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PURELY INFINITE, SIMPLE CŁ-ALGEBRAS
ARISING FROM FREE PRODUCT CONSTRUCTIONS

KENNETH J. DYKEMA AND MIKAEL RØRDAM

ABSTRACT. Examples of simple, separable, unital, purely infinite CŁ-algebras are
constructed, including:

(1) some that are not approximately divisible;
(2) those that arise as crossed products of any of a certain class of CŁ-algebras by

any of a certain class of non-unital endomorphisms;
(3) those that arise as reduced free products of pairs of CŁ-algebras with respect

to any from a certain class of states.

Introduction. We construct three classes of examples of purely infinite, simple,
unital CŁ-algebras, which may be of special interest. Some of these constructions use
Voiculescu’s theory of freeness and his construction of reduced free products of operator
algebras, (see [14], see also [1]). The first class of examples consists of separable, purely
infinite, simple, unital CŁ-algebras which are not approximately divisible in the sense of
[2]. These are the first such examples, and they are constructed by applying a theorem
of L. Barnett [4] concerning free products of von Neumann algebras, and using an en-
veloping result proved in this paper. The existence of CŁ-algebras with these properties
was claimed in [2, Example 4.8], but the proposed proof was later seen to be slightly
deficient. With Kirchberg’s result, which entails that all nuclear, simple, purely infinite
CŁ-algebras are approximately divisible, (see Section 1), these examples have become
more important and deserving of a complete and correct description.

Skipping ahead, the third class of examples consists of reduced free products of CŁ-
algebras. Relatively little is understood about the order structure of the K0 group of
reduced free product CŁ-algebras, and the knowledge of whether projections in these
CŁ-algebras are finite or infinite is sporadic. Thus, they are worthy objects of interest,
particularly in light of the open question of whether a simple CŁ-algebra can be infinite
but not purely infinite. We investigate a certain class of reduced free products involving
non-faithful states, namely

(¤,ß) ≥ (A,ßA) Ł
�
Mn(C) 
 B,ßn 
 ßB

�
,

where A Â≥ C and B are CŁ-algebras with states ßA and ßB, and where ßn is a state on
Mn(C) whose support is a minimal projection. We show that ¤ can be realized as the
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nð n matrices over the crossed product of a CŁ-algebra by an endomorphism. We go on
to show that, under fairly mild hypotheses,¤ is purely infinite and simple.

Both the second and (as mentioned above) the third class of examples involve crossed
products of unital CŁ-algebras by non-unital endomorphisms. These are thus in the spirit
of Cuntz’s presentation of the algebras On [6]. We give sufficient conditions for such a
crossed product to be purely infinite and simple. The second class of examples is the
case of the crossed product, A çõ N, of A ≥ N1

1 B, for B simple and unital, by the
endomorphism õ(a1 
 a2 
 Ð Ð Ð) ≥ p 
 a1 
 a2 
 Ð Ð Ð, for p 2 B a proper projection.
Indeed, the Cuntz algebra On is obtained when B ≥ Mn(C) and p is a minimal projection.
We show that all such Açõ N are purely infinite and simple.

Acknowledgement. We would like to thank the Fields Institute and the organizers
of the special year in Operator Algebras there, where our collaboration began.

1. Non-approximately divisible CŁ-algebras. We show in this section that a the-
orem of L. Barnett implies that there exist purely infinite, simple, separable, unital CŁ-
algebras that are not approximately divisible. In particular, if A is such a CŁ-algebra, then
A is not isomorphic to A
O1.

E. Kirchberg has recently proved that if A is a purely infinite, simple, separable,
nuclear, unital CŁ-algebra, then there exists a sequence of unital Ł-homomorphisms
ñn: O1 ! A such that ñn(b)a � añn(b) ! 0 as n ! 1 for all a 2 A and b 2 O1.
He concludes from this that A is isomorphic to A 
 O1 (see [9]). Since O1 itself is
purely infinite, simple, separable, nuclear and unital, it follows that O1 is isomorphic to
O1
O1. Hence A is isomorphic to A
O1 if and only if A is (isomorphic to) B
O1

for some CŁ-algebra B. In [2] a unital CŁ-algebra A is called approximately divisible
if there exists a sequence (or a net, if A is non-separable) of unital Ł-homomorphisms
ñn: M2(C) ý M3(C) ! A such that ñn(b)a � añn(b) ! 0 as n ! 1 for all a 2 A and
b 2 M2(C) ý M3(C). Since there is a unital embedding of M2(C) ý M3(C) into O1, we
conclude from the remarks above that each CŁ-algebra, which is isomorphic to A
 O1

for some unital CŁ-algebra A, is approximately divisible.

THEOREM 1.1 (L. BARNETT [4]). There is a type III-factor M with a faithful normal
state ß and with elements a, b, c 2 M such that

kx� ß(x) Ð 1kß � 14 maxfk[x, a]kß, k[x, b]kß, k[x, c]kßg

for every x 2 M .

COROLLARY 1.2. Let M and a, b, c 2 M be as above. Suppose A is a unital CŁ-
subalgebra of M which contains a, b and c. Then A is not approximately divisible.

PROOF. Suppose, to reach a contradiction, that A is approximately divisible. Then
there is a unital Ł-homomorphism ñ: M2(C) ýM3(C) ! A, such that

maxfk[a,ñ(x)]k, k[b,ñ(x)]k, k[c,ñ(x)]kg � 1
30
kxk
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for all x 2 M2(C) ý M3(C). There is a projection e 2 M2(C) ý M3(C) such that 1Û3 �
ß
�
ñ(e)

�
� 1Û2, where ß is the faithful normal state from Theorem 1.1. Indeed, the set

Γ of projections (p, q) 2 M2(C) ý M3(C), where dim(p) ≥ dim(q) ≥ 1 is connected.
Moreover, there exist e1, e2, e3 2 Γ such that 1 ≥ e1 + e2 + e03 and 0 � e03 � e3, whence
1Û3 � ß

�
ñ(e)

�
and ß

�
ñ(f )

�
� 1Û2 for some e, f 2 Γ.

Put p ≥ ñ(e). From Theorem 1.1 we get kp�ß(p)1kß � 14Û30 since k Ð kß � k Ð k.
On the other hand, since p is a projection, we have

kp�ß(p)1k2
ß ≥ ß(p) �ß(p)2 ½ 2Û9,

a contradiction.
Here is the enveloping result mentioned in the introduction.

PROPOSITION 1.3. Let B be a unital (non-separable) CŁ-algebra, and let X be a
countable subset of B.

(i) If B is simple and purely infinite, then there exists a separable, unital, simple and
purely infinite CŁ-algebra A such that X � A � B.

