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STOCHASTIC FUBINI THEOREM FOR
SEMIMARTINGALES IN HILBERT SPACE

JORGE A. LEON

1. Introduction. In this paper we will study the Fubini theorem for stochastic
integrals with respect to semimartingales in Hilbert space.

Let (2, , P) be a probability space, (X, B, u) a measure space, H and G two
Hilbert spaces, L(H, G) the space of bounded linear operators from H into G,Z
an H-valued semimartingale relative to a given filtration, and ¢: X X R* x Q —
L(H, G) a function such that for each ¢ € R* the iterated integrals

vo= [ et dz,

W:Akﬂmnmmm

are well-defined (the integrals with respect to p are Bochner integrals). It is often
necessary to have sufficient conditions for the process Y' to be a version of the
process Y? (e.g. 1], proof of Theorem 2.11).

In the real case, i.e. Z and ¢ real-valued, this problem has been studied in several
directions. Liptser and Shiryayev [10] treated the case where Z is a Wiener pro-
cess and (X, B, ) is a probability space. Under the assumption that the function
(x, w)— fjo @ (x, r,w)dZ, is BR F-measurable foreacht € R*, Ikeda and Watan-
abe [7] obtained sufficient conditions when Z is a martingale. Jacod [8] considered
the existence of a measurable function Y3: X x R* X Q — R such that for every
x € X the process Y3(x, -) is a version of the stochastic integral Jio..1 p(x,r) dZ, and
the integral fy Y3(x, -)u(dx) is a version of Y'. (In part (iii) of Jacod’s proof, page
182, it is not clear that the functions defined are elementary functions). Finally,
Walsh [12] obtained a similar result when Z is a martingale-measure.

In the Hilbert space case, a result similar to that of [10] was formulated by Cur-
tain and Falb [4], and Chojnowska-Michalik [2,3] studied the problem when Z is
a semimartingale of a particular class.

Our objective is to give a generalization of the results contained in the references
[2,3,7.8,10] without any restrictions on the semimartingale Z.

2. Preliminaries. In this section we will recall some basic definitions and facts
we shall need.
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Let H and G be two real separable Hilbert spaces with inner products < -,- >

and < -, >, respectively. The norm in H is written | - |, and in G, | - |g. L(H, G)
designates the space of bounded linear operators from H into G. The operator norm
is denoted by || - ||. The adjoint of an operator A is written A*.

The space (L(H, G), || - ||) is not in general separable, and several types of mea-
surabilities for functions with values in L(H, G) can be defined, which may not
coincide (see [6], p. 280).

Definition 2.1. Let (S, S) be a measurable space and f: S — L(H, G).

(1) f is point-measurable if and only if for every h € H,

f(h):($,5) — (G, Bg),

where B is the Borel o -algebra of G.
(ii) f is Borel-measurable if and only if

f:(5,8) — (L(H, G), By )

where By ) is the Borel o -algebra of (L(H, G), || - ||).
(iii) f is strongly-measurable if and only if there exists a sequence (f,,) of elemen-
tary L(H, G)-valued functions defined on S, i.e., f, has the form f,, = Zf’:, filsi
where f' € L(H,G) and S; € S, such that for each s € S,

[1f(s) —fu(s)|| — O as n— oo.
If G = R, the space (L(H, R), || - ||) is separable, and the Pettis theorem implies

that the three measurabilities above coincide. In this case f will be simply called
measurable.

We will assume that (Q, F, P) is a complete probability space on which is de-
fined an increasing and right-continuous family (%), of complete
sub-o -algebras, and we will denote by P the predictable o -algebra.

Let Z be an H-valued semimartingale. An increasing, positive, adapted process
A is called a control process of Z if for every G, every bounded L(H, G)-valued
P-Biu c)-measurable process X and every stopping time T we have

E[sup| /]OJIXdzC] < E[AT_ /m[ 11x])2 dA]

t<T

(see [11], Section 26).

