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Thus when considering partial clones determined by relations, we can restrict our atten-
tion to repetition-free relations. The i-th component of X is fictitious if (a9 ... a4_1) €
A implies that (ag,...,2i—1,Z,8i4t,...,8:—1) € A for all z € k. A t-ary relation A is
called irredundant if it is repetition-free and has no fictitious components. The following
result comes from [9]:

LEMMA 1. Let h,t> 1, p be an h-ary relation, and let A be a t-ary irredundant
relation on k. Then Pol(p) C Pol(A) if and only if for some positive integer n there

n—1
exist maps ¥; :h >t (¢=0,... ,n—1) such that t = |J Im; and
1=0

A= {(.'co,...,z,_l) I (:B.,l,‘.(o),... ’z‘/’i(h_l)) ep, z:O,,n—l}

Let Ej, denote the set of all equivalence relations on h = {0,...,h — 1} and let
wp = {(z,z) | z € h}.
DEFINITION: Let h > 2 and ¢ € E},. Put

A, = {(zo,...,zh-1) € k* . (i,7) € e > z; = z;}

(that is, A, consists of all h-tuples over k constant on every block (that is, equivalence
class) of €). An h-ary relation p is diagonal if there exists € € E, such that p = A,.
We often denote A, by Ax,,.. x,, where X;i,... ,X, are the nonsingleton blocks of
E.
EXAMPLES.

(1) Let € = h. Then

A,:Ah={(z,... ,:l:)|:l:€k}.

(2) Let h =4 and let ¢ be the equivalence relation on 4 with the two blocks
{0,3} and {1,2}. Then

A{013}1{112} = {(2, Y, Z) I z,y € k}.

The following result, established in [3], characterises the diagonal relations on k.
LEMMA 2. Let h > 2 and let A be an h-ary relation on k. Then Pol()\)= P if
and only if A is empty or diagonal.

The partial clones on k, ordered by inclusion, form an algebraic lattice Lp [8]
in which every meet is the set-theoretical intersection. For F C P, the partial clone
(F) generated by F, is the intersection of all partial clones containing the set F (or,
equivalently, is the set of term operations of the partial algebra (P; F)).
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DEFINITION: Let h > 1, p be an h-ary relation on k and let S, denote the set
of all permutations on h := {0,... ,h —1}. Set

T :={(a0,... ;an-1) € k* | @o,- .. ,an—1 are pairwise distinct },

and for w € S;, let p™ := {(a,,(o),. .. ,a,,(,,_l)) | (ao,-.. san—1) € p}. The relation p is
said to be

(1) totally symmetric if p(™) = p for every 7 € S} that is, if
(zoy.-rZh-1)Ep & (.1:,,(0),.. .,:c,,(h_l)) € p for all = € Sp,

(2) totally reflezive if kP \ T, C p, that is, (zo,...,Zn-1) € p whenever
z; =¢j forsome 0 <i<j<h—-1.

3. MAXIMAL PARTIAL CLONES CONTAINING ALL PERMUTATIONS

A partial clone C is mazimal if it is a coatom of Lp, that is, if for every partial
clone C’, the inclusion C C C' implies that C' = P. The goal of this section is to
find all maximal partial clones containing the permutations. For this, we need to recall
the classification of all maximal partial clones on k given in [4]. We start with some
terminology:

DEFINITIONS: The h-ary relation p is said to be
(1) areflezive if pN A, = @ for each € € Ep, € # wy,

(2) quasi-diagonal if p = 0 UA, where o is a non-empty areflexive relation,

¢ € Ep \ {ws}, and in addition, p # k? if h = 2.
Let

R = Afo1},{2,8} YU B{0,3},{1,2} U D{0,2},{1,8} Ry := Ago,1},42,3} U D{o,3},{1,2}
Suppose now that the h-ary relation p is of the form

p=0U(U(Az)>

ecF

where o is an areflexive h-ary relation and F C Ej. Put
G, :={reSy:ona™ £0}.
The model of p is the h-ary relation

