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ON THE NUMBER OF JUMPS OF RANDOM
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Abstract

Let So :=0and Sy := &1+ -+ & fork e N:={1,2,...}, where {&: k € N} are
independent copies of a random variable & with values in N and distribution py := P{§ =
k}, k € N. We interpret the random walk {Sx : k = 0, 1,2, ...} as a particle jumping
to the right through integer positions. Fix n € N and modify the process by requiring
that the particle is bumped back to its current state each time a jump would bring the
particle to a state larger than or equal to n. This constraint defines an increasing Markov
chain {R,i"): k=0,1,2,...} which never reaches the state n. We call this process a
random walk with barrier n. Let M,, denote the number of jumps of the random walk with
barrier n. This paper focuses on the asymptotics of M,, as n tends to co. A key observation
is that, under p; > 0, {M,,: n € N} satisfies the distributional recursion M; = 0 and
M, 2 w1, +1forn = 2,3,..., where I, is independent of M», ..., M,_| with
distribution P{/,, = k} = pr/(p1 + -+ pn—1), k € {1, ..., n — 1}. Depending on the
tail behavior of the distribution of &, several scalings for M), and corresponding limiting
distributions come into play, including stable distributions and distributions of exponential
integrals of subordinators. The methods used in this paper are mainly probabilistic. The
key tool is to compare (couple) the number of jumps, M,,, with the first time, N,,, when
the unrestricted random walk {Sx: k = 0, 1, ...} reaches a state larger than or equal
to n. The results are applied to derive the asymptotics of the number of collision events
(that take place until there is just a single block) for S(a, b)-coalescent processes with
parameters 0 <a <2and b = 1.
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1. Introduction and main results

Fix n € N := {1,2,...}. By arandom walk with the barrier » we mean the sequence
{R,(C"): k € Ng := {0, 1, ...}} defined recursively via R(()") :=0and

R]E") = ngn_)l + & l{R(n) keN,

k_|+§1< <n}’

where {&: k € N} are independent copies of a random variable £ with some proper and
nondegenerate probability distribution

pr = P{§ =k}, keN, p; >0.
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Note that the sequence {R,En) : k € Np} is nondecreasing and that R,E") < nforall k € Ny. Let
o
- . p (m)y _
M, =#{k e N: R # R} = 12(;1{R;n>+§l+l<n}

denote the number of jumps in the process {R,En): k € Np}. Note that M; = 0 and that 1 <
M, < n—1forn > 2. The aim of the paper is to investigate the asymptotic behavior of M,, as
n tends to co. Hinderer and Walk [23] investigated processes more general than random walks
with a barrier, but the circle of problems they considered was different from ours.

As p1 > 0, it follows from Lemma 1 of [24] that the marginal distributions of {M,,: n € N}
satisfy the distributional recursion M; = 0 and

M, = M,_j, +1, nef23,...), (1.1)
where I, is a random variable independent of Mj, ..., M,_1 with distribution
Pil,=kj= ——P*  kneN k<n (1.2)
! L+t a1’ ’ ’ ' '

Note that I, is the size of the first jump of {R,E") : k € Np}. It is worth mentioning that the
asymptotic results presented later not only apply to the number of jumps in a random walk
with a barrier but also to all sequences whose marginal distributions satisfy the distributional
recursion (1.1) with the distribution of /,, given by (1.2). The number of jumps of a random
walk with barrier n is just one example of a sequence whose marginal distributions satisfy
recursion (1.1).

Before we formulate our asymptotic results for M,,, we now briefly discuss closely related
and more general models and the corresponding literature. In order to do this, for the moment,
assume that the distribution of 7, in (1.1) does not follow (1.2) but rather takes the more general
form

P{l, =k} = mp -k, k,neN, k <n, (1.3)

where the 7r;;, 1 < j < i, are some given nonnegative constants satisfying Z’];ll mij = 1.

Probably the most general description of sequences {M, : n € N} satisfying recursion (1.1)
with the distribution of I, given by (1.3) is as follows. Consider a decreasing Markov chain
{Zk: k € Ny} with state space N and transition probabilities 7r;; > 0 for i, j € N with j < i
and 77;; = 0 otherwise. Forn € N, let

M, :=inf{k > 1: Z; = 1 given Zg = n}

denote the absorption time of the Markov chain conditioned on the event that the chain starts
in the initial state n. Then the marginal distributions of {M,,: n € N} satisfy the distributional
recursion (1.1) with the distribution of I,, given by (1.3).

We are aware of only two papers, [36] and [39], which address the asymptotic behavior of
M,, as n tends to oo in the general setting when it is not assumed that 7;; takes some particular
form. The problem is simpler if either the probabilities 7;; are given explicitly, or if they have
some particular functional form. In this latter situation some results on the asymptotic behavior
of recursion (1.1) with (1.3) are available, for example, in the context of random composition
structures [4], [18], [20], [21], of coalescent theory [19], [24], [26] (see also Section 7 of the
present work), and in the context of random trees [11], [14], [24], [29], [30]. We also refer the
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reader to [3] for a number of interpretations of the random recursion (1.1), where I, satisfies
(13)withm;j =G — D7 i, jeN, j<i.

Throughout the p VJ)f:r r(-) ~ s(-) means that r(-)/s(-) — 1 as the argument tends to co.
The symbols * 2005 and <> > respectively denote convergence in law, weak convergence,
and convergence in probablllty, and X, > (—, =) X means that the limiting relation holds
when n — oo. By L we always denote a function slowly varying at co.

We now state our main asymptotic results for sequences of random variables {M,,: n € N}
satisfying the distributional recursion (1.1) with the distribution of 7,, given by (1.2). We begin
with a weak law of large numbers.

Theorem 1.1. If Z?:l pad j Pk~ L(n) for some function L slowly varying at oo then, as

n — oo,
M,
50 (1.4)
EM,
and EM,, ~ n/L(n). In particular, if
m:=E& < o0 (1.5)

then E M,, ~ n/m. If(1.5) holds, and if there exists a sequence of positive numbers {a,: n € N}
such that M,/ ay, Slasn— o0, then a,, ~ n/m.

To formulate further results we need some more notation. For C > 0 and o € [1, 2], let u,
be an «-stable distribution with characteristic function ¥4 (¢), t € R, of the form

Ta Ta
exp( —t|*CT (1 —a)(cos(T) +1sm< 5 )sgn(t))) l<a<?2,
T
exp<—|t|C(E —1ilog |t|sgn(t))), a=1,
C
exp<—5t2>, o =2.

In the case when (1.5) holds Theorem 1.2, below, provides necessary and sufficient conditions
ensuring that M,,, properly normalized and centered, possesses a weak limit.

Theorem 1.2. I[fm := E& < oo then the following assertions are equivalent.