3. Stochastic Fubini Theorem. Let p be a non-negative o-finite measure on
the measurable space (X, B).
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THEOREM 3.1. Let Z be an H-valued semimartingale and ¢:X X R* x Q —
L(H,R) a ‘B ® ‘P-measurable function, and assume there exists a non-negative
f € LY (p), such that || p(x,r,w)|| < f(x)forall (x,r,w) € X X R* X Q. Then for
eacht € R* there exists a measurable function Y': X x Q — R belonging to L' (1)
w.p. I such that

3.1 /]Ot] o(x,r)dZ, = Y. wp. I for almost all x € X,
and

6.2 [ | enu@dz, = | Yipdo wp. 1.

Remarks 3.2. (a) The set of probability 1 where the equality in (3.1) holds de-
pends on x.
(b) The Fubini theorem for Bochner integrals and the existence of f imply that

the process [y ¢(x, -)u(dx) is Z-integrable, hence the left-hand side of (3.2) is well-
defined.

(c) If the R-valued function [y, ¢ (-, 1) dZ, is ‘B ® F-measurable, then

/]O'r] /x e, Nuldy) dZ, = /X/]o,t] p(x,r) dZ, p(dx) wp. 1.

The following consequence is immediate.

COROLLARY 3.3. If in the assumptions of the Theorem 3.1 we have that ¢ is
an L(H, G)-valued BR P-point-measurable function instead of an L(H, R)-valued
B® P — Bru.ry-measurable function, then for eacht € R* and y € G there exists
a measurable map Y: X x Q — R such that

/]0 ”( 0*(x,r)y, dZ,) =Y wp. I for almost all x € X,

and

/JO,r] /)(<¢*(x’ ry. ) pdx) dZ, = /XY,’{“V#(dX) w.p. 1.

Our main result is the following.
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THEOREM 3.4. Let Z be an H-valued semimartingale and ¢:X X R* X Q —
L(H, G) a B® P- By c)-measurable function, and assume

(i) There exists a non-negative function f € L'(u) such that || o(x,r,w)|| <

fx) forall (x,r,w) € X X R* X Q.

(ii) For each (r,w) € R* x Q the Bochner integral [y p(x, r,w)u(dx) is well-

defined.

(iii) The process [x p(x, -)u(dx) is Z-integrable.

Then for eacht € R* there exists a measurable function Y': X X Q — G, belonging
to L'(u) w.p.1, such that (3.1) and (3.2) hold.

Remarks. (a) For all (r,w) € R* x Q the function ¢(-,r,w): X — L(H,G) is
‘B- ‘By(n.c)-measurable, but since the space L(H, G) is not in general separable,
then ¢ (-, r,w) is not necessarily strongly-measurable. Hence the Bochner integral
Jx p(x, r,w)p(dx) may not be well-defined.

(b) Assumption (ii) implies that for each (r,w) € R* X Q there exists a sequence
((p,(,"“’)) of elementary L(H, G)-valued functions on X such that

“/x P () — /x ex,r, w)u(dx)H — 0 asn— oo.

However, the processes fy ¢ ’(x)u(dx) may not be predictable. Hence
Jx ¢(x, -)pu(dx) is not necessarily a predictable process and therefore it is not nec-
essarily Z-integrable.

(c) For every x € X the process ¢(x, ) is predictable. Hence assumption (i)
implies that the stochastic integral fi; @ (x, r) dZ,, t € R, is well-defined.

4. Proofs. We will prove first two lemmas which are needed for the proof of
Theorem 3.1.

LEMMA 4.1. Let p: X X R* X Q — L(H, R) satisfy the assumptions of Theorem
3.1. Then there exists a sequence (p,) of elementary L(H, R)-valued functions on
X X R* X Q such that for every (x,r,w) € X X R* X Q,

@.1)  |lealx,r,w) — p(x,r,w)|| — 0 as n— o0
and

@.2)  |leater.w)l| <f@) foralln.

Remark. The Pettis theorem implies that there is a sequence (,) of elementary
L(H, R)-valued functions on X X R* x Q such that (4.1) holds, but it may not satisfy
4.2).
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Proof. We first note that since H and L(H, R) are separable, ¢ can be considered
as an H-valued measurable function if we identify H with its dual. Let (h;) be an
orthonormal base in H, then for each i there exists a sequence () of elementary
real-valued functions on X X R* X Q such that for every (x,r,w) € X X R* X Q,
oMx,r,w) — (p(x,r,w), h;) as n — oo and

4.3) ol rw)| < (e, rw),h;)| foralla.