M(p) = {(n(0),..-.,n(h = 1)) : w € Go} U (|

ecF

{(a0, ... an-1) € h* | (5,5) € € = as =a,-})
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on the set h={0,...,h ~1}.
Assume that h, F and o satisfy one of the following five cases:

(i) h>22, F=0 and o # 0, that is, p is a non-empty h-ary areflexive
relation;

(i) h>2, F={c} where e #wy, 0 # 0 and c U A, # k?, that is, p isa
non-trivial quasi-diagonal h-ary relation;

(1) h =4 and F = {{{0,1},{2,3}}, {{0,3},{1,2}}, {{0,2},{1,3}}}, that
is, p = 0 UR;, where o is an areflexive 4-ary relation (eventually empty);

(iv) h =4 and F = {{{0,1},{2,3}}, {{0,3},{1,2}}}, that is, p = c U R;,
where o is an areflexive 4-ary relation (eventually empty);

(v) h23, A<k, F= U {4,7} and p # k*, that is, p is a totally
0<i<igh-1
reflexive and totally symmetric non-trivial relation.

We say that p is coherent if
(1) G, ={m € Sy :0{™ = ¢ and x(F) = F} for the first four cases above
and G, = {7 € Si: o™ = o} = S), for the fifth case, and
(2) for every non-empty subrelation o' of o, there exists a relational homo-
morphism 3 : k — h from ¢’ to M(p) such that (¥(i0), ..., ¥(2n_1)) =
(0, ..., h —1) for at least one h-tuple (zg,...,%h-1) € o'.
Let p, denote the partial n-ary operation with empty domain. We have:

THEOREM 3. (4] Let k > 2. Every proper partial clone on k extends to a
maximal one. If C is a maximal partial clone on k, then either C = OU{p,:0 < n<
w} or C = Pol(p) where p is one of the following:

(1) an h-ary areflexive or quasi-diagonal relation which is coherent; h > 2,

(2) an h-ary non-trivial totally reflexive and totally symmetric relation;
h>3,

(3) one of the quaternary relations Ry or R,,

(4) a quaternary coherent relation o U R; wherei =1, 2 and o #  isa

quaternary areflexive relation.

Consider the maximal partial clone D := OU{p, : 0 < n < w}. Clearly the partial
subclones of D are of the form C or CU {p, |0 < n < w}, where C is a clone {of
total operations) containing Si. The finitely many clones containing 5% are described
in [5]. We are left with the maximal partial clones of the form Pol(p). Earlier we set

Ty := {(20,.-- ,2a-1) €Ek* | z; # 2; forall 0<i<j<<h—1}
Let p be an h-ary relation such that Sy C Pol(p). Note that

(ag,... ,an-1) € p < (m(aq), ..., m(ap-1)) € p for all = € S;.
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Consequently, if p meets I’y then 'y C p. We have:

THEOREM 4. Let k > 4 and C be a maximal partial clone on k containing Sj.
Then either C = OU {pn : 0 < n < w} or C = Pol(p) where p is one of the following
relations on k:

Tx; TxUAx; k*\ Ty, where h=3,... ,k; R;; T4UR, or R,.

PROOF: Consider a maximal partial clone C distinct from O U {p, | 0 < n < w}
such that Sx C C. By Theorem 3, we have C = Pol(p) where p is one of the relations
described in the theorem. We have

Fact 1. If p is an nonempty h-ary areflexive relation, then A =k and p =T.

PROOF: From the observation above, we deduce that p is totally symmetric and
thus is equal to I'y. Thus its model is the h-ary relation M(Tx) = {(=(0),...,
m(h —1)) | 7€ S} on the set h. Now let 2 < h < k. Then, as (0,... ,h—1),
(0,2,...,h—1,h) and (0,1,... ,h — 2,k) € T, we see that there is no relational ho-
momorphism % : k — h from T'p to M(T}), that is, T's is not a coherent relation.
Moreover, as M(T'x) = I'y, we trivially have that T} is coherent. 0

FacT 2. If p is an h-ary quasi-diagonal relation, then h =k and p =Ty U A;.