(1) There exist sequences of numbers {a,, b, : n € N} with a,, > 0 and b,, € R such that, as
n tends to oo, (M,, — by,) /a, converges weakly to a nondegenerate and proper probability

law.
(i1) Either o2 = var§é < oo or o2 = 00 and, for some a € [1,2] and some function L
slowly varying at 0o,
n
> Kpi~n*L(n).  n— oo. (1.6)
k=1

If 02 < oo then, with b, := n/m and a, = (m=3C = o2n)'/2, the limiting law is jv> (normal
with mean 0 and variance C). If o> = 0o and (1.6) holds with o = 2 then, with b, := n/m and
ay := m~>3?%¢,, where ¢, is any sequence satisfying lim,,_, o nL(cn)/c,zl = C, the limiting law
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is wa. Ifo® = oo and (1.6) holds with« € [1, 2) then, withb, := n/m and a, = m~@+D/e¢,
where ¢, is any sequence satisfying

. nL(cy) o
lim =

n—>oo % 2 -«
the limiting law is Lq.

Remark 1.1. For 62 < oo, the same weak convergence result for M, was obtained in Theo-
rem 4.1 of [39] in a setting more general than ours. Note that, for« € [1, 2), (1.6) is equivalent
toP{é>n}~Q2—-a)n™L(a)/a, n — o0.

If the mean of £ is infinite, Theorem 1.3 and Theorem 1.4, below, provide conditions ensuring
that M,,, properly normalized without centering and centered, respectively, possesses a weak
limit.

Theorem 1.3. Suppose that, for some « € (0, 1) and some function L slowly varying at oo,

> L(n)
PlE>n) = ) pi~ a3 (1.7)
k=n
Then, as n — 0o, -
L
OBV / exp(—U,) dt, (1.8)
n< 0

where {U; : t > 0} is a drift-free subordinator with Lévy measure

e—t/oz

V(dl)zmdl, t > 0. (19)

Theorem 1.4. Suppose that E& = oo and that, for some function L slowly varying at 0o,

L) (1.10)
n

oo
PlE=n) =) pi~

k=n
Let ¢ be any positive function satisfying limy_oo x P{§ > c(x)} = 1, and set ¥(x) =
X Oc(x) P{¢ > y}dy. Let b be any positive function satisfying

b(¥r(x)) ~ ¥ (b(x)) ~ x,

and set a(x) = x " 'b(x)c(b(x)). Then, (M, — b(n))/a(n) converges weakly to the stable
distribution u, with C = 1.

In the literature there exist at least two standard approaches to studying distributional
recursions. One approach is purely analytic and based on a singularity analysis of generating
functions; see, for example, [14] and [30]. Another approach, called the contraction method,
is more probabilistic; see [28], [34], and [35]. It was remarked in [24] that the recursions
(1.1) which satisfy (1.2) can be successfully investigated using probabilistic methods alone
(completely different from contraction methods). The present work extends ideas laid down
in [24] for the particular case in which

n 1

P{InZk}:n—IM’

kef(l,....n—1}.

https://doi.org/10.1239/aap/1208358893 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1208358893

210 A. IKSANOV AND M. MOHLE

The basic steps of the technique exploited can be summarized as follows.
Let

So := 0, Sp =& +---4+&, and N, :=inf{k > 1: S > n}, neN.

We may expect that the limiting behavior of M,, and N,, are similar, or at least that the limiting
behavior of the latter influences that of the former. Similarity in the limiting behavior of M,
and N, is well indicated by the asymptotic properties of their difference. In particular, we will
prove the following.

(a) If EE < oo then M,, — N,, weakly converges. Therefore, M,,, properly normalized and
centered, possesses a weak limit if and only if the same is true for N,,.

(b) Now assume that E& = oo.

(bl) If Z,‘:in pr ~ L(n)/n and if (N, — by,)/a, weakly converges to some p then
(M, — Np)/an 5 0, which proves that (M, — b,)/a, weakly converges to .
Thus, in this case and case (a) the weak behavior of M,, and N, is the same.

(b2) If, for some o € (0, 1), Z,fin pr ~n"“L(n) and N,/a, weakly converges to
some v; then (M, — N,)/a, weakly converges to some v,. Even though the
argument exploited above does not apply, it will be proved that M, /a, weakly
converges to v3 # vy. Thus, in case (b2) a weak behavior of M, is not completely
determined by that of N,,. Now it is influenced by the weak behavior of both
N, and n — Sy,—1 to, approximately, the same extent. This observation can be
explained as follows. The probability of one big jump of S, in comparison to
cases (a) and (bl) is higher and, therefore, the epoch N,, comes more ‘quickly’.
As a consequence, a contribution to M,, of the number of jumps in the sequence
{R,E”): k € Np}, while R,E") is traveling from Rl(\',’n)f1 = SN,—1 ton — 1, becomes
significant.

The referee pointed out the following interpretation of Theorem 1.3 that can be read from
(1.9) in combination with results from [20] on exponential functionals of subordinators. Since
N, is known to be asymptotic to the local time of an unrestricted Bessel process (which has
Mittag—Leffler distribution), then M,, is asymptotic to the local time of a modified Bessel
process, obtained by recursively peeling the meander of the unrestricted Bessel process (the
latter has distribution of the right-hand side of (1.8)).

To close the introduction, it remains to review the structural units of the rest of the paper. In
Section 2 we investigate both the univariate and the bivariate weak behavior of (N,, n — Sy, 1),
and discuss their relation to exponential integrals of subordinators. The proof of Theorem 1.3
along with some comments explaining the appearance of the limiting law in (1.8) are given in
Section 3. Theorems 1.2, 1.1, and 1.4 are proved in Sections 4, 5, and 6, respectively. Finally,
in Section 7 we apply our results to derive limiting theorems for the number of collision events
that take place in certain beta-coalescent processes until there is just a single block. It turns
out that the results are applicable for B(a, b)-coalescents with 0 < a < 2 and b = 1 because,
for that parameter range, the number of collisions satisfy the distributional recursion (1.1) such
that 7, has a distribution of the form (1.2).
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2. Resultson N, and n — Sy, —1: the m = oo case

2.1. Univariate results

Necessary and sufficient conditions are given below to ensure that the sequence {N,, : n € N}
(a) properly normalized (without centering), weakly converges to a nondegenerate law (Propo-
sition 2.1) and (b) is relatively stable (Proposition 2.2).

It is well known that (1.7) implies (2.1), below (in the case in which « € (0, 1)), and
that Proposition 2.2(a) is equivalent to Proposition 2.2(b), below (see [17, Theorem 7] and
[9, Corollary 8.1.7], respectively). Although the whole results may seem classic, we have not
been able to locate them in the literature in the present form. Therefore, complete proofs of
them are provided in [25], which is a preprint version of this work.

We say that a random variable ¢, has a scaled Mittag—Leffler distribution with parameter
a € [0, 1) if

n!

Ec" = , e N.
¢ = Tn(l —a)I'(1 + na) "

Note that the moments {E ¢/ : n € N} uniquely determine the distribution.