For each positive integer n, let " = 37| p/'h;. We will prove that (¢") is the
sequence we are looking for.

Fix e > Oand (x,r,w) € X X R* x Q. Then there exists N large enough so that
foralln > N,

n

4.4) | > (e r,w)hi)h — ek, r,w)| <e/6,

i=1
and there exists Ny > N such that for alli € {1,2,...,N} and n > N,
4.5)  |of(x,r,w) = (o, r,w),h)| <e/3N.

From (4.3), (4.4) and (4.5) we have for all n > N,

IQO(X,V,UJ) - d)n(x’ r?w)l S (P(x,r,w) - Z( (P(X, rvw)vhi>hi

N
i=1

+

N
Y (o, r,w), b b — ] (x, 1, w)hi)
i=1

+

Z ‘P?(&r,w)hi‘
i=N+1
<e/6+e/3+¢/3
<e.

Finally, by (4.3), for every positive integer n,
9" w)® < (e rw) b)) < e rw)|® <),
i=1

and as this holds for all (x,r,w) € X x R* X Q, the proof is complete.

LEMMA 4.2. Let Z be an H-valued semimartingale and p: X XR* XQ — L(H, R).
Letf € L' () and (p,) a sequence of B P-measurable L(H, R)-valued functions
on X X R* X Q for which Theorem 3.1 holds. If for every (x,r,w) € X X R* X Q,

4.6)  |ealx,r,w)— @(x,r,w)|| =0 as n— o0
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and

@.7) | enlx, r,w)|| <f(x) foralln,

then for each t € R* there exists a measurable funciton Y': X X Q — R belonging
to L'(u) w.p. 1 such that (3.1) and (3.2) hold.

Proof. Note that (4.6) and (4.7) imply that the integral fjo, ¢(x, r) dZ, is well-
defined. Fix ¢ € R*. The proof is divided into two steps.

Step 1. Let us assume that there exist a control process A of Z and a stopping
time 7 such that E(A%_) < oo.

By hypothesis there is a sequence (Y*") of measurable real-valued functions on
X X Q such that

(4.8) /]0 | Onlx,r) dZ, = Yy" w.p. 1 for almost all x € X,
N

and

(4.9) /]O” /X on(x, P(dx) dZ, = /X Y (dx) w.p. 1.

Fix x € X such that (4.8) holds. Since A is a control process of Z, then, using (4.7)
and (4.8), for all n,m, n < m, we have

E [Ilo,rl(t) v — Yl‘"’l]

1/2
S {E[SUP | /];),t’] (@n(x’ r) - SOm(X, r)) erlz] }

'<T
12
(4.10) <[t [, lewtxn = putenl an ]|
@.11) < 2<E(A2_)) Y 0.

On the other hand, (4.6), (4.7) and the dominated convergence theorem imply
/]0 . | on(x, r) — Pmlx, r)||2 dA, — 0 as n,m — oo forallw € Q.

Hence, (4.7), (4.10), the dominated convergence theorem and the fact that
E(A%,) < oo imply

E[I]O.T[(t) | Yo" — Yf;"'l] — 0 as n,m— o0o.
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Since inequality (4.11) holds for almost all x € X, by the dominated convergence
theorem again we have that (I]O‘T[(t) Y?*") is a Cauchy sequence in L' (u x P). Hence
there is a function Y7*': X x  — R belonging to L!(u x P) such that

(4.12) /X E|Loi®Y™" — Y| pu(dx) — 0 as n,m— oo,

and there is a subsequence (n;) such that

4.13)  Lor(nY:™ — YT as k — oo w.p. 1 for almost all x € X.

The Fubini theorem implies that Y7+ belongs to L'(u) w.p.1. Therefore (4.8),
(4.13) and the fact that

E[hon® | [, (0 = patrr)) dZ,

]—)()asnﬂoo,

which follows from (4.6) and (4.7), yield

Y = Ior(o) /] 01 p(x,r) dZ, w.p. 1 for almost all x € X,
X3

and the definition of Y7 and (4.12) imply that there exists a subsequence (ny) of
(ny) such that

@.14) (D) /X Y™ p(dx) — fx Y u(dx) as K — oo wap. 1.
Proceeding similarly, there exists a subsequence (rn) of (ny) such that

hort(®) [ [ na eI dZ,

— o (1) /x o (x,r)u(dx) dZ, as K" — oo w.p. 1

10.1]