PROOF: Let p = I'y U A, for some equivalence relation € on h. Suppose that
p is coherent. Then as shown above, h = k. Thus p = 't U A,, and so p must be
symmetric under every m € Si. By condition (1) of the coherence, ¢ = k, that is,

A, = Ay :={(z,...,z) |z € k}. 0
FAcT 3. If p is an h-ary totally reflexive relation, then p = k# \ T'j,.

PROOF: Since p is totally reflexive, k® \ T, C p. Suppose now that pN T} # 0.
By the above remark, I'y, C p. This gives that p = k* is a diagonal relation, that is,
Pol (p) = P, a contradiction. a

FacT 4. If p is a quaternary relation of the form o U R; with 2 = 1,2 and o C Iy,
then P € {Rl,Rz,F4 U Rl}

PROOF: As above, 0 # 0 = o = T'y. Again by the definition of coherence, one
can easily verify that the relation I'y U R, is not coherent. The proof of Theorem 4 is
complete. 0

COROLLARY 5. For k > 4 there are k + 4 maximal partial clones containing all
the permutations on k.

On the other hand, there are 8 maximal partial clones on 2 [2], whereby 4 of them
contain the two permutations. Moreover, as Iy = @ for k = 3, there are 7 maximal
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partial clones containing the set S3 of all permutations on 3:

OU{pn |0 < n <w}, Pol(Ts), Pol (I35 U A3), Pol (3* \ T'5), Pol(R,),
POl(Rz), POI(Rl U I‘4)

4. INDEPENDENT FAMILIES OF PARTIAL CLONES CONTAINING Sy

Denote by S the partial clone (S:) (generated by all the permutations). In this
section we show that the intervals of partial clones [S,Pol(T')], [S,Pol(R;)], i = 1,2
are of continuum cardinality. For k = 2, these are all the intervals [S,Pol(p)] where
Pol(p) is a maximal partial clone (see [2]). We start with the following definition
motivated by [7].

DEFINITION: A set {C;|i € I} of partial clones on k is independent if for all
subsets J and L of I,
n C,' = ﬂ Cg =J=1L

jed LeL

LEMMA 6. A set {C;|i € I} of partial clones on k is independent if and only
if for every i € I, there exists f; € |J C;, such that for all j, £ € I, we have that
el
fieCh = j#¢.
ProOOF: (=) Let {Ci|t € I} be independent and let ¢ € I. The set D :=
N{C;|j € I\ {z}} is nonempty (because otherwise § = D = (] C;). Choose f; € D.

i€l
(<) Let {f; |4 € I} satisfy the condition J, L C I andlet () C; = ) Cr. We show
jeJ teL
that I\J C I\ L. Indeedlet h € I\J. Then fa€ (1 Cj= [} Crandso he I\L.
jeJ LeL
By symmetry I\ L C I\J,thatis, I\J = I\ L and J=1L. 0

COROLLARY 7. If an interval J = [D, E] of partial clones on k contains an
independent set {C; |1 € I}, then |J| > 211,

I. We find an independent family of partial subclones of Pol(I'y). Let m > 2
and let

Pm ‘= {(20,... ,zm_l)Ekmlzoz...zz,‘_l #:c,-;é:c,-.{_l =...=2Tpy-1 = 2o,

for some 0 <i<m—1}.

Thus (2o, 1,... ,Zm—1) € pm if and only if exactly m — 1 entries of (z9,21,...,
Zm-_1) are pairwise equal. For example p; = {(z,y) € k? | z # y} = I';. Note that
the relation p, is totally symmetric. It is easy to verify that Sy C Pol(pm) for every
m 2> 2. We show that {Pol(p,) | m > 3} is an independent set of partial clones on k
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contained in Pol(T'x). For this, define for every n > 3, an n-ary partial operation ¢,
on k by setting

Doy = {(::1,22,... yZn) € 27 l Z:z:,- = 1}, and @n(z1,22,... ,Tn) :=0,

i=1
for every (z1,22,...,25) € D,,. We have:

LEMMA 8. Forall m, n >3,
¢n € Pol(pm) < m #n.

Proo¥F: (=) Let m = n. We show that ¢, ¢ Pol(p,). Indeed the identity matrix
I, belongs to M(pn,D,,) but pn(l,) =(0,...,0) € pn.