Proposition 2.1. [f(1.7) holds for some a € [0, 1) then

. L) k!
lim EN, = ) k e N,
n—oco pok k(1 —a)I'(1 4 ak)
and, therefore,
L
(Z) N, % 6, 2.1

where 0, is the scaled Mittag—Leffler distribution with parameter «.
Conversely, assume that there exists a sequence {a(n): n € N} of positive real numbers such
that N, /a(n) weakly converges to a nondegenerate and proper law 0. Then

a(n) D(ip >_1 bn®
~ " ~
pat L(n)

for some constants D > 0, a € [0, 1), and some function L slowly varying at oo, and (2.1)
holds.

Proposition 2.2. The following conditions are equivalent.
(@) Yom—1 Ypem Pk ~ L(n) for some function L slowly varying at oc.
(b) 1 =302 e " p, ~sL(1/s)ass | 0for some function L slowly varying at co.

(¢) The sequence {Ny: n € N} is relatively stable, i.e. there exists a sequence {a(n): n € N}
of positive real numbers such that N, /a(n) 51

Moreover, if (a) holds then

A
lim

n—oo n

ENF=1, keN, (2.2)

and a(n) ~ EN,,.

The next result is a corollary of Theorem 1.1 and Proposition 2.2.

https://doi.org/10.1239/aap/1208358893 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1208358893

212 A. IKSANOV AND M. MOHLE

Corollary 2.1. Assume that (1.10) holds. Then, EN, ~ EM, ~ n/m(n), where m(x) :=
fo P& > y}dy, x > 0. Moreover,

N M
MmN v g MM
n n

In particular, M,/ N, 51
Proof. Condition (1.10) ensures that m(-) belongs to the de Haan class IT, i.e.

m(Ax) — m(x) _

lim =loga, A > 0.

xX—00 L(x)

In particular, m(-) is slowly varying at co. Since 3 7_; 3°;2; px ~ m(n), Theorem 1.1 and
Proposition 2.2 imply the result for M, and N, respectively.

Proposition 2.3, below, is a key ingredient for our proof of Theorem 1.4. Define Y, :=
n—Sy,—1, n €N,

Proposition 2.3. Assume that (1.10) holds. Then, for fixed 5 > 0,

Bys = of ML 2.3)
n mn) )’ '
Furthermore, for functions a and b, as used in Theorem 1.4,
b)Y,
¥ & (2.4)
na(n)

Proof. In the same way as in the proof of Proposition 2.5 it follows that

n—1
EY) =) (n—k°PE=n—Ku. nel,
k=0

where uj := ZLO P{S; =k}, k € Ng. By Corollary 2.1, EN,, ~ n/m(n). Moreover,
EN, ~ > _ouk, n € N. Thus, Y }_ur ~ n/m(n) and, by Corollary 1.7.3 of [9],

1
m((1—s)"H(1 =)

o0
U(s) :=Zs"un~ ass 1 1.
n=0

By the same corollary,

TGL((1=5)""
(1—s)

V(s) :=Zs"n“P{g > n} ~ ass 1 1.
n=1

Therefore,

r@) L{(1-s""
(1 =5 m((1—s)"1

ZS"EY,‘E =U(s)V(s) ~

n=1

ass 1 1.
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Therefore, Corollary 1.7.3 of [9] applies and proves (2.3). Recall that ¥ (x) = xm(c(x))
and that ¢(x) ~ xL(c(x)). Set v(x) := xa(x)/b(x) = c(b(x)). Since m(x)/L(x) — oo,
c(x) = 00, and

) _xmex)  mlc(x))
c(x) c(x) L(c(x))
we conclude that ¥ (x)/c(x) — oo as x — oo. Therefore,
b x
ax)  c(b(x))
The latter relation, together with m(x)/L(x) — oo, implies that
L(x) b(x) _ L(x) «x
m(x)a(x)  m(x) c(b(x))
N L(x) X
m(x) b(x)L(c(b(x)))
L) ¢y OW)
m(x) b(x)L(c(b(x)))
. L(x) m(c(b(x)))
m(x) L(c(b(x)))

as x — 00,

— 0 asx — OQ.

remains bounded for large x.
For fixed § € (0, 1) and any ¢ > 0, we have, by Markov’s inequality and (2.3),

5 5—1
P{Y, > v(n)e} < BY, =O<M<b(n)) )—>0 asn — oo.
vé(n)ed m(n)a(n) \ a(n)

The proof is complete.

2.2. Some results on exponential integrals of subordinators

Let {Z;: t = 0} be a drift-free subordinator which is independent of 7, an exponentially
distributed random variable with mean 1. Set Q := fOT exp(—Z;)dt, M := exp(—Zr), and
A= f;o exp(—Z;) dr. As is well known (see, for example, [10, Lemma 6.2]), the following
equality of distribution holds:

A = MA. + 0, (2.5)
where A is a copy of A which is independent of (M, Q). The latter means that A is a
perpetuity (see [2] for the definition and recent results) generated by the random vector (M, Q).

Our next result generalizes Proposition 3.1 of [10], which deals with the moments of Q, and
a number of results concerning the moments of fooo exp(—Z;)dt = Q + A (see, for example,
[38, Proposition 3.3]).

Proposition 2.4. For . > 0and i > 0,

A
EQ*M! = — B QMK
I+ o+ uw
where ¢(s) := —logEexp(—sZ1), s > 0. In particular,
n!
apm ;=EQ"M" = , m,n € Ny, 2.6
= B0 [Tz +¢0m + k) 0 (20
n!'m!

bpm =EQ'A" = — : .neNy.
’ e o+ g+ ke gm0
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The moment sequences {ay ,: m,n € No} and {b, ,: m, n € No} uniquely determine the laws
of the random vectors (M, Q) and (A, Q), respectively.

Proof. Fort > 0, define A; := f(; exp(—Z,) dv. The following is essentially [10, Equa-
tion (3.1)]:

t
AP exp(—pZy) = 2 /O (Ar — AN exp(—(Z, — Z,)) exp(— (i + 1) Zy) dv.

Since

(Ar — Ay exp(—(Z; — Zy))
A—1

t—v
=exp(—(A — 1)Zv)(/0 exp(—(Zs4v — Zv)) d5> exp(—u(Z; — Zy))

and {Z;1,—Z,: s > 0} is a subordinator which is independent of {Z, : v < ¢} and has the same
lawas {Z;: t > 0}, we conclude that (fé_" exp(—(Zsv — Zy)) ds)* "L exp(—u(Z; — Z,)) has
the same law as A?‘__l exp(—uZ;—y) and is independent of exp(— (A — 1)Z,). Therefore, using

Fubini’s theorem,

v

o0
E A% exp(—uZr) =f e "E Al exp(—pZ,)dt
0

o0 '
= A/ e’ </ e VWA E AN exp(—uZ, ) dv) dr
0 0

o o0
= A/ e VPt (f e "EAM Vexp(—uZ; ) dt) dv
0 v

o0 o0
=2 / e VeO+m+D gy / e “EA M exp(—pZ,) du
0 0

A

=—EA)”_16X —uZr).
[FoO 1 DA oxpnzr)

Starting with

o0 00
Eexp(—uZr) = / e 'Eexp(—uZ,)dt = / o1 (o) 4 — @7
0

0 1+’

the formula for a, , follows by induction. To prove that the law of (M, Q) is uniquely
determined by {a, ,: n,m € Ny}, it suffices to check that the marginal laws are uniquely
determined by the corresponding moment sequences (see [31, Theorem 3]). Since M € [0, 1]
almost surely, the law of M is trivially moment determinate. From (2.6), it follows that

n!
S (U 4e) - (I +pm)’

Set f,, := E Q"/n!. The limit f := lim,_,  f,,/fn+1 €Xists and is positive (it is finite if Z; is
compound Poisson, otherwise it is infinite). By the Cauchy—Hadamard formula, f = sup{r >
0: Ee"? < oo}. Therefore, the law of Q has finite exponential moments of some orders from
which we deduce that this law is moment determinate.

