
MORE PROBLEMS CONNECTED WITH CONVEXITY 

Z . A . Melzak 

( rece ived A p r i l 5, 1968) 

This is a cont inuat ion of the a u t h o r ' s a r t i c l e [ 3 j , and it contains 
fu r the r p r o b l e m s connected with the theory of convex se t s in 

E . To the l i s t of g e n e r a l r e f e r e n c e s in [3] m a y be added the r e c e n t 
book [2} on convex po lyhed ra . 

2 
1) Le t A and B be two convex bodies in E and let a packing 

P = {B , B , . . . } be an infinite sequence of homothe t ic i m a g e s of B 

sucn that : 

a) each B i s a subse t of A, 
n 

b) no two of them s h a r e i n t e r i o r poin ts , 

00 

c) A r e a (A) = 2 Area (B ). 
1 n 

The ex i s t ence of such packings is guaranteed by Vi t a l i ' s T h e o r e m . 
00 a 

Le t D(X) be the d i a m e t e r of the se t X and put M (P) = 2 D (B ). 
a | n 

Is it t r u e that t h e r e ex i s t s a cons tant c = c(B) such that c > 1 and 
M (P) d i v e r g e s for eve ry P if a < c while i t conve rges for s o m e P 

if a > c ? Is i t t r ue that m a x c(B) = Ig 3 / l g 2 (attained when B i s a 
B 

t r i ang le ) and m i n c(B) = 1.306951 (attained when B is a c i r c u l a r 
B 

disk)? In what s e n s e is c(B) a m e a s u r e of the roundness of B? 
00 

Is the Hausdorff d imens ion of the r e s i d u a l se t A - (J B a lways at 
n=l n 

l e a s t c ? What happens if the r e q u i r e m e n t that B be a homothe t of B 

is changed so that B can be a ro ta ted homothe t? An affine i m a g e ? 

n 
How does the s i tua t ion change in E for n > 2? 
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2) Let K be a s t r i c t l y convex body in E (n > 2); K i s said to be 
s . i . u . (= s i m p l e x i n s c r i p t i o n u n i v e r s a l ) if for any s i m p l e x X in 
a r b i t r a r y loca t ion r e l a t i v e to K, a homothe t of K has al l i t s n + 1 
v e r t i c e s in the boundary 8K of K. Let <\> be the m a p f r o m OK to 

the unit s p h e r e S in E by m e a n s of the p a r a l l e l suppor t p l a n e s . 
Call a point s e S r e g u l a r if s = cj)(x) = cj)(y) i m p l i e s x = y, and let 
I(K) be the s u b s e t of S cons i s t ing of al l points which a r e not r e g u l a r . 
Le t m(A) be any r e a s o n a b l e m e a s u r e defined for a l l suff icient ly 
r e g u l a r s u b s e t s A of S. Is it t r ue that K is s . i . u . if and only if 
m(I(K)) = 0? It is easy to show that if K is smooth ( i . e . 1(K) = <])) 
then it is s . i . u . But a non - smoo th body K can a l so be s . i . u . ; an 

example in E" is p rovided by taking S, s l ic ing off two s p h e r i c a l caps 
whose b a s e s a r e s m a l l c i r c l e s e x t e r n a l l y tangent at a point p, taking 
the closed convex hull , and rounding off the two c i r c u l a r r i m s so that 
the r a d i u s of the rounding a p p r o a c h e s 0 toward p . What ( s t r i c t l y ) 
convex bodies K have the p r o p e r t y that for any s i m p l e x X in 
a r b i t r a r y o r i en t a t i on r e l a t i v e to K one and only one nomothe t ic 
i m a g e of X can be i n s c r i b e d into K? 

3 
3) Let P be a convex po lyhedron in E . By a d i h e d r a l angle 
at the edge e we m e a n , as usua l , the angle be tween the two ou tward-
bound n o r m a l s to the faces of P inee t ing at e. Let u be given, 
0 < a < IT ; what is the l a r g e s t ( s m a l l e s t ) n u m b e r of f aces of P if 
eve ry d i h e d r a l angle is < a (> a)? S imi la r p r o b l e m s can be se t up 
for the n u m b e r s of v e r t i c e s and e d g e s . 