(<) Let m # n. As noted earlier in Section 1, to show that ¢, € Pol(pm) it
suffices to prove that M(pn,D,,, ) is empty. Consider an m x n matrix A = (a;;) €

M(pn, Dy, ). Clearly A is a zero-one matrix. As A = (@i1,... ,@in) € Dy, , we have
k3

that ) a; =1, forall : =1,...,m. Therefore every row of the matrix A contains
k=1

exactly one entry 1 while all the other entries are 0, and so exactly m entries of A are
equal to 1. Now m > n since otherwise at least one column of 4 would consist of 0’s
and thus would not belong to p,,. From m > n it follows that at least one column of
A, say A.i, contains more than one eniry 1. As 4,1 € pn,, exactly one entry of A.,,
say ai1,is 0. This gives a;; = 0 for all 7,5 > 2. As n > 3 and since the matrix A has
exactly m entries equal to 1, we see that at least one column of A consists of 0’s and
so this column does not belong to p,,. This contradiction shows M(pm, Dy, ) =0, and
thus ¢, € Pol{pm).

THEOREM 9. Let k > 2. The maximal partial clone Pol(T'x) on k contains the
independent family {Pol(p.) | m > 3}. Consequently, there are 280 partial subclones
of Pol(T';) containing Si and contained in no other maximal partial clone.

PRrooOF: Clearly Si C Pol(p;) for all 7 > 2. Moreover
I, = P2 = {(I1y) € k? I (:E, T, Ty..., %, y) Epm}v

and thus by Lemma 1 Pol(pm) C Pol(p;), for all m > 3. On the other hand, I'y =
{(zo,--. s2h-1) | (zi,zj) € p2 forall 0< i< j<h-—1},and so Pol(pz) C Pol(Tk).
Now Lemmas 6 and 8 show that {Pol(p,) | m > 3} is an independent family of sub-
clones of Pol(T't). It remains to show that Pol(pm) is a subclone of no other maximal
clone. In order to see that, define g, € P(3) by

Dy, = {(0,0,0),(1,0,0),(0,1,0),(1,1,0)}, ¢1(0,0,0) = g1(1,0,0) = g1(0,1,0) := 0
and ¢,(1,1,0) := 1.
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As the last coordinate of every T € D, is 0, the set M(pm,Dy, ) is empty, thus
g1 € Pol(pm) for every m > 3. However the 4 x 3 matrix

1 10
1 00
0 00
010

shows that g; ¢ Pol(R;) U Pol(R;). Moreover, this same matrix shows that g1 ¢
Pol(T4|JR:) whenever k > 4. Now let £ > 3. Define the partial binary opera-
tion g2 by Dy, := k x {0} and ¢2(0,0) := 1 g2(1,0) := ... := go(k —1,0) := 0.
As above, we can show that g, satisfies go € Pol{p,,) for all m > 2 while g» &
Pol(Tx U{(z,... ,2) | z € k}). Finally, one can use the partial ternary operation de-
fined by D, := {(1,1,0), (1,0,0), ... ,(k~1,0,0)} and gs(1,1,0) := 0, g3(1,0,0) :=
1, 93(2,0,0) :=2, ..., g3(h —1,0,0) := h — 1 to show that Pol(pm) & Pol (k* \ T}),
forall 3< h <k and all m > 3. 0

II. We construct an independent family of subclones of Pol(R;). Let h > 1 and
£ be the set of all equivalence relations on 2k := {0,... ,2h — 1} with two blocks each
of size h. Note that £ has exactly (2: ) /2 elements. For every p > 1, define the 2p-ary

0p = U A,.

ec&

relation o, on k by

For example, o2 = R;. Note that o, is a totally symmetric relation. Moreover, it is
straightforward to see that Si C Pol(o2,) for every p. For every number p, we define
the (p + 1)-ary partial operation a, by

Day, = {(0,..- ,2p) € 2741 | 25 4 ...+ z, € {0,p}}, and
ay(0,1,...,1) = ap(1,0,1... ,1) = ... = ap(1,1,... ,1,0) = 1, ay(0, 0, ..., 0) = 0.