(ii) If B is nuclear, then there exists a separable, unital, nuclear CŁ-algebra A such
that X � A � B.

(iii) If B is simple, purely infinite and nuclear, then there exists a separable, unital,
simple, purely infinite and nuclear CŁ-algebra A such that X � A � B.

PROOF. The proofs of (i) and (ii) are easily obtained from the proof given below of
(iii).

Suppose B is simple, purely infinite and nuclear. We may assume that 1B 2 X so that
X � A will imply that A is unital. Recall that a unital CŁ-algebra D is simple and purely
infinite if and only if for each positive, non-zero a 2 D there exists x 2 D with xaxŁ ≥ 1.
Moreover, x above can be chosen to have norm less than 2kak�1Û2.

We will show how to construct a sequence X ≥ X0 � X1 � X2 � Ð Ð Ð of countable
subsets of B, a sequence A1 � A2 � A3 � Ð Ð Ð of separable CŁ-subalgebras of B, and a
sequence Φ0 � Φ1 � Φ2 � Ð Ð Ð of countable families of completely positive, finite rank
contractions from B into B such that the following four conditions hold for every n ½ 0.

(a) For all ¢ ½ 0 and for each finite subset F of Xn there exists ß 2 Φn such that
kß(x) � xk Ú ¢ for all x 2 F.

(b) ß(Xn) � An+1 for all ß 2 Φn.
(c) Xn+1 is a dense subset of An+1, and Xn+1 \ A+

n+1 is a dense subset of A+
n+1.

(d) For each positive, non-zero a 2 Xn there exists an x 2 An+1 such that kxk �
2kak�1Û2 and xaxŁ ≥ 1.

Indeed, given Xn, since there are only countably many finite subsets of Xn, by the Choi-
Effros characterization of nuclearity, we can find a countable family Φn of completely
positive finite rank contractions satisfying (a). Moreover, if n ½ 1, then we may insist
that Φn � Φn�1. For each positive, non-zero element a in B choose x(a) 2 B such
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that kx(a)k � 2kak�1Û2 and x(a)a x(a)Ł ≥ 1. Suppose Xn, Φn and An are given (where
A0 ≥ f0g). Let An+1 be the CŁ-algebra generated by An and the countable set

fß(x) j x 2 Xn,ß 2 Φng [ fx(a) j a 2 Xn, a ½ 0, a Â≥ 0g.

Then An+1 is a separable CŁ-subalgebra of B, An ² An+1, and (b) and (d) hold. Now
choose a countable subset Xn+1 of B such that Xn � Xn+1 and such that (c) holds.

Set

A ≥
1[

n≥1
An, Y ≥

1[
n≥0

Xn, Φ ≥
1[

n≥0
Φn.

Then Y is a countable dense subset of A and ß(A) � A for all ß 2 Φ. Hence, by (a), A
is a separable, nuclear CŁ-subalgebra of B which contains X (≥ X0). We must also show
that A is simple and purely infinite. Assume a 2 A is positive and non-zero. By (c) we
can find a (non-zero) positive a0 2 Xn for some n 2 N such that ka � a0k � 1

5kak. By
(d) there exists y 2 A such that ya0yŁ ≥ 1 and kyk � 2ka0k�1Û2. This implies that

kyayŁ � 1k � kyk2 Ð ka� a0k Ú 1.

Hence yayŁ is invertible. Set x ≥ (yayŁ)�1Û2y 2 A. Then xaxŁ ≥ 1 as desired.

THEOREM 1.4. There exist CŁ-algebras which are separable, unital, simple and
purely infinite, but not approximately divisible.

PROOF. Combine Corollary 1.2 and Proposition 1.3(i) with B ≥ M and X ≥
fa, b, cg. Recall from [7] that every countably decomposable type III-factor is simple
and purely infinite.

Proposition 1.3 also allows us to sharpen Kirchberg’s result, which was discussed at
the beginning of this section, on the approximate divisibility of nuclear, simple, purely
infinite, unital CŁ-algebras. Recall for this that a (non-unital) CŁ-algebra A is approx-
imately divisible if A has an approximate unit consisting of projections and if pAp is
approximately divisible (in the sense of [2]) for all projections p in A.

THEOREM 1.5 (cf. KIRCHBERG [9]). Every nuclear, simple, purely infinite CŁ-algebra
is approximately divisible.

PROOF. Suppose A is a nuclear, simple, purely infinite CŁ-algebra. Then A has real
rank zero by [15] and so, by [5], A has an approximate unit consisting of projections. For
each (non-zero) projection p in A, pAp is nuclear, simple and purely infinite.

Let F be a finite subset of pAp. By Proposition 1.3(iii) there exists a unital, separable,
nuclear, simple, purely infinite CŁ-subalgebra A0 of pAp such that F ² A0. From Kirch-
berg’s theorem [9], A0 is isomorphic to A0
O1 and (so) A0 is approximately divisible. It
follows that there, for each ¢ Ù 0, exists a unital Ł-homomorphism ñ: M2(C)ýM3(C) !
A0 satisfying kñ(b)a�añ(b)k � ¢kbk for all a 2 F and b 2 M2(C)ýM3(C). Hence pAp
is approximately divisible.
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2. Crossed products. Associate to each pair consisting of a unital CŁ-algebra A and
an injective endomorphism õ on A the crossed product A çõ N, which is the universal
CŁ-algebra generated by a copy of A and an isometry s such that sasŁ ≥ õ(a) for all
a 2 A. The isometry s is non-unitary if õ is not unital.

Let Ā be the inductive limit of the sequence

A
õ�! A

õ�! A
õ�! Ð Ð Ð ,

and let ñn: A ! Ā be the corresponding Ł-homomorphisms, which satisfy ñn+1 Ž õ ≥ ñn

and

Ā ≥
1[

n≥1
ñn(A).

Observe that ñn: A ! ñn(1)Āñn(1) is an isomorphism if and only if õ is a corner en-
domorphism, i.e. if õ: A ! õ(1)Aõ(1) is an isomorphism. If õ is not a corner endomor-
phism, then A and Ā need not be stably isomorphic.

There is an automorphism ã on Ā given by ã
�
ñn(a)

�
≥ ñn

�
õ(a)

�
(≥ ñn�1(a)) for

a 2 A. The map ñn: A ! Ā extends to an isomorphism ñ̂n: AçõN ! ñn(1)(ĀçãZ)ñn(1)
which satisfies ã Ž ñ̂n ≥ ñn Ž õ.

Summarizing results from [10] and [13] we get the following sufficient conditions to
ensure that crossed products by Z and by N are purely infinite and simple.