E Q" neN.
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According to Proposition 3.3 of [38], EAZ = m!/(¢(1)---¢(m)), m € Ny. In view
of (2.5),
EQ"A" =EQ"M"™E A%,
n!m!
T Tico + @m + k)e(1) - o(m)’

It can be checked, in the same way as above for (M, Q), that the law of (A, Q) is determined
by the moment sequence. We omit the details.

m,n € Np.

2.3. A bivariate result
Assume that (1.7) holds or, equivalently, that

]

1 -1 n%
YT (Z”"> Loy

k=n

for some « € (0, 1). Let T be an exponentially distributed random variable with mean 1, which
is independent of a drift-free subordinator {U; : t+ > 0} with Lévy measure (1.9).

From Proposition 2.1, it follows that N, /w(n) converges in distribution to a random vari-
able ¢, with the scaled Mittag—Leffler distribution with parameter «. From (2.6) or from
Proposition 3.1 of [10], we have

T n n!
E —U)dt) = , No,
(/o exp(=Un) ) M-l +na) 500

which means that fOT exp(—U,;) df 2 ¢4. Thus,

Ny
w(n)

T
LY / exp(—Uy) d. (2.8)
0

Let n, be a beta-distributed random variable with parameters 1 — « and «, i.e. with density
x — 7 lsin(ra)x (1 — x)@7 1, x € (0, 1). Tt is well known that (see, for example,
[9, Theorem 8.6.3]) (1 — Sn,—1/7)% — nS. It can be checked that

o Tlam—1+1)
To = T0 ) Fan+1)

nEN().

From (2.7), it follows that exp(—U7) has the same moment sequence. Therefore, since the
distribution of exp(—Ur) is concentrated on [0, 1], it coincides with the distribution of nJ.

Thus,
Sy —
(1_ Na—1
n

Now we point out a bivariate result generalizing (2.8) and (2.9).

> 2 exp(=Uy). (2.9)

Proposition 2.5. Suppose that (1.7) holds. Then,

T
w™ () (w(n — Sy,—1), Na) = <6XP(—UT),/ exp(—U,)dt),
0

where {U; : t > 0} is a drift-free subordinator with Lévy measure (1.9).
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Remark 2.1. Corollary 3.3 of [33] states that

(L(n)(Nn+1 — . 1— %) > (X.Y). (2.10)

nOl

where the distribution of a random vector (X, Y) was defined by the moment sequence. Our
proof of Proposition 2.5 is different from and simpler than Port’s [33] proof of (2.10).

Proof of Proposition 2.5. According to Proposition 2.4 it suffices to verify that

i Ew'(n — Sy,_1)N; jIT@G — 1)+ 1)
1im T T = . )
n—00 witi(n) it —a) T(a@ + j) + 1)

i,jeNg.  (2.11)

By Proposition 2.1,

L) _ k!
li EN = :
nsoo pek = T TR Z )T (1 + ak)

Fori =0, (2.11) follows from (2.12). Fori € N, (2.11) is checked as follows:

keN. 2.12)

Ew'(n — Sy,_1)N;

n n—l1

=YY w'n—Dk/P(N, =k, i1 =1)
k=1 [=0

n—1 I+1

=w' P zn) + ) w' - DPE=n—1} ) KPS =1)
=1 k=2
n—1 I+1

=w'@PE=n)+ ) w =D Y KPS =1},
=1 k=2

Asin [1, p. 26], define the function f(x) :=0on [0, 1) and f(x) := (k+ 1)/ on [k, k + 1) for
k € N, and set F(t) := [y f(x)dx. Then,

1 I+1 n—1
KPSy =1} =Y (k+ 1) P{N, > k} = EF(N,).

k=1

n

+

~

1 k

||
S}

By Karamata’s theorem [9, Prqposi{gion 158, F(t) ~ (j+ )~ 1#7+1 Since limy,— o0 Ny = 00
almost surely and (N, /w(n))’+! > ¢t we have

FINy » cat!
" — .
witi(n) — j+1

(2.13)

By (2.12),

N, Jj+2 )
lim E 1 = Eg({+2 < 00.
n—00 w(n)

Therefore, the sequence {F(N,)/w/T!(n): n € N} is uniformly integrable, which together
with (2.13) implies that

§j+1 . ! neG+D
EF(N,,)) ~E —— ~ — - .
(No) ~ B ) ™ o T T + G + D) L ()

(2.14)
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Thus, if i = 1, we have

j! no{(j+1)
TiHL(1 — )T (1 + (j + Da) Lit(n)’

Ew(n — Sy,~D)N; ~

and (2.11) follows. Now assume thati > 2. Since w'~!(n) ~ }10‘("_1)/L"_l (n), Corollary 1.7.3
of [9] yields

o .
- 'd4+a@—1))
o n,i—1 ~
W(s) = ;S w () (1 — s)lHel=Dpi-T(1 — s)—l)’ stL
By the same corollary, (2.14) implies that
oo n+1 .
R(s) := Zs" <Z K/ P{Sp_ = z}>
n=1 k=2
Jj! 1
~ — - - , s 1.
Tit1(1 —a) (1 — s)2UFDLiFI((1 —5)~1)
Therefore,
r | — 1)) ;! 1
Ws)R(Es) ~ 4Tt =1D)j s 1.

Fj+l(1 —qa) (1— S)1+a(i+j)Li+j((1 _ s)—l)’

The sequence {w’ “l(n): n e N}is nondecreasing. Hence, the sequence

n—1 ' I+1 .
{Zw’_l(n -1 Zk'/ P{Sp—1=1}:n=2,3,.. }
I=1 k=2

is nondecreasing too. Another appeal to Corollary 1.7.3 of [9] gives, as n — oo,

n—1 I+1 . . i
- . Ir'd+oa@i—1)j! ne+p)
i—1

§ —lEk/PS_:lN . .

I=1 v )k:2 (e =1) Litl1 — o) (1 4 a(i 4 j)) Liti(n)

From this, (2.11) follows.