Thus |Dap+1l =p+2.

LEMMA 10. Let F C N satisfy p divides q < p = q, for all p,q € F. Then
for all p,q € F

a, € Pol(og) < p#4q.

PROOF: (=) By contraposition. Let p = ¢ and consider the 2p x (p + 1) matrix
A whose first p + 1 rows are (1,1,...,1,0), (1,1,...,0,1), ... ,(0,1,...,1,1), and
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whose last p —1 rows are (0,0,...,0,0), that is,

1...10\

1 ... 01
A:=10
1
00

\o 0 ... 00

It is clear that A € M(O',,,'Dap) while a,(4) =(1,...,1,0,...,0) consisting of (p + 1)
ones and (p — 1) zeros does not belong to op, proving that a, ¢ Pol(a,).

(<) Let p # g € F. To show that a, € Pol(o,) consider a matrix 4 €
M (Uq,Daq) . Clearly A is a zero-one matrix. We have:

CLAIM. At least one column of A is constant.

PROOF: (of the claim) Suppose to the contrary that no column of A is constant.
Then every column sum is g and so A has exactly g(p + 1) ones. By the definition of
Da,, , each row sum of A is either 0 or p. Thus p divides g(p + 1) and consequently p
divides q. As p # g, the number p is a proper divisor of g, a contradiction. 0

Thus A contains at least one constant column. Note that if some column of A is
(1,1,...,1), then no row of A is the zero row and so

ap(4) = (1,1,...,1) € aq.

Thus we may assume that no column of 4 is (1,...,1). Then some column of A, say
the first, is the zero vector. Clearly all the nonzero rows of A are (0,1,...,1). If A is
the zero matrix, then clearly a,(A4) = (0,...,0) € 0p. Thuslet A be nonzero. Then A
has exactly g rows (0,1,...,1) and g zero rows; hence ap(A) consists of g ones and
g zeros and therefore a,(A) € 0. a

Now we can prove:

THEOREM 11. Let k > 2. The maximal partial clone Pol(R2) on k contains
the independent family {Pol(o,) |p is an odd prime }. Consequently, there are 2%°
partial subclones of Pol(R;) containing the set Si.

PROOF: Let p > 3 and

A= {(21,22,2s,24) € k* | (21,... ,21,22,23,... ,Z3,24) € Op},
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with p — 1 symbols z; and p—1 symbols zs. Then by Lemma 1 we have Pol(g;,) C
Pol()). We show that A = R,. Let (ml,z;,zs,z.;) € Ry. Then either (i) z; = z2 and
T3 = z4 or (i1) z; = z4 and z, = z3. In both cases (21,... ,21,22,23,... ,23,24) €0y
and so R; C A. Conversely let Z = (z1,22,2s,24) € A. Then y = (21, ..., 21, 22, s,
.,%3,%4) € 0p. Suppose z; = z3. Then ¥ has 2p — 2 equal coordinates. As
2p -2 > p, clearly ©; = 23 = 23 = z4 and = € R;. Then either z; =z, and z3 = z4
or 1 = ¢4 and =, = z3, that is, (21,%2,23,24) € R;, proving the claim. By Lemma
10, the set {Pol(op) | p is odd prime } is independent. 0

As for the family {Pol(pm)|m > 3}, we can prove:

PROPOSITION 12. Pol(R,) is the unique maximal partial clone on k that
contains the family of partial clones {Pol(o2p) | p > 3}.

ProoF: The partial ternary operation a; shows that, for every p > 2, Pol(o,) €
Pol(R;) UPol (T4 U R;). Indeed by Lemma 10 a3 € Pol(0,). Let