Therefore (4.9) and (4.14) imply
T
Lo (®) /M /X o (x, P (dx) dZ, /X Y™ p(dx) wop. 1.
Step 2. By [11] (Section 26) there exist a control process A of Z and a sequence
(T,) of stopping times such that 7, ' oo and E(A%"_) < oo for all n. Then by
Step 1 there is a sequence (Y7»') of measurable real-valued functions on X x Q

such that

4.15) YXT"J = Lo,,((D f] ol p(x,r) dZ, w.p. 1 for almost all x € X,
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and
hora(® [ [ oG nn@) dz, = [ Yo wp. 1.

We now define the following measurable real-valued function on X x Q:

Y,:{YT"’ on X x [t< T], n=1,
Yool on X X [Ty <t < T,), n>2,

where [T,— <1< T,] = {w € Q:T,_1(w) <t < Ty(w)}. Thus, by Step 1, to
finish the proof we have only to show that for every n,

Tost _ t
(4.16) /X Y (dx) = /x Yiu(dx) w.p. Lon [t < T,].
Fix n and x € X such that (4.15) holds. Then, by (4.15),

Ellu<r,) ]

< E[ly<r Vi = Y]]+

1 Tt
Yx_ Yx"

M=

E[lir_ <<ty |Yi— Y]

]

Ellir,_ <<ty | YT = Y]

]

]+

]+

-

Il
S

= E[lj<ry |YD = Y]

]

M=

< E[ly<ry Y[ — Y

Elly<ry YT = Y

i=2

=0.

Finally, the measurability of the functions Y and Y7 and Fubini’s theorem yield
(4.16).

Proof of Theorem 3.1. Fix t € R*. Let ¢ € L(H,R), n a positive integer and
A € B® P, and consider p: X X R* X Q — L(H, R) of the form

e, r,w)=1 - (IA(x, r,w) A nf(x)).

The family # = {Bx F C X X R* x Q:B € Band F € P} is closed under
intersection and the theorem is trivially true for A € #, and in this case

d — .
vi= [ etndz,
(see Remark 3.2 (c)). Then Lemma 4.2 and the monotone class theorem imply that

there exists a measurable function Y: X x Q — R belonging to L'(x) w.p.1 such
that (3.1) and (3.2) hold for such ¢.

https://doi.org/10.4153/CJM-1990-046-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-046-8

898 JORGE A. LEON
On the other hand, let A € B ® P such that for every (x,r,w) € X X R* x Q,

[ LaCx, r, w)]| < f),

then for each (x,r,w) € X X R* X Q,

9 - (I rw) A nf @) < f).

Hence, letting n — 0o, Lemma 4.2 implies that the result holds for ¢ = 1 I4.
Finally, by Lemmas 4.1 and 4.2 the proof is complete.
Proof of Theorem 3.4. Lett € R* and y € G. By Corollary 3.3 there exists a
measurable function Y*¥: X x  — R belonging to L' (1) w.p.1 such that

4.17) Y2 = (y, ol @(x,r)dZ,) w.p. 1 for almost all x € X,
G

and
/]o,tj /x< @7 (x, 1)y, ) p(dx) dZ, = /x Y2 u(dx) w.p.1.

Assumptions (ii) and (iii) imply that

floy,] /X<s0*(x, )y, ) u(dx) dZ, = <y, /10,11 /X p(x, r)u(dx)dZ,>G w.p.1,

and since G is a separable space, then by Fubini’s theorem, to finish the proof of the
theorem we have only to show that there is a measurable function Y: X x Q — G
which is Bochner integrable with respect to 4 w.p.1 and such that (3.1) holds.

Let (g;) be an orthonormal base in G, Y" = 3}, Y"%g;, and A and T satisfying
the assumptions of Step 1 in the proof of Lemma 4.2. Then assumption (i) and
(4.17) imply that for almost all x € X and n < m,

4.18)  E[lon() |Y: — Y7'c]
= E[hor(®) | Z 8:,/ p(x,1) dZ,)6gilc]

i=n+1

<E[lon®| [ et dz] ]

(Elar [ leten)® aa ]}
{

< (B2} f).