THEOREM 2.1. (i) Let A be a CŁ-algebra, A Â≥ C, and let ã be an automorphism
on A. Suppose that ãm is outer for all m 2 N and that A has an approximate unit of
projections (pn)11 with the property that for each n 2 N and for each non-zero hereditary
CŁ-subalgebra B of A there is a projection in B which is equivalent to ãm(pn) for some
m 2 Z. Then Açã Z is purely infinite and simple.

(ii) Let A be a unital CŁ-algebra, A Â≥ C, and let õ be an injective endomorphism on
A. Let ã be the automorphism on Ā associated with õ as described above. Suppose that
ãm is outer for all m 2 N, and suppose that for each non-zero hereditary CŁ-subalgebra
B of A there is a projection in B which is equivalent to õm(1) for some m 2 N. Then
Açõ N is purely infinite and simple.

PROOF. (i) By [13, Theorem 2.1] and its proof, the claim follows if the conclusions
of Lemmas 2.4 and 2.5 in [13] hold. Now, [13], Lemma 2.4, holds whenever ãm is outer
for all m 2 N. Secondly, the conclusion of [13], Lemma 2.5, is equivalent to the assertion
that every non-zero hereditary CŁ-subalgebra of A contains a projection, which is infinite
relative to the crossed product AçãZ. To prove this from the assumptions in (i), it suffices
to show that at least one of the projections in the approximate unit (pn)11 is infinite in
Açã Z.

Since A Â≥ C there is an n 2 N such that pnApn Â≥ Cpn. Let B be a non-trivial hereditary
CŁ-subalgebra of pnApn and let q be a projection in B which is equivalent to ãm(pn) for
an appropriate m 2 Z. Because ãm(pn) is equivalent to pn in A çã Z and q is a proper
subprojection of pn, we conclude that pn is infinite.
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(ii) Since Açõ N is isomorphic to ñ1(1)(Āçã Z)ñ1(1), it suffices to show that Āçã

Z is simple and purely infinite. Set pn�m ≥ ñn

�
õm(1)

�
. Then (pn)n2Z is an increasing

approximate unit of projections for Ā, and ã(pn) ≥ pn�1. It suffices, by (i), to show that
each non-zero hereditary CŁ-subalgebra B of Ā contains a projection equivalent to pn

for some n 2 Z. Equivalently, we must show that for each non-zero positive a in Ā, we
have pn ≥ xaxŁ for some n 2 Z and some x 2 Ā. Find m 2 N and b in A+ such that
kñm(b) � ak � 1

2kak. It follows from [12], 2.2 and 2.4, that yayŁ ≥ ñm(c) for some
non-zero positive c in A and some y in Ā. By assumption, õk(1) ≥ zczŁ for some k 2 N
and some z 2 A. Hence pn ≥ xaxŁ when n ≥ m � k and x ≥ ñm(z)y.

We shall consider the following more specific example. Let B be a simple, unital CŁ-
algebra which contains a non-trivial and proper projection p. Set

(1) A ≥
1O

j≥1
B,

and let õ be the injective endomorphism on A given by õ(a) ≥ p 
 a. In (1), one must
take tensor product norms making A into a CŁ-algebra such that õ exists and is injective.
This is possible, for example, by using always
min or always 
max.

THEOREM 2.2. With A and õ as above, the crossed product A çõ N is simple and
purely infinite.

The theorem is proved in a number of lemmas that verify that the conditions in The-
orem 2.1(ii) hold.

LEMMA 2.3. If ã is the automorphism on Ā associated to õ, then ãm is outer for
every m 2 N.

PROOF. If ãm were inner, then ãm(a) ≥ a for some non-zero a 2 Ā. As before, set
pn�m ≥ ñn

�
õm(1)

�
and let

en ≥ 1
 1
 Ð Ð Ð 
 1
 p
 1
 Ð Ð Ð 2 A,

with p in the n-th tensor factor. Then kpnapn � ak tends to 0 and kñn(1� e2n)ak tends to
kak as n tends to infinity, and p�n is orthogonal to ñn(1 � e2n) for all n. Because

kpn+mapn+m � ak ≥ kãm(pn+mapn+m � a)k ≥ kpnapn � ak,

it follows that a ≥ pnapn for all n 2 Z. Hence ñn(1 � e2n)a ≥ 0 for all n 2 N, which
entails that a ≥ 0, in contradiction with our assumptions.

For the remaining part of the proof of Theorem 2.2 we need to consider comparison
theory for positive elements as described in [7], [3] and [12]. We remind the reader of
the basic theory.

Let A be a CŁ-algebra and set M1(A) ≥ S1
n≥1 Mn(A). For a, b 2 M1(A)+ write a �¾ b

if there is a sequence (xn) in M1(A) such that xnbxŁn ! a. This order relation extends the
usual Murray-von Neumann ordering of the projections in M1(A). If a 2 A+ and if p is a
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projection in A, then p �¾ a if and only if p is equivalent to a projection in the hereditary
CŁ-subalgebra aAa, which again is the case if and only if p ≥ xaxŁ for some x 2 A.

Let a, b 2 M1(A)+. Write a ¾ b if a �¾ b and b �¾ a, and let aý b be the element of
M1(A)+ obtained by taking direct sum. Put

S(A) ≥ M1(A)+Û ¾,

let hai 2 S(A) denote the equivalence class containing a 2 M1(A)+, set hai + hbi ≥
ha ý bi and write hai � hbi if a �¾ b. Then

�
S(A), +,�

�
is an abelian preordered semi-

group. Let DF(A) be the set of states on S(A), i.e. the set of additive, order preserving
functions d: S(A) ! R such that supfd(hai) j a 2 Ag ≥ 1.

LEMMA 2.4 (cf. [8, LEMMA 4.1]). If A is a unital simple CŁ-algebra, and if t, t0 2 S(A)
are such that d(t) Ú d(t0) for all d 2 DF(A), then nt � nt0 for some n 2 N.

PROOF. The set of dimension functions DF(A) is weakly compact, which entails that

(c ≥) supfd(t)Ûd(t0) j d 2 DF(A)g Ú 1.

Find m, m0 2 N such that c Ú m0Ûm Ú 1. Then d(mt) Ú d(m0t0) for all d 2 DF(A). By
[12], 3.1, this implies that kmt+u � km0t0+u for some k 2 N and some u 2 S(A). Because
A is algebraically simple being a simple unital CŁ-algebra, every non-zero element of
S(A) is an order unit for S(A). It follows that lk(m�m0)t0 ½ u for some l 2 N. Repeated
use of the inequality kmt + u � km0t0 + u yields lkmt + u � lkm0t0 + u. Hence, if n ≥ lkm,
then

nt � lkmt + u � lkm0t0 + u � lkm0t0 + lk(m �m0)t0 ≥ nt0,

as desired.