OO
O = O =
O o= O

Clearly A € M(Ry,Dq,) N M(T4U Ry,Dq,) but az(A4) = (1,1,1,0) is neither in
R; nor in T’y U R;. Moreover the partial clone Pol(o;) contains all the constant
functions while Pol(T'x) does not. Let k > 3. The unary operation f defined by
f(0) = ... = f(k—~2) = 0 and f(k—1) = 1 satisfies f € Pol(o;) \ Pol (T U Ay),
because every unary operation preserves op but only the permutations and the constant
function preserve I'y U Ag. Finally, for 3 < h < k, the partial binary operation defined
by setting D, := {(0,1)} U {(0,0),(1,1),... ,(h — 2,h — 2)} and g(0,0) =0, g(0,1) =
1,9(1,1)=2,..., g(h — 2,h — 2) = h—1 satisfies g € Pol(o,)\Pol (k* \ T'4). Indeed,
let A € M(op,Dy) contain ng rows (0,0), ny rows (0,1) and n; rows (1 —1,i — 1), 1=
2,...,h—1. If ng = 0, then (ay,...,a2,) := g(A) belongs to o, because there
is a 1-1 correspondance between the first column of A and (ay,...,a2p). If n; =
0, then by a similar argument (using the second column) again g(A4) € o,. Thus
assume that both ny and n; are positive. From the second column of A we see that
ng = ny = p, hence ny = ... = njy—; = 0 and g(A) € op. The matrix B with
rows {(0,0),(0,1),(1,1),...,(h—2,h —2)}, clearly belongs to M (k" \Ty,D,) but
g(B)=(0,1,... ,h—1) g kP \T}.

ITI. We construct an independent family of subclones of Pol (R;) N Pol (Rz). For
n > 3 let (, consist of all (@1,...,8,) € k™ with a1 = --- = @iy = @iy = -+ =
@j—1 = @j41 = --- = @ and a; = a; for some 1 <7 < j < n. Thus (, is the set of
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all constant n-tuples over k and of all 2-valued n-tuples over k with frequencies 2 and
n — 2. We first show that {Pol({7),Pol((s),...} is an independent family of partial
clones on k.

The set P, := {{p,q} |1 €< p < ¢ € n}} can be ordered lexicographically: Set
{p,q} < {p'5¢'} f (i) p < p’' and (ii) ¢ < ¢' whenever p = p'. Denote by M™"
the following n x (}) zero-one matrix: The columns of M™ = (m,-{p,q}) are indexed
by {p,q} € P, listed in the lexicographic order and m;, 3 = 1 if 4 € {p,q} and
Mifp,qy =0 if i & {p,q}. For example,

1111000000
1000111000
M°=]0100100110
0010010101
0001001011

For 1 < i< n and {p,q} € P,, denote by M. and M:‘{p,q} the i-th row and {p,g¢}-th

coloumn of M™. Define a partial (;)-ary operation f, on k as follows. The domain
Dy of fn is the set {M7,,... , M2} of rows of M™ and f(M7)=1,f(M}.)=...=
f(ME,) =0. We need:

LEMMA 13. Let m,n > 5. Then

fn € Pol((n) <= m #n.

ProoF: Fori=1,...,n set a; := fo(M}).
(=) By contraposition. Let m = n. Clearly M™ € M((n,Dy,) but fo(M™) =
(1,0,...,0) € (a.

(<) Let m # n and let X be an m x n matrix over k whose rows belong to
D, and such that fpo(X) € (m. Clearly there exist 1 < #1,... ,%m < n such that
Xje = M};‘.* forall j=1,...,m. Set A:={i;]|7=1,...,m}. (1) First suppose that
A c{1,...,n}. Choose a € A and b € {1,...,n} \ A. Then the {e,b}-th column of
X contains exactly one 1 - namely m, {ap} - and X.(q,5} & {m and we are done.
(2) Thus let A = {1,...,n}. Then m > n and so m > n due to the assumption
m # n. It follows that i, = i, for some 1 < p< ¢ < m. In view of |[A]| =n > 5,
clearly i, # i, for some 1 <7 < m. Set a :=ip, b:=1, and z := {a,b}. Then the
z-th column ¢ := X,, of X contains at least three 1’s, namely ma, = 1 twice (in the
p-th and g-th row of X ), and my. = 1 once (in the r-th row of X' ). Suppose now that
¢ € {m- Then by the definition of (,,, the vector ¢ has at least m — 2 ones. Now the
definition of M™ shows that |4\ {a,b}| < 2 which leads to the contradiction |4| < 4.
Thus ¢ & {mm and so fn, € Pol((m).