4) The r ig id i ty of convex po lyhedra in E" has been proved a l r e a d y 
by Cauchy; a well known but apparen t ly unsolved p r o b l e m is that of 
the r ig id i ty of non-convex p o l y h e d r a . Let P be a convex po lyhedron in 

E j P is said to be e d g e - d e f o r m a b l e if t he r e is a convex po lyhedron 
Q, d i s t i nc t f rom P , into which P can be cont inuously changed without 
in t roduc ing any new v e r t i c e s , edges or wa l l s th roughout the change , 
and so that no edges change the i r length (in br ief : P and Q have the 
s a m e e d g e - l e n g t h s , a r e non -cong ruen t , and a r e po lyhed ra l l y nomotopic ) . 
O the rwi se P is called e d g e - r i g i d . If P is e d g e - d e f o r m a b l e we let 
f(P) be the d i m e n s i o n of the fami ly of the a d m i s s a b l e d e f o r m a t i o n s . 
F o r ins tance , a r e g u l a r t e t r a h e d r o n and oc t ahed ron a r e e d g e - r i g i d , 
while a cube C is e d g e - d e f o r m a b l e and has f(C) = 2. What a r e 
n e c e s s a r y and sufficient condi t ions on P to be e d g e - d e f o r m a b l e ? 
What is the m i n i m u m n u m b e r of edges , ( wa l l s , v e r t i c e s ) in P so 
that f(P) = N? What is f(P) in t e r in s of c o m b i n a t o r i a l and m e t r i c a l 
p a r a m e t e r s of P ? If P is e d g e - d e f o r m a b l e how s m a l l a change 
will c o n v e r t i t into an edge - r i g id p o l y h e d r o n ? 

5) Le t A and B be two convex bodies in E (n :> 2) of fixed v o l u m e s 
a and b r e s p e c t i v e l y , le t D(A) > D(B), and let B have a c e n t r e 
of s y m m e t r y . F o r any point p e A let B(p) denote the t r a n s l a t e of 
B cen t red at p . Let F(A, B) be the p robab i l i ty that when p and q a r e 
taken at r a n d o m in A then B(p) p\ B(q) = <j>. Is the m a x i m u m of 
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F(A, B) a t t a ined? If so, for what bodies A and B? The same p r o b l e m 
m a y be ph ra sed for other conf igura t ions ; for ins t ance , F ( m , A, B) m a y 
be the p robab i l i ty that with m points p . , p 9 , . • • , p at r a n d o m in A 

the s e t s B(P . ) a r e in some p r e s c r i b e d conf igurat ion (pa i rwi se dis joint , 
union connected, e t c . ) . 

6) Let B (p) be the ball in E (n >_ 2) cen t red at p and of r a d i u s 
a. Let 0 < s < t and let K be a subse t of B (p) which is s t a r - s h a p e d 

at every point of B (p). Suppose that s is the l a r g e s t and t the 

s m a l l e s t va lue p o s s i b l e for this K. What can be given by way of good 
upper and lower bounds on the p robab i l i ty that a plane which cuts K, 
cuts it in a connected s e t ? A s imply connected s e t ? 

The next t h r e e p r o b l e m s a r e in the fo rm of ques t ions and the 
a f f i rmat ive answer in each case imp l i e s the t ru th of the famous as yet 
u n p r o v e d con jec ture of B o r s u k . While this probably m e a n s that the 
ques t ions a r e hard to a n s w e r , one m a y cons ide r whether the B o r s u k 
conjec ture i m p l i e s the t ru th of those e x p r e s s e d below, and one m a y 
a l so weaken (or s t reng then) the condit ions in v a r i o u s w a y s . 