LEMMA 2.5. Let A be a unital, simple, infinite dimensional CŁ-algebra. For each
non-zero a in A+ and for each m 2 N there is a non-zero b in A+ such that mhbi � hai
in S(A).

PROOF. It suffices to show this in the case where m ≥ 2. Since A is infinite dimen-
sional there exist two non-zero mutually orthogonal positive elements a1 and a2 in the
hereditary subalgebra aAa. Observe that ha1i + ha2i ≥ ha1 + a2i � hai. By [11], 3.4,
there is a unitary u in A such that

ua1Aa1uŁ \ a2Aa2 Â≥ f0g.

Let b be a non-zero positive element in this intersection. Then b 2 a2Aa2 and uŁbu 2
a1Aa1, whence hbi � ha1i and hbi � ha2i. This implies 2hbi � hai.

LEMMA 2.6. Let A be a CŁ-algebra, let A0 be a CŁ-subalgebra of A and suppose that
a, b 2 A+

0 are such that nhai � nhbi in S(A0) for some n 2 N. Suppose further that for
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some m 2 N there is a set of matrix units (eij)1�i,j�n in Mm(A \ A00) and that there is a
projection e 2 A \ A00 such that

ê ≥

0
BBBB@

e 0
0

. . .
0 0

1
CCCCA 2 Mm(A \ A00)

is equivalent to e11 in Mm(A \ A00). Then nhaei � mhbi in S(A).

PROOF. Put

ā ≥

0
BBBB@

a 0
a

. . .
0 a

1
CCCCA , b̄ ≥

0
BBBB@

b 0
b

. . .
0 b

1
CCCCA 2 Mn(A0).

Then hāi ≥ nhai and hb̄i ≥ nhbi, and so hāi � hb̄i in S(A0). It follows that xkb̄xŁk ! ā
for some sequence (xk) in Mn(A0). Let xk(i, j) 2 A0 be the (i, j)-th entry of xk, set

ã ≥

0
BBBB@

a 0
a

. . .
0 a

1
CCCCA , b̃ ≥

0
BBBB@

b 0
b

. . .
0 b

1
CCCCA ,

x̃k(i, j) ≥

0
BBBBB@

xk(i, j) 0
xk(i, j)

. . .
0 xk(i, j)

1
CCCCCA

in Mm(A0), and set

yk ≥
nX

i,j≥1
x̃k(i, j)eij 2 Mm(A).

Then

ykb̃yŁk ≥
X
i,j,ã

x̃k(i,ã)b̃x̃k(j,ã)Łeij ! ã
nX

i≥1
eii.

Since ã commutes with Mm(A \ A00) and ê is equivalent to eii in Mm(A \ A00) we get

nhaei ≥ nhãêi ≥
nX

i≥1
hãeiii ≥

−
ã

nX
i≥1

eii

×
� hb̃i ≥ mhbi.

LEMMA 2.7. Let A be a CŁ-algebra, and let (An)11 be an increasing sequence of
CŁ-subalgebras of A whose union is dense in A.

(i) For every non-zero positive element a in A there is an n 2 N and a non-zero
positive element b in An such that hbi � hai in S(A).

(ii) If p is a projection in An and b is a positive element in An such that hpi � hbi in
S(A), then hpi � hbi in S(Am) for some m ½ n.

PROOF. (i) This follows easily from [12], 2.2 and 2.4.
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(ii) If hpi � hbi in S(A), then p ≥ xbxŁ for some x in A (by [12], 2.4). Find m ½ n
and y 2 Am such that kybyŁ � pk Ú 1Û2. Then p �¾ ybyŁ (relative to Am) by [12], 2.2,
whence hpi � hbi in S(Am).

In the following let A and õ be as in Theorem 2.2. Set

An ≥
� nO

j≥1
B
�

 C1
 C1
 Ð Ð Ð � A.

Then (An)11 is an increasing sequence of subalgebras of A whose union is dense in A.

LEMMA 2.8. There exists m 2 N such that for each n 2 N there exists k 2 N for
which nhõk(1)i � mh1i in S(A).

PROOF. Observe first that 1� õ(1) (≥ (1� p)
 1
 Ð Ð Ð) is non-zero. Accordingly,
h1�õ(1)i is an order unit for S(A), and so hõ(1)i � mh1�õ(1)i for some m 2 N. Hence
(m + 1)hõ(1)i � mh1i, which again implies that (m + 1)hõk(1)i � mhõk�1(1)i for all
k 2 N. We therefore have

jhõk�1(1)i ½ (j + 1)hõk(1)i

for every k 2 N and every j ½ m. Thus

mh1i ½ (m + 1)hõ(1)i ½ (m + 2)hõ2(1)i ½ (m + 3)hõ3(1)i ½ Ð Ð Ð ,

from which the claim easily follows.

LEMMA 2.9. For each non-zero a 2 A+ there are integers k, n ½ 1 such that
nhõk(1)i � nhai.

PROOF. By Lemma 2.4 it suffices to show that there exists an integer k such that
d
�
hõk(1)i

�
Ú d(hai) for all d 2 DF(A). Put

c ≥ inffd(hai) j d 2 DF(A)g Ù 0,

let m 2 N be as in Lemma 2.8 and find n 2 N such that mÛn Ú c. Then by Lemma 2.8
there is k 2 N such that nhõk(1)i � mh1i, and so d

�
hõk(1)i

�
Ú c � d(hai) for all

d 2 DF(A).

PROOF OF THEOREM 2.2. By Theorem 2.1(ii) and Lemma 2.3 it suffices to show that
for each non-zero positive a in A there is a k 2 N such that hõk(1)i � hai.

Let m 2 N be as in Lemma 2.8 and use Lemma 2.5 to find a non-zero positive b in
A with mhbi � hai. Use Lemma 2.7(i) to find l 2 N and a non-zero positive element
b1 in Al with hb1i � hbi. According to Lemma 2.9 and the choice of m there exist
k1, k2, n 2 N such that nhõk1 (1)i � nhb1i and nhõk2 (1)i � mh1i. Use Lemma 2.7(ii)
to find j ½ maxfl, k1g such that the inequality nhõk1 (1)i � nhb1i holds in S(Aj). Let ï
be the j-th power of the one-sided Bernoulli-shift on A. Then ï is an endomorphism on
A whose image is equal to A \ A0j . Observe that n

D
ï
�
õk2 (1)

�E
� mh1i in S(A \ A0j). It
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follows that there exists a system of matrix units (eij)1�i,j�n in Mm(A \ A0j) such that e11

is equivalent to

ê ≥

0
BBBB@

ï
�
õk2 (1)

�
0

0
. . .