3. Proof of Theorem 1.3 and some comments

Nothing more than (1.1) and (1.2) is required for the proof given below.
For k,n € N, set ax(n) := E M¥ and by (n) := E NX. For x > 0, define

o) = LUZOT@ D Bl —a) -1
T Tlx—-D+1) ’ ’

where B denotes the beta function. Note that

1 o
Bax, 1 —a) = / Yl 1=y *dy =a”! / e (1 — e V)" gy,
0 0
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and, hence,

o0
<I>(x)=/ xe (1 —e )Ty — 1
0
o0
=f (1 —e ")~ q1 —e™) — 1

/o
f<1 ) T e e dy. 3.1

—e )/oc)oH—l

Thus, the function @ is the Laplace exponent of an infinitely divisible law with zero drift and
Lévy measure v given in (1.9).

Remark 3.1. In [7, p. 102] it was stated that the right-hand side of (3.1) equals ®(x) 4 1 (in
our notation). Thus, our (3.1) corrects that oversight.

Assuming that (1.7) holds, we will prove that

lim L0 ____M = keN 32
nl)m Dtk ak(l’l) = m = df, c IN. ( . )

This will imply that (see, for example, [7])

() ax = En*, k € N, where 5 is a random variable with distribution of the exponential
integral of a drift-free subordinator with Lévy measure v; and

(i) the moments {a, : n € N} uniquely determine the law of 7.

Note that the statement in (i) was first obtained in Example 3.4 of [38]. From (i) and (ii), it will
follow that (3.2) implies (1.8).
From (1.1) and (1.2), it follows that

n—1

ai(n) =1+r, Y ain—ipi,

i=1
and, fork € {2, 3, ...},

n—1

ax(n) = Drar(n), ..., ax—2(n)) +kax_1() + 1o Y ax(n — i) p;
i=1
n—1

=t dc(n) + 10 Y _ar(n —i)pi. (33)
i=1

where Dy () denotes the affine function of k — 2 positive variables of the form

k=2

Di(x1, %2, . Xk2) = Yok + Y VikXi
i=1

with coefficients y; x € R, i € {0, 1, ..., k — 2} (these coefficients can be derived explicitly,
but their exact values are of no use here), and r, := 1/(p1 + - -+ + pu—1). Using the equality
of distributions,

N =1, Nn—1+N 51{g<n}, n=273,...,
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where £ is independent of {N, : n € N}, a copy of {N,,: n € N}, we can show that

n—1

be(n) = cx(n)+ Y _b(n—i)pi, k€N, (3.4)
i=1

where c;(n) := 1 and
ck(n) := Dr(b1(n), ..., bg—2(n)) + k bp—1(n), k>2.

To prove (3.2), we will use induction on k. Suppose that (3.2) holds fork € {1,2, ..., j—1}.
Set

1 -1

bi—1
d B = o le{23...)
and - fr:= =1, 11 b1 —i b €i J

=13

where by :=11/(I''(1 — @)['(1 + al)), [ € N, and note that
ai—1 — Bibi-y —17'b) =0,  leN. 3.5)

In the following we exploit an idea given in the proof of Proposition 3 of [18]. Suppose that
there exists an € > 0 such that aj(n) > (8, + €)b;(n) for infinitely many n. It is possible to
decrease ¢ so that the inequality a;(n) > (B; + £)bj(n) + c holds infinitely often for any fixed
positive c. Thus, we can define n. :=inf{n > 1: a;(n) > (B; + &)b;(n) + c}. Then

aj(n) < (Bj+e)bjn)+c forallne(l,2,...,n.—1}. 3.6)
We have

(Bj +e)bj(nc) +c <ajne)
ne—1

=dj(nc) +ra, Y _ ajne—i)pi by (33)
i=1
ne—1
<dj(n)+c+ (Bj+8&)ra. Y bj(ne—i)pi by (3.6)
i=1
=Dj(a) + jaj-i1(n;) +c
+ (Bj +&)(rn, — D(bj(ne) — Dj(b) — jbj—1(nc))
+ (Bj +&)bj(ne) — (Bj +)(Dj(b) + jbj_1(nc)) by (3.3)and (3.4),

or, equivalently,

0 < Dja)+ jaj—1(nc) + (Bj +&)(rn, — D(bj(ne) — Dj(b) — jbj_1(ne))
— (B +e)(D;jd) + jbj_1(ne)),

where we have used the abbreviations

Dj(a) := Dj(ai(ne), ...,aj_2(ns)) and D;(b) = D;(bi(ne), ....bj_2(n))
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for convenience. Divide the latter inequality by z(c) := ngj ~De / L/~Y(n.), and let ¢ g0 to 0o

(which implies that . tends to co). Note that, according to (1.7), r,, — 1 ~ n=%L(n) and that,
by the induction assumption,

D lai
fim 1@ @), aj2) g
c—00 z(c) c—oo  z(c)

aj_1(nc)
—— =aj_1.

Using these facts and (2.12), we obtain
0<jaj1+ Bj+ebj—(Bj+e)jbj_i.

Since the function @ defined at the beginning of the proof is positive forx > O and jb;_1/b; —
1 = ®(j), we conclude that jb; 1 — b; > 0. Therefore,

e(jbj—1—bj) < j@j—1 —Bjbj—1—j b)) =0

by (3.5). This is the desired contradiction. Thus, we have verified that

A symmetric argument proves the converse inequality for the lower bound. Therefore,

je nia

a;(n) ~ Bb;(n) ~ Bib; L’j.(n) =4 Lo

A similar but simpler reasoning yields the result for k = 1. We omit the details. The proof is
complete.

The above proof only exhibits the limiting law, it does not give any insight into why it is
the law of an exponential functional. We intend to explore this issue now in some more detail.
Remarkably enough, it seems that we have found a new area where perpetuities appear in a
natural way. '

Fix i, j € N. Define R} (i) := 0,

R ) = R\ () + &1 keN,

(R, () +ik<iY
and
[ee)
M,@G) = ; l{ﬁl(n)(i)+i:i+l+1<n}’ n e N.
AlsosetY, :=n — Sn,—1.
The subsequent argument relies upon the following decomposition, (3.8).

Lemma 3.1. For fixedn € Nandanyi € N,

9 D

M,y (i) = M, (3.7)

and A
My — Ny + 1= My, (N,) Z My, . (3.8)

where {M): n € N} has the same law as {M,,: n € N} and is independent of (Ny, Yy,).
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Proof. We have

o
My=)_ LR <n)
=0

N,—2 00
- Z I+ Z I{R}”>+s,+1<n}
1=0 I=N,

00
=Ny —1+ 12(; l{léz(yn)(Nn)+SN,l+l+1<Yn}

= Nn -1 + MYn(Nn)»
and the first equality in (3.8) follows. For any fixed k € N,
P{My, (Nx) = k)

n n—1
=YY PM,_j(i) =k, Ny =i, Sx,—1 = j}
i=1 j=0
n n—l1 00
-2 ZP{ YR st anmjy =Ko N = 6 S = j}'
i=1 j=0 ‘/=0

The sequence {Ii’l("_” (@) + & +1+1: I € Np}isindependent of 1{Nn=i,SNn71=j} and has the same
law as {(R;"ij))’ +&/,,: 1 € No}, where {(Rl('))’: I € Np} is constructed in the same way as
the sequence without the ‘prime’ by using {£;: k € N}, an independent copy of {&: k € N}.
This implies (3.7) and

P{My,(N,) = k}

-3 Sl

i=1 j=0 \I=

oo
- P{IX(; Lrimy gy, vy = k}

= P{M}, =k},

]

0 LR Dy, <nmi) = k} P{Ny =i, Sy,—1=J}

and the second equality in distribution in (3.8) follows.