7) Let K be a convex body in E (n _> 2) of cons tan t width 1. 
Let M(K) be the se t of midpoin t s of al l chords in K of length 1. 
Is it t r ue that M(K) can be insc r ibed into a s imp lex X which l ies in 
the i n t e r i o r of K? The af f i rmat ive answer imp l i e s the t ru th of Bor suk 1 s 
con jec tu re , for in that ca se the N + 1 p lanes of the n + 1 (n - 1) -
d i m e n s i o n a l faces of X divide 8K into n + 1 se t s of d i a m e t e r < 1. 
M o r e gene ra l ly , if M(K) can be in sc r ibed into a convex po lyhedron 
with <_ f(n) wal l s then K is a union of <C f(n) se t s of d i a m e t e r < 1. 
It m a y be r eca l l ed h e r e that the be s t value known to date of f(n) i s 

s t i l l of the exponent ia l o r d e r c (c > 1). 

8) Let K be a convex body in E (n > 2) of cons tan t width 1. 
F o r a point x in the i n t e r i o r of K, let R be a r a y emanat ing f rom 
x . R is cal led a r a y of v i s ib i l i t y if the subse t of 8K seen f rom the point 
y e R, unobs t ruc ted by K, has d i a m e t e r < 1 for al l y e R. It i s 
ea sy to show that whether R i s , or is not, a r a y of v i s ib i l i ty depends 
only on i ts d i r ec t ion , not on i t s o r ig in x . Is i t t rue that e v e r y open 
h a l f - s p a c e , containing some but not a l l of the i n t e r i o r of K, conta ins 
a v i s ib i l i ty r a y ? Is the s a m e s t i l l t r ue if the ha l f - space is r ep laced 
by the i n t e r i o r of a cone of s e m i - v e r t i c a l angle a (a > I T / 3 ) ? If the 
answer to the f i r s t ques t ion i s yes , then K can be insc r ibed into a 
s i m p l e x X whose v e r t i c e s lie on v is ib i l i ty r a y s ; hence dK is a 
union of the n + 1 c l o s u r e s of the v is ib i l i ty se t s f rom the v e r t i c e s of 
X, a l l of them of d i a m e t e r < 1. 

9) Le t K be a convex body in E (n >_ 2) of cons tan t width 1. Le t 
F be the union of n + 1 r a y s R, , R^, . . . , R , J emanat ing f rom a 

1 2 n+1 
point p and not al l on one s ide of any plane through p . F o r s e K 
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le t F ( s ) be the t r a n s l a t e of F to the o r ig in s, and le t F ( s , K ) be 
the sum of the lengths of those p a r t s of the r a y s , which lie in K. Is i t 
t r ue that F can be found so that m i n { F ( s , K ) : s e 8K} > 0? If the 
a n s w e r is y e s , then K l ies in the i n t e r i o r of c e r t a i n n + 1 t r a n s l a t e s 
of K; these can then be sh runk down in the r a t io X : 1 (\ < 1). 

10) P r o c e e d i n g a s in p r o b l e m 8), we let R be a r a y in the d i r e c t i o n 
uî for y e R, we let V(y) be the (open) v i s ib i l i ty s e t in 8K, and we 
let H(K5u) be the U{V(y) : y e R } . H(K, u) i s cal led an open 
h e m i s p h e r e of K in the d i r e c t i o n u, and E(K, u) = 3K - H(K, u) - H(K, - u) 
is cal led the equa tor of K in the d i r e c t i o n u (or - u ) . What i s the 
m i n i m u m n u m b e r g(n) such that e v e r y K has an equa tor which can be 
covered by s o m e g(n) open h e m i s p h e r e s of K ? Is the B o r s u k 
con jec tu re t rue if g(n) = n for a l l K? 