0 0

1
CCCCA 2 Mm(A \ A0j)

relative to Mm(A \ A0j). Set k ≥ j + k2 (½ k1 + k2). Then Lemma 2.6 yields

hõk(1)i �
D
ï
�
õk2 (1)

�
õk1 (1)

E
� n

D
ï
�
õk2 (1)

�
õk1 (1)

E
� mhb1i � hai

as desired.

3. Purely infinite simple free product CŁ-algebras. In this section, we use The-
orem 2.1 to show that certain CŁ-algebras arising as reduced free products are purely
infinite and simple.

For any CŁ-algebra A with state ß, denote the defining mapping A ! L2(A,ß) by
a 7! â. For a Hilbert space, H , we denote by K (H ) the CŁ-algebra of compact operators
on H .

THEOREM 3.1. Let A Â≥ C and B be CŁ-algebras with states ßA and ßB, respec-
tively, whose G. N. S. representations are faithful. Fix N 2 f2, 3, 4, . . .g, let (eij)1�i,j�N

be a system of matrix units for MN(C) and let ßN denote the state on MN(C) such that
ßN(e11) ≥ 1. Consider the reduced free product CŁ-algebra,

(¤,ß) ≥ (A,ßA) Ł
�
MN(C) 
 B,ßN 
ßB

�
.

If the pair
�
(A,ßA), (B,ßB)

�
has property Q, defined below, then¤ is simple and purely

infinite.

Several of the intermediate results in the proof of this theorem are valid also without
assuming property Q; we will explicitly remark that we need property Q whenever this
is the case. Let us now define property Q. Write

HA ≥ L2(A,ßA),
Ž

H A ≥ HA 	 C1̂,

HB ≥ L2(B,ßB),
Ž

H B ≥ HB 	 C1̂,

and let ïA and ïB denote the left actions of A on HA, respectively B on HB. Denote by
A Łr B the reduced CŁ-algebra free product,

(A Łr B,ßAŁB) ≥ (A,ßA) Ł (B,ßB).

Let HAŁB ≥ L2(A Łr B,ßAŁB) and denote the usual left action (see [14, Section 1.5]) of
A Łr B on HAŁB by ïAŁB. We have

HAŁB ≥ C1̂ý
M
n½1

Xj2fA,Bg
Xj Â≥Xj+1

Ž

H X1

 Ð Ð Ð 


Ž

H Xn
.
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Define the following subsets of HAŁB:

F ≥
Ž

H A ý
M
n½1

Ž

H A 
 (
Ž

H B 

Ž

H A)
n

Fl ≥ F ý (
Ž

H B 
 F )

Fr ≥ F ý (F 

Ž

H B).

Identify HB with the subspace,C1̂ý
Ž

H B � HAŁB. Let V be the isometry from HAŁB	HB

onto Fl 
HB that sends
Ž

H X1

 Ð Ð Ð 


Ž

H Xn
to (

Ž

H X1

 Ð Ð Ð 


Ž

H Xn
)
 1̂ if Xn ≥ A and to

(
Ž

H X1

 Ð Ð Ð 


Ž

H Xn�1
) 


Ž

H B if Xn ≥ B.

DEFINITION 3.2. Let pB be the orthogonal projection from HAŁB onto HB. We say
that the pair

�
(A,ßA), (B,ßB)

�
has property Q if

V(1� pB)ïAŁB(A Łr B)(1 � pB)VŁ
\�

K (Fl) 
 B(HB)
�
≥ f0g.

PROPOSITION 3.3.
�
(A,ßA), (B,ßB)

�
has property Q if any of the following condi-

tions is satisfied:
(i) (A,ßA) ≥

�
CŁ

r (G1), úG1

�
and (B,ßB) ≥ (CŁ

r (G2), úG2 ) where G1 and G2 are non-
trivial discrete groups and úG

ì

is the canonical trace on CŁ
r (Gì);

(ii) there are unitaries uA 2 B(HA) \ ïA(A)0 and uB 2 B(HB) \ ïB(B)0 such that
uA1̂A ? 1̂A and uB1̂B ? 1̂B;

(iii) B ≥ C and ïA(A) \K (HA) ≥ f0g;
(iv) B is finite dimensional and ïAŁB(A Łr B) \K (HAŁB) ≥ f0g.

PROOF. It is clear that (iii) ) (iv) ) property Q. Since the right translation opera-
tors on l2(Gì) are unitaries commuting with the left translation operators, if (A,ßA) and
(B,ßB) are as in condition (i) then condition (ii) is satisfied. Hence we must only show
that condition (ii) implies property Q. Assume (ii) is satisfied and let 0 Â≥ x 2 A Łr B,
x ½ 0. We will show that V(1 � pB)ïAŁB(x)(1 � pB)VŁ Â2 K (Fl) 
 B(HB). There is
ê 2 HAŁB such that hïAŁB(x)ê, êi Â≥ 0 and we may assume without loss of generality that
either

(2)

8>>>>>><
>>>>>>:

ê ≥ 1̂, or

ê 2
Ž

H B, or

ê 2 (
Ž

H A 

Ž

H B)
n, some n ½ 1, or

ê 2
Ž

H B 
 (
Ž

H A 

Ž

H B)
n, some n ½ 1,

or

(3)

8>>>><
>>>>:

ê 2
Ž

H A, or

ê 2 (
Ž

H B 

Ž

H A)
n, some n ½ 1, or

ê 2
Ž

H A 
 (
Ž

H B 

Ž

H A)
n, some n ½ 1.
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Let

õA: B(HA) ! B(HAŁB),

õB: B(HB) ! B(HAŁB)

be the “right actions” as in [14, Section 1.6], so that, by Voiculescu’s characterization of
the commutant, õA(uA), õB(uB) 2 ïAŁB(A Łr B)0 \B(HAŁB). If one of the four cases in (2)
holds then let wm ≥

�
õB(uB)õA(uA)

�m
so that, e.g.,

wm(
Ž

H A 

Ž

H B)
n � (
Ž

H A 

Ž

H B)
n+m.

On the other hand, if one of the three cases in (3) holds then let wm ≥
�
õA(uA)õB(uB)

�m
.

Then for every m ½ 1, Vwmê 2 (Pkm Fl) 
 HB, where Pk is the projection from Fl

onto (
Ž

H B 

Ž

H A)
kÛ2 if k is even and onto
Ž

H A 
 (
Ž

H B 

Ž

H A)
(k�1)Û2 if k is odd,
and where kj+1 ≥ kj + 2 for all j ½ 1. In particular, w1ê, w2ê, w3ê, . . . is a sequence
of mutually orthogonal vectors, all having the same norm. But because wm is a unitary
that commutes with ïAŁB(x), hïAŁB(x)wmê, wmêi ≥ hïAŁB(x)ê, êi Â≥ 0 for all m, hence
V(1� pB)ïAŁB(x)(1 � pB)VŁ Â2 K (Fl) 
 B(HB).