Set t(n) := n®*/L(n). From the above proof, we already know that M, /t(n) converges
in law to a random variable Z, say, with a proper law. From Y, 5 400 and the result of
Lemma 3.1, we conclude that Myn /t(Y,) converges in law to a random variable Z” 2 Z. By
Proposition 2.5,

<t(Yn) N, —1
t(n) tn)

T
) > M, Q) := (exp(—UT),/ exp(—U,)dt).
0
Rewriting (3.8) in the form

M, My, t(Y,) Ny—1
t(n)  t(Yy) t(n) t(n)
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we conclude that

( MYH I(Yn) Nn -
1(Yy) tn) t(n)

1) > (7', M, Q),

where Z' = Z, and using characteristic functions, it can be checked that Z’ is independent of

(M, Q). Furthermore,
Z=MZ + 0.

(3.9)

From (2.5), it follows that the distribution of fooo exp(—U;) dt is a solution of (3.9). By

Theorem 1.5(i) of [40], this solution is unique. Therefore,

M
t(n)

b o0
- / exp(—U;) dr.
0

In a similar way, we can prove the following result.

Corollary 3.1. Suppose that (1.7) holds. Then,

( M, — N, t(n_SN”—l) &)
t(n—Sn,—1)"  tm) ()

00 T
> <f0 exp(— Uyt — UT))df,eXP(—UT),/0 GXP(—Ut)dt>-

Furthermore,

M, — Ny (t(n_SN,,l) Ny )
—— and | ——2,
(= Swy_1) (i)

are asymptotically independent, and

T

%%MW—M“M)i(/ ﬁM—MNL/ mm—mmo.
T 0

4. Proof of Theorem 1.2

Our proof essentially relies upon the following classical result:

k

lim P{n — Sy,_1 <k} =m~"' > P{& =i} = P{W <k}, k € N.
n—oo

i=1

In order to see why (4.1) holds, note that

n
Pin—Sy,_1=kl=) P{Si_1=n—k S >n}

i=1

n—k

=P{ >k} P(S;=n—k)
i=0

— m~'P{g > k), n— 0o,

by the elementary renewal theorem, and (4.1) follows.
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From (3.8) we conclude that
M, — Ny > M}, —1, (4.2)

where W is a random variable with distribution (4.1) which is independent of {M},: n € N}.
Therefore, for any sequence {d,, : n € N} such that lim,_, o, d, = 00,

M, — N
T B, 4.3)
dy

Assume that the distribution of & does not belong to the domain of attraction of any stable law
with index o € [1, 2]. Then, as is well known, it is not possible to find sequences x,, > 0 and
yn € R such that (S, — yn)/x, converges to a proper and nondegenerate law. In view of the
fact that

P{N, > m} =P{S,, <n -1},

the same is true for N, (see [17, Theorem 7] and/or [22, Theorem 2] for more details) and,
according to (4.3), for M,,.

Assume that the conditions of Theorem 1.2(ii) hold. If 62 = oo and (1.6) holds with o = 2
then arguing as in the proof of Theorem 2 of [22] we conclude that, with a,, and b, as defined

in our Theorem 1.2,
N, —b, w
—_— = u.
dap

Theorem 5 of [17] (if 2 < 00) and Theorem 7 of [17] (if (1.6) holds for some « € [1, 2)) lead
to the same limiting relation (with corresponding a, and b,,, and with u; replaced by j,, in the
latter case).

In view of (4.3), the same limiting relations hold for M,,. The proof of Theorem 1.2 is
complete.

5. Proof of Theorem 1.1

First assume that m = oo. According to (2.2), EN,IL‘ ~ nk/Lk(n), k € N. The same
argument as in Section 3 yields

k
EM\ ~ — ~EM,)", keN.
" Lkn)
Therefore,
. M, \'
lim E =1, k e N,
n—00 E M,

which proves (1.4). In fact, to arrive at (1.4), it suffices to know that EM,, ~ n/L(n) and
E M2 ~ n?/L?(n), and to exploit Chebyshev’s inequality.
Now assume that m < oo. It is well known that
Ny

1
lim — = — almost surely. (GA))
n—»oo n m

In view of (4.2), lim;,_, oo (M, — N;;) /n = 0 almost surely, which yields limy, oo M, /n = 1/m
almost surely. By the elementary renewal theorem, E N,, ~ n/m. Using the same approach
as in Section 3, it is straightforward to check that E M,, ~ n/m. Conversely, if M, /a, 51
then (4.3) gives (M,, — Ny)/a, o, Therefore, Ny, /ay 5 1. An appeal to (5.1) allows us to
conclude that a, ~ n/m. The proof is complete.
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6. Proof of Theorem 1.4
By Theorem 3(c) and formulae in [8, p. 42] (see also [12]),

Nn - b(n) —1 w
—————— — U1,
a(n)

where y; is the 1-stable law with characteristic function [ e/ 1 (dx) = e
t € R. By Corollary 2.1,

it log |t|—|t|7/2
9’

M
m_ 5. 6.1)
N, — 1

Therefore,
My —b(m) My — N, +1bn) W
a(n) N,—1 a()
Thus, to prove the theorem it suffices to show that the second summand tends to O in probability.
Clearly, this can be regarded as a rate of convergence result for (6.1). Recalling the notation
Y, =n — Sy,—1 and using (3.8) gives

mi.

My, —N,+1b(n) My, m®n) b)Y, n

N,—1 am)  Y,/m(Y,) m(Y,) na(n) mm)(N, — 1)
4
= HK,-(n).
i=1

By Corollary 2.1, m(n)M,, /n 51 Using the equality of distributions (3.8) and the fact that
Y, L 00, allows us to conclude that K (n) 5. By Theorem 6 of [16], K> (n) 2 1/R, where
R is arandom variable uniformly distributed on [0, 1]. By Proposition 2.3, K3(n) 5. Finally,
by Corollary 2.1, K4(n) 5 1. The proof is complete.

7. Number of collisions in beta coalescents

In this section the main results presented in Section 1 are applied to the number of collisions
that take place in beta-coalescent processes until there is just a single block. Other closely
related functionals of coalescent processes such as the total branch length or the number of
segregating sites have been studied in [6], [13], [15], and [27] (see also [5]).