Now we have:
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LEMMA 14. Ifn > 7 then Pol((s) C Pol(R;:) NPol(R,).

PROOF:
(1) First we prove that Pol(({,) C Pol(R;). Set

a = {(z,y,2,t) €k* | (z,¥,2,t,... ,t) € (a}
Clearly Pol((,) C Pol(a) and so it suffices to show

CLamM 1. a=R;.

PROOF: (of the claim). It is quite easy to verify that R; C a; for example,
(a,a,b,b) € a as (a,a,b,... ,b) € (, and so on. Suppose now that « € R; and
let (a1,...,a4) € a\ Ry. From (1) it follows that a;,...,as are not pairwise dis-
tinct and therefore exactly three of ay,... ,as are equal. However, if a,b are distinct
elements of k, then as n > 7, we deduce from (1) that (a,a,a,b) ¢ a. Similarly,
(a,a,b,a),(a,b,a,a),(b,a,a,a) ¢ a. This contradiction shows that R; C a and proves
our claim. 0

(2) Now we show that Pol ((») C Pol(R,). Set
ﬂ:= {(z’y’z’t)€k4I(z7y,z’t"" ’t), (z7z’z’z’t"" 7t)ecﬂ}
Again it is clear that Pol({») C Pol(8) and so it remains to show:

CLamMm 2. 8= R;.

PrOOF: (of the claim) First we show that R, C B. Indeed, for a,b € k
clearly (a,a,b,b) € 8 due to (a,a,b,... ,b) € (, and similarly (a,b,b,a) € B as
(ayb,b,a,...,a) € (n. Conversely, we show that R, C B. Observe that, as
(z,y,2,t) € B implies (z,y, 2, ¢, ...,1t) € (,, proceeding as in the proof of Claim
1, we deduce that 8 C R;. Suppose now that 8 R, and let (a1,...,as) € B\ R;.
Then a; = a3 = a # b = az = a4 and from (2) we obtain that (e,q,a,a,b,... ,b) € (,.
As n > 7, this contradicts the definition of {,. Thus 8 = R;, and the proof of our
lemma is complete. 1]

We have shown:

THEOREM 15. The partial clone C := Pol(R;) N Pol(R,) contains the inde-
pendent family of clones {Pol({7),Pol((s),...}. Consequently there are 2%° partial
subclones of C containing all the permutations of k.

Furthermore we have:

PROPOSITION 16. Let k,n > 3. Then Pol(R,) and Pol(R;) are the only
maximal partial clones on k containing Pol((,).

ProoF: Each constant unary operation belongs to Pol(¢,) but does not belong
to Pol(I'x). Let the unary operation g on k be defined by g(0) := 1 and g(z) :=0
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otherwise. It is easy to see that g € Pol(({,) but clearly g ¢ Pol(I'; UA;). Also,
for £k > 3, clearly (0,1,2,3) € R; N R, N (Tx UR,) while (g(0), g(1), 9(2), 9(3)) =
(1,0,0,0) € R, U R, U(T's U R,), proving g is in neither Pol(R;), Pol(R;) nor in
Pol (I's U R;). We show that Pol({,) € Pol (kh \ I‘h), for h =3,... ,k. Consider the
partial ternary operation 4 defined by

Dy :={(0,0,0), (0,1, 1), (1,0,2), (2,2, 0} U{(iiri) i =3, ..., h—2},

and ¥(0, 0,0) := 0, v(0,1,1) :=1,~(1,0, 2) := 2, 4(2, 2,0) := 3, 7(s,%,%) := 1+ 1,
(z=3,...,h—2). Clearly

w N = O O
W N O O
CW O N = O

\h;2 he2 h_2)

belongs to M(k*\T4,Dy) but y(4) = (0,1,...,h—1) ¢ kP \ Ty, thus v ¢
Pol (kh \I‘h). We show that v € Pol(({,). Let B = (b;;) € M({n,Dy) have no rows
(0,0,0), ny; rows (0,1,1), np rows (1,0,2), ny rows (2,2,0) and m; rows (i,1,1),
1 =3,...,h —2. Consider the case ng = 0. Observe that then there is a selfmap ¢
of h such that ¢(b;;) = ¢; for all i =1,... ,n. This means that b;; = bj; = ¢; = ¢;
for all 1 € ¢ < 5 < n. From the definition of {, and (b11,...,bn1) € {n, we obtain
the required y(B) € {,. The same argument applies if n; = 0 for some 1 < i € 3
(with the i-th column instead of the first one). It remains to consider the case when all
n9,... ,n3 are positive. However, then the first column of B contains 0, 1, 2, and so
does not belong to (,. This concludes the proof of ¥ € (» and of the proposition. [