Now we prove Theorem 3.1 and we begin by examining L2(¤,ß). Note that
(ên1)1�n�N is an orthonormal basis for L2

�
MN(C),ßN

�
and that ê11 ≥ 1̂. Thus

HMN (C)
B
def≥≥ L2

�
MN(C) 
 B,ßN 
 ßB

�
≥

NM
n≥1

ên1 
 HB.

Let
Ž

H MN(C)
B ≥ HMN (C)
B 	 C(ê11 
 1̂B). By Voiculescu’s construction,

H def≥≥ L2(¤,ß) ≥ C1̂ý
M
n½1

Xj2fA,MN(C)
Bg
Xj Â≥Xj+1

Ž

H X1

 Ð Ð Ð 


Ž

H Xn
,

with ¤ acting on H on the left in the usual way. We will examine how e11¤e11 acts on

e11H . Identify HB with ê11 
HB � HMn(C)
B and
Ž

H B with ê11 

Ž

H B and thus identify

HAŁB with the subspace of e11H � H spanned by all the tensors in
Ž

H A and ê11 

Ž

H B.
Consider the subspaces of e11H defined by

V0 ≥ HAŁB � H
V[n] ≥

M
2�k1,...,kn�N

Fl 
 (HB 
 êk11)
 F 
 (HB 
 êk21) 
 Ð Ð Ð 
 F 
 (HB 
 êkn1)

V(n) ≥
M

2�k1,...,kn�N
Fl 
 (HB 
 êk11)
 F 
 (HB 
 êk21) 
 Ð Ð Ð 
 F 
 (HB 
 êkn1) 
 Fr.

Then
e11H ≥ V0

M
n½1

(V[n] ýV(n)).
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Let Wn ≥
L

k½n(V(k) ýV[k]) so that
T

n½1 Wn ≥ f0g.
We also regard AŁrB as a unital subalgebra of¤ in the canonical way. Let A0 � kerßA

be such that span A0 is norm dense in kerßA and fx̂ j x 2 A0g is an orthonormal basis for
Ž

H A and let B0 � kerßB be such that span B0 is norm dense in kerßB and fx̂ j x 2 B0g
is an orthonormal basis for

Ž

H B. Let

F ≥
[

n½1
A0 B0A0 Ð Ð Ð B0A0| {z }

n�1 times B0A0

Fl ≥ F [ B0F,

so that fx̂ j x 2 Fg is an orthonormal basis for F , fx̂ j x 2 Flg is an orthonormal basis
for Fl and span (f1g [ B0 [ Fl [ FB0) is dense in A Łr B. For x 2 Fl and 2 � n � N let

T(x, n) ≥ e11xen1 2 ¤.

Then T(x, n) maps e11H onto
(4)�

x̂
(HB 
 ên1)
�

ý
�
x̂
 (HB 
 ên1) 
 Fr

�

ý
M
m½1

2�k1,...,km�N

x̂ 
 (HB 
 ên1)
 F 
 (HB 
 êk21) 
 Ð Ð Ð 
 F 
 (HB 
 êkm1)

ý
M
m½1

2�k1,...,km�N

x̂ 
 (HB 
 ên1)
 F 
 (HB 
 êk21) 
 Ð Ð Ð 
 F 
 (HB 
 êkm1) 
 Fr.

More specifically, taking an orthonormal basis for e11H consisting of tensors, each of
the form ŷ or ŷ 
 Ð Ð Ð for some y 2 Fl, we see that T(x, n) maps each such element
to x̂ 
 ê1n 
 ŷ(
 Ð Ð Ð). Thus T(x, n) is a one-to-one mapping from an orthonormal basis
for e11H onto an orthonormal set spanning the space given in (4), thus is an isometry
from e11H onto this space. Hence

�
T(x, n)

�
x2Fl,2�n�N

is a family of isometries having
orthogonal ranges. Moreover, the strong-operator limit

(5) PWn
≥

X
x1,...,xn2Fl

2�k1 ,...,kn�N

T(x1, k1) Ð Ð Ð T(xn, kn)T(xn, kn)Ł Ð Ð Ð T(x1, k1)Ł

is the projection from e11H onto Wn.

LEMMA 3.4. For every x 2 Fl and every 2 � n, m � N,

ennxemm ≥ 0.

PROOF. We have
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emmH ≥ (HB 
 êm1) ý (HB 
 êm1)
 Fr ý Ð Ð Ð ,

where this formula continues as in (4), but without the x̂, so xemmH ≥ T(x, m)H �
e11H .

LEMMA 3.5. If z1, z2 2 A Łr B then

(6) e11z1e11z2e11 2 e11z1z2e11 + span
[

2�n�N
x,y2Fl

T(x, n)BT(y, n)Ł.

PROOF. It will be enough to show (6) for z1 and z2 in a set that densely spans A Łr B,
hence we assume without loss of generality that zj 2 B [ FlB. If either z1 2 B or z2 2 B
then e11z1e11z2e11 ≥ e11z1z2e11. If zj ≥ fjbj for fj 2 Fl and bj 2 B, (j ≥ 1, 2), then

e11z1e11zŁ2e11 ≥ e11z1zŁ2e11 �
NX

n≥2
e11z1en1e1nzŁ2e11

≥ e11z1zŁ2e11 �
NX

n≥2
e11f1en1b1bŁ2e1nf Ł2 e11

≥ e11z1zŁ2e11 �
NX

n≥2
T(f1, n)b1bŁ2T(f2, n)Ł.

LEMMA 3.6. For every x0 2 Fl, and 2 � n � N,

e11(A Łr B)e11T(x0, n) � span
[

x2Fl

T(x, n)B.

PROOF. Let z 2 A Łr B. Then

e11ze11T(x0, n) ≥ e11ze11x0en1 ≥ e11zx0en1 �
NX

k≥2
e11zekkx0en1 ≥ e11zx0en1,

where the last equality follows from Lemma 3.4. Thus

e11ze11T(x0, n) 2 e11(A Łr B)en1 � span
[

x2Fl

T(x, n)B.