IA

Since 3. (& floq (X, 1) dZ,) ;8il ; converges to 0 as n,m — oo and is
o then, as in the proof of Lemma 4.2 (Step 1), the
dominated convergence theorem, (4.18) and the fact that E(A%;) < oo imply that
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there exists a measurable function Y’*: X x Q — G such that [Y7|, € L'(u)
w.p.1 and

YH = Lo /}0 ] p(x,r)dZ, w.p.1 foralmostall x € X.
\t

Finally, as in the proof of Lemma 4.2 (Step 2), we can construct a measurable
function Y": X X Q — G which is Bochner integrable with respect to u w.p.1 and
(3.1) holds.

5. An application. Consider the stochastic evolution equation for the process
X = {X,,0 <t < T} formally written as

(5.1)  dX, = A(DX, dt +dZ(X),, 0 <5 <t <T,
XS = 67

where £ is an H-valued F;-measurable random variable, {A(#),0 < r < T} is
a family of closed linear operators on H which generates an evolution system
{U(t,5),0 < s <t < T} on H and Z(X) is an H-valued semimartingale which
may depend on X.

Equation (5.1) is a symbolic expression and it may be interpreted in various
different ways. Leon [9], and Gorostiza and Ledn [S] defined several types of so-
lutions of (5.1) and investigated relationships between them. In particular, under
the assumptions that there exists a real separable Hilbert space W, densely and
continuously embedded in H, such that W C Nejo.1 Q)(A*(t)), where Q)(A*(t)) is
the domain of A*(f), and { U*(¢,5)} is a weak forward adjoint evolution operator
(WFA), i.e. [/{x, U(r,s)A*(r)y) dr = (x,U*(t,5)y) — (x,y) foralls < t,x € H
and y € W, Le6n [9] proved the following result (see [9] for full details).

THEOREM 5.1. Let X be a weak evolution solution of (5.1), i.e. X is a progres-
sively measurable process such that

(Xiy) = (£, U (t,5)y) + /]SJ](U*(I, My, dZ(X),) wp. 1

foreacht € [s,T}andy € H, and assume
(i) A*(-)y € L'([0, T\, H) for ally € W.
(ii) The function U*(t,-)y is of bounded variation on [0,1t] for all t € [s,T] and
yeW.
(iii) The function U*(t,-)A*(t)y is of bounded variation on [0,1] for ally € W
and it has the same control process V” for all t € [s,T].

Then X is also a W-solution of (5.1), i.e.

(X0 = (€.3) + [[(X A"0h)dr +(Z00, = Z005,y) wp. ]
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foreacht € [s,Tlandy € W.

Assumptions (ii) and (iii) were needed in order to apply the integration by parts
formula, which was our basic tool. On the other hand, the stochastic Fubini theo-
rem can be used instead of the integration by parts formula, and then assumptions
(i1) and (iii) of Theorem 5.1 can be dropped. Indeed, fixy € Wand ¢ € [s, T]. Then
Theorem 3.1 implies that there exists a measurable function Y: [s,¢] X Q — R,
Lebesgue integrable w.p. 1, such that

(5.2) fjo | L (P Y U*(r, V)A*(r)y, dZ(X),) = Y. w.p. 1 for almost all r € [s,1]
L\t
and
! t

3 * . — 1
(5.3) /M /ﬂ (U(r,YA*(P)y, ) dr dZ(X), / Y. dr wp. 1
Since X is a weak evolution solution, then (5.2) implies

(X,, A*X(r)y) = (&,U*(r,s)A*(r)y) + Y. w.p. 1 for almost all r € [s,1].

The measurability of each term and Fubini’s theorem imply that the last expression
is integrable in r € [s,¢] w.p. 1. Then by (5.3) we have
4 * 4 * *
[ (X a0yy) dr = [[(€,U°GA" () dr

+/]”]/’I<U*(r,/)A*(r)y,-) dr dZ(X), w.p. 1.

The WFA property implies

[ X A%y dr = (€.U(5)y — )
+/M< U(t,r)y —y, dZ(X),)
= (&, U (t,5)y — )
+ [ (U, dze0,)
— (Z0, — ZX)s,y) Wp. 1.

Finally, since X is a weak evolution solution, it is also a W-solution.
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