3 
11) Le t E be an el l ipsoid in E with s e m i - a x e s a, b , c. Let P 
be a p lane at r a n d o m th rough the c e n t r e of E, and let a and (3 be 
the s e m i - a x e s of the e l l i p se E f l P . If the m e a n va lues of a and (3 
a r e known what can one say about a, b, c? What a r e a, b , c in t e r m s 
of m e a n s and v a r i a n c e s of a and (3? What a r e they if the joint 
d i s t r i b u t i o n of a and [3 i s known? Is known by a s a m p l e of s ize N? 
What is a good e s t i m a t e of the vo lume 4TT a b c / 3 of E ? (This p r o b l e m 
a r o s e in a b io log ica l l a b o r a t o r y w h e r e a block of t i s s u e was examined 
for the p r e s e n c e of c e r t a i n types of ce l l s , app rox ima t ing a fixed e l l ipso id , 
by a m i c r o s c o p i c examina t ion of s l i c e s of that block; i t m a y be 
a s s u m e d that P cuts E c e n t r a l l y b e c a u s e the ce l l types in ques t ion 
have an eas i ly r e c o g n i z a b l e c e n t r a l l y located n u c l e o l u s ) . 

1Z) Let K C E (n > 2) be a convex body. Let G be a connected 
g r aph with n v e r t i c e s v , . . . , v such that no v e r t e x is connected to 

I n 
i t se l f by an edge, and no pa i r of v e r t i c e s can be connected by m o r e 
than one edge . When can G be r e a l i z e d as an i n t e r s e c t i o n g r a p h 
for s o m e n t r a n s l a t e s K , . . . , K of K ( tha t i s , K. Pi K. ^ cb 

I n l j 

if and only if v. and v. a r e joined in G by an edge) ? When n is 

l a r g e , a r e m o s t g r a p h s G r e a l i z a b l e or no t? 

13) Le t <£>(A) be a r e a l - v a l u e d non-nega t ive funct ional defined for 

a l l convex bodies in E (n fixed, >_ 2), and sa t is fying t h e s e cond i t ions : 
a) c|)(A) = ^(B) if A an<3 B a r e congruen t , b) a pos i t i ve cons t an t 

a ex i s t s such that §{ \A) = \ a <\>(A) for a l l X > 0, c) c|>(A)< cf>(B) if 
A C B, d) cj)(A) is cont inuous in A, with r e s p e c t to the Hausdorff 
p r o x i m i t y m e t r i c . An i s o d i a m e t r i c p r o b l e m for 4>(A) i s to m a x i m i z e 
it sub jec t to the s i d e - c o n d i t i o n D(A) = 1; i t i s easy to show that the 
m a x i m u m i s a t ta ined , and that i t i s a t ta ined for a convex body of 
cons t an t width 1. If <\>(A) i s the vo lume of A, or i t s s u r f a c e a r e a , 
then the m a x i m u m in the i s o d i a m e t r i c p r o b l e m is a t ta ined when A is 
a b a l l . The s a m e m i g h t be t r u e for the B o r s u k funct ional c|)(A) 
defined to be the in f imum of a l l n u m b e r s x such that A i s a union 
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of n + 1 se t s of d i a m e t e r £ x. A r e t h e r e some g e n e r a l fu r ther 
condi t ions on cj)(A) which e n s u r e that the m a x i m u m in the i s o d i a m e t r i c 
p r o b l e m is a s sumed when A i s a b a l l ? 

14) All convex bodies and mani fo lds in this p r o b l e m a r e supposed to 

be sufficiently smoo th . A convex body K in E (n:> 2) of cons tan t 
width d can be defined as fo l lows. F o r x e 3K let a(x) be the 
point ant ipodal to x: let p , (x), . . . , p t (x) be the n ~ 1 p r i n c i p a l 

1 n- 1 
r a d i i of c u r v a t u r e 3K at x, a r r a n g e d in n o n - d e c r e a s i n g o r d e r of 
m a g n i t u d e . R(x) = (p (x), . . . ,p . (x)) is then a row vec to r of length 

1 n -1 
n - 1 , we define R(x) to be (p (x), . . . , p (x)). Let I be the unit 

n - 1 1 
vec to r (1, . . . , 1) of length n - 1. Now K is of cons tant width if 
and only if R(x) + R ( a ( x ) ) = dl, for a l l x € 3K. This sugges t s the 
following ques t ion : i s it pos s ib l e to define an a b s t r a c t ( i . e . unimbedded) 
manifold C of cons tan t width d by genera l i z ing the above? Sect ional 
c u r v a t u r e s enable us to define the c u r v a t u r e vec to r R(x); we suppose 
that al l e n t r i e s a r e pos i t i ve . To define ant ipodal i ty we let a(x) be 
a cont inuous involut ion on C, poss ib ly sat isfying some fu r the r 
condi t ions (to e n s u r e max ima l i t y ) and we demand that R(x) + R(a(x)) = dl 
as before , for a l l x e C. 