LEMMA 3.7.
(7)

e11¤e11

≥ CŁ

�
e11Ae11 [ e11B [

[
2�n�N

e11 kerßAen1

�

≥ CŁ

�
e11(A Łr B)e11 [

[
2�n�N

e11Flen1

�

≥ span
� [

p,q½0
xj ,yj2Fl

2�nj ,mj�N

T(x1, n1) Ð Ð Ð T(xp, np)e11(A Łr B)e11T(yq, mq)Ł Ð Ð Ð T(y1, m1)Ł
�

.
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PROOF. Because¤ is generated by A and B together with the system of matrix units
(eij)1�i,j�N, we have that

e11¤e11 ≥ CŁ

� [
1�i,j�N

e1iAej1 [
[

1�i,j�N
e1iBej1

�
.

Using Lemma 3.4 and that B commutes with eij, the first equality of (7) clearly holds and
then the second equality is also clear. Now the third equality follows from Lemmas 3.5
and 3.6 and the fact that, for x, y 2 Fl and 2 � n, m � N,

T(y, m)ŁT(x, n) ≥
²

e11 if x ≥ y and n ≥ m
0 otherwise.

For p ½ 1 let

”p ≥ span
� [

0�k�p�1
xj,yj2Fl

2�nj ,mj�N

T(x1, n1) Ð Ð Ð T(xk, nk)e11(A Łr B)e11T(yk, mk)Ł Ð Ð Ð T(y1, m1)Ł

[
[

xj ,yj2Fl
2�nj ,mj�N

T(x1, n1) Ð Ð Ð T(xp, np)BT(yp, mp)Ł Ð Ð Ð T(y1, m1)Ł
�

and let ” ≥ S
p½1 ”p. Hence Wn is an invariant subspace of ”, for all n ½ 1. Based on

Lemmas 3.5 and 3.6, we have

OBSERVATION 3.8. Each”p and also” is a CŁ-subalgebra of e11¤e11. For any fixed
x0 2 Fl, e11¤e11 ≥ CŁ(” [ fT(x0, 2)g) and z 7! T(x0, 2)zT(x0, 2)Ł is an endomorphism,
call it õ, of”. Hence e11¤e11 is a quotient of the universal crossed product,”çõN, of”
by the endomorphismõ. Therefore, once we have proved the following two propositions,
Theorem 2.1 will imply that this universal crossed product is simple and purely infinite
and Theorem 2.1 will be proved.

PROPOSITION 3.9. If
�
(A,ßA), (B,ßB)

�
has property Q then for every z 2 ” such

that z ½ 0 and z Â≥ 0, there are n 2 N and x 2 ” such that xzxŁ ≥ õn(e11), i.e.
õn(e11) Ú¾ z.

PROPOSITION 3.10. Let (”̄,ã) be the CŁ-dynamical system associated to (”,õ) as
described at the beginning of Section 2. For no m ½ 1 is the automorphism ãm of ”̄
inner.

In order to prove these propositions, let us define, for n ½ 1,

In ≥ span
� [

k½n
xj ,yj2Fl

2�nj ,mj�N

T(x1, n1) Ð Ð Ð T(xk, nk)e11(A Łr B)e11T(yk, mk)Ł Ð Ð Ð T(y1, m1)Ł
�

.

Clearly, In is an ideal of ”, In � In+1,
T

n½1 In ≥ f0g and In vanishes on H 	Wn. The
following lemma may be of interest, although it is not used in the sequel.
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LEMMA 3.11. ”ÛI1
¾≥ A Łr B and

(8) InÛIn+1
¾≥ (A Łr B) 
K for all n ½ 1,

where K appearing in (8) is the algebra of compact operators on the infinite dimensional
Hilbert space

�
(Fl 
 CN�1)
n

�
.

PROOF. Let us first consider the case of ”ÛI1. Let ì: A Łr B ! ¤ be the canoni-
cal (functorial) inclusion. Consider the mapping ô: A Łr B ! ”ÛI1 given by ô(z) ≥
[e11ì(z)e11] 2 ”ÛI1. By Lemma 3.5, ô is a Ł-homomorphism. But since I1 vanishes on
V0 ≥ HAŁB, the map from ”ÛI1 to A Łr B given by [y] 7! yjV0

is well-defined and is the
inverse of ô. Hence ô is an isomorphism.

For n ½ 1,

fT(x1, k1) Ð Ð Ð T(xn, kn)T(yn, ln)Ł Ð Ð Ð T(y1, l1)Ł j xj, yj 2 Fl, 2 � kj, lj � Ng

is a system of matrix units whose closed linear span is a copy of K
�
(Fl 
CN�1)
n

�
and

there is an isomorphism In ! ” 
 K
�
(Fl 
 CN�1)
n

�
given by, for z 2 A Łr B and

p ½ n,

T(x1, k1) Ð Ð Ð T(xp, kp)zT(yp, lp)Ł Ð Ð Ð T(y1, l1)Ł

7!
�
T(xn+1, kn+1) Ð Ð Ð T(xp, kp)e11ze11T(yp, lp)Ł Ð Ð Ð T(yn+1, ln+1)Ł


 T(x1, k1) Ð Ð Ð T(xn, kn)T(yn, ln)Ł Ð Ð Ð T(y1, l1)Ł
�
.

This isomorphism sends In+1 onto I1 
 K
�
(Fl 
 CN�1)
n

�
, so

InÛIn+1
¾≥ (”ÛI1) 
K

�
(Fl 
 CN�1)
n

�

.

LEMMA 3.12. If
�
(A,ßA), (B,ßB)

�
has property Q, z 2 ” and z vanishes on Wn for

some n, then z ≥ 0. Consequently, for all z0 2 ” and for all n ½ 1, kPWn
z0PWn

k ≥ kz0k.

PROOF. First consider the case n ≥ 1. We have e11H ≥ V0 ý W1 and there is a
unitary

U1: W1 ! Fl 
 CN�1 
 HB 
 Y

for an infinite dimensional Hilbert space, Y , such that for x, y 2 Fl and 2 � n, m � N,

T(x, n)T(y, m)Ł ≥ 0V0
ýUŁ

1(fx,y 
 en,m 
 1HB

 1Y )U1

where fx,y is the rank-one operator on Fl sending ŷ to x̂ and where en,m is the rank-one
operator on CN�1 sending the (m� 1)st standard basis vector to the (n� 1)st. Hence we
have that

(9) I1 � 0V0
ýUŁ

1

�
K (Fl) 
 B(CN�1) 
 B(HB) 
 B(Y )

�
U1.
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For d 2 A Łr B we have e11de11jV0
≥ ïAŁB(d) under the identification of V0 with HAŁB.

Recall (from just before Definition 3.2) the unitary

V: HAŁB 	 HB ! Fl 
HB.