Let & denote the set of all equivalence relations on N. Forn € N, let g, : & — &, denote
the natural restriction to the set &, of all equivalence relations on {1, ..., n}. Forn € §,, let
|| denote the number of blocks (equivalence classes) of 7.

Pitman [32] and Sagitov [37] independently introduced coalescent processes with multiple
collisions. These Markovian processes with state space & are characterized by a finite measure
A on [0, 1] and are, hence, also called A-coalescent processes. Fora A-coalescent {I1;: ¢ > 0},
it is known that the process {|o,I1;|: ¢ > 0} has infinitesimal rates

. PllonIT;| = k} n / —k—1 k—1
=lim——— = " 1-— Al 7.1
ot 1= lim == 1) ), A0 Ad A

for all k,n € N with k < n. Let g, := Zz;ll gnk, n € N, denote the total rates. We are
interested in the number of collisions (jumps) X,, that take place in the restricted coalescent
process {0,I1;: ¢+ > 0} until there is just a single block. From the structure of the coa-
lescent process, it follows that (X, ),en satisfies the distributional recursion X; = 0 and
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X 2> 1+X,_1,, n € {2,3,...}, where I, is independent of X», ..., X, with distribution
P{l, =k} = gn.n—k/gn, k € {1,...,n —1}. The random variable n — I, is the (random) state
of the process {|o, I1;|: t > 0} after its first jump.

We consider beta coalescents, where, by definition, A = B(a, b) is the beta distribution with
density x — (B(a, b))~ 1xa=11 — x)P~1 with respect to the Lebesgue measure on (0, 1), and
B(a, b) := I'(a)T'(b)/ I'(a + b) denotes the beta function, where a, b > 0. In this case the
rates (7.1) have the form

n 1 ! a+n—k—=2 b
— - —k=201 = +k—2d
ik (k— 1)B(a,b>/o * = *

_( n )B(a—i—n—k—l,b—i—k—l)

) k5 N7 k . 7.2
k—1 B(a.b) mem k=n 7.2

From
k(k+1)B(a,b+k—1)

2 B(a, b)

8k+1,k =

3

it follows that

n—1 n—1

2 1 n—1
— _ — = kB(a,b+k —1).
&n ];(gk-i-l 8k) ]; TR B(a.b) 1; (a,b+ )

In the following it is assumed that b = 1 such that the rates (7.2) reduce to

n Ba+n—k—1,k) n! Fra+n—k—1)
= = a
Sk =\ —1 B(a. 1) n—k+ )" Tatn—1

and the total rates reduce to

(@) 1
n—1 a (1— @T'(n + )> fora > 0,a # 2,
gn=a§ kB(a, k) = a—?2 Fra+n-1)
k=1 2(h, — 1) fora = 2.

Here, h, := Y _!_, 1/i denotes the nth harmonic number. From the last formula, it follows that
the parameter a = 2 plays a special role in this model. Define
_Q-all@a+k-1)
e A T ()

, k € N.

Now assume that 0 < a < 2. In this case (and only in this case) we have py > 0 for k € N,
Z,fil pr = 1, and (1.2) holds. Let & be a random variable with distribution P{¢ = k} =
Pk, k € N. It follows, by induction on n, that

_T@+n-1

P{& >n} = , e N.
E=m=raoresn "
Using I'(n + x) ~ I'(n)n* for n — oo, we conclude that
na72 n—«
P{& > n} ~ = , n — oo.
F'a) T'QR-w

Thus, if 1 < a < 2 or, equivalently, if 0 < o < 1, Theorem 1.3 is applicable (with L(n) =
1/T'(a) =1/T'(2 — «)), and we obtain the following result.
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Theorem 7.1. For the f(a, 1)-coalescent with 1 < a < 2,i.e. 0 < a :=2—a < 1, the
number of collision events X, satisfies

Xy
'2—a)n®
where {U; : t > 0} is a drift-free subordinator with Lévy measure (1.9).

b o0
- / exp(—U;) dt,
0

Note that, for A = S(a, b), we have u_; := fx’l A(dx) < oo if and only if a > 1.
Under the condition —; < oo, limiting results similar to those presented in Theorem 7.1 are
known for the number of segregating sites (see, for example, [27, Proposition 5.1]) for general
A-coalescent processes with mutation.

Now assume that 0 < a < 1. Then, m :=E& = 1/(1 — a) < oo. It is straightforward to
verify that

2 —4a ne
kak F( +1) , n— oo.
In particular, the variance of & is infinite. Thus, Theorem 1.2 is applicable (with L(n) =
Q2Q—-a)/T@+1)=a/T@—-a),C:=1/T(@)=1/TR—-0a),b, :=n(l —a) =n(a—1),
and ¢, := n'/%) and yields the following result.

Theorem 7.2. For the f(a, 1)-coalescent with 0 < a < 1,ie. 1 < a :=2—a < 2, the
number of collision events X, satisfies

X,—na—1 w
(o — DylerDiaplja — He

or, equivalently, X ( N
n—n(e — D
@il Sas (7.3)

where E exp(it Sy) = exp(|t|*(cos(wra/2) +isin(wa/2)sgn(t))), t € R.

Gnedin and Yakubovich [19, Theorem 9] used analytic methods to verify the same con-
vergence result (7.3) for A-coalescents satisfying A([0, x]) = Ax* + O(x“*%), x — 0,
0<a<l1,and ¢ > max{(2 — a)z/(S —Sa+d®),1- al.

Theorems 7.1 and 7.2 do not cover the asymptotics of X, for the Bolthausen—Sznitman
coalescent, i.e. the f(a, b)-coalescent with a = b = 1. The limiting behavior of X,, for the
Bolthausen—Sznitman coalescent was studied in [24], and also follows from our Theorem 1.4
with py := 1/(k(k + 1)), L(n) = 1, c¢(x) := x, b(x) := x/logx + xloglogx/(logx)z, and
a(x) = b*(x)/x ~ x/(logx)?. Therefore, the asymptotics of X,, for all (a, 1)-coalescent
processes with 0 < a < 2 is clarified. Unfortunately, our method cannot be used to treat the
asymptotics of X, for B(a, 1)-coalescent processes with a > 2, as in this case condition (1.2)
is not satisfied. Recently, the limiting behavior of X, for 8(2, b)-coalescents with parameter
b > 0 was obtained in [26] using a completely different approach based on the asymptotics of
moments.

Acknowledgements

The authors thank Alexander Gnedin for fruitful comments and discussions, in particular
for pointing out an error in the first version of the manuscript. Furthermore, we thank an
anonymous referee for a profound report leading to a considerable improvement in the style
and presentation of the paper.

https://doi.org/10.1239/aap/1208358893 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1208358893

On the number of jumps of random walks with a barrier 227

[1

[2]
[3]

[4

=

[5

=

[6

[}

[7

[8

—

[9]
[10]
(11]
[12]
[13]
[14]
[15]
(16]
(17]
[18]
[19]
[20]

[21]

(22]
[23]

[24]
[25]
[26]
[27]
(28]
[29]

(30]
[31]

(32]
[33]

References

ALSMEYER, G. (1991). Some relations between harmonic renewal measures and certain first passage times.
Statist. Prob. Lett. 12, 19-27.