REMARK 17. An infinite independent family of partial clones under Pol (R;) and con-
tained in no other maximal partial clone is missing. However, we have a countably
infinite chain under this maximal partial clone:

Let F be the set of all equivalence relations on 2k := {0,...,2h — 1} with two
equivalence classes of even size, and for n > 2, define the 2n-ary relation

Tp = U A,.

eEF
Hence (21,...,2Z2n) € 7o if and only if either z; = --- = &2, or there are a,b € k
such that {z;,... ,zan} = {e,b} and e appears in an even number of times. Clearly

Sk C Pol (1) for all n > 2.
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Now as
Ton = {(Z1,Z2,- -+ ,Zan—1,%2n) | (€1, 21,%1,22,..+ ;T2n-1,%2n) € T2nt2},
we have that
(1) Pol(14) 2 Pol(76) 2 Pol(7s)...

Note that 74 = R;. We show that no equality holdsin (1). For Pol(12p42) # Pol (725),
consider the 2n-ary partial operation 3, defined by setting:

Dy, = {(0,...,0),(1,...,1)}U{(1,0,...,0),(0,1,...,0), ..., (0,0, ..., 1)}, and

Ya(z1,Z2,... ,@2n) = 0 if either (z1,Z2,... ,%25) is a row of the 2n x 2n identity
matrix or (z1,...,2,) =(0,0,...,0) and ¥.(1,1,...,1)=1.

Let A be the (2r + 2)X2n matrix whose first 2n rows form the 2nx2n identity ma-
trix and the last two rows are (0,0,...,0) and (1,1,...,1). Nowas A € M(Tnt1,Dy,)
but ¥,(4) = (0,...,0,1) & Tnhyy, we deduce that ¥, ¢ Pol(7,41). We claim that
Pn € Pol(r,). Indeed let B € M(7n,Dy,) have m; rows (1,0,...,0), ..., m2,
rows (0,...,1), t; rows (0,...,0) and t; rows (1,...,1). We show that ¢, is
even. Suppose to the contrary that ¢, is odd. Since the columns of B are in 7,,
clearly m; + t; is even and therefore m; i1s odd for all ¢ = 1,...,2n. Moreover
2n = my + -+ man+ti +1t2 2 2n+¢ +1 2 2n 4+ 1, a contradiction. Thus ¢,
is even and ¥,(B) = (c1,...,c24) is a zero-one vector with ¢; + - -+ + ¢2, = t2, hence
Pn(B) € 1.

Next we show that Pol(72,) is contained in no other maximal partial clone on k.
Indeed denote by f the partial binary operation with Dy := 2% and f(00) = f(1,1) :=
0, f(01) = f(10):=1 (thus f is the sum mod 2 with domain {0,1}). We show that
f € Pol(R;). Let A € M(7,,Dy) have ngy rows (0,0), ny rows (0,1), np rows (1,0)
and ng rows (1,1). As the columns of A belong to 7,, we have that n; + n3 =
nz + n3 = 0 (mod 2), whence n; =np = ng (mod 2). Now f(A4) = (c1,...,c2,) where
€1+ -+ ¢can = n1 + ny = 2n; = 0 (mod 2); consequently f(A4) € 7, However, the
matrix

S O =
- O

0

can be used to show that f ¢ Pol(R;). Furthermore, we can use the same partial

operations defined in Proposition 16 to show that none of the maximal partial clones
Pol(Tk), Pol(T'x U Ag), Pol(k*\ Ax), 3 < h <k, Pol(Ps UR,) contains the partial
clone Pol(r,).
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