3 
15) Let K be a s ta r» shaped body in E with a sufficiently smooth 
boundary (say, ana ly t ic ) . We suppose that the k e r n e l of K, i . e . 
the se t of points at which K is s t a r - s h a p e d , is i tself a convex body 

3 
in E . A point x e 3K is said to be e l l ip t ic (hyperbol ic) if some 
punc tured neighbourhood of x in 3K l ies s t r i c t l y on one (two) s ide(s) 
of the tangent p lane to 3K at x; let P be the se t of a l l p a r a b o l i c 
points in 3K ( i . e . . , ne i the r e l l ip t ic nor hyperbo l i c ) . It is known that 
the k e r n e l of K is the i n t e r s e c t i o n of h a l f - s p a c e s bounded by tangent 
p l anes to 3K at points of P . Suppose that K is to be cut up into 
p a r t s K . . . . , K , each of which can be ca s t f r o m a mould p r e p a r e d 

I n r 

in the u s u a l fash ion . Is i t t rue that a su i tab le decompos i t i on 
K = K, U . . . U K can be found so that Ô(3K Tj K.) C P for eve ry i ? 

I n i '*— 

16) Cons ider any i s o p e r i m e t r i c p r o b l e m for a convex po lyhedron 

P in E (or in E ), for i n s t ance , the p r o b l e m of m a x i m i z i n g the 
vo lume of P while keeping cons tan t the sum of the edge - l eng ths 
of P . Does a solut ion a lways ex i s t under the addi t ional a s s u m p t i o n 
that P is of a p r e s c r i b e d c o m b i n a t o r i a l type ? If not, for which 
types does it e x i s t ? 

17) Le t S = S be the unit s p h e r e in E and let D = { s , , . . . , s, ) 
1 kJ 

be a finite se t of points in S. D is said to have the rotation, p r o p e r t y 
if for eve ry r e a l - v a l u e d continuous function f on S t h e r e is a r o t a t i o n 
p = p of S such that the k va lues f(ps.) a r e a l l equa l . It i s known 
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2 
(1) that any se t of t h r e e po in ts in S has the ro t a t i on p r o p e r t y ; it 
m a y be conjec tured that l ikewise , any se t of n poin ts in 

n- 1 
S has the r o t a t i o n p r o p e r t y . Is it p o s s i b l e to p rove this r o t a t i o n 
con jec tu re by t r a n s f o r m i n g the p r o b l e m into one about convex bod ies 
as fo l lows: a) by using an a p p r o x i m a t i v e technique , if n e c e s s a r y , we 
a s s u m e without loss of g e n e r a l i t y that f s a t i s f i e s a L ipsch i t z 
condit ion, b) we r e p l a c e f by g• = af + b w h e r e a and b a r e 
su i tab le cons t an t s , c) we note that g i s the suppor t function of a 
convex body, d) we o b s e r v e that the ro t a t i on con jec tu re is now 
equivalent to the fol lowing: let K be a convex body with a d i s t ingu ished 
point o, let C be a p o l y h e d r a l cone bounded by some n p lanes H. 

pas s ing th rough the v e r t e x v of C, and le t the r a y R ins ide C, 
emana t ing f rom v, be the locus of poin ts equ id i s t an t f r o m a l l the 
wal ls H.; then, by a r ig id mot ion , K can be placed in C so that 

eacn H. suppo r t s it, and in addi t ion o l ies on R ? 
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