ALSMEYER, G., IKSANOV, A. AND ROSLER, U. (2007). On distributional properties of perpetuities. Submitted.
Bal, Z. D., HWANG, H. K. AND LIANG, W. Q. (1998). Normal approximations of the number of records in
geometrically distributed random variables. Random Structures Algorithms 13, 319-334.

BARBOUR, A. D. AND GNEDIN, A. V. (2006). Regenerative compositions in the case of slow variation. Stoch.
Process. Appl. 116, 1012-1047.

BASDEVANT, A. L. AND GoLDSCHMIDT, C. (2007). Asymptotics of the allele frequency spectrum associated with
the Bolthausen—Sznitman coalescent. Submitted.

BERESTYCKI, J., BERESTYCKI, N. AND SCHWEINSBERG, J. (2007). Small time behavior of beta coalescents. To
appear in Ann. Inst. H. Poincaré Prob. Statist.

BERTOIN, J. AND YOR, M. (2001). On subordinators, self-similar Markov processes and some factorization of
the exponential variable. Electron. Commun. Prob. 6, 95-106.

BiNGHAM, N. H. (1972). Limit theorems for regenerative phenomena, recurrent events and renewal theory.
Z. Wahrscheinlichkeitsth. 21, 20-44.

BINGHAM N. H., GoLDIE C. M. AND TEUGELS, J. L. (1989). Regular Variation. Cambridge University Press.
CARMONA, P, PETIT, F. AND YOR, M. (1997). On the distribution and asymptotic results for exponential
functionals of Lévy processes. In Exponential Functionals and Principal Values Related to Brownian Motion,
ed. M. Yor, Rev. Mate. Iberoamericana, Madrid, pp. 73-121.

CRAMER, M. AND RUSCHENDORF, L. (1995). Analysis of recursive algorithms by the contraction method. In
Athens Conference on Applied Probability and Time Series Analysis, Vol. 1, Springer, New York, pp. 18-33.
DE HaAN, L. AND REsNICK, S. I. (1979). Conjugate IT-variation and process inversion. Ann. Prob. 7,
1028-1035.

DELMAS, J. F., DHERSIN, J. S. AND SIRI-JEGOUSSE, A. (2007). Asymptotic results on the length of coalescent
trees. To appear in Ann Appl. Prob.

DrMOTA, M., IKSANOV, A., MOHLE, M. AND ROSLER, U. (2006). A limiting distribution for the number of cuts
needed to isolate the root of a random recursive tree. To appear in Random Structures Algorithms.

DRMOTA, M., IKSANOV, A., MOHLE, M. AND ROSLER, U. (2007). Asymptotic results concerning the total branch
length of the Bolthausen—Sznitman coalescent. Stoch. Process. Appl. 117, 1404-1421.

ERICKSON, K. B. (1970). Strong renewal theorems with infinite mean. Trans. Amer. Math. Soc. 151, 263-291.
FELLER, W. (1949). Fluctuation theory of recurrent events. Trans. Amer. Math. Soc. 67, 98-119.

GNEDIN, A. V. (2004). The Bernoulli sieve. Bernoulli 10, 79-96.

GNEDIN, A. AND YAKUBOVICH, Y. (2007). On the number of collisions in A-coalescents. Electron. J. Prob. 12,
1547-1567.

GNEDIN, A., PITMAN, J. AND YOR, M. (2006). Asymptotic laws for compositions derived from transformed
subordinators. Ann. Prob. 34, 468—492.

GNEDIN, A., PITMAN, J. AND YOR, M. (2006). Asymptotic laws for regenerative compositions: gamma
subordinators and the like. Prob. Theory Relat. Fields 135, 576-602.

HEYDE, C. C. (1967). A limit theorem for random walks with drift. J. Appl. Prob. 4, 144—150.

HINDERER, K. AND WALK, H. (1972). Anwendungen von Erneuerungstheoremen und Taubersitzen fiir eine
Verallgemeinerung der Erneuerungsprozesse. Math. Z. 126, 95-115.

IksaNoOvV, A. AND MOHLE, M. (2007). A probabilistic proof of a weak limit law for the number of cuts needed
to isolate the root of a random recursive tree. Electron. Commun. Prob. 12,28-35.

IKSANOV, A. AND MOHLE, M. (2007). On a random recursion related to absorption times of death Markov chains.
Preprint. Available at www.arxiv.org.

IksaNoOV, A., MARYNYCH, A. AND MOHLE, M. (2007). On the number of collisions in beta(2, b)-coalescents.
Submitted.

MOHLE, M. (2006). On the number of segregating sites for populations with large family sizes. Adv. Appl. Prob.
38, 750-767.

NEININGER, R. AND RUSCHENDOREF, L. (2004). On the contraction method with degenerate limit equation. Ann.
Prob. 32,2838-2856.

PANHOLZER, A. (2003). Non-crossing trees revisited: cutting down and spanning subtrees. In Discrete
Mathematics and Theoretical Computer Science, pp. 265-276.

PANHOLZER, A. (2006). Cutting down very simple trees. Quest. Math. 29, 211-227.

PETERSEN, L. C. (1982). On the relation between the multidimensional moment problem and the one-dimensional
moment problem. Math. Scand. 51, 361-366.

PITMAN, J. (1999). Coalescents with multiple collisions. Ann. Prob. 27, 1870-1902.

Porr, S. C. (1964). Some theorems on functionals of Markov chains. Ann. Math. Statist. 35, 1275-1290.

https://doi.org/10.1239/aap/1208358893 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1208358893

228 A. IKSANOV AND M. MOHLE

[34] ROSLER, U. (1991). A limit theorem for “Quicksort”. RAIRO Inform. Théor. Appl. 25, 85-100.

[35] ROSLER, U. AND RUSCHENDORF, L. (2001). The contraction method for recursive algorithms. Algorithmica 29,
3-33.

[36] Ross, S. M. (1982). A simple heuristic approach to simplex efficiency. Europ. J. Operat. Res. 9, 344-346.

[37] SaciTov, S. (1999). The general coalescent with asynchronous mergers of ancestral lines. J. Appl. Prob. 36,
1116-1125.

[38] URBANIK, K. (1992). Functionals on transient stochastic processes with independent increments. Studia Math.
103, 299-315.

[39] VAN CUTSEM, B. AND YCART, B. (1994). Renewal-type behaviour of absorption times in Markov chains. Adv.
Appl. Prob. 26, 988-1005.

[40] VERVAAT, W. (1979). On a stochastic difference equation and a representation of nonnegative infinitely divisible
random variables. Adv. Appl. Prob. 11, 750-783.

https://doi.org/10.1239/aap/1208358893 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1208358893