Let
Ṽ: (HAŁB 	 HB) 
 CN�1 ! Fl 
 CN�1 
 HB

be such that ṼŁ(ò1 
 ò2 
 ò3) ≥ VŁ(ò1 
 ò3) 
 ò2, i.e. Ṽ just pushes CN�1 through and
acts like V on the rest. Then it is easily seen for d 2 A Łr B that

(10) U1

�
e11de11jW1

)UŁ
1 ≥ Ṽ

�
(1� pB)ïAŁB(d)(1 � pB)
 1CN�1

�
ṼŁ 
 1Y .

From the proof of Lemma 3.11, there is a Ł-homomorphism†:” ! AŁrB, whose kernel
is I1, given by †(z) ≥ zjV0

and the mapping A Łr B 3 d 7! e11de11 is a right inverse for
†. Hence z ≥ e11†(z)e11 + z1 where z1 2 I1 and so, using (9) and (10),

(11)
U1(zjW1

)UŁ
1 2

�
Ṽ
�
(1� pB)ïAŁB

�
†(z)

�
(1 � pB) 
 1CN�1

�
ṼŁ

+ K (Fl) 
 B(CN�1)
 B(HB)
�

 B(Y ).

But assuming that property Q holds, using (11) the supposition that zjW1
≥ 0 implies

that †(z) ≥ 0. But then z 2 I1 and I1 has support equal to W1, so z ≥ 0. Hence the first
part of the lemma is proved in the case n ≥ 1.

Now we will show, for n ½ 1, and z 2 ” that zjWn+1
≥ 0 implies zjWn

≥ 0,
which when combined with the case proved above will show that z ≥ 0. For every
x1, . . . , xn, y1, . . . , yn 2 Fl and 2 � k1, . . . , kn, l1, . . . , ln � N,

T(xn, kn)Ł Ð Ð Ð T(k1, k1)ŁzT(y1, l1) Ð Ð Ð T(yn, ln) 2 ”

vanishes on W1, hence is equal to zero. Therefore by (5) PWn
zPWn

≥ 0 and, since Wn

is invariant under”, zPWn
≥ 0, as required.

Now since PWn
commutes with ”, the mapping ” 3 z0 7! PWn

z0PWn
is a Ł-

homomorphism with zero kernel, proving that kPWn
z0PWn

k ≥ kz0k.

PROOF OF PROPOSITION 3.9. First suppose 0 Â≥ z ½ 0, z 2 ”p, some p ½ 1. By
Lemma 3.12, zjWp

Â≥ 0. Looking at the definition of Wp, we see that there is a canonical
unitary

Up: Wp ! (Fl 
 CN�1)
p 
HB 
 Yp

for Yp the infinite dimensional Hilbert space, Cò ý Fr ý Ð Ð Ð , such that

Up”pUŁ
p ≥ K

�
(Fl 
 CN�1)
p

�

 ïB(B) 
 1Yp

with �
UpT(x1, k1) Ð Ð Ð T(xn, kn)T(yn, ln)Ł Ð Ð Ð T(y1, l1)ŁUŁ

p

�
xj ,yj2Fl,2�kj ,lj�N
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being a system of matrix units for K
�
(Fl
CN�1)
p

�

1HB


1Yp
. Since PWp

commutes

with z we have z ½ zjWp
≥ PWp

zPWp
½ 0 and there is a vector, ê 2 (Fl 
 CN�1)
p 


HB such that if q is the projection onto ê 
 Yp then z ½ cUŁ
pqUp for some c Ù 0.

Let ê0 2 F 
 CN�1 be nonzero, so that ê 
 ê0 2 (Fl 
 CN�1)
p+1 and let q0 be the
projection onto ê
 ê0
HB 
Yp+1. Then z ½ cUŁ

pqUŁ
p ½ cUŁ

p+1q0Up+1. Since both q0 and

Up+1T(x0, 2)p+1
�
T(x0, 2)Ł

�p+1
UŁ

p+1 are minimal projections in K
�
(Fl
CN�1)
p

�

1HB



1Yp

� Up+1”p+1UŁ
p+1, it is clear that UŁ

p+1q0Up+1 is equivalent in ”p+1 to the projection

T(x0, 2)p+1
�
T(x0, 2)Ł

�p+1 ≥ õp+1(e11). Hence z Ù¾ õp+1(e11), as required, and there is
y 2 ” such that õp+1(e11) ≥ yzyŁ. Since we may assume that UŁ

pêUp is in the range of

the spectral projection for z corresponding to the interval
h

1
2kzk, kzk

i
, we may assume

kyk �
p

2kzk�1Û2.
For general z 2 ”, 0 Â≥ z ½ 0, there is p ½ 1 and z̃ 2 ”p, 0 Â≥ z̃ ½ 0 such that

kz� z̃k Ú kzkÛ3. Let y be such that kyk �
p

2kz̃k�1Û2 and õp+1(e11) ≥ yz̃yŁ holds. Then

kyzyŁ � yz̃yŁk � 2kz� z̃k
kz̃k � kzk

3kz̃k Ú 1,

and by the continuous function calculus and the theory of projections there is y0 2 ”
such that õp+1(e11) ≥ y0z(y0)Ł, namely õp+1(e11) Ú¾ z.

PROOF OF PROPOSITION 3.10. Recall that ”̄ is the inductive limit of

” õ!” õ! Ð Ð Ð

with corresponding embeddings ñn:” ! ”̄ (n ½ 1) such that ñn(z) ≥ ñn+1

�
õ(z)

�
and

the automorphism ã is defined by ã
�
ñn(z)

�
≥ ñn

�
õ(z)

�
for all n ½ 1 and z 2 ”. For

k 2 Z consider
Īk ≥

[
n½max(1,�k)

ñn(Ik+n) � ”̄.

Then Īk is an ideal of ”̄ and

Īk � Īk+1,
[
k

Īk ≥ ”̄,
\
k

Īk ≥ f0g and ã(Īk) ≥ Īk+1.

Let ôk: ”̄ ! ”̄ÛĪk be the quotient map z 7! z + Īk. Since the union of the ideals is ”̄
and their intersection is f0g, we have for every z 2 ”̄ that

lim
k!�1

kôk(z)k ≥ 0 and lim
k!+1

kôk(z)k ≥ kzk.

Moreover,

kôk(z)k ≥ kz + Ikk ≥ kã(z + Ik)k ≥ kã(z) + Īk+1k ≥



ôk+1

�
ã(z)

�


.
Supposing to obtain a contradiction that ãm is inner for some m ½ 1, there is 0 Â≥ u 2 ”̄
such that ãm(u) ≥ u. There are è Ù 0 and K1, K2 2 Z such that kôk(u)k Ú è for all
k � K1 and kôk(u)k Ù 2è for all k ½ K2. But kôk(u)k ≥




ôk+m

�
ãm(u)

�


 ≥ kôk+m(u)k,
which implies è Ù 2è.
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